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Abstract. We use the recently developed probabilistic analysis of mean field games with finitely many states in the
weak formulation, to set-up a principal / agent contract theory model where the principal faces a large population
of agents interacting in a mean field manner. We reduce the problem to the optimal control of dynamics of the
McKean-Vlasov type, and we solve this problem explicitly in a special case reminiscent of the linear - quadratic
mean field game models. The paper concludes with a numerical example demonstrating the power of the results
when applied to a simple example of epidemic containment.

1. Introduction

In many real life situations, not only are we interested in understanding whether and how a system of interacting
particles or individuals reach equilibria, but we also attempt to control or manage such equilibria so that the
macroscopic behaviors of these systems reflect certain preferences. For example, how should the government control
a flu outbreak by encouraging citizens to vaccinate? How should taxes be levied to influence people’s consumption,
saving and investment decisions? How should an employer compensate its employees in order to boost productivity?
Present in all these scenarios are two parties: 1) the principal who devises a contract, according to which incentives
are given to, or penalties are imposed on, 2) the agents. We shall follow the directives of mainstream models and
assume that the agents are rational in the sense that they behave optimally to maximize their utilities, which
translates the tradeoff between the rewards/penalties they received and the efforts they put in. The principal’s
problem is therefore to design a contract that maximizes the principal’s own utility, which is often a function of the
population’s states and the transactions with the agents. To make the model even more realistic, we can consider a
situation where the principal can only partially observe the agents’ actions. We can also model the agents’ choices
of accepting or declining the contract by introducing a reservation utility.

Historically, principal / agent problems were first studied under the framework of economic contract theory, and
most contributions deal with models involving a principal and a single agent. In the seminal work [17], the authors
considered a discrete-time model in which the agent’s effort influences the drift of the state process. By assuming
that both the principal and the agent have a CARA utility function, the authors showed that the optimal contract
is linear. This model was further extended in [26], [28], [21], and [16]. The breakthrough in understanding the
continuous-time principal agent problem can be attributed to Yuli Sannikov (see [24] and [25]) who exploited the
dynamic nature of the agent’s value function stemming from the dynamic programming principle. This remarkable
observation allows the principal’s optimal contracting problem to be formulated as a tractable optimal control
problem. This approach was further investigated and generalized in [8] and [9] with the help of second-order
Backward Stochastic Differential Equations (BSDEs).

It is however a prevailing situation in real life applications that the principal faces multiple agents, and sometimes
a large population of agents. Needless to say, the interactions and the competition between the agents are likely
to play a key role in shaping their behaviors. This adds an extra layer of complexity since the principal not only
needs to worry about the optimal responses of the individual agents, but also if an equilibrium resulting from the
interactions among the agents is possible. Equilibria formed by a large population of agents with complex dynamics
used to be notoriously intractable, not to mention how to solve an optimization problem on the equilibria which
are parameterized by principal’s contracts. To circumvent these difficulties, [10] borrowed the idea from the theory
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of mean field game and considered the limit scenario of infinitely many agents. Relying on the weak formulation
of stochastic differential mean field games developed in [3], the authors obtained a succinct representation of
the equilibrium strategies of individual agents as well as the evolution of the equilibrium distribution across the
population. Based on this convenient description of the equilibria, the author managed to obtain a tractable
formulation of the optimal contracting problem, which can be solved by the technique of McKean-Vlasov optimal
control.

Harnessing the probabilistic approach to finite state mean field games developed in [5], we believe that the
approach proposed in [10] can be extended to principal agent problem in finite state spaces. In this paper, we
consider a game involving one principal and a population of infinitely many agents whose states belong to a finite
space. Leveraging the mean field game models proposed and analyzed in [5], we use continuous-time Markov chains
to model the evolutions of the agents’ states, and we assume that the transition rates between different states are
functions of the agents’ controls and the statistical distributions of all the agents’ states. At the beginning of the
game, the principal chooses a continuous reward rate and a terminal reward to be paid to each single agent. They
are assumed to be functions of the past history of the agents’ states. Each agent then maximizes their objective
function by choosing their optimal effort, accounting for the principal’s promised reward and the states of all the
other agents. Finally, the principal records a utility which depends upon the total reward offered to the agents
as well as the states of the population of the agents. Assuming that the population of agents reaches a Nash
equilibrium, the problem of the principal is to optimally choose a contract which will induce an equilibrium among
the agents which achieves the maximal payoff.

Relying on the weak formulation developed in [5], the Nash equilibrium can be readily characterized by a
McKean-Vlasov BSDE. This BSDE is parameterized by the principal’s continuous payment stream, as well as the
principal’s terminal payment (as terminal condition). Using ideas from [9] and [10], we show that controlling the
terminal condition of the BSDE is indeed equivalent to controlling the initial condition and the martingale term
of the corresponding Stochastic Differential Equation (SDE). This allows us to transform the rather intractable
formulation of the principal’s optimal contracting problem into an optimal control problem of a McKean-Vlasov
SDE.

We then focus on a special case where the agents are risk-neutral in the terminal reward, the transition rates
among their states are linear, and their instantaneous costs are quadratic in the control variable. In this case,
we show that the optimal contracting problem can be further simplified to a deterministic control problem on the
flow of distribution of the agents’ states, and the agents use Markovian strategies when the principal announces
the optimal contract. By applying the Pontryagin maximum principal, the optimal strategies of the agents and
the resulting dynamics of the states under the optimal contract can be obtained by solving a system of forward-
backward Ordinary Differential Equations (ODEs).

The rest of the paper is organized as follow. We introduce the model in Section 2, where we revisit some
key elements of the weak formulation of finite state mean field games introduced and analyzed in [5]. We also
formulate the principal’s optimal contracting problem. Our first main result is stated in Section 3, where we
show the equivalence between the optimal contracting problem and a McKean-Vlasov control problem. In Section
4, we solve explicitly the linear-quadratic model, where the search for the optimal contract can be reduced to a
deterministic control problem on the flow of distribution of agents’ states. Finally, we illustrate the above results
in this linear-quadratic model with numerical computations performed on an example of epidemic containment in
Section 5.

2. Model Setup

2.1. Notations. Throughout the paper, whenever M is a square real matrix, we denote by by M∗ its transpose
and by M+ its Moore-Penrose pseudo inverse. For a column vector X , we denote by diag(X) the square diagonal
matrix of which the diagonal elements are given by X . The multiplication is understood as matrix multiplication.
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2.2.Agent’sStateProcess. WeconsideragameofdurationTinvolvingaprincipalandapopulationofinfinitely
manyagents. Weassumethatatanytime0≤t≤Teachagentfindsitselfinoneofmdifferentstates. Wedenote
byE:={e1,e2,...,em}thespaceofthesepossiblesstates,wheretheei’sarethebasisvectorsinR

m. Wedenote
bySthem-dimensionalsimplexS:={p∈Rm; pi=1,pi≥0},whichweidentifywiththespaceofprobability
measuresonE.

LetΩbethespaceofc̀adl̀ag(rightcontinuouswithleftlimits)functionsfrom[0,T]toEwhichareleft-continuous
onT.LetX=(Xt)0≤t≤Tbethecanonicalprocess. WeinterpretXtasarepresentativeagent’sstateattimet.
Wedenoteby F=(Ft)t≤TwithFt:=σ({Xs,s≤t})thenaturalfiltrationgeneratedbyXandF:=FT.Next,we
fixaninitialdistributionp◦∈Sfortheagents’states.On(Ω,F,̄F)weconsidertheprobabilitymeasurePunder
whichthelawofX0isp

◦andthecanonicalprocessXisacontinuous-timeMarkovchainwherethetransitionrate
betweenanytwodifferentstatesis1. WerefertoPasthereferencemeasure. WerecallthattheprocessXhasthe
followingsemi-martingalerepresentation(See[11],[6],[7]):

(1) Xt=X0+
t

0

Q0Xs−ds+Mt,

whereM =(Mt)0≤t≤T isaR
m-valuedP-martingale,andQ0isthesquarematrixwithdiagonalelementsall

equalto−(m−1)andoff-diagonalelementsallequalto1. Moreover,thepredictablequadraticvariationofthe

martingaleM underPisM ,M t=
t

0
ψtdt,wherethematrixψtisdefinedas

ψt:=diag(Q
0Xt−)−Q

0diag(Xt−)−diag(Xt−)Q
0.

