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Non-linear Modal Analysis (NMA) refers to a class of analysis procedures that seek to characterize non-
linear dynamical systems similar to how classical linear modal analysis characterizes the natural fre-
quencies and mode shapes of linear systems. The current study proposes an extension to the stationarity
of Rayleigh quotients, a classical technique for linear modal analysis, for non-linear, non-conservative,
dynamical systems. The approach, termed Rayleigh Quotient-based Nonlinear Modal Analysis (RQNMA),
formalizes each mode as a finite non-trivial perturbation about a static solution that is locally stationary
in the work done. Apart from offering a theoretical basis for the concept of non-linear modes, this circum-
vents several limitations in previous methods (for example, Quasi-Static Modal Analysis (QSMA)), such as
inconsistencies in handling static forces, assumptions on mode-shape change, etc. As with other NMA
procedures, RQNMA is formulated for the characterization of the amplitude-dependent natural frequency
(stiffness) and damping ratio (dissipation) near/at the resonances. The estimated stiffness and dissipation
characteristics are compared with modal backbones generated from frequency-domain approaches,
which typically are computationally more expensive than the presented approach. Comparisons are con-
ducted using different benchmark models, placing special emphasis on structures with pre-stressed fric-
tional contacts, in order to bring out the strengths and shortcomings of the presented approach to
contextualize its applicability.

� 2019 Elsevier Ltd. All rights reserved.
1. Introduction

Nonlinear modal analysis (NMA) was first developed to study
conservative systems [8,19,35,37,44–46,52]. With recent theoreti-
cal advances that enable the study of non-conservative systems,
NMA has become a useful technique for characterizing non-
conservative systems in the form of amplitude-dependent modal
properties. Several techniques have been proposed for this, includ-
ing the Harmonic Balance [20] (HB), force appropriation [5,24],
shooting methods [18,41,43], spectral sub-manifolds [50], mani-
fold finite element techniques [41,42], etc. (see [35] for a review).
More recently, Quasi-Static (QS) methods have been proposed
[3,16,28] that provide a rate independent framework for NMA.

The main advantage with taking a QS approach, as opposed to
other approaches, lies in computational complexity. Classically,
QS implementations result in a system of non-linear algebraic
equations with the number of unknowns exactly equal to the num-
ber of Degrees-of-Freedom (DoFs) of the system. On the other
hand, HB implementations [21] involve an increased number of
unknowns (the DoFs scaled by approximately two times the num-
ber of harmonics employed for the truncation, see Appendix A for
details), and shooting method implementations [18] involve sev-
eral transient solution steps for the main trajectory and the Jaco-
bian/Monodromy matrix perturbations. The disadvantage with
the HB methods is that the cost for the matrix operations grows

byO N3
dN

3
h

� �
, where Nd is the number of DoFs and Nh is the number

of harmonics. When it comes to the shooting method, the main dis-
advantage (apart from the issues faced with transient solvers) is
that the Jacobian calculation is usually conducted using finite dif-
ferences with respect to each unknown since explicit analytical
gradients can not always be found. By contrast, classical QS meth-
ods have no more unknowns than the number of DoFs in the dis-
cretized model and the necessary analytical Jacobians are
straight forward to estimate.

The research and applied interest in QS methods, in part due to
the above reasons, for modal characterization and analysis of large
non-linear structures (with dissipative non-linearities, for
instance) has been steadily increasing [3,6,7,13,14,17,25,27,28,48,
53]. The QS method formulated in [3] referred to as Quasi-Static
Modal Analysis (QSMA), is arguably one of the most popular among
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these presently. The method is based on modal QS properties of
linear systems applied to dissipative structures under the assump-
tion that Masing’s hysteretic rules [12,30] apply in a global sense.
Although normal force-coupling and applications to systems with
unsymmetrical hystereses (thus violating Masing’s hypotheses)
are not explicitly dealt with in QSMA, recent efforts by the authors
[9] have shown that these are issues that may be accommodated
after making minor modifications. The major drawback with these
methods is that the mode-shapes are assumed to be fixed and are
not updated with response amplitude level, thereby restricting the
applicability. One exception to this is an earlier work [16] that pro-
vides computational algorithms for updating mode shapes by split-
ting the domain into locally non-linear (jointed, for instance) and
linear parts. However, the formal definition of the mode shapes
as that of a nonlinear mode is still not very clear.

