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Mechanical properties of the extracellular matrix are important determinants of cellular migration in

diverse processes, such as immune response, wound healing, and cancer metastasis. Moreover, recent

studies indicate that even bacterial surface colonization can depend on the mechanics of the substrate.

Here, we focus on physical mechanisms that can give rise to substrate-rigidity dependent migration.

We study a ‘‘twitcher’’, a cell driven by extension–retraction cycles, to idealize bacteria and perhaps

eukaryotic cells that employ a slip-stick mode of motion. The twitcher is asymmetric and always pulls

itself forward at its front. Analytical calculations show that the migration speed of a twitcher depends

non-linearly on substrate rigidity. For soft substrates, deformations do not lead to build-up of significant

force and the migration speed is therefore determined by stochastic adhesion unbinding. For rigid

substrates, forced adhesion rupture determines the migration speed. Depending on the force-sensitivity

of front and rear adhesions, forced bond rupture implies an increase or a decrease of the migration

speed. A requirement for the occurrence of rigidity-dependent stick-slip migration is a ‘‘sticky’’ substrate,

with binding rates being an order of magnitude larger than unbinding rates in absence of force. Computer

simulations show that small stall forces of the driving machinery lead to a reduced movement on high

rigidities, regardless of force-sensitivities of bonds. The simulations also confirm the occurrence of rigidity-

dependent migration speed in a generic model for slip-stick migration of cells on a sticky substrate.

1 Introduction

Surface migration is ubiquitous among both prokaryotic and
eukaryotic cells. In the case of bacteria, various dedicated
machineries for surface migration are known to facilitate nutrient
search and surface colonization. Most notably, micrometer-sized
filaments termed type-IV pili that are extended and retracted in a
cyclic fashion and allow the bacteria to pull themselves forward.
This mechanism of surface migration is common among mostly
Gram-negative bacteria such as Pseudomonas aeruginosa, Neisseria
gonorrhoeae, Escherichia coli, and Myxococcus xanthus.1–11 Pilus-
driven migration is termed ‘‘twitching’’ and visually resembles a
random slip-stick motion.

Presently, it is an open question how the migration of
bacteria depends on the substrate rigidity. Experimentally,
substrate colonization by the pathogen P. aeruginosa and by
E. coli appear to depend on the rigidity of various substrates,12,13

which may be relevant for host infection and for hygiene-related
issues.14–17 However, to our knowledge, experimental studies
that quantitatively dissect the specific roles of substrate rigidity,
chemical factors, and internal regulation for surface-based
migration are lacking. This state of affairs is mainly due to
experimental difficulties, for example, distinguishing twitching
motility from other modes of motility such as swimming.
Further challenges include the necessity to separate collective
behavior from individual motion and chemical surface properties
from mechanical response of the substrate.2,6,9,16,18 In addition,
bacterial migration is also regulated by surface adaptation processes
that may involve mechanosensing. Different modes of bacterial
mechanosensing have been suggested, in particular in the context
of the transition from planktonic swimming to surface colonization.
Putative mechanosensing pathways involve type-IV pili, pilus-related
proteins, and outer membrane porins.6,9,19–25

In contrast to bacterial surface migration, migration of
mammalian cells has been studied systematically to decipher its
intricate dependence on environmental cues. Rigidity-dependent
migration is for instance thought to be critical for the development
of the nervous system,26–28 responses of the innate immune
system,29 as well as cancer metastasis.30–32 An important hallmark
of these physiological processes is the cellular adaptation to
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extracellular mechanics based on actomyosin cytoskeletal
contractility, integrin engagement, and membrane dynamics.
Thereby, eukaryotic cells can control their migration speed
and direction depending on the mechanical rigidity of their
substrate.33,34 Crawling cells forming pronounced substrate
adhesions often undergo extension-contraction cycles, whereby
elastic stress is built up and released. Such slip-stick-like motion
is most clearly seen if the migration is constrained to a one-
dimensional track.35,36

A prerequisite for the full understanding of complex biological
cell–substrate interactions is the quantitative knowledge of the
underlying physical mechanisms. Much work has been devoted
to the theoretical understanding of how extracellular mechanics
affects the migration of eukaryotic cells. Intricate models have
been suggested, such as the cellular Potts model,37–39 phase-field
models,40–42 and actin-flow and clutch models.40,43–45 Cells can
also exhibit directed motion in gradients of rigidity, which is
called durotaxis, and has recently sparked renewed theoretical
interest.46–49 With regard to bacteria, mechanical modelling
efforts have mostly focused on the understanding of pilus-based
migration.5,11,22,50,51 However, the role of substrate rigidity for
bacterial migration has not yet been studied.

