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Abstract

All correlation measures, classical and quantum, must be monotonic under local operations. In this paper, we
characterize monotonic formulas that are linear combinations of the von Neumann entropies associated with the
quantum state of a physical system that has n parts. We show that these formulas form a polyhedral convex cone,
which we call the monotonicity cone, and enumerate its facets. We illustrate its structure and prove that it is
equivalent to the cone of monotonic formulas implied by strong subadditivity. We explicitly compute its extremal
rays for n < 5. We also consider the symmetric monotonicity cone, in which the formulas are required to be
invariant under subsystem permutations. We describe this cone fully for all n. We also show that these results hold
when states and operations are constrained to be classical.

I. INTRODUCTION

How can we measure correlations between spatially separated parties? Correlations cannot be generated locally
0, at a minimum, any measure of correlation must not increase under local operations. More generally, monotonicity
under the action of some relevant set of operations is a typical requirement of any resource measure [1], [2], [3]. This
fact has motivated the study and construction of monotonic formulas, or monotones, in both classical and quantum
information theory [4], [5]. For example, entanglement measures have to be monotonic under local operations and
classical communication [6], [7]. Entropic monotones—monotones that can be expressed in terms of entropy—are
especially useful because of its central role in information theory [8], [9], [10], [11].

The von Neumann entropy, S(p) := —Tr(plog, p), quantifies the information stored in a quantum state p [12].
The entropies of a tripartite state pjo3 satisfy strong subadditivity (SSA) [13]:
S(p13) + S(p23) — S(p3) — S(p123) = 0, (1)

where p13:= Tra(p123), p12:= Tra(pies) and pz:= Tria(pi23) are marginals of pio3. Strong subadditivity is a
fundamental tool in quantum information theory and beyond (cf [9], [10], [14]). Remarkably, it gives us all known
linear inequalities limiting the von Neumann entropy. This raises two questions: (i) What linear entropic monotones
does SSA imply? (ii) Do linear entropic monotones exist which are not implied by SSA? We answer these two
questions below. For the first question, we provide a characterization of monotones implied by strong subadditivity.
We show that the answer to the second question is no, i.e., all linear entropic monotones are implied by strong
subadditivity.

In order to talk about correlation measures, we consider density operators defined over a tensor product of multiple
Hilbert spaces. Let N := {1,...,n} and .J be a nonempty subset of N. If px is a density operator that describes the
state of n systems, then the state of the systems contained in .J is given by the partial trace: p; := Try\ j(pn ). For
a given py and each nonempty J C N we associate an entropy S(J) := S(ps). We call the tuple (S(.J))jcn the
entropy vector of px and think of it as a point in R2" 1. The topological closure of the set of all entropy vectors
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associated with n-partite quantum states, which we denote by A,,, is a convex cone [15]. That means it is closed
under addition and multiplication by non-negative factors.
We seek formulas fz : A,, — R which are monotonic under the action of local operations, i.e., local quantum
channels, and have the following form:
fa(S)=a-S=> a;8(J). 2)
JCN

The vectors & also live in R2" —1

and, for nonempty J C N, we let M ; denote the set of vectors & such that fz
is monotonic under local processing of the systems in J. Henceforth, the word monotone will be used to refer to
an element of such sets.

We characterize all monotones by first considering formulas that are monotonic under processing of only one
system. There are two fairly simple examples of these: First, let J and K be disjoint non-empty subsets of /V, and let
i ¢ J, K. Then strong subadditivity implies that fi7J7K(§) = S(iUJ)—S(iUJUK) is monotonic under processing
of the system labelled by ¢. Second, any formula that does not contain entropies involving system ¢ remains the
same when only that system is processed. Remarkably, we show below that any formula that is monotonic under
processing of ¢+ must be a non-negative linear combination of terms of these two sorts. We can then find the set of
monotones under local processing of any subset of subsystems by taking intersections of the appropriate sets for
single system processing. This is a rather complicated task, which we carry out explicitly for up to n = 5 parties,
with the results presented in 2. For two parties, the mutual information 7(1;2) is the unique monotone under local
processing, while for larger numbers of parties we find genuinely new correlation measures. It remains an open
problem to find a general prescription for an exhaustive enumeration of all monotones for an arbitrary number of
parties.