Itiseasytoverifythatψtisasemi-definitepositivematrix,andwedefinethecorresponding(stochastic)seminorm
·Xt− onR

m by:

(2) z2Xt− :=z
∗ψtz.

Theseminorm ·Xt− canbewritteninamoreexplicitway.Fori∈{1,...,m},letusdefinetheseminorm·ei
onRm by:

(3) z2ei:=z
∗[diag(Q0ei)−Q

0diag(ei)−diag(ei)Q
0]z=

j=i

|zj−zi|
2.

Thenitiseasytoseethat zXt− =
m
i=1 (Xt−=ei)zei.

LetAbeacompactsubsetofRlinwhichtheagentscanchoosetheircontrols. DenotebyAthecollection
ofF-predictableprocessesα =(αt)0≤t≤T takingvaluesinA. Weintroducethetransitionratefunctionq:
[0,T]×{1,...,m}2×A×S∋(t,i,j,α,p)→ q(t,i,j,α,p)∈R,andwedenotebyQ(t,α,p)thetransitionrate
matrix[q(t,i,j,α,p)]1≤i,j≤m.Intherestofthepaper,wemakethefollowingassumptiononthetransitionrate
functionq:

Assumption2.1. (i)Forall(t,i,α,p)∈[0,T]×{1,...,m}×A×S,wehave m
j=1q(t,i,j,α,p)=0.

(ii)ThereexistconstantsC>0suchthatforall(t,i,j,α,p)∈[0,T]×{1,...,m}2×A×Swithi=j,wehave
0<q(t,i,j,α,p)≤C.
(iii)ThereexistsaconstantC>0suchthatforall(t,i,j)∈[0,T]×{1,...,m}2,α,α′∈A,p,p′∈S,wehave:

(4) |q(t,i,j,α,p)−q(t,i,j,α′,p′)|≤C(α−α′ + p−p′).

Weusetheweakformulationtospecifyhowthestatesoftheagentsevolve.Thismeansthatwespecifyhow
theagents’controlsandthestatesoftheotheragentsdeterminetheprobabilitydistributionofanygivenagent’s
stateviaitsstochastictransitionrate,ratherthanthedynamicsofthestateprocesssamplepath.Inaddition,
weassumethattheinteractionsbetweentheagentsare meanfield,inthesensethateachagentfeelstheimpact
oftheotheragentsviathestatisticaldistributionoftheirstates.Letusfixp=(p(t))0≤t≤Taflowofprobability
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measures in E such that p(0) = p◦. p(t) represents the statistical distribution of the agents’ states at time t. We
also fix a control α ∈ A. By Girsanov’s theorem (see Theorem III.41 in [23] or Lemma 4.3 in [27]), we construct a
probability measure Q(α,p) which is equivalent to P and such that X admits the following representation:

(5) Xt = X0 +

∫
(0,t]

Q∗(s, αs, p(s))Xs−dt+M
(α,p)
t ,

where M
(α,p)
t is a martingale under the measure Q(α,p). The Radon-Nikodym derivative of Q(α,p) with regard

to P is given by dQ(α,p)

dP
= E(L(α,p))T , where E(L(α,p)) is the Doléans-Dade exponential of the martingale L(α,p)

defined as follows:

(6) dL
(α,p)
t = X∗

t−(Q(t, αt, p(t))−Q0)ψ+
t dMt, L

(α,p)
0 = 0.

The representation of X in equation (5) means that under the measure Q(α,p), the stochastic intensity rate of
jumps for the state process X is given by the matrix Q(t, αt, p(t)). In addition, since Q(α,p) and the reference
measure P coincide on F0, the distributions of X0 under Q(α,p) and under P are both p◦. In particular, when α is
a Markov control, i.e. of the form αt = φ(t,Xt−) for some measurable feedback function φ, the canonical process
X becomes a continuous-time Markov chain under the measure Q(α,p) for which the transition rate from state i to
state j at time t is q(t, i, j, φ(t, i), p(t)). See [5] for more details about the construction of the probability measure
Q(α,p).

2.3. Principal’s Contract and Agent’s Objective Function. The principal chooses a contract consisting of
a payment stream r = (rt)0≤t≤T which is a F−predictable process and a terminal payment ξ which is a FT−
measurable P−square integrable random variable. Let c : [0, T ] × E × A × S → R be the running cost function
of the typical agent. Also, let u : R → R (resp. U : R → R) be the agent’s utility function with regard to the
continuous payments (resp. the terminal payment). If an agent accepts the contract (r, ξ) and the statistical
distribution of his/her state at time t is denoted p(t) for 0 ≤ t ≤ T , the agent’s expected total cost, Jr,ξ(α,p), is
defined as:

(7) Jr,ξ(α,p) := EQ(α,p)

[∫ T

0

[c(t,Xt, αt, p(t))− u(rt)]dt− U(ξ)

]
.

2.4. Principal’s Objective Function. The principal’s objective function depends on the distribution of the
agents’ states and the payments made to the agents. Let c0 : [0, T ] × S → R be the running cost function and
C0 : S → R the terminal cost function resulting from the distribution of the agents’ behaviors. Given that all the
agents choose α as their control strategy, the distribution of the agents’ states is given by p = (p(t))t∈[0,T ], and
the contract offered by the principal is (r, ξ), the principal records the expected total cost, Jα,p

0 (r, ξ), defined as:

(8) Jα,p
0 (r, ξ) := EQ(α,p)

[∫ T

0

[c0(t, p(t)) + rt]dt+ C0(p(T )) + ξ

]
.

2.5. Agents’ Mean Field Nash Equilibria. We assume that the population of infinitely many agents reach
a Nash equilibrium for a given contract (r, ξ) proposed by the principal. We recall the following definition of
Nash equilibria in the weak formulation introduced in [5], and adapted to the present situation. See Definition 2.8
therein.

Definition 2.2. Let (r, ξ) be a contract, p̂ : [0, T ] → S be a measurable mapping such that p̂(0) = p◦, and α̂ ∈ A

be an admissible control for the agents. We say that the couple (α̂, p̂) is a Nash equilibrium for the contract (r, ξ),
in which case we use the notation (α̂, p̂) ∈ N (r, ξ), if:
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(i) α̂ minimizes the cost when the agent is committed to the contract (r, ξ) and the distribution of all the agents
is given by the flow p̂, i.e. if:

(9) α̂ = arg inf
α∈A

EQ(α,p̂)

[∫ T

0

[c(t,Xt, αt, p̂(t))− u(rt)]dt− U(ξ)

]
.

(ii) (α̂, p̂) satisfies the consistency conditions:

(10) ∀t ∈ [0, T ] p̂(t) = EQ(α̂,p̂)

[Xt].

Note that equation (10) is equivalent to p̂i(t) = Q(α̂,p̂)[Xt = ei], for all t ∈ [0, T ] and i ∈ {1, . . . ,m}.

2.6. Principal’s Optimal Contracting Problem. We now turn to the principal’s optimal choice of the contract.
This amounts to minimizing the objective function computed based on the Nash equilibria formed by the agents.
Of course we need to address the existence of Nash equilibria. However, in the following formulation of the optimal
contracting problem, we shall avoid the problem of existence by only considering the contracts (r, ξ) that result in
at least one Nash equilibrium. We call such contracts admissible contracts, and we denote by C the collection of all
admissible contracts. In addition, among all the possible Nash equilibria, we would like to disregard the equilibria
in which the agent’s expected total cost is above a given threshold κ. The motivation for imposing this additional
constraint is to model the take-it-or-leave-it behavior of the agents in contract theory: if the agent’s expected
total cost exceeds a certain threshold, it should be able to turn down the contract. Summarizing the constraints
mentioned above, we propose the following optimization problem for the principal:

(11) V (κ) := inf
(r,ξ)∈C

inf
(α,p)∈N (r,ξ)

Jr,ξ(α,p)≤κ

E
Q(α,p)

[∫ T

0

[c0(t, p(t)) + rt]dt+ C0(p(T )) + ξ

]
,

where we adopt the convention that the infimum over an empty set equals +∞.

3. A McKean-Vlasov Control Problem

The original formulation of the principal’s optimal contract is intuitive but far from tractable. In this section
we provide an equivalent formulation which turns out to be an optimal control problem of McKean-Vlasov type.
To this end, we rely on the probabilistic characterization of the agents’ Nash equilibria developed in [5].

