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Abstract. We investigate the behavior of granular gases in the limit of small Knudsen
number, that is, very frequent collisions. We deal with the strongly inelastic case in
one dimension of space and velocity. We are able to prove the convergence toward the
pressureless Euler system. The proof relies on dispersive relations at the kinetic level,
which leads to the so-called Oleinik property at the limit.
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156 P.-E. JABIN anp T. REY

1. Introduction. The granular gases equation is a Boltzmann-like kinetic equa-
tion describing a rarefied gas composed of macroscopic particles interacting via energy-
dissipative binary collisions (pollen flow in a fluid or planetary rings, for example). More
precisely, the phase space distribution f¢(t,z,v) solves the equation

aofe afe 1

at +v a _Qa(fE fE)

(1.1)
fe0,z,v) = ff(w, v),

where f0 is a given non-negative distribution, ¢+ > 0, v € R and z € R. The collision
operator Q,, is the so-called granular gases operator (sometimes known as the inelastic
Boltzmann operator), describing an energy-dissipative microscopic collision dynamics,
which we will present in the following section. The parameter ¢ > 0 is the scaled
Knudsen number, that is, the ratio between the mean free path of particles before a
collision and the length scale of observation.

As ¢ — 0, the frequency of collisions increases to infinity. The particle distribution
function f¢ then formally converges towards a Dirac mass centered on the mean velocity,

p(x)do (v —u(x)), V(z,v) eRxR. (1.2)

This is due to the energy dissipation which ensures that all particles occupying the same
position in space necessarily have the same velocity.

The form (1.2) of f¢ is usually called monokinetic and greatly reduces the complexity
of (1.1): The solution is completely described by its local hydrodynamic fields, namely
its mass p > 0 and its velocity u € R.

Before the limit € — 0, the same macroscopic quantities can be obtained from the
distribution function f¢ by computing its first moments in velocity:

“(t,z) = /]Rfs(t,z,v)dv7 po(t,x)us(t,x) = /Rfs(t,x,v)vdv. (1.3)

However those quantities cannot be solved independently as they do not satisfy a closed
system for £ > 0. Instead one has by integrating (1.1) (see the properties of the collision
operator just below)

Op° + 0 (p°u®) =0,
O (p° u®) + 0,(E®) = 0,

where E€ = [, f€(t,z,v)[v|? dv and cannot be expressed directly in terms of p* and u®
But at the limit ¢ — 0, if (1.2) holds, then one has that E = pu? and p, u now satlsfy
the pressureless Euler dynamics
Op + 0 (pu) =0, 1
Or(pu) + 0x(pu?) = 0. '
This system of equation is mostly known as a model for the formation of large scale
structures in the universe (e.g. aggregates of galaxies) [29].
The purpose of this article is to justify rigorously this limit of (1.1) to (1.4).
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HYDRODYNAMIC LIMIT OF GRANULAR GASES TO PRESSURELESS EULER 157

Such hydrodynamic limits for collisional models have been famously investigated for
elastic collisions (preserving the kinetic energy) such as the Boltzmann equation. They
are connected to the rigorous derivation of Fluid Mechanics models (such as incompress-
ible Navier-Stokes or Euler); this long-standing conjecture formulated by Hilbert was
finally solved in [17,18,28].

The inelasticity (loss of kinetic energy for each collision) leads however to a very dis-
tinct behavior and requires different techniques. In fact even classical formal techniques
such as Hilbert or Chapman-Enskog expansions (see e.g. [14] for a mathematical in-
troduction in the elastic case) are not applicable. The limit system for instance is very
singular (see the corresponding subsection below), to the point that well posedness for
(1.4) is only known in dimension 1. This is the main reason why our study is limited to
this one-dimensional case.

We continue this introduction by explaining more precisely the collision operator. We
then present the current theory for the limit system (1.4) before giving the main result
of the article.

1.1. The collision operator. Let o € [0, 1] be the restitution coefficient of the micro-
scopic collision process, that is, the ratio of kinetic energy dissipated during a collision,
in the direction of impact. This quantity can depend on the magnitude of the relative
velocity before collision |v — v,| (see the book [12] for a long discussion of this topic).

If & = 1, no energy is dissipated, and the collision is elastic. If a € (0, 1), the collision
is said to be inelastic. We define a strong form of the collision operator Q. by

a2

= Q4 (f,9)(v) = f(v)L(g)(v),

where we have used the usual shorthand notation f’ := f(v'), fi. := f(v.), f = f(v),
fi = f(vs). In (1.5), v" and v} are the pre-collisional velocities of two particles of given

Qu(f.9)(w) = [ o= (f'gi —fg*) . (15)

velocities v and v,, defined by

1 «
vV=(w+v)+ = =1,
Lot o)+ 20 —v.) "

1
v, = 5(1}—1—11*) - %(v—v*).

The operator Q7 (f, g)(v) is usually known as the gain term because it can be understood
as the number of particles of velocity v created by collisions of particles of pre-collisional
velocities v" and v}, whereas f(v)L(g)(v) is the loss term, modeling the loss of particles
of pre-collisional velocities v'.

We can also give a weak form of the collision operator, which is compatible with sticky
collisions. Let us reparametrize the post-collisional velocities v' and v/, as

, l-«a

(’U - ’U*),
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158 P.-E. JABIN anp T. REY

Then we have the weak representation, for any smooth test function v,

[Qutrgyvdo=; [ o-vilfog @4l —v-w)dvdu. (1)
R RxR

Thanks to this expression, we can compute the macroscopic properties of the collision
operator Q. Indeed, we have the microscopic conservation of impulsion and dissipation
of kinetic energy:

/ /
UV F UV, =V + Uy,

1— 2
() + () =02 =0 = ==

Then if we integrate the collision operator against ¢(v) = (1, v, v?), we obtain the

(v— v.)? <0.

preservation of mass and momentum and the dissipation of kinetic energy:

1 0

[urnw | v | dv = 0 , (18)
¥ v? —(1=a*)D(f. /)
where D(f, f) > 0 is the energy dissipation functional given by
D(f, f):= f felv—va]? dvdv, > 0. (1.9)
RxR

The conservation of mass implies an a priori bound for f in L (O,T; LY(R x R))
Moreover, these macroscopic properties of the collision operator, together with the con-
servation of positiveness, imply that the equilibrium profiles of Q, are trivial Dirac
masses (see e.g. the review paper [32] of Villani).