The most important takeaway from this work is that the only monotonic formulas of the form (2) are the ones
implied by strong subadditivity. It is thought that for n > 4, there are linear inequalities that the von Neumann
entropy must satisfy which are not implied by strong subadditivity [16], [17]. Our results indicate that even if this
were true, the corresponding non-negative quantities cannot meaningfully measure correlations. Local operations
can cause an increase in whatever resource that these conjectured formulas might quantify.

The rest of the paper is structured as follows. In Section II, we formalize the posed questions and show that they
are equivalent to problems of characterizing convex cones. In Section III, we identify SSA-implied monotones under
processing of a single subsystem and prove that a formula is monotonic if and only if its monotonicity is implied
by SSA. In Section IV, we study the structure of the monotonicity cone and illustrate its richness. In particular,
we provide a table of its extremal rays for n < 5. In Section V, we fully describe the symmetric monotonicity
cone. That is, the set of monotones which are invariant under subsystem permutations. Section VI concludes with
remarks on the consequences of the present results.

II. PRELIMINARIES

We now formalize the notion of monotonicity under local operations. Let A/; be a quantum channel, i.e., a
linear completely-positive trace-preserving map, that represents an arbitrary processing of a collection of systems in
J C N. It is local if it can be written as a tensor product of single system quantum channels, i.e., N = & e N
Then a formula f5 is monotonic under local processing of J if it satisfies:

f(S(pn)) = fa(S(WVs @ Znys) (o)) 3)

for all quantum states py and all local quantum channels ;. Here I is the identity operation on the systems
in N\ J. It immediately follows that the set of monotones under processing of .J, denoted by M, is a convex
cone in R?"~1. The set of monotones under arbitrary local processing is the convex cone given by,

My = ﬁ M;,
i=1
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We will characterize My by finding the facets and extremal rays of M;.
An arbitrary quantum channel N can be represented as follows:

N(p) = TrglUpuT], )

where U/ is an isometry and E denotes the environment of the channel [18]. This leads to the following observation
due to Lindblad [19].
Lemma 1 A formula fs is monotonic under processing of 1 if and only if the following inequality holds:

f2(S(pa1ry..n)) = fa(S(p1)..n))s (5)

i.e., monotonicity under local operations on 1 is equivalent to monotonicity under partial trace on 1.
Proof To prove necessity, observe that partial trace is itself a local quantum operation. As for sufficiency, consider
the representation from (4) and note

Fa(S(pn)) = £a(S(Uh ® Tan1) (p1.0) UL ® Tan1)))

where the first equality is due to the invariance of entropy under the action of isometries. O

III. THE SINGLE SYSTEM MONOTONICITY CONE

We introduce double description (DD) pairs which give a useful description of polyhedral convex cones in real
space. A pair of real matrices (A, R) is called a DD pair if

Ad > 0 a= Ry forsome 7 > 0, (6)

where here 4 > 0 means that 4 has non-negative entries. We say that the rows of A represent the facets of the
cone, while the columns of R are its generators. The Minkowski-Weyl theorem states that a cone C is polyhedral
if and only if it is finitely generated [20]. That is, there exists some real matrix A such that C = {&| Ad > 0}
if and only if there exists some real matrix R such that C = {d&|d = Ry for some 4§ > 0}. If A has full row
rank, then a minimal set of generators is unique, up to positive scaling. In that case, C is said to be a pointed cone
and there is a one-to-one correspondence between its generators and its extremal rays. Moreover, for each cone C
described by a DD pair (4, R), there is a dual cone CV that is described by the DD pair (RT, AT). This fact,
which follows from Farkas’ lemma, is crucial in proving the present result.