3.1. Agent’s Optimization Problem. We define the Hamiltonian H : [0, T ]×E×Rm ×A×S ×R → R for the
agent’s optimization problem by:

(12) H(t, x, z, α, p, r) := c(t, x, α, p)− r + x∗(Q(t, α, p)−Q0)z.

Recall that the canonical process X representing the typical agent’s state takes value in the set E = {e1, . . . , em}.
We define the reduced Hamiltonian by Hi(t, z, α, p, R) := H(t, ei, z, α, p, R) for i = 1, dots,m. It is straightforward
to check:

(13) Hi(t, z, α, p, r) := c(t, ei, α, p)− r +
∑
j �=i

(zj − zi)(q(t, i, j, α, p)− 1).

We make the following assumption on the Hamiltonian minimizarion. Clearly, minimizers of Hi should not depend
on r.

Assumption 3.1. For all 0 ≤ t ≤ T , i ∈ {1, . . . ,m}, z ∈ Rm and p ∈ S, the mapping α → Hi(t, z, α, p, r) admits
a unique minimizer. We denote the minimizer by âi(t, z, p). In addition, for all i ∈ {1, . . . ,m}, we assume that âi
is a measurable mapping on [0, T ]× Rm × S, and there exists a constant C > 0 such that for all i ∈ {1, . . . ,m},
z, z′ ∈ Rm and p ∈ S:

(14) ‖âi(t, z, p)− âi(t, z
′, p)‖ ≤ C‖z − z′‖ei
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Remark3.2.Assumption3.1holds,forexample,whenthecostfunctioncisstronglyconvexinαandthetransition
ratefunctionislinearinα.ThiscanbeprovedbyfollowingtheargumentsintheproofofLemma3.3,Chapter
3in[2],althoughthelaterisstatedinthecontextofthestochasticoptimalcontrolofSDEs,whichhasaslightly
differentformofHamiltonian.

Wedenoteby ĤitheminimumofthereducedHamiltonian:

(15) Ĥi(t,z,p,r):=Ĥi(t,z,̂ai(t,z,p),p,r).

NowwedefinethemappingsĤand̂aby:

Ĥ(t,x,z,p,r):=

m

i=1

Ĥi(t,z,p,r)(x=ei),(16)

â(t,x,z,p):=

m

i=1

âi(t,z,p)(x=ei).(17)

UnderAssumption3.1,itisclearthatâ(t,x,z,p)istheuniqueminimizerofthemappingα→ H(t,x,z,α,p,r),

andtheminimumisgivenbyĤ(t,x,z,p,r).Inaddition,fromAssumption2.1,wecanshowthefollowingresult

ontheLipschitzpropertyofĤ:

Lemma3.3.ThereexistsaconstantC>0suchthatforall(ω,t)∈Ω×(0,T],r∈R,p∈Sandz,z′∈Rm,we
have:

(18) |̂H(t,Xt−,z,p,r)−Ĥ(t,Xt−,z
′,p,r)|≤Cz−z′Xt−

(19) |̂a(t,Xt−,z,p)−â(t,Xt−,z
′,p)|≤Cz−z′Xt−.

Thetotalexpectedcostoftheagentsandthevaluefunctionoftheagent’soptimizationproblemcanbechar-
acterizedbyBSDEsdrivenbycontinuous-timeMarkovchain. Wereferthereadersto[6]and[7]forthegeneral
theoryforthistypeofBSDE.Letusfixacontract(r,ξ)andameasurablefunctionp:[0,T]→S.Givenα∈A,
weconsiderthefollowingBSDEs:

(20) Yt=−U(ξ)+
T

t

H(s,Xs−,Zs,αs,p(s),u(rt))ds−
T

t

Z∗sdMs.

(21) Yt=−U(ξ)+
T

t

Ĥ(s,Xs−,Zs,p(s),u(rt))ds−
T

t

Z∗sdMs.

In[5],weprovedthefollowingresult:

Lemma3.4. Foreachfixedcontract(r,ξ),α∈Aandmeasurablemappingp:[0,T]→S,

(i)theBSDE(20)admitsauniquesolution(Y,Z)andwehaveJr,ξ(α,p)=EP[Y0].

(ii)TheBSDE(21)admitsauniquesolution(Y,Z)andwehaveinfα∈AJ
r,ξ(α,p)=EP[Y0].Inaddition,the

optimalcontroloftheagentisâ(t,Xt−,Zt,p(t)).

3.2.Representationof NashEquilibriaBasedonBSDEs. NowweconsiderthefollowingMcKean-Vlasov
BSDE:

Yt= −U(ξ)+
T

t

Ĥ(s,Xs−,Zs,p(s),u(rs))ds−
T

t

Z∗sdMs,(22)

Et=1+
t

0

Es−X
∗
s−(Q(s,αs,p(s))−Q

0)ψ+sdMs,(23)

αt= â(t,Xt−,Zt,p(t)),(24)

p(t)=EQ[Xt],
dQ

dP
=ET.(25)
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Definition 3.5. We say that a tuple (Y,Z,α,p,Q) is a solution to the McKean-Vlasov BSDE (22)-(25) if Y is

an adapted càdlàg process such that EP[
∫ T

0
Y 2
t ] < +∞ for all t ∈ [0, T ], Z is an adapted left-continuous process

such that EP[
∫ T

0
‖Zt‖2Xt−

] < +∞, α ∈ A, p : [0, T ] → S is a measurable mapping, Q is a probability measure on Ω

and equations (22)-(25) are satisfied P-a.s. for all 0 ≤ t ≤ T .

The following result links the solution of the McKean-Vlasov BSDE (22)-(25) to the Nash equilibria of the
agents.

Theorem 3.6. Let Assumption 2.1 and Assumption 3.1 hold, and let (r, ξ) be a contract. If the BSDE (22)-(25)
admits a solution (Y,Z,α,p,Q), then (α,p) is a Nash equilibrium. Conversely if (α̂, p̂) is a Nash equilibrium,
then the BSDE (22)-(25) admits a solution (Y,Z,α,p,Q) such that α = α̂, dP⊗ dt-a.e. and p(t) = p̂(t) dt-a.e.

Proof. Let (Y,Z,α,p,Q) be a solution to the system (22)-(25). We use Lemma 3.4 to check that α is the optimal
control of the agent when all the agents are committed to the contract (r, ξ) and the distribution of their states
is given by p. Indeed, from equations (23) and (25), we see that item (ii) in Definition 2.2 is verified. Therefore
(α,p) is a Nash equilibrium.

We now show the second part of the claim. Let (α̂, p̂) be a Nash equilibrium and set Q̂ := Q(α̂,p̂). By item (ii)
in Definition 2.2, we see that (23) and (25) are satisfied. Therefore it only remains to show (22) and (24). Let us
consider the BSDE:

(26) Yt = −U(ξ) +

∫ T

t

H(s,Xs−, Zs, α̂s, p̂(s), u(rs))ds−

∫ T

t

Z∗
s · dMs.

By Lemma 3.4, the above BSDE admits a unique solution which we denote by (Y0,Z0). In addition, we have
EP[Y 0

0 ] = Jr,ξ(α̂, p̂). On the other hand, we consider the following BSDE:

(27) Yt = −U(ξ) +

∫ T

t

Ĥ(s,Xs−, Zs, p̂(s), u(rs))ds−

∫ T

t

Z∗
s · dMs.

From Lemma 3.4, we see that BSDE (27) also admits a unique solution which we denote by (Y1,Z1), and we have
EP[Y 1

0 ] = infα∈A Jr,ξ(α, p̂). By the definition of the Nash equilibrium, we have:

α̂ ∈ arg inf
α∈A

Jr,ξ(α, p̂),

which implies that EP[Y 1
0 ] = EP[Y 0

0 ]. Note that Y 1
0 and Y 0

0 are F0-measurable and P coincides with Q̂ on F0.

Therefore we have EQ̂[Y 1
0 − Y 0

0 ] = 0. Now we set α̂′
t := â(t,Xt−, Z

1
t , p̂(t)) which minimizes the mapping α →

H(s,Xt−, Z
1
t , α, p̂(t), u(rt)). Since (Y1,Z1) solves the BSDE (27), we have:

(28) Y 1
t = −U(ξ) +

∫ T

t

H(s,Xs−, Z
1
s , α̂

′
t, p̂(s), u(rs))ds −

∫ T

t

(Z1
s )

∗ · dMs.