The current paper presents the formulation and applications
of a novel QS technique for the NMA of non-linear dynamical
structural systems. The method is presented as a generalization
of the principle of stationarity of Rayleigh quotients from linear
vibration theory (finding first application in Rayleigh’s iterative
methods [39]). The formulation defines non-linear modes in a
manner that is analogous to the solution of a linear eigenvalue
problem, whereby it is demonstrated that this analogy degener-
ates to equivalence when the considered system is linear. The
proposed method is intended to capture amplitude-dependent
characteristics of mode shapes as well as modal frequencies. It
does this by extending the concept of Rayleigh quotients to both
non-linear conservative as well as non-conservative systems
(such as those with hysteretic dissipative elements). Further,
the provided formulation accounts for static forces in a coupled
fashion, thereby establishing a ‘‘finite perturbation” interpreta-
tion (akin to infinitesimal perturbation employed for lineariza-
tion) for the non-linear modes. The main focus of the current
investigation is dissipative dynamical systems. Therefore, appli-
cations to systems with contact non-linearities in the form of
concentrated/distributed unilateral springs and/or elastic dry
friction elements will be its apotheosis. Nonetheless, a simple
2-DoF conservative non-linear system is considered briefly for
completeness.

The rest of the paper is organized as follows: Section 2 intro-
duces the formalism of the Rayleigh quotient stationarity approach
while drawing parallels with linear vibration theory and other QS
approaches; Section 3 provides some details pertinent for problems
with hysteretic elements; Section 4 provides three example appli-
cations to demonstrate the applicability of the method along with
comparisons to CQSMA (a coupled QSMA formulation) and HB
methods; and Section 5 provides key discussions and conclusions
the authors draw from the paper. Since the paper is only
concerned with the formulation of the QS method, the frequency-
domain methods employed for comparison are not described in
great detail. Short presentations are, however, provided in the
Appendices for reference.

2. Formulation

The current section provides the formulation of the proposed
Non-linear Modal Analysis (NMA) approach. Consider a discrete
Multi-Degree-Of-Freedom (MDOF) static problem (that may be
non-linear as well as non-conservative) of the form

Ku
�
þ f nl

�
u
�
;u0

�

� �
¼ f s

�
; ð1Þ

with; u
�
; u0

�
; f s
�
2 Rn; K 2 Rn�n;

f nl
�

: Rn � Rn ! Rn
where K denotes the stiffness matrix of the linear portion; u
�

denotes the displacement vector; f nl
�

u
�
;u0

�

� �
denotes the non-

linear forcing that could have a history dependence in the form of
u0
�
; and f s

�
represents an external static forcing. The principle of vir-

tual work (quoted verbatim from Reddy [40]) states that a continu-
ous body is in equilibrium if and only if the virtual work of all forces,
internal and external, acting on the body is zero in a virtual
displacement:

dW ¼ 0: ð2Þ
Applied to the system in Eq. (1) this becomes,
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Here, uref
�

is some fixed reference configuration used for defining the

total work done. This may also be interpreted as an optimization
problem of the integral term inside the square brackets with respect
to u

�
, for which Eq. (1) gives the first order optimality conditions.