Observe that for any quantum state py, processing 1 in no way affects the entropy of K if 1 ¢ K. This implies
that formulas that have avx = 41 for such K and all other entries set to zero span a subset of M;. Additionally,
it can be shown via strong subadditivity that for K’ C N such that 1 € K and j ¢ K, the vectors whose only
nonzero entries are ax = —agy{;} = 1 correspond to monotones under processing of 1. This is another form of
the well-known data processing inequality.

Let C; = {@|d = R;7y for some ¥ > 0}, where the columns of R; are the vectors described in the preceding
paragraph. It follows then that C; is contained in M;. As a first step towards showing the opposite containment
M; C Ci, we characterize the dual cone CY. Let P;(NN) be the set of all subsets of N that contain 1 and let it
be partially ordered by inclusion. A nonempty family L C P; (V) is called a lower set of Py (N) if

zrelL=yeL VyCuz, (7

i.e., it is closed under going down in the inclusion order. Upper sets are defined in a similar manner. The complement
of a lower set is always an upper set.



Theorem 1 C; is the subset of R?" 1 that satisfies

S ay20 ®)

JeL

Z CYJZO. (9)

JEP1(N)

for all lower sets L of P1(N) and

Proof Let C," = {@| A{@ > 0}, where the rows of A} correspond to the conditions in (8). We now show that
the extremal rays of C,’ are given by the columns of R; augmented by vectors where the only nonzero entry is
ax = +1 for K € P;(N). Denote this larger generator matrix by Rj.

Given the fact that (A}, R}) is a DD pair if and only if (R}T, A/T) is a DD pair, the assertion follows if the
generators of the cone {f | R'3 > 0} are the columns of A’”. More explicitly, this cone is the set that satisfies

Pk >0, B; >0 and B; > Bryus (10)

for all {i},J,K C N suchthat 1 ¢ K, 1€ J and i ¢ J. The first set of conditions says that the cone is contained
in a proper subspace of R2"~!. Within this subspace, it is the set that satisfies

Bs;>0 and ;> B (11)

for all J, I € P1(INV) such that J C I. We note here that these constraints are nearly identical to the ones satisfied by
the quantum relative entropy vector of two states defined over n — 1 systems. The only difference is the inequality
sign is reversed in the second set of constraints in (11). The extremal rays of the cone of quantum relative entropy
vectors, also known as the Lindblad-Uhlmann cone, have been explicitly found for all n in [21]. For self-containment,
we reproduce the proof therein.

To enumerate the extremal rays of a pointed polyhedral cone, it suffices to pick subsets of inequalities whose
span has codimension 1 and require that they be satisfied with equality. Let 5* be an extremal ray. Then in addition
to satisfying (11), it is the solution to 2"~ ! — 1 linearly independent equations which demand either a component
is equal to zero or two components are equal to each other. This means that

B3 =0=pBr =0, (12)

for I, J € P1(N) such that J C I. Hence, there exists an upper set U such that 87 = 0 if and only if I € U. Let
L the complement of U in P (V). Note that it cannot be empty as 8* is nonzero by definition. It must be the case
that 37 = 85 = A for all I,J € L and some A > 0, because of the extremality of 3* and the fact that it satisfies
equations of the form 7 = (%. For the converse, consider a lower set L that contains |L| subsets and let 5* be
the vector with components equal to 1 for subsets in L and zero otherwise. Observe that 3* satisfies 2"~ — | L|
linearly independent equations of the form $ = 0 for I ¢ L in addition to |L| — 1 linearly independent equations
of the form 37 = B% for I,J € L.

Finally, since C; C C,’, then any & € C; must satisfy the inequalities in (8). Moreover, & satisfies (9), as it is
a positive combination of only the columns of R;. O

To show that monotones under processing of 1 must satisfy (9), consider the classical state of n random variables
which are distributed according to the joint probability distribution p(x1, za, ..., z,) = p(z1)p(x2, ..., z,), Where
p(xa, ..., zy,) is a deterministic probability distribution. Evaluating an arbitrary linear entropic formula fz on its
(Shannon) entropy vector gives (> «;)H(X1), where the sum is over J € Py (V). Since it is always possible to
inject more entropy into 1 via local operations, such a formula is monotonic under processing of 1 if and only if
it is identically-zero. Hence, the desired equality holds.