Taking the difference of the BSDEs (28) and (26), we obtain:

Y 0
0 − Y 1

0 =

∫ T

0

[
H(t,Xt−, Z

0
t , α̂t, p̂(t), u(rt)) −H(t,Xt−, Z

1
t , α̂

′
t, p̂(t), u(rt))

]
dt−

∫ T

0

(Z0
t − Z1

t )
∗ · dMt

=

∫ T

0

[
c(t,Xt−, α̂t, p̂(t))− c(t,Xt−, α̂

′
t, p̂(t))

]
dt

+

∫ T

0

[
X∗

t−(Q(t, α̂t, p̂(t))−Q0)Z0
t −X∗

t−(Q(t, α̂′
t, p̂(t))−Q0)Z1

t

]
dt−

∫ T

0

(Z0
t − Z1

t )
∗ · dMt

=

∫ T

0

[
c(t,Xt−, α̂t, p̂(t))− c(t,Xt−, α̂

′
t, p̂(t)) +X∗

t−(Q(t, α̂t, p̂(t)) −Q(t, α̂′
t, p̂(t)))Z

1
t

]
dt
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−

∫ T

0

(Z0
t − Z1

t )
∗ · dM

(α̂,p̂)
t .

Using the optimality of α̂′
t and taking the expectation under the measure Q(α̂,p̂), we obtain:

(29) 0 = EQ(α̂,p̂)

[H(t,Xt−, Z
1
t , α̂t, p̂(t), u(rt))−H(t,Xt−, Z

1
t , α̂

′
t, p̂(t), u(rt))] ≥ 0.

Assume that there exists a measurable subset N of [0, T ] × Ω with strictly positve dQ(α̂,p̂) ⊗ dt measure, such
that α̂′

t 
= α̂t for (ω, t) ∈ N . By Assumption 3.1, the mapping α → H(t,Xt−, Z
1
t , α, p̂(t), u(rt)) admits a unique

minimizer and therefore for all (ω, t) ∈ N , we have:

H(t,Xt−, Z
1
t , α̂t, p̂(t), u(rt)) > H(t,Xt−, Z

1
t , α̂

′
t, p̂(t), u(rt)).

Piggybacking on the argument laid out above, we see that the second inequality is strict in (29) which leads to a
contradiction.Therefore we have α̂′

t = α̂t, dQ
(α̂,p̂) ⊗ dt-a.e. Since Q(α̂,p̂) and P are equivalent, we have α̂′

t = α̂t,
dP⊗ dt-a.e.

Comparing BSDEs (26) and (28) and using the uniqueness of the solution, we get E[
∫ T

0 ‖Z1
t − Z0

t ‖
2
Xt−

] = 0.

Now by the regularity of â in Assumption 3.1, we have:

E

[∫ T

0

‖α̂t − â(t,Xt−, Z
0
t , p̂(t))‖

2dt

]
= E

[∫ T

0

‖α̂′
t − â(t,Xt−, Z

0
t , p̂(t))‖

2dt

]

= E

[∫ T

0

‖â(t,Xt−, Z
1
t , p̂(t))− â(t,Xt−, Z

0
t , p̂(t))‖

2dt

]

≤ CE[

∫ T

0

‖Z1
t − Z0

t ‖
2
Xt−

]

= 0.

Therefore we have α̂t = â(t,Xt−, Z
0
t , p̂(t)), dP⊗ dt-a.e., which immediately implies (22) and (24). This completes

the proof. �

3.3. Principal’s Optimal Contracting Problem. We now turn to the principal’s optimal choice of the contract.
Recall that we have defined C to be the collection of all contracts that result in at least one Nash equilibrium. In
addition, in order to model the fact that agents are not accepting contracts that will incur a cost above a certain
(reservation) threshold, we further restrict our optimization to the collection of Nash equilibria in which the agent’s
expected total cost is below a given threshold κ. Therefore we propose to solve the following optimization problem
for the principal:

V (κ) := inf
(r,ξ)∈C

inf
(α,p)∈N (r,ξ)

Jr,ξ(α,p)≤κ

EQ(α,p)

[∫ T

0

[c0(t, p(t)) + rt]dt+ C0(p(T )) + ξ

]
,

where we adopt the convention that the infimum over an empty set equals +∞.

Formulated in this way, the problem seems rather intractable. However, thanks to the probabilistic characteri-
zation of agents’ Nash equilibria stated in Theorem 3.6, it is possible to transform it into a McKean-Vlasov control
problem. Let us denote by H2

X the collection of F−adapted and left-continuous processes Z such that Zt ∈ Rm

for 0 ≤ t ≤ T and E[
∫ T

0 ‖Zt‖Xt−
dt] < +∞. We also denote by R the collection of F−predictable process taking

values in R. Given Z ∈ H2
X , r ∈ R and Y0 a F0-measurable random variable, we consider the following SDE of

McKean-Vlasov type:

Yt = Y0 −

∫ t

0

Ĥ(s,Xs−, Zs, p(s), u(rs))ds+

∫ t

0

Z∗
sdMs,(30)
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Et = 1 +

∫ t

0

Es−X
∗
s−(Q(s, αs, p(s))−Q0)ψ+

s dMs,(31)

αt = â(t,Xt−, Zt, p(t)),(32)

p(t) = EQ[Xt],
dQ

dP
= ET .(33)

These are exactly the same equations as in the McKean-Vlasov BSDE (22)-(25), except that we write the dynamic
of Y in the forward direction of time. Let us denote its solution by (YZ,br,Y0),Z(Z,r,Y0),α(Z,r,Y0),p(Z,r,Y0),P(Z,r,Y0))
and the expectation under P(Z,r,Y0) by E(Z,r,Y0) and let us consider the following optimal control problem:

(34) Ṽ (κ) := inf
EP[Y0]≤κ

inf
Z∈H2

X

r∈R

E(Z,r,Y0)

[ ∫ T

0

[c0(t, p
(Z,r,Y0)(t)) + rt]dt+ C0(p

(Z,r,Y0)(T )) + U−1(−Y
(Z,r,Y0)
T )

]
.

As a direct consequence of Theorem 3.6, we have the following result:

Theorem 3.7. Let Assumption 2.1 and Assumption 3.1 hold. Then Ṽ (κ) = V (κ).

4. Solving the Linear-Quadratic Model

Solving the contract theory problem in the full generality considered so far seems out of reach. So in this section,
we focus on a special setup of the principal agent problem where the transition rate has a linear structure and the
cost function is quadratic in the control. When the agents are risk-neutral in term of the utility of their terminal
reward, we show that the principal’s optimal contracting problem can be further reduced to a deterministic control
problem on the space of probability distributions of the agents’ states.

4.1. Model Setup. We set the initial distribution of the agents to be p◦ ∈ S. Each agent is allowed to pick a
control α which belongs to the bounded interval A := [α, ᾱ] ⊂ R+. We assume that the transition rate is a linear
function of the control and we define:

q(t, i, j, α, p) := q̄i,j(t, p) + λi,j(α − α), for i 
= j,(35)

q(t, i, i, α, p) := −
∑
j �=i

q(t, i, j, α, p),(36)

where we assume that λi,j ∈ R+ for all i 
= j,
∑

j �=i λi,j > 0 for all i, and q̄i,j : [0, T ] × S → R+ are continuous

mappings for all i 
= j. We assume that the cost function of a typical agent (not including the utility derived from
the payment stream) takes the following form:

(37) c(t, ei, α, p) := c1(t, ei, p) +
γi
2
α2,

where γi > 0, and the mapping (t, p) → c1(t, ei, p) is continuous for all i ∈ {1, . . . ,m}. Finally we define the
agent’s utility function of terminal reward to be U(ξ) = ξ and the utility function of continuous reward u to be a
continuous, concave and increasing function.