Finally, we can give a precise estimate of the energy dissipation functional. Indeed,
applying Jensen’s inequality to the convex function v — |v|? and to the measure f(v,) dvs,
we get

3

/f(v*)|v—v*|3dv* > v/f(v*)dv* — [ vy f(vy) dos
R R R

Using Holder inequality, we find that the energy dissipation is such that

D(f.f) > p?’/Rf(v) v — ul dv

= lo(v —u)|

> p°/? (/R f(v) v — u2dv>% : (1.10)

REMARK 1. Let us define the temperature of a particle distribution function f by
0(t,x) = / lv —ul? f(t,z,0) dv.
R

Multiplying equation (1.1) by |v — u|? and integrating with respect to the velocity and
space variables yield, thanks to (1.10), the so-called Haff’s Law [19]

l-a 1
0°(t,x)de < —————. 1.11
[otayin s s (111)
This asymptotic behavior of the macroscopic temperature is characteristic of granular
gases and has been proved to be optimal in the space homogeneous case for a constant
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HYDRODYNAMIC LIMIT OF GRANULAR GASES TO PRESSURELESS EULER 159

restitution coefficient by Mischler and Mouhot in [24]. These results have then been
extended to a more general class of collision kernel and restitution coefficients by Alonso
and Lods in [2, 3] and by the second author in [27]. Nevertheless, in all these works,
additional constraints on the smoothness of the initial data (a somehow nonphysical LP
bound for p > 1) are required for the results to hold.

The existence in the general R2 xR? setting for a large class of velocity-dependent resti-
tution coefficient but close to vacuum was obtained in [1].  The stability in
L' (R3 x R?) under the same assumptions was derived for instance in [33]. Finally the
existence and convergence to equilibrium in T2 x R3 for a diffusively heated, weakly
inhomogeneous granular gas were proved in [31].

As one can imagine, the theory in the dimension 1 case (as concerns us here) is much
simpler. The existence of solutions for the granular gases equation (1.1) in one dimension
of physical space and velocity, with a constant restitution coefficient, was proved in [6]
for compact initial data. The velocity-dependent restitution coefficient case, for small
data, was then proven in [4]. More precisely, one has:

THEOREM 1.1 (From [4]). Let us assume that there exists v € (0, 1) such that

1

a=a(lv—uv]) = T+o—wp

Then, for 0 < f° € L*°(R, x R,) with small total mass, there exists a unique mild,
bounded solution in L>*(R, x R,) of (1.1).

The main argument is reminiscent of work due to Bony in [8] concerning discrete
velocity approximation of the Boltzmann equation in dimension 1.

Finally, the problem of the hydrodynamic limit was only tackled formally and in the
quasi-elastic setting o — 1. The first results for this case can be found in [5] for the one-
dimensional case. The review paper [30] summarizes most of the known formal results
for the general case.

1.2. Pressureless Euler: The sticky particles dynamics. The pressureless system (1.4)
is rather delicate. It can (and will in general) exhibit shocks as the velocity u formally
solves the Burgers equation where p > 0. The implied lack of regularity on u leads to
concentrations on the density p which is only a non-negative measure in general.

System (1.4) is hence in general ill-posed as classical solutions cannot exist for large
times and weak solutions are not unique. It is however possible to recover a well posed
theory by imposing a semi-Lipschitz condition on u. This theory was introduced in [9]
and later extended in [10] and [20] (see also [16] and [15]). We cite below the main result
of [20], where M!(R) denotes the space of Radon measures on R and L?(p) for p > 0 in
M*(R) denotes the space of functions which are square integrable against p.

THEOREM 1.2 (From [20]). For any p° > 0 in M*(R) and any u® € L?(p"), there exist
p € L®(Ry, M*(R)) and u € L*®(Ry, L?(p)) solutions to system (1.4) in the sense of
distribution and satisfying the semi-Lipschitz Oleinik-type bound

u(t,z) —u(t,y) < a ; y, for a.e. x > y. (1.12)
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160 P.-E. JABIN anp T. REY

Moreover the solution is unique if u° is semi-Lipschitz or if the kinetic energy is continuous
att=0:

/ p(t, dz) lu(t, z)|* — / P°(dx) [u® ()|, as t — 0.
R R

The proof of Theorem 1.2 is quite delicate, relying on duality solutions. For this
reason, we only explain the rationale behind the bound (1.12), which can be seen very
simply from the discrete sticky particles dynamics. We refer in particular to [11] for the
limit of this sticky particles dynamics as N — oco.

Consider N particles on the real line. We describe the it particle at time ¢ > 0 by its
position z;(t) and its velocity v;(t). Since we are dealing with one-dimensional dynamics,
we can always assume the particles to be initially ordered:

' <yt << a2l

The dynamics is characterized by the following properties:
(i) The particle i moves with velocity v;(t): Lxz;(t) = v;(t).

(i) The velocity of the i*" particle is constant as long as it does not collide with
another particle: v;(¢) is constant as long as x;(t) # x;(t) for all j # j.

(iii) The velocity jumps when a collision occurs: if at time ¢y there exists j €
{1,..., N} such that z;(ty) = z;(to) and z;(t) # x;(t) for any t < ty, then
all the particles with the same position take as new velocity the average of all
the velocities

1
vi(to+) = — vi(to—).
|71z (to) = i (to)| j|x7'(to)z—1i(t0) ’

Note in particular that particles having the same position at a given time will then move
together at the same velocity. Hence, only a finite number of collisions can occur as the
particles aggregate.

This property also leads to the Oleinik regularity. Consider any two particles ¢ and
j with x;(t) > x;(t). Because they occupy different positions, they have never collided,
and hence z;(s) > z;(s) for any s < t. If neither had undergone any collision, then
2;(0) = () — v (t) t > ;(0) = z;(t) —v;(t)t or

1
< (1.13)

where x4 = max(z,0). It is straightforward to check that (1.13) still holds if particles ¢
and j had some collisions between time 0 and {.