As for the inequalities in (8), observe that Lemma 1 implies the following. To show the inequality corresponding
to a lower set L is satisfied by all elements in M, it suffices to find states with entropy vectors that satisfy

S@QIJ)=c and S(QIK) =0, (13)

for some positive constant ¢ and for all J € L and K € U = P;(N) \ L. Here, @ is a stand-in for the part of 1 to
be discarded in some processing. Note that system 1 goes for the ride in these constraints and so we may assume
that it is independent of all else. From now on, we invoke the isomorphism P; (N) =2 2N\1,

To demonstrate a state that realizes such an entropy vector, we briefly expose the theory of classical secret-sharing
schemes [22], [23]. In a secret-sharing scheme, there is a dealer who wishes to distribute shares of a secret @,
which may be modeled as a discrete finite random variable, among a party of n individuals such that two conditions
are met: (i) (correctness) if a subset of individuals is authorized, then by pooling their shares together, they can
recover the secret faithfully. (ii) (perfect privacy) if a subset is not authorized, then the individuals in it cannot
learn anything about the secret from their shares. The family of authorized subsets in a secret sharing scheme is
called the access structure of the scheme. Access structures are naturally required to be upper sets of 2%V under
the inclusion order. Secret sharing schemes with arbitrary access structures were first explicitly constructed by Ito,
Saito and Nishizeki in [24]. Following their construction, let ) be a uniformly distributed binary random variable
and let L be a given lower set of 2N\, For each K = {ky,...,k,} in U = 2N\ \ L, we do the following: (i)
choose s — 1 bits independently and uniformly randomly by, ...,bs_1. (ii) let by = ¢ & by B ... ® bs_1, where
denotes addition mod 2. (iii) give the bit b; to the individual k;. If s = 1, then K is an authorized singleton and
so we let individual k; have the secret. Depending on U, it could happen that certain individuals have more shares
than others. Note that this process could be made more efficient by restricting it to minimal elements of U under
the inclusion order. In any case, we clearly have S(Q|K) = 0 for all K € U. On the other hand, for J ¢ U, there
is always at least one “missing” bit in all the available shares and so S(Q|J) = 1. This classical state of n + 1
random variables realizes the desired entropy vector (13). Below, we show explicit constructions of these states for
two different access structures. For more details about secret-sharing schemes, see the recent survey [25].

(a) (b)

Fig. 1: (a) A threshold access structure which corresponds to the inequality o + a2 + a3 + a4 > 0. (b) A more
complex access structure which corresponds to the inequality oy + av12 + 13 + aviq + 134 > 0.



Example 1 The access structure in la is called a threshold access structure. That is, if the number of individuals
in a given collection exceeds a certain number, which in this case is 2, then they are able to recover the secret.
Otherwise, they cannot learn anything about it. A state that realizes such a scheme is:

PZ?234 = EZ |Z><Z‘Q & |ja k><jak|2 & |] @Z,ZX.] EBZ?”?, & |k€BZaZ EBZXkGBZaZ EBl|47 (14)

where the sum is over ¢, j, k, [ € {0, 1}. Clearly, any two individuals can recover () exactly, while any one individual
cannot.

Example 2 The access structure in 1b is more hierarchical. Individuals 3 and 4 cannot recover the secret without the
help of individual 2, but the latter needs only one of them to recover the secret. We can realize this secret-sharing
scheme by the following state:

Psss =15 D liilg ® 5, k)G kl, @ | @) @ ls ® k& i)k &l (15)

where again the sum is over ¢, j,k,l € {0,1}.

IV. THE MONOTONICITY CONE

The results of the preceding section imply that & € M; if and only if f5 admits the following representation:

fa&) == 3 wuSGiun+ S wis),
JEN,ICN ICN

where j # 1, 1 ¢ I and v;,1 > 0. Therefore, the monotonicity of f5 under local operations is equivalent to the
existence of such a representation for all n subsystems, which in turn is equivalent to & simultaneously satisfying
the conditions mentioned in Theorem 1 for all n subsystems. In particular, this says that all monotones must be
balanced. A formula is balanced if it satisfies all versions of Eq. (9). That is, the sum of all components oy such
that ¢ € I must vanish for all i € N.