Under the setup outlined above, it is straightforward to compute the optimizer of the Hamiltonian H defined in
(12). We get:

(38) â(t, ei, z, p) = â(ei, z) = b

⎛
⎝−

1

γi

∑
j �=i

λi,j(zj − zi)

⎞
⎠ ,

for i ∈ {1, . . . ,m}, where we have defined b(z) := min{max{z, α}, ᾱ}.
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4.2.ReductiontotheOptimalControlonFlowsofProbability Measures. Wenowproceedtoreducethe
principal’soptimalcontractingproblemtoadeterministiccontrolproblemontheflowoftheprobabilitymeasures
correspondingtoacontinuous-timeMarkovchain.FromtheSDE(30)andthedefinitionofĤ,wehave:

Y
(Z,r,Y0)
T = Y0−

T

0

[c(t,Xt,̂a(Xt−,Zt),p
(Z,r,Y0)(t))−u(rt)]dt+

T

0

Z∗tdM
(Z,r,Y0)
t ,

where
bcM(Z,r,Y0)isamartingaleunderthemeasureP(Z,r,Y0). NowusingU−1(y)=yandinjectingtheSDEintothe
objectivefunctionoftheprincipaldefinedin(11),wemayrewritetheprincipal’soptimalcontractingproblem:

V(κ)= inf
EP[Y0]≤κ

inf
Z∈H2X
r∈R

E(Z,r,Y0)
T

0

c0(t,p
(Z,r,Y0)(t))+c(t,Xt,̂a(Xt−,Zt),p

(Z,r,Y0)(t))dt

+
T

0

rt−u(rt)dt+C0(p
(Z,r,Y0)(T))−Y0

=−κ+inf
Z∈H2X
r∈R

E(Z,r,Y0)
T

0

c0(t,p
(Z,r,Y0)(t))+c(t,Xt,̂a(Xt−,Zt),p

(Z,r,Y0)(t))dt

+
T

0

rt−u(rt)dt+C0(p
(Z,r,Y0)(T)).

HerewehaveusedtheequalityEP[Y0]=E
(Z,r,Y0)[Y0]. NoticethatboththetransitionratematrixQandthe

optimizerâdonotdependontherewardrortheagent’sexpectedtotalcostY0,sowecandropthedependency
ofp(Z,r,Y0),P(Z,r,Y0)andα(Z,r,Y0)onrandY0. Wecanalsoisolatetheoptimalchoiceofrfromtheprincipal’s
optimizationproblem.Indeed,letr̂beaminimizerofthemappingr→r−u(r).Itisimmediatelyclearthatfor
theprincipalitisoptimaltochoosert=̂rfort∈[0,T].Itfollowsthat:

V(κ)=inf
Z∈H2X

EZ
T

0

c0(t,p
Z(t))+

m

i=1

(Xt=ei)[c1(t,ei,p
Z(t))+

γi
2
â2(ei,Zt)]dt

+C0(p
Z(T))−κ+T(̂r−u(̂r)).

Wenowfocuson:

W :=inf
Z∈H2X

EZ
T

0

c0(t,p
Z(t))+

m

i=1

(Xt=ei)[c1(t,ei,p
Z(t))+

γi
2
â2(ei,Zt)]dt+C0(p

Z(T)),

wherepZ(t)=PZ[Xt]andunderP
Z,XhasthefollowingdecompositionwithM (Z)beingaPZ-martingale:

Xt=X0+
t

0

Q∗(s,̂a(Xs−,Zs),p
Z(s))Xs−ds+M

Z
t.

ThekeyobservationisthatthecontrolZaffectsthevaluefunctiononlythroughtheoptimalcontrolαZt :=
â(t,Xt−,Zt)andthemappingH

2
X ∋Z→α

Z∈Aissurjective.ForanyZ∈H2X,itisclearfromthedefinitionof
âthatαZ∈A.Ontheotherhand,givenanarbitraryα∈A,wesetthej-thcomponentoftheprocessZtobe:

(39) Zjt:=
i,i=j

(Xt−=ei)
γiαt

(m−1) k,k=iλi,k
.
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BytheboundednessofαwehaveZ∈H2X anditisplaintoverifythatâ(t,Xt−,Zt)=αt. Thereforewecan
transformtheoptimizationproblemW into:

(40) W =inf
α∈A
I(α),

wherewedefine:

(41) I(α):=Eα
T

0

c0(t,p
α(t))+

m

i=1

(Xt=ei)[c1(t,ei,p
α(t))+

γi
2
α2t]dt+C0(p

α(T)).

Here,withamildabuseofnotation,wedenotebyEαtheexpectationunderPα),andPαistheprobabilitymeasure
definedbythefollowingMcKean-VlasovSDE:

dEαt =1+
t

0

Es−X
∗
s−(Q(s,αs,p

αα(s))−Q0)ψ+sdMs,(42)

dPα

dP
= EαT, p

α(t)=Eα[Xt].(43)

RecallthatunderPα,Xhasthedecomposition:

Xt=X0+
t

0

Q∗(s,αs,p
α(s))Xs−ds+M

α
t,

whereM αisaPα-martingale.TakingexpectationunderPα,wehave:

pα(t)=pα(0)+
t

0

Eα[Q∗(s,αs,p
α(s))Xs−]ds

= p◦+
t

0

m

j=1

pαj(s)E
α[Q∗(s,αs,p

α(s))·ej|Xs−=ej]ds.

Rewritingthisintermsofthecoordinatespαi(t)ofp
α(t)andusingthelinearstructureofQ,wehave:

pαi(s)=p
◦
i+

t

0

m

j=1

pαj(s)E
α[e∗j·Q(s,αs,p

α(s))ei|Xs−=ej]ds

= p◦i+
t

0

m

j=1

pαj(s)E
α[q(s,j,i,αs,p

α(s))|Xs−=ej]ds

= p◦i+
t

0 j,j=i

pαj(s)E
α[q(s,j,i,αs,p

α(s))|Xs−=ej]ds

−
t

0 j,j=i

pαi(s)E
α[q(s,i,j,αs,p

α(s))|Xs−=ei]ds

= p◦i+
t

0 j,j=i

pαj(s)[λj,i(E
α[αs|Xs−=ej]−α)+̄qj,i(s,p

α(s))]ds

−
t

0 j,j=i

pαi(s)[λi,j(E
α[αs|Xs−=ei]−α)+̄qi,j(s,p

α(s))]ds.

Weseethatthedynamicsof pα arecompletelydrivenbythedeterministicprocessest→ Eα[αt|Xt− =ei]for
i∈{1,...,m}.Fromnowon,wedenoteα̃it:=E

α[αt|Xt−=ei]andα̃t:=[̃α
1
t,...,̃α

m
t].ByJensen’sinequality,for
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allα∈Awehave:

I(α)=
T

0

c0(t,p
α
t)+

m

i=1

c1(t,ei,p
α
t)+

γi
2
Eα[α2t|Xt−=ei]p

α
i(t)dt

+C0(p
α(T))

≥
T

0

c0(t,p
α
t)+

m

i=1

c1(t,ei,p
α
t)+

γi
2
(Eα[αt|Xt−=ei])

2pαi(t)dt+C0(p
(α)(T)).

Thisleadstothedeterministiccontrolproblem:

(44) W̃ :=inf
α̃∈̃A
Ĩ(̃α),

wherewedenotebyÃthecollectionofallmeasurablemappingsfrom[0,T]toAm,andπα̃ thesolutiontothe
followingsystemofcoupledODEs:

(45)

dπα̃i(t)

dt
=

j,j=i

πα̃j(t)λj,i(̃α
j
t−α)+̄qj,i(t,π

α̃(t))−
j,j=i

πα̃i(t)λi,j(̃α
i
t−α)+̄qi,j(t,π

α̃(t)),

πα̃(0)=p◦,

andfinallytheobjectivefunctionĨisgivenby:

(46) Ĩ(̃α):=
T

0

c0(t,π
α̃(t))+

m

i=1

[c1(t,ei,π
α̃(t))+

γi
2
(̃αit)

2]πα̃i(t)dt+C0(π
α̃(T)).

ThefollowingresultsshowthatW andW̃ aretwoequivalentoptimizationproblems.

Proposition4.1.Wehave W =W̃.If̃αisasolutiontotheoptimizationproblemW̃,thenthepredictableprocess
αdefinedbyαt=

m
i=1 (Xt− =ei)̃α

i
tisanoptimalcontrolforW. Moreover,undertheprobabilitymeasureat

theoptimum,theagent’sstateevolvesasacontinuous-timeMarkovchain.