Migration in intermittent stop-and-go phases is a distinctive
physical characteristic found for bacteria and eukaryotic cells.
Such dynamics can result from slip-stick processes. Here, we
explore the possibility that slip-stick migration generically
results in durokinesis, i.e., a dependence of the migration
speed on substrate rigidity. To this end, we employ a highly
idealized model twitcher. As a possible physical realization of a
twitching cell, we have in mind the situation depicted in Fig. 1a
and b. We assume a one-dimensional migration on a purely
elastic gel with a tuneable rigidity. At the rear end, the cell body
is anchored to the substrate via an elastic spring. At the front,
an extending and retracting spring drives migration. This
frontal driving mechanism represents, e.g., a bacterial pilus
and naturally leads to a slip-stick motion. Binding and unbinding
of the front and rear adhesions to the substrate, as well as the
retraction of the front appendage are modeled stochastically.
This model predicts stick-slip motion if the binding rates of the
adhesions are an order of magnitude larger than the unbinding
rates in absence of force. Analysis of this model further reveals
a critical dependence of the migration speed on the force-
sensitivity of the adhesion bonds. If the rear adhesions are more
force sensitive, twitchers increase their migration speed as rigidity
increases. Conversely, if the front adhesions are more force
sensitive, the migration speed decreases with increasing sub-
strate rigidity. Hence, durokinesis can be a result of physical
mechanisms leading to a positive or a negative correlation of
migration speed and rigidity of the extracellular environment.

The article is structured as follows. In Sections 2.1–2.3, we
describe and solve a master equation for a twitcher model with
discretized dynamics. In Sections 2.4–2.7, we explore the bio-
physical predictions of the model and vary the system para-
meters. Sections 2.4 and 2.5 also contain a semi-quantitative
discussion of the physical effects at work. The analytical work is
complemented in Section 3 by simulations of a model with

continuous mechanical stretch. These simulation results are
compared to the discrete model and the effect of retraction motor
stall force is investigated. Conclusions are presented in Section 4.

2 A master equation approach

We describe the dynamics of the twitcher, which is a cell that
migrates via extension–retraction cycles, with an analytically
solvable master equation governing the substrate binding
dynamics and mechanical stress in the twitcher.

2.1 Model and governing equations

We model the cell as a one-dimensional object where the long
axis of the twitcher is aligned with the direction of motion.
Based on the front–rear asymmetry observed in many migrating
cells, we divide the forces acting on the cell body into two kinds.
Firstly, active forces generated by extension and retraction of
frontal appendages. Secondly, passive substrate attachments of
various kind that can possibly slow down the migration, see
Fig. 1c and d for schematic illustrations. For rod-like bacteria
such as P. aeruginosa, the asymmetric front-rear partition is
motivated by actual biological structures. The active frontal
appendages are an effective representation of type-IV pili.
Passive adhesions are motivated by the finding that type-IV pili are
not required for substrate adhesion.18,24,52 The passive adhesions
may result from physio-chemical substrate adsorption53 or from
specific surface attachment proteins, such as type-I pili. A separation
into active pilus-generated forces and passive adhesion is also
consistent with results from direct measurement of the traction
forces generated by twitching M. xanthus.8 Both, the passive and the
active adhesion are modeled with parameters that can take on
different values to encompass weak and strong adhesion cases alike.
The assumption of a one-dimensional motion of an asymmetric cell
is a simplification that allows us to specifically study the role of
substrate-mechanics but excludes the effects of spatially distributed
forces and cooperative effects among the adhesive structures.

In order to be able to construct an analytically solvable
system, we assume that the tension in the system relaxes very
quickly such that the balance of the elastic forces in the system
occurs instantaneously. The cell migrates forward by retraction
of its frontal appendage, which has an initial rest length of
c = c0. Retraction and elongation of the frontal appendage are
represented in a discretized form where the rest length c of the
frontal spring changes in small steps of length e. With these
assumptions, the system dynamics is described by transitions
between the following states
� Snone – none of the appendages are attached to the

substrate,
� Sadh – only the passive adhesion is attached to the

substrate,
� Spil – only the front appendage (pilus) is attached to the

substrate,
� Sboth (or S0) – both appendages are attached to the

substrate but there is no tension,
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� S1 – both appendages are attached and the frontal appendage
is retracted by e,
� . . .

� SN – both appendages are attached and the frontal appendage
is retracted by Ne.

The state diagram of the stochastic process is given in
Fig. 1e. In the state Snone, the substrate is not bound and no
motion can occur. Similarly, no motion occurs in the state Sadh

where the cell is only anchored by its passive, rear adhesion. In
the state Spil, the cell is only bound to the substrate via the
active, frontal appendage. It is assumed that the cell moves
here with constant average speed without build-up of elastic
forces in the system. In state Sboth, both front and rear appendages
are attached to the substrate and the front adhesion is fully
extended with rest length c0. From there on, retraction of the

frontal appendage can occur through transitions to the states
Sn with n A {0, 1,. . ., N} where the rest length of the front
appendage is shortened as c = c0 � ne.