For n = 1, no monotones exist as any mixed quantum state can be processed into having a higher or lower
entropy.

As for n = 2, only one balanced formula exists, up to positive scaling, and it is the mutual information.

I(1;2) := 5(1) + 5(2) — S(12).

It obviously satisfies the inequalities associated with processing on 1, likewise for 2, and so is indeed a monotone.
This can also be seen as a direct consequence of SSA which asserts the non-negativity of the quantum conditional
mutual information I(1;23) := S(13) + S(23) — S(3) — S(123).

The case of three systems is more interesting. The following monotone appears:

J(1;2:3) := S(12) + 5(23) + S(13) — 25(123).

Observe that it vanishes if and only if the tripartite state is a product state, which indicates that it measures
some genuine symmetric three-way correlations. It is in fact the quantum mechanical version of Han’s dual fotal
correlation for three random variables [26]. An operational interpretation of this quantity remains elusive both in the
classical and quantum settings. However, it has been used to obtain bounds on distillation rates in certain classical
and quantum cryptographic schemes [27].

The first novel monotone arises in the case of four systems:

U(1;2;3;4) := S(12) + S(34) + S(13) — S(123) — S(134).

It is not immediately obvious what to make of this asymmetric quantity, but seeing that it is equal to both I(2;3|1)+
I(1;34) and I(1;4|3) + I(3;12), we suspect that it measures some kind of four-way correlation along the 12|34
partition. We note that enumerating the extremal rays of My for large n seems to be a highly non-trivial task and
leave it as an open problem. Below is a table of all monotones, up to system permutations, for n < 5.
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n  Monotones

0
5(1) + S(2) — S(12)

S(12) + S(23) + S(13) — 25(123)

5(12) + S(34) + S(13) — S(123) — 5(134);

5(123) + 5(124) + S(134) + S(234) — 35(1234)

S(123) + S(124) + S(134) + S(235) — 25(1234) — S(1235);

5 S(123) + S(124) + S(145) + S(235) — S(1234) — S(1235) — S(1245);
S(1234) + 5(1235) + 5(1245) + 5(1345) + 5(2345) — 45(12345)

= (JUNI NG T

Table 1: All monotonic formulas that arise for n < 5.

V. THE SYMMETRIC MONOTONICITY CONE

The problem of finding entropic monotones can be made considerably simpler by requiring invariance under
single-system permutations. This is equivalent to imposing the following set of conditions on &

oy = ayp = a;

for all I,I’ C N that have the same number of elements i. For a given number of subsystems 7, monotonic
formulas that satisfy these conditions form a polyhedral convex cone that is properly contained in a subspace of
dimension n. Moreover, its facets are far fewer than the ones of the monotonicity cone.

Lemma 2 The symmetric monotonicity cone is the set in R"™ that satisfies:

n n—1 I n—1 >0
ay 1 as E—1 ar = U,
n—1 n—1
a + as + ... + a, =0,
1 n—1
where 1 <k <n-—1.

Proof We remark that the coefficient multiplying a; is the number of subsets of a set of n — 1 elements which
contain i — 1 elements, i.e., (i — 1)-sets. Recall that we use the isomorphism P;(N) = 2V\1
imposed, observe all versions of the equality (9) boil down to the equality above. Next, note that the inequalities

. Once symmetry is

above are independent and implied by monotonicity plus symmetry. It remains to show that they are satisfied by
all symmetric monotones.