As one can see, this bound is a purely dispersive estimate based on free transport
and the exact equivalent of the traditional Oleinik regularization for Scalar Conservation
Laws; see [25]. It obviously leads to the semi-Lipschitz bound (1.12) as N — oc.

We conclude this subsection with the following remark, which foresees our main
method.
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HYDRODYNAMIC LIMIT OF GRANULAR GASES TO PRESSURELESS EULER 161

REMARK 2. Define the empirical measure of the distribution of particles

~N(t, z,v) Zéo x —x;(t)) dp (v — vi(t)) . (1.14)

The empirical measure is a Solutlon to the following kinetic equation:

ath"‘Uasz = —OpyMN, (115)

for some non-negative measure my. This equation embeds the fundamental properties
of the dynamics: conservation of mass and momentum, and dissipation of kinetic energy.
It is in several respects a sort of kinetic formulation, rather similar to the ones introduced
for some conservation laws [22,23]; see also [26].

The kinetic formulation (1.15) has to be coupled with a constraint on f, (just like
for Scalar Conservation Laws). Unsurprisingly this constraint is that fy has to be
monokinetic:

v =pn(t,z)d(v—un(t,x)).
1.3. Main result. We are now ready to state the main result of this article.

THEOREM 1.3. Consider a sequence of weak solutions f.(t,z,v) € L>([0, T], LP(R?))
for some p > 2 and with total mass 1 to the granular gases (1.1) such that all initial
v-moments are uniformly bounded in ¢,

sup/ [|* £ (x,v) dx dv < oo; (1.16)
£ R2
some moment in z is uniformly bounded, for instance
sup/ |z fO(2,v) dv < oo; (1.17)
5 R2
and f? is, uniformly in ¢, in some LP for p > 1,

sup /R2(f£(x,v))p dz dv < 0. (1.18)

g
Then any weak-* limit f of f. is monokinetic, f = p(t,x) 6(v — u(t, x)) for a.e. t, where
p, u constitute a solution in the sense of distributions to the pressureless system (1.4),
while u has the Oleinik property for any ¢ > 0,

u(t,z) —u(t,y) < g, for p a.e. x> y.

REMARK 3. It is possible to replace the LP condition on f° by assuming that f is
well prepared in the sense that f0 — p°&(v — u%(z)) for some u® Lipschitz with the
convergence in an appropriate sense (made precise in Remark 4 after Theorem 3.1). In
that case one knows in addition that the limit is the unique “sticky particles” solution
to the pressureless system (1.4) as obtained in [9,20].

The basic idea of the proof of Theorem 1.3 is to use the kinetic description (1.15) to
compare the granular gases dynamics to the pressureless gas system. The main difficulty
is to show that f. becomes monokinetic at the limit. This is intimately connected to
the Oleinik property (1.12), just as this property is critical to pass to the limit from the
discrete sticky particles dynamics.
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162 P.-E. JABIN anp T. REY

Unfortunately it is not possible to obtain (1.12) directly. Contrary to the sticky
particles dynamics, this bound cannot hold for any finite £ (or for any distribution that
is not monokinetic). This is the reason why it is very delicate to obtain the pressureless
gas system from kinetic equations (no matter how natural it may seem). Indeed we are
only aware of one other such example in [21].

One of the main contributions of this article is a complete reworking of the Oleinik
estimate, still based on dispersive properties of the free transport operator vd, but
compatible with kinetic distributions that are not monokinetic.

The next section is devoted to the introduction and properties of the corresponding
new functionals. This will allow us to prove a more general version of Theorem 1.3 in
the last section.

2. A new dissipative functional for kinetic equations.
2.1. Basic definitions. The heart of our proof relies on new dissipative properties of
kinetic equations which are
e Contracting in velocity;
e (Close to monokinetic.
Mathematically speaking, consider f € L>([0, T], M*(R?) a solution to

Of +v0uf = —0pom,  me€ MY([0, T] xR?), m >0. (2.1)

We also need a notion of trace for f and more precisely that

Ay () =limsup %/ / / 2(1) —w)k f(t,z,v) ft,y,w) dvdwdydze L' ([0, T)).
zeR Jr<y<z+46 Jv,weR

6—0
(2.2)
This system is now dissipative and will yield as a dissipation rate a control on the
following nonlinear functional for any n, 4 > 0, k > 1:

[
Lansl 0= [ s e =) 0 f(tyw) dodwdedy, (23

where the function ,, is a smooth, non-centered approximation of the Heaviside function,
as in Figure 1. In particular x, is non-increasing in x4 and

2
0<xu(@) <ILpso, 0< X;l,(x) < ; To<o<mu- (2.4)

This functional is somehow similar to the one described by Bony in [8] and is used by
Cercignani in [13] and by Biryuk, Craig and Panferov in [7].
To make notation consistent, we define when k£ = 0,

Lonal)(e) == [ (0= ) logr — g+ ) Xl = ) Ft,0,0) (8.9 0) do dw dady,
(2.5)
We also define, from the monotonicity of x,,

Lyotk(F)(E) = sup Lk (F)(E) = limsup Ly . 1 () (F)- (2.6)

pn—0

Observe that for u = 0, £,0.%(f)(t) may not be well defined and may in fact de-
pend on the way the Heavyside function Z(xz — y) is approximated. This is the reason
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HYDRODYNAMIC LIMIT OF GRANULAR GASES TO PRESSURELESS EULER 163

0 ¥ r

Fic. 1. Smoothed, non-centered approximation of the Heaviside
function x.

for the precise definition above of £, o4 x(f)(t). Furthermore from the trace property
(2.2), whatever the definition of £, o x(f)(t), one would have that fOT Lyok(f)@)dt <
fOT Lot k() dt+2 fOT Ay i (t) dt as explained below.

ExXAMPLE. It is possible to prove that £, ,  is bounded for the sticky particle dy-
namics. Indeed, let (2;(t),v;(t));<;< 5 for N € N be the solution to the sticky particles
system (iii) and fy be the associated empirical measure given by (1.14). We already
observed in Remark 2 that fx solves (2.1); moreover it has the trace property (2.2) with
Af)k; - 0.