We next consider the force balance in one of the states Sn in
which the front and rear adhesions are both bound to the
substrate. The elastic stretch of the front appendage is denoted
by sp

n where the index p stands for ‘‘pilus’’. The stretch of the
passive adhesion is denoted by sa

n and the stretch of the
substrate springs is denoted by ss

n. The sign of the stretches is
chosen such that we can write the force balance among the
frontal adhesion, the rear adhesion, and the substrate as

kpsp
n = kasa

n = ksss
n, (1)

where kp,a,s represent the spring constants of front adhesion
(pilus), rear adhesion, and substrate, respectively. For simplicity,

Fig. 1 (a) A bacterium moving by retractable type-IV pili. Physio-chemical cell-substrate interactions and passive biological adhesion structures are
depicted in red. (b) Eukaryotic cell moving through cyclic spread and contraction of its body. (c) Stick-slip migration can be conceptually be divided into
different states of substrate attachment. (d) Sketch of the idealized model twitcher. All passive substrate–adhesion forces are summarily depicted as a
rear-end spring that can counteract active retraction forces. (e) State diagram of the analytical model for the twitcher. A ‘‘traffic light’’ color scheme is
used to describe the motion in different states. None: the twitcher has no attachments to the substrate. Green: only the front appendage is attached and
the twitcher migrates with constant speed. Red: only the passive adhesion is attached and no movement occurs. Yellow: both of the appendages are
attached and the retraction builds up tension in discrete steps.
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we assume that the springs modeling the substrate and the
passive adhesion have a vanishing rest length. The rest length
of the front adhesion is c0 during initial attachment. Since the
overall distance that is initially spanned by the serial springs does
not change when the rest length changes from c0 to c, we have

c0 = c + ne = c + sp
n + sa

n + 2ss
n (2)

for all n A {0, 1,. . ., N}. Combining eqn (1) and (2), the force
acting across the system in state Sboth is given by

Fn ¼ kpspn ¼ ne
kpkska

kska þ kskp þ 2kpka
: (3)

We next consider the transition rates between the states.
Front and rear appendages are assumed to attach to the substrate
with constant rates pp and pa, respectively. The corresponding
detachment (rupture) rates depend on the applied force.5,7,52,54

Here, we mainly assume slip bonds where the rupture rate
increases exponentially with the loading force. The slip-bond
rupture rates for frontal and rear adhesion are given by

lp
n = cp exp(rpFn), (4)

la
n = ca exp(raFn). (5)

The retraction and elongation rates of the frontal appendage
also assumed to be load-dependent and we choose

ar
n = cr exp(�brFn�1), (6)

ae
n = ce exp(beFn) (7)

for retraction and elongation, respectively. This choice ensures
that the speed of the retraction decreases as the force increases.
Such a force–velocity relationship is a qualitative characteristic of
both bacterial pili,55 and myosin-powered cellular contractions.56

After multiple retraction steps, the force increases to a point where
the retraction stalls. The stall force is defined as the force at which
average retraction speed vanishes and the retraction state at which
stalling occurs is determined within our model by

nstall ¼
2 1þ ks�1
� �

log cr=ceð Þ
e br þ beð Þ

� �
: (8)

The stochastic processes can be summarized by the following
master equations
:
Pnone = �(pa + pp)Pnone + caPadh + cpPpil (9)

_Padh ¼ � ca þ pp
� �

Padh þ paPnone þ cpPboth þ
XN
n¼1

lpnPn (10)

_Ppil ¼ � cp þ pa
� �

Ppil þ ppPnone þ caPboth þ
XN
n¼1

lanPn (11)

:
Pboth = �(ar

1 + cp + ca)Pboth + ppPadh + paPpil + ae
1P1 (12)

:
P1 = �(ae

1 + ar
2 + lp

1 + la
1)P1 + ar

1Pboth + ae
2P2 (13)

:
Pn = �(ae

n + ar
n+1 + lp

n + la
n)Pn + ar

nPn�1 + ae
n+1Pn+1 (14)

:
PN = �(ae

n + lp
n + la

n)PN + ar
nPN�1, (15)

where Px and
:
Px denotes the probability that the system is in the

state Sx at time t and its time derivative, respectively. For
simplicity, we will subsequently employ the notations Ln =
ae

n + ar
n+1 + lp

n + la
n for n = 1,. . .,N � 1 and LN = ae

n + lp
n + la

n.

2.2 Stationary solution of the master equation

We search for a stationary solution where
:
P. . . = 0 for all states.

Observe from eqn (15) that PN = ar
nPN�1/LN = qNPN�1, where qN is

used to denote relevant transition rates in a compact form
recursively. Substitution into eqn (14) for n = N � 1 and
rearrangement gives

PN�1 ¼
arN�1

LN�1 � qNaeN
PN�2 ¼ qN�1PN�2: (16)

This process is continued until P1 = q1Pboth is obtained. Then,
recursive substitution yields the relation

Pn = Pbothq1. . .qn (17)

between any tension state Sn and Sboth. The resulting relations
allow the elimination of Pn in eqn (10) and (11), which
then yield

Padh ¼ paPnone þ cpPboth þ
XN
n¼1

lpnq1 . . . qnPboth

� � !,
ca þ pp
� �

(18)

Ppil ¼ ppPnone þ caPboth þ
XN
n¼1

lanq1 . . . qnPboth

� � !,
cp þ pa
� �

:

(19)

Substitution into eqn (9) and reorganization gives

Pnone

¼ Pboth

cacp þ ca
PN
n¼1

lpnq1 . . . qn
� �

ca þ pp
þ
cpca þ cp

PN
n¼1

lanq1 . . . qn
� �� �

cp þ pa

2
6664

3
7775

pa þ pp �
capa

ca þ pp
� cppp
cp þ pa

� � ;

(20)

which also allows Padh and Ppil to be expressed solely in terms of
rates and Pboth. Finally, normalization of probabilities requires

Pnone þ Padh þ Ppil þ Pboth þ
XN
n¼1

Pn ¼ 1; (21)

which is used to represent Pboth and all other probabilities only
in terms of rates.