There exist various interpretations of Rayleigh’s quotient in the
context of vibration problems (e.g., [34,38,40]). Here, the Rayleigh’s
quotient (occurring as the Lagrange multiplier of optimization) will
be interpreted using the results of the Courant-Fischer theorem
[34]:

The Rayleigh quotient for an MDoF discrete vibration problem k is
the Lagrange multiplier required for the optimization of the poten-
tial energy integral of a static problem constrained by orthonor-
mality conditions weighted by the mass matrix (M 2 Rn�n).
The corresponding solution (DoF vector) is interpreted as the
dynamic mode of the underlying system. Mathematically, this is
given as

min
u�

W

subject to h u
�

� �
¼ 1

2 u
�
;Mu
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D E
� 1

2 q
2 ¼ 0:
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For a linear system defined with f nl
�

set to zero, f s
�
set to zero (with-

out loss of generality for the linear system), and symmetry and pos-
itive semi-definiteness assumed for K, the optimization may be
carried out analytically, leading to the linear programming
problem:

L ¼ W � kh u
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9=; First order
Optimality conditions

� �
: ð7Þ

The first order optimality conditions Eq. (7) is the linear eigenvalue
problem: the solution u

�
is the eigenvector with mass-normalization

amplitude q, and Lagrange multiplier (referred to as quotient hence-
forth) k is the eigenvalue (written as x2 in linear dynamics prob-

lems). Note that each eigen-pair k;u
�

� �
is a local minimum with
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the Lagrangian being locally quadratic (see [38], for instance, for
proofs).

Although the Courant-Fischer theorem provides further proper-
ties for extracting arbitrary eigen-pairs for linear systems by
enforcing orthonormality conditions of the solution with lower
eigenvectors, only the local quadratic property will be employed
in the current work. This is due to orthonormality across modes
not being established for non-linear systems. On the other hand,
there have been some studies that have established results similar
to the quadratic minimum property even for dissipative systems
[36], which motivates the generalization of the above procedure
for the non-linear problem arising out of its static work done (W
in Eq. (3)), whose constrained local minima are defined as the non-
linear dynamic mode eigen-pairs.

The static forcing f s
�

presents an additional consideration that

has to be taken into account before defining the optimality condi-
tions for the non-linear case. In classical vibration analyses of
structures with static loads, dynamic modes are defined based on
the linear system yielded by the linearization of the system about
the static equilibrium and interpreted in the sense of an infinites-
imal perturbation. Using this same idea, the orthogonality con-
straint in Eq. (5) is rewritten in terms of finite deviations of the
solution u

�
about the static solution us

�
(which solves the static prob-

lem in Eq. (1) exactly) as

1
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After replacing the constraint in Eq. (5) by this, the first order opti-
mality conditions for the problem becomes,
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� kM u
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From a numerical perspective, this presents a set of nþ 1 equations
(n equilibrium equations and one mass normalization condition)
with nþ 1 unknowns (n-variate DoF vector u

�
, and the quotient k).

The system size is thus one more than that of classical QS problems.
The square-root of the quotient provides the natural frequency
numerically for each response amplitude q. Furthermore, the
formalism allows for the definition of a non-linear mode as a
non-trivial finite perturbation about the static solution that is locally

stationary in the total work done. These modes ( u
�
�us

�

� �
=q) will be

referred to as Rayleigh-Quotient-based Non-linear Modes (RQNMs),
and the procedure itself will be referred to as RQNM Analysis
(RQNMA) in the remainder of the paper. This definition of non-
linear modes is in contrast with previous definitions that are based
on periodic solutions [19,52], but is potentially congruent with
invariant manifold-based definitions [45,46,50].

It must be noted that the first condition (Eq. (9a)) is similar to
the equation solved both in [16] as well as in the simplified QSMA
[28]. The major difference here is that no attempts are made to
express the solution or the dynamic forcing term as multiples of
the ‘‘modal” displacement or acceleration vectors. Where the pre-
vious methods drive the simulation using mass-normalized modal
forcing amplitudes, the algebraic system ( Eq. (9)) is driven by the
mass-normalized modal displacement amplitudes directly. Despite
Eq. (9a) not appearing to contain a dissipative term, damping is
introduced by the irreversibility in the non-linear forcing f nl

�
. The

equation, therefore, must not be interpreted as denoting an
undamped non-linear system.
2.1. Implementations with dissipative components

Following the generic formulation of RQNMA in Section 2, the
next step is to focus on its extension to non-conservative systems
in more detail. The following subsections (and Section 3 to some
extent) expand on the consideration of linear proportional damp-
ing and arbitrary hysteretic damping terms in the framework.