In that simple example, it is possible to bound L, ,, » directly by using (1.13), so that

k
0 < Ly ur(fy)(t) < |maxw;|? (supsup M) < C*,

v iz (T —T5)4

independently of n and u.
Let us start with some basic properties of £, ,, 1 (fn)(t).

LEMMA 2.1. Assume that f € L>([0, T], M'(R?)) solves (2.1) and has bounded mo-
ments in v for some k& > 0,

sup / [o|*+3 f(t, 2,v) de dv < oo. (2.7)
telo, T] JR2

Then for any n, u > 0, Ly, x(f)(t) is BV in t; in particular £, , ,(f)(t) is continuous
at a.e. t and has a left and right trace at every t. Furthermore for any s, t,

/ Lok (f)(r)dr — / Lo+ x(f)(r)dr, as u — 0. (2.8)

The functional f; Lo kx(f)(r)dr is also continuous in f and f; Ly o+.:(f)(t) is lower
semi-continuous in the following sense: If f, is a sequence of solutions to (2.1) with
right-hand sides m,, > 0 s.t.

sup sup / (|z* + [v]FT3) fult, z,v) dz dv < oo,
n  t€l0, T) JR2
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164 P.-E. JABIN anDp T. REY
and f, — f in w—* L>®([0, T], M'(R?)), then

t t t t
/mmeMﬁm/%mmmm/awwww=MM/@Mwmwn

Proof. First of all the £, , (f) are bounded by moments of f:

En%k(f)(t) é n_k /Rél(‘,v‘k-ﬁ-Q + |w‘k+2) f(ta (E,’U) f(tvyaw) dx dy dv dw

2
=k (/ [o|* 2 f(t, 2, v) dxdv) .
R2

By its definition £, ,, x(f)(t) converges pointwise in ¢t to L, o+ x(f)(t). Thus the previous
bound implies by dominated convergence that for any s, t,

| rnatnyar — [ Lporatpiar

as u — 0.
Next denoting f' = f(t,y,w), from the equation (2.1) on f, since every term in
Ly k—1(f)(t) is smooth, one has that

v — )FT2
%,cn,u,k(f)(t) = / [f' Ouf + f OS] ﬁ Xu(z — y) dv dw dz dy
= / [f/( — v f — 61mm) —|—f(_wayf/ _ wwm/)
k+2
X 7(:)—_;—?—+77)k Xu(z —y) dvdw dx dy.

Integrating by parts the free transport terms of the last relation, with respect to z and
y, we obtain that for k > 1,

d _ Nk e | X —y) XL(JE—Z/)
Erns 0 = [ { 0=l s 7 |or e+ 2

—(k+1)(k+2) [f/m—|—fm/](—)+kxu(x—y)}dvdwd:cdy.
(z—y+n)

Recalling that m > 0, this leads to

d K3 o Xu(® —y) X —y)
2 Lnnn()(E) < / (w—w) P rf {—k CIReEn T o n)k} da dy dv czw, |
2.9

and hence by (2.4)

d 4
Eﬁn,u,k(f)(t) < e /|v|k+3fdxdv,

which is bounded by (2.7).
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HYDRODYNAMIC LIMIT OF GRANULAR GASES TO PRESSURELESS EULER 165

On the other hand, if k = 0 by the definition of £, , 1 (f) and with similar calculations,

d _ u(—y) ’
Eﬁn,u,o(f)(t) == /<1+u+n { (v— ) ff {m + xu(z —y) log(z —y +n)-

2 [f'm+ fm]L_wso log(zx —y+1n)- xu(z — y)} dv dw dx dy.

Note that since logx < 0 for z < 1 and m > 0, one has similarly in this case

@ L polN)
Xl )

< —/Nﬂin w)iff erXM( —y) log(a:—y—i—n)] dmdydv(c;wl,o)

1eadillg by (2.4) IO
_‘677 O(f)(t) < 7“ 77| /|v|5fdacdv
dt """ w '

In all cases, Ly, ,.x(f)(t) is hence semi-Lipschitz and thus BV.
Consider now any sequence f,, of solutions to (2.1). Observe that

T
sup/ M (dt,dz, dv) = sup [ |v]? (f2(dz, dv) — fu(T,dz, dv)) < co.
0o Jr2

n n R2

Therefore by (2.1), 8; f», is bounded in M} ([0, T] x R?) + L>°(W, 11 LL). That implies
that f,, is compact in L?([0, T]) with values in some weak space.

On the other hand, the function (v — w)*™ (z — y 4+ 1) ~* x,(z — y) is smooth (C>)
for any 1, p > 0. The uniform control on the moments of f,, then implies that

D) = [ 0= w2 @ =y e =) foltdydo)

is compact in L?([0, T, C;’v). Therefore we can easily pass to the limit in

/t fu(r,dz, dv) I, (r,x,v) dr = /t Lo e fr)(r) dr
s JR2 s

This obviously cannot work for L, o4 1 (fn)(t). However as Ly, ,, 1 (frn)(t) is increasing in

i, and by (2.8)
t
/ ﬁn,o+,k(f) dr = sup/ »Cnpk
s n>0

The supremum of any family of continuous functions is automatically lower semi-
continuous, thus finishing the proof. O

2.2. Dissipation properties. Our main goal is to use the dispersive properties of the
free transport to bound Ly, 04 x(f) in terms of Ly o4 x—1(f)-

THEOREM 2.1. Assume that f € L>([0, T], M'(R?)) solves (2.1), satisfies (2.2) and

has bounded moments in v for some k& > 0:

sup / [o|F T2 f(t, x,v) dx dv < cc. (2.11)
tefo, T] JR2
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Then for any p, n>0,0<s<tif k> 2,

2 t
k‘/ Lo+ i (f)(r)dr+ Ly og k- 1(f)(t—)Sﬁn,0+7k—1(f)(8+)+nk71 / Agryo(r)dr,

(2.12)
and if k =1,

t
/ Loosn () dr + Lyoy o £)(E=) < Laoso(f)(5+) +2|logn| / Agalr)dr. (2.13)

Proof. The proof is straightforward after Lemma 2.7. We begin by working with
Ly .k (f) for > 0. Differentiating in time, one again obtains (2.9), that is,

( Y T dxdy dv dw,

d k+2
Lk (D) < =k Lyur () + / g B e

for k> 2, and if k — 1 = 0 by (2.10), then

LoD < ~Loa(DO = [0 = wF X0 = ) logl — y+ 1) dedydodu

We now use the property (2.4) to bound for k > 2,

/(v— )k+2ff %dxdydvdw
2

= k1 / (v —w)lf_zf fdx dy dv dw.
wn r<y<zr+p

Therefore integrating in time between s and ¢ the inequality above, one has that

Cophr(F)(E=) = Loion(F)(54) < —F / Lo () dr

l“?k 1/ /<y<x+u w)fﬁsz/dxdydvdwdr.