2.3 Calculation of the mean speed

The twitcher described above can move in two ways. First,
through unhindered pilus retraction with speed vr in state Spil.
Pilus retraction speed under zero load is given by vr = e(cr � ce).
Second, the twitcher moves instantaneously after rupture of
one bond from the tensed states Sn to relax the remaining
attached elastic appendage. When the front adhesion ruptures,
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the bacterium returns to its original position. Thus, this event does
not contribute to total migration. In contrast, rupture of the rear,
passive adhesion in state Sñ leads to a forward motion of the total
retracted pilus length ñe. Therefore, the mean distance covered per
unit time h :xi, which we call the mean speed, is given by

_xh i ¼ e cr � ceð ÞPpil þ
XN
n¼1

nelanPn: (22)

As shown in the appendix, the mean speed quickly converges
for an increasing number of tensed states N, see Fig. 6. In the
following, we choose N = 5 if not mentioned otherwise. The
employed parameters are listed in Table 1.

2.4 Rigidity-dependent migration: at a first glance

We investigate the dependence of the mean speed h :xi on the
substrate rigidity ks. The solution of the master equation leads
to lengthy analytical expressions for the speed, too long to be
presented here. The expression for the case N = 1 is given in the
Appendix. We consider qualitative features of the results. Fig. 2
shows the effect of substrate rigidity on the mean speed for
different force sensitivity parameters, ra and rp, of the rupturing
bonds. The curves show a non-linear relation between substrate
rigidity and migration distance. For ra 4 rp, the rear adhesion
ruptures faster than the front adhesion under force and the
mean speed increases with substrate rigidity. Conversely, ra o rp

implies that the front adhesion ruptures faster and the mean
speed decreases on increasing rigidity.

2.5 Rigidity-dependent migration: analysis and limiting cases

In order to gain a qualitative interpretation of the rigidity-
dependence of speed, we consider eqn (3) determining the
force on the bonds. A simplification occurs if the spring
constants of the front and rear adhesions are set to the same
value kp = ka � ki, which we refer to as internal spring constant
characterizing the internal rigidity. Thus, we have

Fn ¼ ne
kiks

2 ki þ ksð Þ: (23)

Fig. 3a illustrates the role of the internal spring constant ki for
substrate-dependent twitching migration. The mean speed of a
very stiff twitcher with ki c 1/(era,b) changes strongly with

substrate rigidity. For small internal rigidity, the effect of substrate
rigidity on twitching speed vanishes almost completely.

We now assume that ki has a fixed, finite value and consider
limiting cases for the substrate rigidity. On substrates with
vanishing rigidity, we have lim

ks!0
Fn ¼ 0. Retraction of the appendages

on soft substrates does not produce much force. Consequently,
the detachment rates of frontal and rear appendages are given
by lp

n E cp and la
n E ca, leading to a migration speed that is

independent of rupture mechanics. Accordingly, twitchers with
different force-dependent rupture rates have the same mean
speed on very soft substrates, as seen in Fig. 2. On substrates
with higher rigidity, the forces Fn exceed the typical scales 1/ra,b

and therefore start to affect the twitching dynamics through the
bond rupture rates, eqn (4) and (5). For very rigid substrates, we
have lim

ks!0
Fn ¼ neki=2. The elastic contraction within the cell

dominates here. Hence substrate rigidity plays no role for the
rupture rates and mean speeds become independent of ks, as
seen in Fig. 2.

Table 1 Parameters for the analytical discrete-state model. The time scale is t0, the length scale is e0, and the stiffness scale is k0

Parameter Symbol Value Notes

Characteristic active appendage retraction and elongation rate cr and ce 2 and 1 t0
�1 respectively

Active appendage spring coefficient kp 1 k0
Passive adhesion spring coefficient ka 1 k0
Substrate spring coefficient ks [0.001 k0,. . .,1000 k0]
Active appendage binding rate pp 1 t0

�1

Passive adhesion binding rate pa 1 t0
�1

Active appendage zero force rupture rate cp 1 t0
�1

Passive adhesion zero force rupture rate ca 1 t0
�1

Active appendage rupture rate force sensitivity rp 1 (e0k0)�1 For Fig. 3 and 6: 0.1 and 10 (e0k0)�1

for ra c rp and rp c ra respectively
Passive adhesion rupture rate force sensitivity ra 1 (e0k0)�1 For Fig. 3 and 6: 10 and 0.1 (e0k0)�1

for ra c rp and rp c ra respectively
Active appendage retraction rate force sensitivity br 1 (e0k0)�1