Proof.Fromthederivationabove,wealreadyseethatW ≥W̃. WenowshowthatW̃ ≥W.Givenanỹα∈Ã,we
set:

(47) αt:=
m

i=1

(Xt−=ei)̃α
i
t.

Clearly,α∈A.Bystandardresultsonordinarydifferentialequation,equation(45)admitsauniquesolution,say

(πα̃(t))t∈[0,T].NowletusconsidertheprobabilitymeasurẽPdefinedby:

d̃P

dP
= ẼT,(48)

d̃Et= Ẽt−X
∗
t−(Q(t,αt,π

(̃α)(t))−Q0)ψ+tdMt,Ẽ0=1.(49)

Itiseasytoseethatunder̃P,thecanonicalprocessXhasthedecomposition:

Xt=X0+
t

0

Q∗(s,αs,π
α̃(s))Xs−ds+M̃t=X0+

t

0

Q̃∗(s)Xs−ds+M̃t,
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where M̃ =(M̃t)0≤t≤T isa martingaleandQ̃(t)isthetransitionrate matrixwithcomponentsQ̃ij(t) =

q(t,i,j,̃αit,π
α̃(t)). ThisimpliesthatX isacontinuous-time Markovchainunder̃Panditisthenstraightfor-

wardtowritetheKolmogorovequationsatisfiedbythemarginallawsofXunderP̃.ComparingthisKolmogorov
equationwiththeODE(45),weconcludebytheuniquenessofthesolutionsthat̃E[Xt]=π

α̃(t),wherẽEstands

fortheexpectationunder̃P.Nowinlightofequations(48)-(49),weconcludethat̃PisthesolutiontotheMcKean-

VlasovSDEdefinedin(42)-(43)correspondingtothecontrolα.ItfollowsthatP̃=Pα andπα̃(t)=pα(t). We
cannowcomputeI(α):

I(α)=Eα
T

0

c0(t,p
α(t))+

m

i=1

(Xt=ei)[c1(t,ei,p
α(t))+

γi
2
α2t]dt+C0(p

α(T))

=
T

0

c0(t,p
α(t))+

m

i=1

[c1(t,ei,p
α(t))+

γi
2
(̃αit)

2]Pα[Xt=ei]dt+C0(p
α(T))

=
T

0

c0(t,π
α̃(t))+

m

i=1

[c1(t,ei,π
α̃(t))+

γi
2
(̃αit)

2]πα̃i(t)dt+C0(π
α̃(T))

= Ĩ(̃α).

Fromthis,wededucethatĨ(̃α)=I(α)≥W andfinallyW̃ ≥W.ThereforewehaveW̃ =W.Let̃α∈Ãbethe

optimizerofW̃ anddefineα∈Aasin(47).Thenfromthecomputationsabove,weseethatW̃ =Ĩ(̃α)=I(α).
ThisimmediatelyimpliesI(α)=W andαistheoptimalcontrolofW.

4.3.ConstructionoftheOptimalContract. Wecontinuetoinvestigatethedeterministiccontrolproblem W̃
asdefinedinequations(44)-(46). Oncewehaveidentifiedtheoptimalstrategyoftheagentsattheequilibrium

fromthecontrolproblemW̃,wecanthenprovideasemi-explicitconstructionfortheoptimalcontract.

Lemma4.2.AnoptimalcontrolexistsforthedeterministiccontrolproblemW̃.

Proof.Itisstraightforwardtoverifythat:(1)Thespaceofcontrolsisconvexandcompact.(2)Theright-hand
sideoftheODE(45)isC1andislinearinα̃.(3)TherunningcostisC1andconvexinαforall(t,π)∈[0,T]×S
andtheterminalcostisC1.ThisallowsustoapplyTheoremI.11.1in[13]andobtaintheexistenceoftheoptimal
control.

HavingverifiedthatW̃ admitsanoptimalsolution,wenowapplythenecessarypartofthePontryaginmaximum
principle(seeTheoremI.6.3[13]),andderiveasystemofODEsthatcharacterizestheoptimalcontrolandthe

correspondingflowofprobabilitymeasures. TheHamiltonianH̃ ofthecontrolproblemW̃ isamappingfrom
[0,T]×S×Rm×Am toRdefinedby:

H̃(t,π,y,α):=

m

i=1j,j=i

yi[πj(λj,i(αj−α)+̄qj,i(t,π))−πi(λi,j(αi−α)+̄qi,j(t,π))]

+c0(t,π)+

m

i=1

πic1(t,ei,π)+
γi
2
(αi)

2 .

Itisstraightforwardtoobtain:

∂αiH̃(t,π,y,α)=πi





k=i

(yk−yi)λi,k+γiαi



,
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andtheminimizerofα→ H̃(t,π,y,α)is

âi(y)=b(−
k=i

λi,k(yk−yi)/γi),

forthefunctionbwealreadydefinedasb(z):=min{max{z,α},̄α}. BythenecessaryconditionofPontryagin’s
maximumprinciple,if(π(t))0≤t≤Tistheflowofmeasuresassociatedwiththeoptimalcontrol,then(π(t),y(t))t∈[0,T]
isthesolutiontothefollowingsystemofforward-backwardODEs:

dπ(t)

dt
= ∂yH̃(t,π(t),y(t),̂a(y(t))), π(0)=p

◦,(50)

dy(t)

dt
= −∂πH̃(t,π(t),y(t),̂a(y(t))),y(T)=∇C0(π(T)).(51)

Summarizingtheabovediscussion,aswellastheargumentswhichallowustoreducetheoptimalcontracting
problemtothedeterministiccontrolproblemwejustsolved,weprovideasemi-explicitconstructionoftheoptimal
contractandtheoptimalstrategyoftheagentsattheequilibrium.

Theorem4.3.Let(̂π,̂y)bethesolutiontothesystem(50)-(51),andletusdefinetheprocesseŝα∈AandẐ∈H2X
by:

α̂t:=
m

i=1

(Xt−=ei)̂ai(̂y(t)),(52)

Ẑt:=[Z
1
t,...,Z

m
t]
∗, Ẑit:=

j,j=i

(Xt−=ej)
γĵaj(̂y(t))

(m−1) k=jλj,k
.(53)

Nowlety0∈R
m besuchthatp◦0·y0≤κandletr̂betheminimizerofthemappingr→r−u(r). Wethendefine

therandomvariablêξalmostsurelybythefollowingStieltjesintegral:

(54) ξ̂:=−X∗0y0+
T

0

[c(t,Xt−,̂αt,̂π(t))−r̂+X
∗
t−Q(t,̂αt,̂π(t))̂Zt]dt−

T

0

Ẑ∗tdXt−.

Then(̂r,̂ξ)isanoptimalcontract. Moreover,undertheoptimalcontract,everyagentadoptstheMarkovianstrategy
wheretheypickthecontrolâi(̂y(t))wheninthestateeiattimet,andtheflowofdistributionsofagents’statesis
givenby(̂π(t))0≤t≤T.

5.Applicationtoa ModelofEpidemicContainment

Toillustratetheinnerworkingsofthemodelcompletelysolvedabove,weconsideranexampleofepidemic
containment. Weimagineadiseasecontrolauthoritythataimsatcontainingthespreadofavirusoveratime
period[0,T]withinitsownjurisdiction,whichconsistsoftwocitiesAandB. Thestateofeachindividualis
encodedbywhetheritisinfected(denotedbyI)orhealthy(denotedbyH),andbyitslocation(denotedbyAor
B).ThereforethestatespaceisE={AI,AH,BI,BH},andweuseπAI,πAH,πBI,πBH todenotetheproportion
ofindividualsineachofthese4states. Weassumethateachindividual’sstateevolvesasacontinuous-time
Markovchain,andourmodelingofthetransitionrateaccountsforthefollowingsetofmechanismsregardingthe
contractionofthevirusandthepossiblemigrationofindividualsbetweenthetwocities:

(1) Withineachcity,therateofcontractingthevirusdependsontheproportionofinfectedindividualsinthecity,
andaccordinglyweassumethatthetransitionratefromstateAHtostateAIisθ−A(

πAI
πAI+πAH

),whilethetransition

ratefromstateBHtostateBIisθ−B(
πBI

πBI+πBH
). Hereθ−A andθ

−
B aretwoincreasing,positiveanddifferentiable

mappingsfrom[0,1]toR+.TheycapturethequalityofhealthcareincityAandB,respectively.
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(2) Likewise, the rate of recovery in each city is a function of the proportion of healthy individuals in the city. We
thus assume that the transition rate from state AI to state AH is θ+A(

πAH

πAI+πAH
) and the transition rate from state

BH to state BI is θ+B(
πBH

πBI+πBH
). Similarly, θ+A and θ+B are two increasing, positive and differentiable mappings

from [0, 1] to R+, characterizing the quality of health care in city A and B respectively.