Take the limit y — 0 and observe that by its definition

1 t t
lim sup — / / (v —w)¥T2f ' dx dy dv dw dr < / Agpyo(r)dr.
r<y<z+p s

n—0

The passage to the limit in £, ,, x—1(f) and fst Ly .k (f)(r) dr is provided by Lemma 2.1,

which concludes the proof in that case. The case k = 1 is handled similarly. (I
2.3. The connection with monokinetic solutions. It turns out that the functionals

Ly 15 (f) can control the concentration in velocity of a solution to (2.1). Roughly speak-

ing it is not possible to have a bound on £, , ;(f) uniform in n and p if f is not

monokinetic. This is due to the fact that (z — y)* is not integrable if k£ > 1, and thus

the only way to keep the integral bounded is to have (v — w)4 small if z is close to y.
This is formalized in the following.

PROPOSITION 2.1. Assume that f € L*([0, T], M'(R?)) solves (2.1) and has bounded
v-moments for some k£ > 0,

sup [o|F T2 f(t, x,v) dx dv < cc.
tefo, T] JR2
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Assume moreover that

T
sup/O Lo (f)(r) dr < 0.

n

Then f is monokinetic for a.e. t: There exist p € L>=([0, T], M*(R)), u € L>([0, T1,
LE*2(p)) s.t. for a.e. t,

ft,x,v) = p(t,z)0(v —ult,x)).

Proof. First of all notice that it is always possible to define p and u by

plta) = [ (e putia) = [ v fie.z.av)
R R
One necessarily has that u € L>([0, T], L¥*2(p)) because
R P(t, LL')

and by Jensen’s inequality

/ fu(t, )2 p(t, dx) < / W+ £(t, 2, dv).
R R2

Furthermore by (2.1), f is BV in time with value in a weak space in x and v (as in the
proof of Theorem 2.1), and using the moments this proves that p and pu are also BV in
time.

The Radon-Nikodym theorem implies that it is possible to decompose f according
to p,

flt,z,0) = p(t,x) M(t,x,v),

and the goal is thus to prove that M is concentrated on a Dirac mass. We proceed in
two steps by considering the atomic and non-atomic parts of p. We write accordingly

pt,z) =Y pult) 6z —2a(t)) + At ),

where p does not contain any Dirac mass.

STEP 1 (Control of the non-atomic part). This part does not require any further use
of (2.1). Start by remarking that by Jensen’s inequality again

/ (u(x) — u(y)i+*
Rz (z—y+n)*

Xu(® —y) p(t, dx) p(t,dy) < Ly 16 () (1)

Instead of replacing both v and w in L, , x(f)(t), it is also possible to use Jensen’s
inequality to replace only v for instance. Thus one has as well

v—Uu k+2
/R 3 % (@ — ) F(t, dar, dv) plt, dy) < Loy (1) (D).
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Now (a + b)¥ < 2% (a* + b*) and combining the two previous inequalities, one obtains

v —u(z))k?
/w % Xu(T —y) f(t, dx, dv) p(t, dy)

(r—y+n)
v—Uu u —ulzx k42
- /RS ( (y();r_ y(?ﬁ 77)k( )Y Xpu(@ — y) f(t, dz, dv) p(t, dy)
v — uly))k+2
<% /Re % Xu(x —y) f(t,dz, dv) p(t, dy)
u(z) — uly))k+?
+ 2k /]R2 ( Ex)_ ” iyggz Xu(z —y) p(t, dz) p(t, dy)

< 2k+1 En’u’k(f)(t)-

In the left-hand side, only p(t, dy) depends on y, and this leads us to define
Xu(®) a;,ln Xu () . . a;l I
= [ == d K, ,=-—+1=——" =1 K, = lim K, , = -1 %29
G /R (@+mF ©0 e T T O T E e B = R T )

The previous inequality can be written as

[ 0= @) K ¢ plt0) ) < 0 25 £, (),

One has that lim,, o K, *x p = sup, K, x p = K; * p. Note that K, is not continuous
and in particular it is defined with I,~¢ and not I;>g. This makes a difference if p
contains Dirac masses, and as we will see it is the reason why additional calculations are

required for the atomic part.
In the meantime integrating in time, taking the supremum in p and using the decom-
position of f, one obtains that

T T
/ / (v — u(t, x))'j_+2 K, * p(t,x) p(t,dz) M(t, z,dv) dt < / oz;1 25 L ork(F)(8) dt — 0,
o Jr?