Active appendage elongation rate force sensitivity be 1 (e0k0)�1

Fig. 2 Effect of substrate rigidity on mean twitching speed. Yellow lines
correspond to the case that front and rear bonds have equal force-
sensitivity ra = rp = 1. Red color tones correspond to ra o rp with ra = 1,
green color tones correspond to ra 4 rp with rp = 1. Note that the
migration speed increases or decreases with substrate rigidity, depending
on the force-dependent rupture rates. The varied force sensitivity para-
meters are taken from the set {1, 2, 5, 10, 25, 50, 100}. Front and rear
adhesions are assumed to be slip bonds. See Table 1 for the other
parameters and the non-dimensionalization.
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To obtain a simplified expression that qualitatively captures
the rigidity-dependence of the mean speed, we consider a
model with only one retraction state, N = 1 and assume that
the binding and unbinding rate constants are equal, cp = ca =
pa = pp = 1. For this case, the analytical solution simplifies to

_xh iN¼1¼ e
2ar1l

a
1 þ cr � ceð Þ 4 ae1 þ lp1 þ la1

� �
þ ar1 lp1 þ 3la1

� �� 	
8 ae1 þ lp1 þ la1
� �

þ ar1 2þ 3lp1 þ 3la1
� � :

(24)

The numerator contains two terms, where the first results from
relaxation events after a contracted state and the second results
from motion in the state Spil where only the front appendage is
bound. To see how these terms are affected by substrate
rigidity, we consider the case in which the bond at front is
weaker, ra { rp, and assume for simplicity that the rigidity of
the twitcher is very high ki c ks. Thus, the rupture rates are
given by la

1 E ca exp(raeks/2) and lp
1 E cp exp(rpeks/2). Large

substrate rigidities allow the retraction to build up signifi-
cant forces, i.e., rpeks/2 c 1, and eventually lead to la

1 { lp
1.

This relation implies that the first term in the numerator of

eqn (24) vanishes. Hence, twitchers with ra { rp migrate slower
on rigid substrates. In the opposite case that the bond at the
passive, rear adhesion is weaker, ra c rp, both terms in the
numerator of eqn (24) remain important, allowing for an
increase in speed on more rigid substrates.

2.6 Mean speed and state occupation probabilities

The mean speed depends on rigidity via its effect on the state
occupation probabilities that directly appear in the mean-speed
eqn (22). Fig. 3b and c show these occupation probabilities Ppil

and
PN
n¼1

Pn for the two cases of twitchers slowing down on

higher rigidity rp c ra and twitchers speeding up on higher
rigidity rp { ra. An increase in internal rigidity decreases the

probability to be in the tensed states
PN
n¼1

Pn. Instead, the system

spends more time in states with unilateral attachment at the
front or at the rear. For rp { ra, high internal rigidity leads to a
high probability for unilateral adhesion only at the front, Ppil.
In this state, unhindered retraction of the front appendage

Fig. 3 (a–c) Role of the internal twitcher rigidity ki for durokinesis. The impact of external substrate rigidity on the mean speed increases with internal
rigidity. This result is due to a change in state probabilities illustrated in (b and c). Increasing ki shifts the balance between states in which the twitcher can

be tensed,
PN
n¼1

Pn, and the state where it retracts the frontal adhesion freely, Ppil. (d–f) The substrate binding rates pp and pa have a strong impact on the

migration dynamics. The state probabilities in (e and f) show that for small binding rates, pp,a o cp,a, the state probability Ppil dominates, which implies that
migration occurs predominantly through unhindered, but rare, retraction of the frontal appendage. For pp,a B cp,a Ppil still dominates but both motion are

observed more often. On ‘‘sticky’’ substrates with pp,a c cp,a, the states probabilities
PN
n¼1

Pn dominate, which implies rigidity-dependent stick-slip motion.

Parameters in (a and d) are logarithmically spaced with ki/k0 and ppt0
�1 = pat0

�1 being in the range 10�2,. . .,102. See Table 1 for the other parameters.
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produces fast migration. For rp c ra, high internal rigidity
implies that the system spends more time in the state with only
the rear appendage attached, consequently, migration speed
is small.

Fig. 3d illustrates the impact of ‘‘substrate stickiness’’, i.e.,
the binding rates pp and pa, on the migration dynamics. As
seen, low binding rates pp,a { cp,a, do not permit adhesion of the
twitcher and therefore the mean speed vanishes. In the regime of
intermediate stickiness pp,a B cp,a, the motion is dominated by
the state Spil where the twitcher experiences no resistance, see
Fig. 3e and f. Therefore, tensed states are suppressed and the
substrate rigidity plays a reduced role. In contrast, high binding
rates, pp,a c cp,a, imply that both appendages are frequently
attached to the substrate, leading to frequent build-up of con-
tractile tension, i.e., the mean speed is dominated by slip-stick
events resulting from bond rupture, see Fig. 3e and f. Thus,
rigidity-dependent migration based on slip-stick motion requires
a sticky substrate.