2.1.1. Incorporation of linear proportional damping
First, the incorporation of linear proportional damping is con-

sidered. Since the current formulation is derived only for real
modes, only damping matrices that are proportional to the mass
matrix may be used for accurate solutions. Strictly speaking, stiff-
ness proportionality must be avoided since linearization at differ-
ent modal amplitudes will yield different stiffness matrices and
the damping is no longer decoupled for all amplitude levels. When
the static problem has solution us

�
, and the optimization problem

(Eq. (9)) has solution pairs k qð Þ;u
�
qð Þ

� �
(functions of amplitude

q), the non-linear modal properties are estimated as

Natural frequency : xn qð Þ ¼
ffiffiffiffiffiffiffiffiffi
k qð Þ

p
; ð10aÞ

Mode shape : / qð Þ ¼ 1
q

u
�
�us

�

� �
; and ð10bÞ

Linear Viscous damping factor : fn qð Þ ¼ / qð Þ;C/ qð Þh i
2xn qð Þ : ð10cÞ

Note that all of these are functions of mass normalized amplitudes
q, which indicates the level of response.

2.1.2. Incorporation of hysteretic damping
For more general systems with dissipative non-linearities, the

dissipative elements, when expressed as hysteretic terms, can be
incorporated into the formulation as described here. Implementa-
tion of these require either explicit rate-dependence or the use of
previous states of the element (such as displacements and forces)
[9,12,31]. Fig. 1 depicts, in four steps, the different parts of hys-
teretic characterization necessary for the current QS formulation.
Initializing the hysteretic non-linearities with zero previous states,
the system is solved for a set of modal displacement amplitudes q
making small increments using continuation (step 1). The state of
the hysteretic elements at the end of this, denoted by P0, is used to
re-initialize the hysteretic terms. This is followed by unloading to
the negative displacement amplitude (step 2). Resetting the hys-
teretic elements once again with the state here (M0) and loading
the system once again completes the characterization procedure
for one particular amplitude level (jqj at points P0 and M0).

A crucial aspect to note here is that the unloading and reloading
curves pass through q ¼ 0. At these points, the constraint in Eq.
(9b) implies that the solution has to be u

�
¼ us

�
(since M is taken

to be positive definite). This cancels out the k-quotient term in
the first optimality condition, making Eq. (9a) the same as the static
problem, but with the hysteretic elements updated with a different
previous point (P0 as opposed to O in Fig. 1). This could, in general,
yield a solution that is different from us

�
, rendering the system

unsolvable. For small values of jqj around zero, however, the quo-
tient k may have to grow arbitrarily large in order to balance out
the additional forces due to a different initial setting for the hys-
teretic terms. Due to this, classical numerical continuation tech-
niques [4] (such as the arc-length method) may not be usable.
Classical continuation methods work by having a tangent-
predictor and a constrained corrector to continue along the solu-
tion curve. Therefore, the solution point will asymptotically



Fig. 1. Schematic representation of quasi-static characterization for hysteretic systems.
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approach q ¼ 0 without a possibility of stepping over it since the
slope with respect to at least one of the unknowns (the quotient
k) becomes unbounded here. Since these issues are not present
for sequential/natural parameter continuation (where there is no
concept of predictors and correctors and the parameter q only
needs to be incremented monotonically), this has been followed
(for the most part) in the current study to avoid such issues. More-
over, the physical meaning of the quotients on the hysteresis loop
is not readily apparent. Nonetheless, the quotients will be pre-
sented graphically in Section 4 for some observations and discus-
sions. This issue is a moot point, though, if the hysteretic models
employed all obey Masing’s rules exactly, in which case the back-
bone loading alone (step 1 in Fig. 1) is sufficient to obtain all hys-
teretic properties (numerical continuation may be employed here).