(3) Each individual can choose a level of effort α to move to the other city. We assume that the efficacy of that
effort depends on whether the individual is healthy or infected. Accordingly, we set νIα as the transition rates
between the states AI and BI, and we set νHα as the transition rates between the states AH and BH .

(4) To model the inflow of infection, we assume that each individual’s status of infection does not change when it
moves between cities. This means that we set the transition rates between the state AI and BH , and the transition
rates between the state AH and BI to 0.

To summarize, we define the transition rate matrix Q to be:

(55) Q(t, α, π) :=

⎡
⎢⎢⎣

· · · θ+A(
πAH

πAI+πAH
) νIα 0

θ−A(
πAI

πAI+πAH
) · · · 0 νHα

νIα 0 · · · θ+B(
πBH

πBI+πBH
)

0 νHα θ−B(
πBI

πBI+πBH
) · · ·

⎤
⎥⎥⎦ .

Here the transition rate matrix is written assuming the order AI,AH,BI,BH for the states. For simplicity of the
notation, we also omit the diagonal elements. Indeed, since Q is a transition rate matrix, each diagonal element
equals the negative of the sum of the off-diagonal elements in the same row.

We resume the description of our model in terms of the cost functions for the individuals and the disease control
authority. We assume that individuals living in the same city incur the same cost, which depends on the proportion
of infected individuals in that city. On the other hand, the cost for exerting the effort to move depends on the
status of infection. Using the notations of the cost function for the linear quadratic model as in (37), we define:

c1(t, AI, π) = c1(t, AH, π) := φA

(
πAI

πAI + πAH

)
,(56)

c1(t, BI, π) = c1(t, BH, π) := φB

(
πBI

πBI + πBH

)
,(57)

γAI = γBI := γI , γAH = γBH := γH ,(58)

where φA and φB are two increasing mappings on R. For the authority, we propose to use the following running
cost and terminal cost:

c0(t, π) = exp(σAπAI + σBπBI),(59)

C0(π) = σP · (πAI + πAH − π0
A)

2,(60)

where π0
A is the population of city A at time 0. Intuitively speaking, the above cost function tries to encapsulate

a form of trade-off between the control of the epidemic and population planning. On the one hand, the authority
attempts to minimize the infection rate of both cities. On the other hand, as we shall see shortly in the numerical
simulation, individuals tends to move away from the city with higher infection rate and poorer health care, which
might result in the overpopulation of the other city. Therefore, the authority also wishes to maintain the population
of both cities at a steady level. The coefficients σA, σB and σP reflects the relative importance the authority
attributes to each of these objectives.

It can be easily verified that the setup outlined above satisfies the assumptions of the linear quadratic model
studied in Section 4. Although the forward-backward system of ODEs (50) - (51) which characterizes the optimal
contract can be readily derived, for the sake of completeness, we shall give the details of the equations to be solved
in the appendix.



16 RENÉCARMONAANDPEIQI WANG

Forthepurposeofillustration,wegivetheresultsofnumericalsimulationsforascenarioinwhichcityAhasa
higherqualityofhealthcarethancityB.Accordinglyweset:

(61) θ+A(q):=0.4q,θ
−
A(q):=0.1q,θ

+
B(q):=0.2q,θ

−
B(q):=0.2q.

ThismeansthatitiseasiertorecoverandhardertogetinfectedincityAthanincityB.Inaddition,weassume
thatindividualssufferahighercostassociatedwiththeepidemicincityBthanincityA,andwesetthecost
functionofindividualsineachcitytobe:

(62) φA(q):=q, φB(q):=2q.

Wesetthemaximalpossibleeffortofindividualsto ᾱ:=10andthecoefficientsforquadraticcostofeffortsto
γI:=2.0andγH =0.5.Finally,theparametersforthecostoftheauthorityinequations(59)and(60)aresetto:

(63) σA=σB:=1,σP:=0.

NoticethattheauthoritygivesthesameimportancetotheinfectionratesofcityAandcityBwhiledisregarding
theproblemofoverpopulation.

Inthefollowing,weshallvisualizetheeffectofthediseasecontrolauthority’sinterventionbycomparingthe
equilibriumcomputedfromtheprincipalagentproblemwiththeequilibriumfromthemeanfieldgameofanarchy.
Bythetermanarchy,werefertothesituationwherethestatesofindividualsarestillgovernedbythesame
transitionrate,buttheindividualsdonotreceiveanyrewardsorpenaltiesfromtheauthority. Morespecifically,
theexpectedtotalcostofeachindividualisgivenby:

EQ
(α,π)

T

0

c(t,Xt,αt,π(t))dt,

withtheinstantaneouscostcisgivenby:

c(t,x,α,π):= (x∈{AI,AH})·φA
πAI

πAI+πAH

+ (x∈{BI,BH})·φB
πBI

πBI+πBH

+((x∈{AI,BI})γI+ (x∈{AH,BH})γH)·
α2

2
.

Followingtheanalyticalapproachoffinite-statemeanfieldgamesintroducedin[14],itisstraightforwardtoderive
thesystemofforward-backwardODEscharacterizingtheNashequilibrium(SeethesystemofODEs(12)-(13)in
[14]).Forthesakeofcompleteness,wedisplaythesystemofODEsintheappendix.

Theeffectoftheauthority’sinterventionisconspicuousindiminishingtheinfectionrateamongtheentire
population,asisshownintheupperpanelofFigure1.However,whenwevisualizetherespectiveinfectionrateof
eachcityinthelowerpanelsofFigure1,wedoobserveasurgeofinfectionincityAasaresultoftheauthority’s
intervention,althoughtheepidemiceventuallydiesdown.Thisisduetotheinflowofinfectedindividualsfromcity
Bintheearlystageoftheepidemic.Indeed,sincecityAprovidesbetterhealthcareandmaintainsalowerrateof
infectioncomparedtocityB,aninfectedindividualhasabetterchanceofrecoveryifitmovestocityA.Thecost
ofmovingpreventsindividualsfromseekingbetterhealthcareinthescenarioofanarchy,whereasindividualsseem
toreceivesubsidytomovewhentheauthoritytriestointervene.Thisoutcomeoftheauthority’sinterventionis
furthercorroboratedwhenwevisualizeanindividual’soptimalstrategyinFigure2. Weobservethatindividuals
haveagreaterpropensitytomovewhentheauthorityprovidesincentives.
Recallthatintheabovenumericalcomputation,bysettingσP =0initsterminalcostfunction(60),the

authoritydoesnotattempttomaintainthebalanceofpopulationbetweenthetwocities. Wenowinvestigate
howthebehavioroftheindividualschangeswhentheauthorityseekstopreventtheoccurrenceofoverpopulation.
Tothisend,wererunthecomputationwithσP =1.5andalltheotherparametersunchanged.InFigure3,we
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Figure 1. Evolution of infection rate with and without authority’s intervention.
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Figure 2. Optimal effort of moving for an individual in different states.

compare the evolution of the population in city A as well as the total infection rate with and without the population
planning. When the authority does not try to control the flow of the population, the entire population ends up
in city A. However, when a terminal cost related to population planning is introduced, we see a more balanced
population distribution while the infection rate is still well managed. This can be explained by Figure 4, from
which we have a more detailed perspective on the change of individual behavior when the authority implements
the population planning. We see that healthy individuals in city A are now encouraged to move the city B, in
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order to compensate the exodus caused by the epidemic in city B. On the other hand, healthy individuals in city
B are now incentivized to stay in place.
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Figure 3. Evolution of population in city A and the total infection rate. The blue curve cor-
responds to intervention without population planning (σP = 0), the black curve corresponds to
intervention with population planning (σP = 1.5) and the red curve corresponds to the absence of
intervention.
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Figure 4. Individual’s optimal effort of moving with and without population planning.