2.7 Effect of catch-bond dynamics

The above-employed slip-bond model is an important modeling
paradigm.54,57–60 However, the lifetime of certain bonds is
known to increase for intermediate mechanical loads, which
is called a catch bond.52,61 A prominent example is the adhesin
FimH, a two-domain protein at the tip of type I pili of E. coli that
recognizes epithelial glycoproteins.62 A bacterium expressing
such type-I pili may need to be described by passive catch-bonds
at its rear. For generality, we not only study this case here, but
also investigate the cases of having catch bonds at the frontal
adhesion or catch bonds at both, front and rear adhesion.
To study motion of twitchers with catch bond adhesions, we
employ the rupture rates

~lp
n = cp[kp exp(rs

pFn) + (1 � kp)exp(�rc
pFn)], (25)

~la
n = ca[ka exp(rs

aFn) + (1 � ka)exp(�rc
aFn)], (26)

for the front and rear adhesion respectively. In Fig. 4a (top) the
pilus has a catch-bond constant kp = 0.025 and the passive
adhesion is a slip bond. The data shows that a pilus with catch-
bond mechanism still causes an increase of the mean speed
with substrate rigidity, however, a maximum of mean speed can
appear for intermediate substrate rigidity. This maximum
increases and shifts towards softer rigidities as the catch force
sensitivity rc

p increases. Note that here the mean speed difference
between the softest and hardest substrates is smaller than with
the corresponding data for slip bonds. In Fig. 4a (bottom), the
rear adhesion is a catch bond with ka = 0.025 while the pilus
forms a slip bond with the substrate. Here, mean speed decreases
as expected from the data for slip bonds, see Fig. 2. However,
compared to slip bonds, a catch bond can result in a sharper
decrease of mean speed with increase of substrate rigidity.
Finally, Fig. 4c shows exemplary results for twitchers having
catch bonds at the front and rear. Here, increasing substrate
rigidity reduces the mean speed and a global minimum can
occur for intermediate rigidity.

3 Simulation of a twitcher model with
continuous space variable

As an alternative approach to the discrete model studied in the
previous section, we study a model in which the space variables
and the elastic stretch are represented as continuous variables.
This model corroborates the results from the discrete-state
model and yields further insights regarding the distributions
of migration speed and the role of the stall force.

3.1 Model and simulation method

We again consider the idealized twitcher shown in Fig. 1d. Now,
however, the stretch of the front appendage sp, the rear appendage
sa, and substrate ss are continuous variables. The state diagram
and respective transition rates are shown in Fig. 5a. On intro-
ducing a viscous friction coefficient Z and the instantaneous
twitcher velocity :x(t), the continuous force balance reads

Z :x(t) = kpsp(t) � kasa(t). (27)

Retraction of the front spring (the pilus) is governed by a linear
force–velocity relationship that approximates experimental
results as

_‘ðtÞ ¼ �v0 1� kpspðtÞ
Fstall

� �
; (28)

Fig. 4 Effect of catch-bond dynamics on durokinesis of the twitcher.
(a) Top: Front adhesion is assumed to be a catch bond and the rear
adhesion is a slip bond. Bottom: Front adhesion is a slip bond and rear
adhesion a catch bond. (b) Both of the adhesions are assumed to be catch
bonds. For all figures, the varied force sensitivity parameters are taken from
the set {1, 2, 5, 10, 25, 50, 100}. See Table 1 for the other parameters.
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where v0 is the characteristic retraction speed in the absence of
load.5,54,63 This force–velocity relationship implies that the
retraction stalls when the load reaches Fstall. We also assume
that once the front spring is fully retracted, it detaches and is
immediately replaced by a fully extended, unbound spring.
Front and rear adhesions are assumed to be slip bonds with
the detachment rates lp(sp) = cp exp(rpspkp) and la(sa) = ca

exp(rasaka), as used above.
For the simulations, we employ a time scale t0 and time

discretization of step size Dt = 10�3t0. All simulations are
performed for a duration of 10 000t0. In each time step, we
draw a random number R1 from the uniform distribution of
real numbers in the unit interval. The condition for the
occurrence of a binding or rupture event in this timestep is
then 1 � exp(�Dt(k1 + k2)) 4 R1 where k1,2 are the rates of the
possible events in the current state. If this condition is satisfied, a
second random number is drawn from the uniform distribution
and the condition R2 o k1/(k1 + k2) is checked for event selection.
If the condition is satisfied, the event with rate k1 is chosen, else,
the other event is chosen. Finally, the stretch states of the springs

are propagated with eqn (27) and (28). For comparison with the
discrete-state model discussed in Section 2, we focus on the
limit of fast relaxation with Z = 0. Results for finite Z are in
qualitative agreement with the fast relaxation case, see Fig. 7 in
the Appendix.

3.2 Simulation results

Fig. 5b and c shows speed distributions where the speed
is calculated with a moving average of 103 simulation steps,
corresponding to t0. For ra c rp, an increase in substrate
rigidity allows bacteria to move more freely as the passive
adhesion ruptures more often. Hence, the speed distribution
shifts towards the maximum retraction speed v0 = L0/t0. In the
case rp c ra, the speed distributions shift to lower values as
rigidity increases, since the passive adhesion can withstand
larger forces than the active frontal adhesion. Also, the missing
peak at speeds around v0 shows that the system is rarely in the
state Spil where only the front adhesion is bound. These findings
agree qualitatively with the results of the discrete-state model in
Section 2 which, however, only yields mean speeds.