0
as 7 — 0, since ™% is not integrable for k& > 1 and thus ay, — +00. Therefore for

p(t,dz) dt almost every point ¢t and z s.t.
lim inf K, % p(t, z) > 0, (2.14)
n—0

one must have that the support of M (¢, z,.) in v is included in (—oo, u(t,x)]. However
by their definition, one has that for p(t, dx) dt almost every point ¢ and z,

/M(t,x,dv) = u(t, ).
R

Thus at such points ¢ and z s.t. (2.14) holds, one must have that M (¢, z,v) = §(v—u(t, x)),
which is our goal.
In this argument, we treated differently = and y in £, o4 x(f)(t). We can make the
symmetric argument, deducing that for p(t, dy) dt almost every point ¢ and y s.t.
lim inf/ K, (z —y)p(t,dz) >0,
R

n—0

the support of M(t,y,.) in w is included in [u(¢, x), +00), and again one must have that
M(ta Y, U)) = 6(w - ’U,(t, .’E))
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Combining those two arguments, we deduce that M(¢,z,v) = 6(v — u(t,z)) for
p(t, dx) dt almost every point ¢t and z s.t.

o . p(t, dy)
tmint | (K. (z — Ko (y — t,dy) = lim inf T O
im in /R( n(r—y) + Ky(y — ) p(t, dy) ey /y# (Jx —y| +n)k

We emphasize that p(t,dy) is only integrated on y # x so that a Dirac mass at z in p
does not contribute to the previous integral. Finally

p(t, dy) 1 /
R > 2y p(t, dy),
/y# (Jz =yl +n)* B(am), y#e

yielding

M(t,z,v) = 6(v —u(t,z)) for pdt a.e.t, x s.t. liminf n_l/ p(t,dy) > 0.
B(z,n), y#=

n—0
(2.15)
To conclude this step, use the classical Besicovitch derivation theorem, which implies
that for dt p a.e. t, x,

1 1 1
liminf—/ ﬁ(t,dy):liminf—/ ﬁ(t,dy):lim—/ pt,dy) > 0,
12020 JB(am), yte 12020 Jp(a,n) 1=0 210 JB(en)

as p does not have any Dirac mass.
This means that for dt p a.e. t, x, M(t,z,v) = §(v — u(t,z)) and

Ft,z,v) = p(t,2) (v — ult,z)) + Y pn(t) 6(x — 20 (1) M (¢, 20, v).
n=1

STEP 2 (Control of the atomic part). As noticed the previous step does not control
the atomic part of f. Given that f is BV in time, by contradiction if f is not monokinetic
at a.e. t, then there exist to, xo, po > 0 and My(v) # 6(v — u(to, zo)) s.t.

Flto2,0) = g+ po 8( — 20) Mo(v), g >0, /R Mo(dv) = 1.

The main idea then is to use (2.1) to show that in that case the atom at z has to split
at t > ty. The corresponding pieces will now necessarily interact in £, o4 1 (f)(t), not
being at the same point, and this will lead to a contradiction.

Since M is not a Dirac mass, it is possible to find two smooth non-negative functions
1 and 9, supported on distinct intervals I; and Is s.t.

inf{(v-—w)y :vehwel}>C.,>0 (2.16)
and
in [ Mo(dv) pi(v) > =
23112 R 01av) pilv =3
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Denote these intervals as I; := [ﬂ , v_i}, and calculate using (2.1) for ¢ > t¢:

d zo+v_71(t7t0)

/‘Pi(v) f(t,da:,dv) :/U_i(pif(txO'i'U_i(t_tO)adv)
R R

xzo+v; (t—to)

dt zo+vi (t—to)

—/ﬁ%f(twwg(t—to),dv) _/

zo+v; (t—to)
zoJer
—/ /(p, Opoi(t, dx, dv).
m0+'uJ

Integrating by parts the term in v0, f, we find that

/ wi(v)v- O, f(t,dx,dv)
R

d zo+v; (t—to)
£ /@i(v)f(t,dx,dv) _ /(u—i— 0) s f (b 04T (t—to), dv)
R

o +& (t—to)

R
zoJer
/(U —vi)pi f (t,aco—i—ﬂ(t—to),dv) —/ /(p, Opum(t, dx, dv).
R x

o+v,

Since ¢; is supported on the interval I;, we have there that v —v > 0 and v —v; > 0, so
integrating between ¢y and ¢,

:L’()Jr’v_i(t*t(]) t
/ / oi(v) F(t, d,dv) > po / 4(v) Mo(dv) — / / Bpuips| m(dt, de, dv),
zo+ﬁ(t7to) R R to+ JR2

and hence for some constant C' > 0,

xo+v; (t—to)
/ /(pi(v) f(t,dx,dv) > = - / / (dt, dz, dv).
zo+vi (t—to) JR to+ JR?

The measure m has finite total mass as it can be checked by integrating (2.1) against
o]

T
/ m(dt,dz,dv) < / lv|* £ (da, dv) < oo

o Jr2 R2

In particular this implies that
t
/ m(dt,dz,dv) — 0, ast— tp,
to+ R2

and that there exists a critical time t. > tg s.t.

Po
(dt,dz,d —.
/t m x,dv) < 60

Consequently for any ¢ty < t < t.,

xo+v; (t to) pO
inf / /gpi(v) f(t,dx,dv) > r (2.17)
T R

=12 gt (t—to)
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Inserting this decomposition in £, , x(f)(t), ne obtains

te
/ Lo o+.k(f)(¢)dt

to
te  pxotvl zo+v2 _ aw)kEt2
(v—w)y
> m)(u(x*y) 1(v) w2(w) f (L, dz, dv) f(¢, dy, dw) dt
to Jaxotv (t—to) Jaxo+wz (t—to) JR?
te z0+v1 z0+v2 Ck+2
> / / / / m xp (T —y) p1(v) p2(w) f(t, dz, dv) f(t, dy, dw) dt,
to Jao+vi (¢—to) Jxotva (t—to) JR2

by (2.16) since ¢; is supported in I;.
If x € [xzo+v1 (t—to), xo+701 (t—to)] and y € [xg+v2 (t — o), xo+ T2 (t —to)], then
by (2.16)

7=y (01— ) (t—to) = C. (t— to).
Therefore

te
/ Ly otk (f)(t)dt

to

/tu /onrE /3304‘6 / Ck+2
> (o) pa(w) f(t, dr,dv) f(t, dy, dw) dt
_ k
to+n/Cx Jzotv1 (t—to) Jzo+v2 (t—to) JR? (Cu (t—t0) +n)
te

k+2 2
> Cy Po

a ~/to+u/C* (Cu (£ —to) +m)F 36°

by (2.17). Finally if & > 1 this implies that

te pg Ck‘-‘rQ
L tydt> — —————|
" 7],0+,/€(f)( ) = 36 k(,u—l—n)"?*l
and if £ =1, then
te

2
Lo+k(f)(t) dt = —g—g C3 log(pu +n).

to

In both cases, one obtains that

T
sup / Coorn(f)(E)dt = o,

N,

which is a contradiction. O

3. Hydrodynamic limit: Proof of Theorem 1.3.
3.1. A general hydrodynamic limit. We prove here a more general version of Theorem
1.3 which can apply to many different systems.