6. Appendix: System of ODEs for Epidemic Containment

6.1. Authority’s optimal planning. Using the transition rate (55) and the cost functions (56)-(60), the system
of ODEs (50)-(51) becomes:

ẏ0(t) = −
[y0(t)− y1(t)]π1(t)

(π0(t) + π1(t))2
·

[
π1(t)(θ

−
A )′

(
π0(t)

π0(t) + π1(t)

)
+ π0(t)(θ

+
A)

′

(
π1(t)

π0(t) + π1(t)

)]
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+ [y0(t)− y1(t)] · θ
+
A

(
π1(t)

π0(t) + π1(t)

)
− y2(t)νI â0(y(t)) − ∂π0c0(π(t))

−
1

2
γI((â0(y(t)))

2 − φA

(
π0(t)

π0(t) + π1(t)

)
− φ′

A

(
π0(t)

π0(t) + π1(t)

)
·

π1(t)

π0(t) + π1(t)
,

ẏ1(t) = −
[y1(t)− y0(t)]π0(t)

(π0(t) + π1(t))2
·

[
π1(t)(θ

−
A )′

(
π0(t)

π0(t) + π1(t)

)
+ π0(t)(θ

+
A)

′

(
π1(t)

π0(t) + π1(t)

)]

+ [y1(t)− y0(t)] · θ
+
A

(
π0(t)

π0(t) + π1(t)

)
− y3(t)νH â1(y(t))− ∂π1c0(π(t))

−
1

2
γH((â1(y(t)))

2 − φA

(
π0(t)

π0(t) + π1(t)

)
+ φ′

A

(
π0(t)

π0(t) + π1(t)

)
·

π0(t)

π0(t) + π1(t)
,

ẏ2(t) = −
[y2(t)− y3(t)]π3(t)

(π2(t) + π3(t))2
·

[
π3(t)(θ

−
B )′

(
π2(t)

π2(t) + π3(t)

)
+ π2(t)(θ

+
B)

′

(
π3(t)

π2(t) + π3(t)

)]

+ [y2(t)− y3(t)] · θ
+
B

(
π3(t)

π2(t) + π3(t)

)
− y0(t)νI â2(y(t)) − ∂π2c0(π(t))

−
1

2
γI((â2(y(t)))

2 − φB

(
π2(t)

π2(t) + π3(t)

)
− φ′

B

(
π2(t)

π2(t) + π3(t)

)
·

π3(t)

π2(t) + π3(t)
,

ẏ3(t) = −
[y3(t)− y2(t)]π2(t)

(π2(t) + π3(t))2
·

[
π3(t)(θ

−
B )′

(
π2(t)

π2(t) + π3(t)

)
+ π2(t)(θ

+
B)

′

(
π3(t)

π2(t) + π3(t)

)]

+ [y3(t)− y2(t)] · θ
+
B

(
π2(t)

π2(t) + π3(t)

)
− y1(t)νH â3(y(t))− ∂π3c0(π(t))

−
1

2
γH((â3(y(t)))

2 − φB

(
π2(t)

π2(t) + π3(t)

)
+ φ′

B

(
π2(t)

π2(t) + π3(t)

)
·

π2(t)

π2(t) + π3(t)
,

π̇0(t) = π1(t)θ
−
A

(
π0(t)

π0(t) + π1(t)

)
− π0(t)

[
θ+A

(
π1(t)

π0(t) + π1(t)

)
+ νI â0(y(t))

]
+ π2(t)νI â2(y(t)),

π̇1(t) = π0(t)θ
+
A

(
π1(t)

π0(t) + π1(t)

)
− π1(t)

[
θ−A

(
π0(t)

π0(t) + π1(t)

)
+ νH â1(y(t))

]
+ π3(t)νH â3(y(t)),

π̇2(t) = π3(t)θ
−
B

(
π2(t)

π2(t) + π3(t)

)
− π2(t)

[
θ+B

(
π3(t)

π2(t) + π3(t)

)
+ νI â2(y(t))

]
+ π0(t)νI â0(y(t)),

π̇3(t) = π2(t)θ
+
B

(
π3(t)

π2(t) + π3(t)

)
− π3(t)

[
θ−B

(
π2(t)

π2(t) + π3(t)

)
+ νH â3(y(t))

]
+ π1(t)νH â1(y(t)),
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where the optimal control is defined by:

â0(y) := b

(
νI(y0 − y2)

γI

)
, â1(y) := b

(
νH(y1 − y3)

γH

)
,

â2(y) := b

(
νI(y2 − y0)

γI

)
, â3(y) := b

(
νH(y3 − y1)

γH

)
,

and the terminal conditions are π(0) = p◦ and y(T ) = ∇C0(π(T )).

6.2. Mean field equilibrium in the absence of the authority. The system of ODEs characterizing the mean
field game equilibrium consists of the Hamilton-Jacobi equation and the Kolmogorov equation.

v̇0(t) = [v1(t)− v0(t)]θ
+
A

(
π1(t)

π0(t) + π1(t)

)
+ [v2(t)− v0(t)]νI â0(v(t))

+
1

2
γI(â0(v(t)))

2 + φA

(
π0(t)

π0(t) + π1(t)

)
,

v̇1(t) = [v0(t)− v1(t)]θ
−
A

(
π0(t)

π0(t) + π1(t)

)
+ [v3(t)− v1(t)]νH â1(v(t))

+
1

2
γH(â1(v(t)))

2 + φA

(
π0(t)

π0(t) + π1(t)

)
,

v̇2(t) = [v3(t)− v2(t)]θ
+
B

(
π3(t)

π2(t) + π3(t)

)
+ [v0(t)− v2(t)]νI â2(v(t))

+
1

2
γI(â2(v(t)))

2 + φB

(
π2(t)

π2(t) + π3(t)

)
,

v̇3(t) = [v2(t)− v3(t)]θ
−
B

(
π2(t)

π2(t) + π3(t)

)
+ [v1(t)− v3(t)]νH â3(v(t))

+
1

2
γH(â3(v(t)))

2 + φB

(
π2(t)

π2(t) + π3(t)

)
,

π̇0(t) = π1(t)θ
−
A

(
π0(t)

π0(t) + π1(t)

)
− π0(t)

[
θ+A

(
π1(t)

π0(t) + π1(t)

)
+ νI â0(v(t))

]
+ π2(t)νI â2(v(t)),

π̇1(t) = π0(t)θ
+
A

(
π1(t)

π0(t) + π1(t)

)
− π1(t)

[
θ−A

(
π0(t)

π0(t) + π1(t)

)
+ νH â1(v(t))

]
+ π3(t)νH â3(v(t)),

π̇2(t) = π3(t)θ
−
B

(
π2(t)

π2(t) + π3(t)

)
− π2(t)

[
θ+B

(
π3(t)

π2(t) + π3(t)

)
+ νI â2(v(t))

]
+ π0(t)νI â0(v(t)),
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π̇3(t) = π2(t)θ
+
B

(
π3(t)

π2(t) + π3(t)

)
− π3(t)

[
θ−B

(
π2(t)

π2(t) + π3(t)

)
+ νH â3(v(t))

]
+ π1(t)νH â1(v(t)),

where the optimal control is defined by:

â0(v) := b

(
νI(v0 − v2)

γI

)
, â1(v) := b

(
νH(v1 − v3)

γH

)
,

â2(v) := b

(
νI(v2 − v0)

γI

)
, â3(v) := b

(
νH(v3 − v1)

γH

)
,

and the terminal conditions are π(0) = p◦ and v(T ) = 0.
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[10] R. Elie, T. Mastrolia, and D. Possamäı, A tale of a principal and many many agents, arXiv preprint arXiv:1608.05226, (2016).
[11] R. J. Elliott, L. Aggoun, and J. B. Moore, Hidden Markov Models: Estimation and Control, no. 29 in Applications of

Mathematics, Springer, New York, 1995.
[12] S. N. Ethier and T. G. Kurtz, Markov processes: characterization and convergence, vol. 282, John Wiley &amp; Sons, 2009.
[13] W. H. Fleming and H. M. Soner, Controlled Markov processes and viscosity solutions, vol. 25, Springer Science &amp; Business

Media, 2006.
[14] D. A. Gomes, J. Mohr, and R. R. Souza, Continuous time finite state mean field games, Applied Mathematics &amp; Opti-

mization, 68 (2013), pp. 99–143.
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