Fig. 5 Stochastic simulation of a twitcher with continuous space variables. (a) State diagram of the stochastic twitching process. Continuous retraction
occurs in the states where the frontal adhesion (pilus) is bound. (b and c) Distributions of coarse-grained migration speed. If the rear adhesion is rarely
attached, migration speed is close to the retraction speed of the frontal appendage v0 = 1L0/t0. The statistics were obtained from 100 simulation runs for
each condition. (d–f) Effect of retraction stall force on durokinesis of the twitcher. Low stall forces result in a decrease of mean speed on higher rigidity.
Graphs in (d) illustrate that this speed decrease is largely independent of the otherwise important parameters ra and rp since all plots fall on the same line.
In (f and g) large stall forces Fstall Z 100F0 imply a rare occurrence of stalling events. Here, the rigidity-dependence of the mean speed agrees qualitatively
with the results from the discrete-state model.
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Next, we study the influence of the stall force FStall on the
migration speed. Fig. 5d displays the mean speed of twitchers
with very low stall force, meaning that the retraction of the
front appendage stops a very small load. Since the stall prevents
the build-up of significant elastic forces in the system, the
adhesion bonds can survive for a long time. Nevertheless, some
migration occurs on soft substrates where the weak forces can
contract the substrate and move after rupture of the bonds.
However, the mean speed decreases on more rigid substrates,
regardless of order of the bond force-sensitivity parameters ra

and rp. Fig. 5e–g show that an increase of the stall force allows
for an increase in mean speed on high rigidities. The stall force
for the simulation data shown in Fig. 5g corresponds to the
stall force employed in the analytical discrete-state model
studied in Section 2. Here, the simulations results qualitatively
agree very well with the results from the discrete-state model,
compare Fig. 5g with Fig. 2.

4 Summary and concluding discussion

We propose a mathematical model to investigate the condition
under which the physics of cellular slip-stick motion naturally
leads to rigidity-dependent migration speed. The model is
primarily inspired by bacterial twitching motion, but may also
be of some value for describing slip-stick processes in mammalian
cells.44,64 The twitcher is described as a one-dimensional body with
one passive appendage at its rear and one appendage that can be
extended and retracted at its front. Migration of the model twitcher
can occur in two modes: first, forward motion can occur through
retraction of the front appendage if the rear appendage is not
attached, second, jumps in the forward or backward direction can
occur when bond rupture releases the elastic stress that the
twitcher builds up in states where front and rear are both attached.
Due to the simplifying description of the twitcher, migration can
be studied with analytical approaches or simulated with standard
algorithms.

In the analytical approach, we discretize the retraction and
mechanical stretch of the twitcher to obtain a system of master
equations. This model reveals a critical dependence of the
migration dynamics on the force-sensitivity of the adhesion
bonds. For substrates that are much more rigid than the
internal rigidity scale, twitchers migrate faster if their rear
adhesion bond is more sensitive to force. However, this effect
vanishes on soft substrates, where large deformation of the
substrate prevents the build-up of large forces during migration.
Importantly, the occurrence of stick-slip motion is predicated
on the binding rates being an order of magnitude larger than
the rupture rates without tension. Hence, rigidity-dependent
slip-stick requires a ‘‘sticky’’ substrate.

In order to confirm the results from the discrete-state model, we
perform stochastic simulations of a continuum model. In the
simulations, the contraction of the twitcher is modeled as a
continuous process and a viscous relaxation timescale is introduces
to avoid the assumption of instantaneous relaxation after bond
rupture. Results from the simulations confirm the conclusions

drawn from the discrete-state model. Moreover, the simulations
reveal how stalling of the retraction of the front appendage can
hinder movement. For stall forces that are much less than the
typical forces produced during a typical retraction phase, the
twitcher does not contract appreciably and the migration speed
always decreases for increasing substrate rigidity. For large
stall forces, the mean migration speed is similar to the one
calculated in the discrete-state model and the force-sensitivity of
the bonds determines whether the mean speed increases or
decreases on higher rigidity.

Based on the results from the idealized model studied here,
we expect that the suggested mechanism for durokinesis is
generic for various cells that move in a slip-stick fashion. However,
the twitcher model results from a number of idealizations which
may or may not be appropriate for describing different organisms.
Firstly, the model assumes an asymmetric cell that contracts and
extends only on one side. While assigning contractile forces only to
the front has little effect on the force balance in the limit of fast
viscous relaxation, asymmetric extension of the twitcher produces
a persistent motion in one direction. This assumption is likely
not appropriate for describing symmetric cells and bacteria
that possess retractile pili around their whole body, such as
Neisseria.2,3,5,11,22 Another case where the asymmetric model is
likely inappropriate is the migration of rod-like bacteria with
long axis vertical on the substrate.2 Secondly, the model
neglects a possibly dynamic spatial arrangement of active and
passive substrate adhesions. The spatial arrangement of forces
can affect the rupture dynamics, force balance, cell orientation,
and migration dynamics. We have neglected such complex and
system-specific effects in order to achieve a transparent, generic
model. Thirdly, substrate deformations caused by one part of
the cell can affect the deformations under a different part of the
cell. This effect can in principle be incorporated by solving the
elastic continuum equations for substrate deformations.65 In
view of the little-known elastic moduli of diverse cellular
systems, we here employ the much simpler and customary
representation of the elastic substrate by a spring with effective
modulus.64,66,67