THEOREM 3.1. Assume that one has a sequence f. € L>([0, T], M'(R?)) of solutions
to (2.1) with mass 1 for a corresponding sequence of non-negative measures m.. Assume
that all v-moments of f. are bounded uniformly in : For any k,

sup sup / [o|* fo(t, dx, dv) < oo,
€ telo, T] JR2
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together with one moment in x, for instance

sup sup / |z|? fo(t, dz, dv) < oo
R2

€ telo, T)

Assume moreover that f. satisfies the condition (2.2) with

T
/ A, x(t)dt — 0, as e — 0 for any fixed k, (3.1)
0
with finally that
supsup Ly, .,0(fe)(t = 0) < oo. (3.2)
e mMp

Then any weak-* limit f of f. solves the sticky particles dynamics in the sense that
p= fR ft,z,dv) and j = vaf (t,z,dv) = pu constitute a distributional solution to the
pressureless system (1.4), while u has the Oleinik property for any ¢ > 0,

u(t,z) —ult,y) < i ; y, for p a.e. x > y. (3.3)

REMARK 4. As already mentioned in the introduction, it is known from [9,20] that
there exists a unique solution (p,u) to the pressureless Euler equations (1.4) (called the
entropy solution) under the so-called Oleinik condition (3.3) for any ¢t > 0 and if the
measure pu? weakly converges to pi,u?, as t goes to 0. Therefore once f is known
in Theorem 3.1 at some time ty, it is necessarily unique after that time ¢;. The only
problem for uniqueness can occur at ¢t = 0. This can be remedied if the initial data is
well prepared, for example

o>z, v) = p(z) (v — u°(x)), u° Lipschitz. (3.4)

Proof. We divide the proof into distinct steps: First passing to the limit in f. and
its moments. Then proving that f is monokinetic, which implies that p, j solve the
pressureless system (1.4) and finally obtaining the Oleinik condition (3.3).

STEP 1 (Extracting limits). First of all, since the total mass is 1 at any ¢, the se-
quence f. is uniformly bounded in L°([0, T], M (R?)). It is possible to extract a
subsequence, still denoted f. for simplicity, that converges to some f in the appropriate
weak-* topology: For any ¢ € L1([0, T, C.(R?)),

T T
/ / O(t,x,v) f(t,dx,dv) dt —>/ / O(t, z,v) f(t,dz, dv) dt.
0 R2 0 R2

Since moments up to order at least 3 of f. are uniformly bounded in ¢, it is also possible
to pass to the limit in moments of f. and

po= [ £t = p= [ ftwdn). o= [otitad = [ ofaa)
Es:/UQfE(t,x,dv)—>E:/v2f(t,x,dv),
R R

in the weak-* topology of L*°([0, T], M'(R)).
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Multiplying (2.1) by |v|? one finds that
T
sup/ me(dt, dx, dv) < sup/ v? f.(t =0,z,dv) < .
e Jo Jr2 e JR

Therefore one may further extract a converging subsequence m. — m > 0 in the weak-*
topology of M1([0, T] x (R)).
This proves that f and m still solve (2.1). From the bounded moments of f, one may

integrate this system against 1 first and v? second to find the system
6tp =+ 8:8.] = Oa
: (3.5)

STEP 2 (f is monokinetic). We now apply Theorem 2.1 to f. for k = 1 and find from
(2.12) that

T T
/O Lyo+1(fo)(t) dt < Ly ot0(fe)(t = 0) +2]logn| /O A, 2(t) dt.

This means in particular that for any p > 0,

T T
/O Lot () dt < Looso(£)(t = 0) + 2] logn| / Ay, a(t) dt.

We use Lemma 2.1 on the sequence f. to obtain that for any x> 0 and n > 0,

| Lrata®de— [ om0
0 0

By the assumptions of Theorem 3.1 we also have that fOT Aj 2(t)dt — 0 and that
C :=sup, , Ly 0+,0(fe)(t =0) < oo. Thus

T
| Lamniwde<c
0
and in particular

T
sup/0 L1 (f)(t)dt < oo.

1
We may now apply Proposition 2.1, which implies that f is monokinetic, that is, f =
p(t,x) 6(v — u(t, x)), while u satisfies that for any k,

sup / lu(t, z)|* p(t, dz) < co.
[0, 71 JR
Therefore one automatically has that j = pu and E = p |u|?. From system (3.5), p and
pu solve the pressureless gas dynamics (1.4).

STEP 3 (The Oleinik condition). We only have to show that v is semi-Lipschitz in the
sense of (3.3). Since all moments of f. are bounded, we may apply Theorem 2.1 to f.
for any k, for which we repeat the conclusion

t 2 t
Lroria(DO+E [ Lpor sl dr < Lyorin(F)6) + 75 [ Apoiar)ar
(3.6)
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Observe that by a simple Holder inequality

k-1

Lronsalf)0 = [ T g P (0w S
—_ ok (k—1)/k 1/k
<(/R4]Im>y(x(v_y71j_);;)k(’0—w)ifsf;> </R4(v—w)§rfsf€’) :

Therefore since [ |v]? f.(dx,dv) is uniformly bounded in €, for some uniform constant C
one has that

Lo045-1(£)(8) < CYF (Lo n (f) () ED/,
which from the inequality (3.6) leads to, for a.e. s < t,

t
Cooiios(f)(t) + O T / (Lot sor (Fo) (7)) P dr

2 t
< Lyote—1(fe)(s) + T / Af. gq2(r)dr.

This is now a closed inequality on £, o4 k—1(f:)(t). In order to derive a bound in a simple
manner, assume momentarily that Ay, x2 is L in time, or more precisely approximate
it by such a bounded function. Then the inequality would imply that £, o4 x—1(f:) is
Lipschitz and could be rewritten in the more direct form

d 1 k_ 2
Eﬁn,ohkfl(fs)(t) <~k CTFT (Lo opgomt (o) (1) T + ) Ag. kr2(t).