In the /th inequality above, denote the quantity on the left-hand side by A;. We proceed via induction. That
a; > 0 is immediately evident. Consider the inequalities associated with lower sets of 2V\! which have subsets
which contain at most one element. Then symmetry implies that a; +as > 0, a; + 2a3 > 0,..., a; + (n — 1)as > 0
all hold. However, it can be easily seen that the last inequality in conjunction with the non-negativity of a; imply
the rest. With this in mind, assume for the inductive step that the first £ inequalities above imply all inequalities
associated with lower sets which contain at most subsets of cardinality k¥ — 1. Given an arbitrary lower set L of
2N\ which contains subsets of at most k elements, the associated inequality is

a1 + #oa2 + ... + Frr10k41 > 0, (16)



where #; denotes the number of subsets of cardinality ¢ — 1 in L. First, we note that if subsets of cardinality &
are excluded from L, we get another lower set which contains subsets of at most k¥ — 1 elements. By the inductive
hypothesis, the associated inequality can be written as follows:

k
ay + #aan + .. + Frax = 3 %idi >0, (17)
i=1
where v; > 0 and v, = (ﬁ’i). We will need an observation due to Sperner [28],
k—1
#ir((n—1) = (k= 1)) > #p1k. (18)

To see why this inequality holds, observe that each k-set contains k& (k — 1)-sets and so #p41k is the number
of (k — 1)-set instances in the k-sets within L, including possible duplicates. Since L is a lower set, all those
(k — 1)-sets are also in L. Since each (k — 1)-set is contained in ((n — 1) — (k — 1)) k-sets, then that number of
instances is bounded from above by #((n — 1) — (k — 1)).

If we let

ni=v for 1<i<(k-1), mz%—%
o) ()

then we have n; > 0 for all ¢, where we used (18) to show 7 > 0. Furthermore, we have

and gy = DEEL, (19)
("x")

k+1
ZmAz‘ = a1 + #2020 + ... + Frp10k41- (20)
i=1

Hence, the assertion follows by induction. O

Therefore, the symmetric monotonicity cone is defined by one equality and n—1 inequalities, which is significantly
less complex than the monotonicity cone. So much so that we can solve for its extremal rays for arbitrary n.

Theorem 2 The generators of the symmetric monotonicity cone for n systems are unique (up to positive scaling)
and can be spanned by n — 1 vectors whose sole nonzero elements are:

1
= - and =,
aj I ai+1 n—1

where 1 <1 < n — 1. Written in terms of entropies, for each n > 2, we have the symmetric monotones

(n—1) > S(K)-1 Y  S(K), (22)

|K|=1 |K|=141

21

where K € 2V,

Proof To see that the generators are unique, note that a matrix whose rows represent any n — 2 inequalities of
Lemma 2 in addition to the equality therein has rank n — 1. Consequently, a 1-dimensional subspace, i.e., an
extremal ray, is completely specified when only one inequality is allowed to be non-binding. Let it be the /th one.
Then it is clear that a; = 0 for all £ < [. Furthermore, a; > 0 and given that the (I + 1)th inequality is binding,

we have:
n—1 n n—1 ~0
1—1 aj I aj41 =

which implies that a;, = 0 for all £ > [+ 1 as well. Hence, the proposed vectors indeed span the extremal rays of
the symmetric monotonicity cone. O



VI. CONCLUDING REMARKS

We have systematically studied the cone of multipartite linear entropic formulas that are monotonic under the
action of local quantum channels. For two subsystems, the mutual information is the unique linear entropic monotone.
For higher numbers of parties, the resulting quantities form a natural family of measures of multipartite correlations.

One consequence of this characterization is the following observation. An entropic formula is monotonic only
if strong subadditivity implies its non-negativity, as each party may choose to erase its own subsystem. That is,
any linear entropic inequality which is independent of the non-negativity of conditional mutual information, i.e., a
non-Shannon type inequality, cannot correspond to a monotonic formula. As an illustration, consider an instance
of the first discovered non-Shannon type inequality proven to hold classically by Zhang and Yeung in 1997 [29],

2I(1;2|3) + I(1;3]2) + I(2; 3|1) + I(1;2]4) + I(3;4) — I(1;2) > 0.

The formula on the left-hand side, while evidently balanced, is not monotonic under local processing by any party.
The same can be said about any and all inequalities which are independent of strong subadditivity. It seems it is this
independence of strong subadditivity that makes it a challenge to find operational meaning in these non-Shannon
inequalities.
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