Finally, the biological complexities associated with migration
of real bacteria or mammalian cells may modify or mask the
mechanism of rigidity-dependent migration studied here. With
regard to bacteria, complicating factor may include mechanical
sensing of the surface leading to adaptation of the behavior,
secretion of adhesive exopolymers, and interbacterial signaling
via a variety of factors such as quorum sensing, oxylipins,
siderophores, and cAMP that can all affect the behavior at
surfaces, see e.g., ref. 6, 20, 68 and 69. These biological processes
can make the precise experimental characterization of bacterial
twitching mechanics difficult. Further complications for experi-
mental studies of twitching are that it is often difficult to
distinguish proper surface migration from swimming/diffusion
and that one needs to devise ways to separate the effects of
chemical and mechanical surface properties.53 Nevertheless, a role
of substrate mechanics for bacterial colonization is being supported
by a number of experimental findings. These including a biphasic
dependence of M. xanthus colony expansion on agarose substrate
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concentration,70 substrate–stress dependent colony expansion of
M. xanthus colonies,71 and a dependence of E. coli colony density
on the rigidity of polyelectrolyte multilayers.72 It has also been
reported that surface coverage by Pseudoalteromonas sp. D41
and E. coli increases with the rigidity of hydrogel substrates12,73,74

while the surface adhesion of P. aeruginosa correlates negatively
with the rigidity of PDMS substrates.16

This work presents a generic mechanism for substrate-
rigidity dependent migration of cells undergoing slip-stick
migration. A response to substrate rigidity requires its deformation.
Therefore, the studied rigidity-dependent migration behavior is
predicated on the existence of adhesion structures that transmit
cellular traction dipoles to the substrate. Next steps towards under-
standing of bacterial substrate-dependent migration will require
quantitative experiments involving single cell tracking and model
extensions with species-specific features.
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Appendix
Full expression of the mean speed for the case N = 1

Assuming only one retraction state, N = 1, the mean speed can
be given in full and reads

_xh iN¼1¼ epp crpa ca þ cp þ pa þ pp
� �

la1 þ cr � ceð Þ
�

� cr pa þ pp
� �

la1 þ ca ca þ cp þ cr þ pa þ pp
� ��

� lp1 þ la1 þ ae1
� �

� crcaae1
		


ca þ cp þ pa þ pp
� ��

� crpapp þ cp þ pp
� �

ca þ pað Þae1
� �
þ la1 cp þ pp

� �
ca þ pp þ pa
� �

ca þ cp þ cr þ pa
� �

� ppcp
� �

þ lp1 ca þ pað Þ cp þ pp þ pa
� �

ca þ cp þ cr þ pp
� �

� paca
� �	

:

(29)

This equation corresponds to eqn (24) given in Section 2.5 for
the special case of cp = ca = pa = pp = 1.

Role of the retraction state number N for the analytical
calculations

Ideally, N would be chosen to be very large, thus allowing the
retraction steps e to represent motion on a molecular scale.
However, the complexity of the algebraic solution for the mean
speed increases drastically with the retraction state number
N. Moreover, we find that the mean speed quickly converges
for increasing N in our range of system parameters. For the
parameter values in Table 1, we calculated the mean speeds on
a range of substrate rigidities ks as we vary maximum tension
state N and compared the results in the Fig. 6. Based on theses
results, N = 5 is chosen as an approximation to limit the
computational effort.

Effect of a finite viscous relaxation time

Simulation results obtained with a finite friction coefficient Z
are shown in Fig. 7 together with the corresponding results
assuming instantaneous fast relaxation. The dashed lines
represent mean speeds for finite Z, full lines represent the fast
relaxation case. The plots demonstrate that the two cases are in
qualitative agreement with each other. Finite relaxation times
only play a role for Z c k0t0 and mainly affect the migration
speed on very soft substrates. Hence, we expect that our results
for fast relaxation also hold qualitatively for finite Z.

Parameter tables

The parameters employed for the analytical discrete-state
model and the stochastic simulations are listed in Tables 1
and 2 respectively. Corresponding numerical values are given in

Fig. 6 Comparison of mean speeds calculated with the discrete-state
model for different number of maximum tension (retraction) states N. The
mean speed quickly converges for an increasing number of tensed states
N. For the data shown in the main text we chose N = 5. See Table 1 for
other parameter values.

Fig. 7 Simulations results for fast elastic relaxation with Z = 0 and for finite
viscous relaxation times with Z 4 0. Darker shades represent larger values
of Z. Simulations were performed using a time step Dt = 10�5t0 where unit
of Z is 1(Dt/t0)k0t0. See Table 2 for the other parameter values.
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non-dimensional units. Unless stated otherwise, these values
are used for the calculations and simulations.

In Table 3, we provide numerical values for various physical
quantities that were considered while developing the models.
This table is meant to provide relevant units and scales for
comparison to biological systems.
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