We introduce the intermediary quantity M () = t*=1 £, o4 x—1(f-)(t), which now satisfies

1 1
dM M —C w1 M'TET 24kl
— < (k-1) + A k2(t).
dt t g1
At a given point ¢, either M < C or
dM _ 2tk=1

7 = T Ag. kga(t).
Therefore obviously

27kt T
M(t) S C + F /0 Afs,k+2(’l") dr.
This final bound now depends only on the L' norm of Ay, 5 (and thus is independent of
the chosen approximation of Ay ky2), leading to the inequality

e 2Tk71 T
v £n70+,k—1(fa)(t) <C+ nk_l /0 Af57k+2(’l") dr.

Integrating this inequality between 0 and T and recalling that £, , x—1(f:)(t) <
Ly 0+ ,k—1(f<)(t), one obtains that for any p > 0 and n > 0,

T 27k T
/ rk_lﬁn,u,k,l(fg)(r) dr <CT + pr / Af. ko(r)dr.
0 0
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Because of *~1 it is now possible to pass to the limit as ¢ — 0 by Lemma 2.1. Recall
that from the assumption of Theorem 3.1, fOT A, kt2(r)dr — 0 to obtain

T
/ rk=1 Lypk—1(f)(r)dr < CT.
0

Take the supremum in g to find from Lemma 2.1 that

T
/ rk1 Lot k—1(f)(r)dr <CT,
0

or recalling the definition of £, o4 r—1(f) and the fact that f is monokinetic,

’ o [, (ut,) —ult,y) e\
[t tuttin) = utet (GRS ) o) pir e < 7

For a fixed n, take the limit k¥ — oo in this inequality. The only possibility for the

left-hand side to remain bounded is that on the support of I, p(t,z) p(t,y), one has

that
, (ult, ) — u(t.))
(z—y+mn)
This is uniform in 7, and thus passing finally to the limit 7 — 0, one recovers the Oleinik
bound (3.3). O

3.2. Proof of Theorem 1.3. Let us start by checking that f. is a solution to (2.1).
Given that f. solves (1.1), this is equivalent to showing that for any « and any f the
collision kernel Q,(f, f) can be represented as —3,,m for some non-negative measure m.

Thus we have to show that

/Qa<f,f)dv=o, /v%(f,f)dv:o,
R R

which is just the conservation of mass and momentum, and that for any (v) with
Oyp® > 0, that is, ¥ convex,

/Rw(w Qu(f, f)dv <0.

This is a consequence of the weak formulation of the operator (1.7), which reads as we
recall that for any smooth test function 1,

/ $(v) Qalf, f) / =] F(02) F©) (W) (W)~ (o)~ () dv .. (3.7)
Now rewriting v' and v/,

D)+ 9 — () v = (2 0+ T80 )re (52 0+ T2 0) —vten) - p(0)
<0,

if 9 convex for a < 1.
This implies that propagating moments is easy:

d 1
—/ |v|kf6 dx dv = —/ |v|kQa(f€,f€)dxdv <0.
dt R2 € Jr2
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This immediately proves that

sup sup / |v|kf5(t,x,v)dxdv§sup/ [o|* fO(z,v) dx dv < co.
€ telo, T] JR2 e JR2?

Next note that

d

— |z|? fo(t,z,v) dx dv = 2/ x v fe(t,z,v)dedo < / (|z* + |v|?) f-(t, z,v) dz dv,
dt R2 R2 R2

so that

sup sup / |22 fo (t, ,v) dv dv < e sup/ (|z* + [v]?) f2(z,v) dz dv < .
e telo, T] JR2 e JR2

In addition the dissipation term from the v-moments actually leads to a control on
Ay, 1 (t). Since we assumed that f. € L>([0, T], LP(R?)) for p > 2 and every moment
of f. is bounded then for any fixed v, we find that

/(1} - w)ﬁ_ fe(t, z,w) dw
R

is bounded in L?([0, T] x R), and by standard approximation by convolution

I
/ T (v —w)} ety w) dy dw /<v —w)i fe(t @, w) dw — 0,
R2 k

in L%([0, T] x R) as 6 — 0. Of course this convergence only holds for a fixed € (and is
not in principle uniform in £). But for a fixed ¢, it now directly implies that for a.e. ¢,

Ap = / (v— w)i fe(t,z,v) fe(t, z,w) dx dv dw.
R3
As suggested in the introduction for the energy, k¥ = 2, this term is then controlled by

the dissipation of the moment of order k. More precisely if ¥(v) = |v|*, then for some
Ci > 0,

P(') + (L) — P(v.) = P(v) > ———
Therefore
T T
/ Afi’kgckg/ Qa(fe,fs)dxdvdtSCkE/ lv|* f2(x,v) dzdv — 0,
0 0 R2 R2

ase — 0.
The last assumption of Theorem 3.1 to check is a bound £, ,, o(f)(t = 0) uniformly in
g, 1, p. This follows from the uniform LP bound on f? through astraightforward Hélder
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estimate to compensate for the log singularity. Denote ¢ = HT” and ¢*s.t. 1/¢* =1-1/¢;
then

Lan(FE=0) = = [ xulo =)o = wlt Tog =y f2(w,0) £2w) dody oo

=2 /R4 Lo—yi<2 | log |z — y|| [v]* £2(z,v) f2(y,w)) da dy dv dw

42 1 _ q* 1/q*
R2 T

o Jr T+ |wf?

1/q
x ( / <1+|w|2>f£<y,w>|qdydw) da do
]R2

1/q
<o [ e sd ([ @l 2 oraa)
R2 R2

since |log z|' is integrable at 0 for any [ > 0. Finally by Cauchy-Schwartz

1/2 1/2
/ (L+w*) | £2(y, w)|? dy dw < (/ (1+]w]*)? £2(y, w) dydw) (/ ff(yVUJ)Ipdydw) 7
R2 R2 R2

which gives

3/2
Lol £)(E=0) < C I/ (1 s [ ol ) ds dv>
R?

and the uniform bound.
Since the sequence f. satisfies all the assumptions of Theorem 3.1, its conclusions
apply, thus proving Theorem 1.3.
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