The amplitude-dependent natural frequency and mode-shape
of a particular load level are defined as those calculated at the cor-
responding locations on the backbone (using the formulae in Eq.
(10)), while the damping factor is calculated based on the sum of
areas under the respective hystereses of the different elements in
the system (as in previous studies [9,28]). Specifically, once the
hysteretic area is obtained and denoted by D qð Þ, the equivalent
modal linear viscous damping factor is calculated using the
formula

f qð Þ ¼ D qð Þ
2p xn qð Þqð Þ2

: ð11Þ

Since linear dissipation is unavoidable at low amplitudes, an esti-
mate is made based on the C matrix (as in Section 2.1.1) and added
to this to get the total equivalent modal linear viscous damping
factor

feff qð Þ ¼ D qð Þ
2p xn qð Þqð Þ2

þ / qð Þ;C/ qð Þh i
2xn qð Þ ; ð12Þ

which is a combination of the damping factor based on the hys-
teretic non-linearities in Eq. (11) and the linear viscous contribution
in Eq. (10c).
3. Details on hysteretic modeling

Hysteretic non-linearities are different from state-dependent
non-linearities in that hysteretic terms need to be modeled with
respect to a reference point (or state). There are several models
that employ explicit rate-dependent relationships to define the
evolution of the non-linearity using a first order differential equa-
tion of the form

_f h ¼ f u; _u; . . . ; hð Þ; ð13Þ
where u; _u have been used to denote a displacement-like variable
and its time derivatives; h has been used to denote constant param-
eters for the model; and f ðÞ denotes some functional relationship
(see Mathis et al. [31] for a survey of such models). Adding a differ-
ential evolution for hysteretic terms in a system is problematic in
two ways: (1) exact implementation would involve additional
degrees-of-freedom that increases the problem size and thus com-
putational complexity; and (2) it is inconvenient for QS formula-
tions, which are inherently rate independent. For the above two
reasons, there have been several regularization methods applied
to such models in time and frequency domains (as noted in [22]).

The hysteretic model that will be used for all of the examples in
the current paper will be the elastic-dry friction element, which
has an evolution given by

_f h ¼
kt _u jf hj 6 f slip
0 otherwise



: ð14Þ

Here, f slip is the slip limit, taken to be a coefficient of friction lmul-
tiplied by the normal force f N . For the frequency domain (reference)
simulations, the time-discretized formulations in Siewert et al. [47]
(for single tangential coordinates) and Afzal et al. [1] (for two tan-
gential coordinates) are employed. For the QS simulations, the finite
difference procedure (also employed in [9]) with respect to a refer-
ence state defined by displacements u0 and forces f 0 is employed. In
a two-dimensional setting (single tangential coordinate), the fric-
tion force may be expressed as,
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f h ¼ kt u� u0ð Þ þ f 0 jkt u� u0ð Þ þ f 0j 6 f slip
f slip otherwise

(
: ð15Þ

These parameters u0; f 0ð Þ define a state on the hysteretic curve, and
need to be saved for carrying out the procedure outlined in Fig. 1.

3.1. Distributed non-linearities

For certain applications (such as the one in Section 4.3), it
becomes necessary to define friction over a region (defined by a
set of elements in a finite element setting). Here, phenomenologi-
cal hysteretic models may be employed in the traction-
displacement level rather than the classical force-displacement
level [23]. This would require an additional integration step for
computing the actual non-linear forces in the system. Since finite
elements will be used for the most part in this paper, numerical
integration using quadrature points (at interior Gauss-Legendre
points) is conducted. For some implementational details, the inter-
ested reader is referred to Balaji et al. [9] where this was used in a
Zero-Thicknesss-Element (ZTE) framework [32] for a more
involved hysteretic model.

The hysteretic modeling formulation described here and the
dissipative characterization procedure outlined in Section 2.1.2
makes this particularly useful for problems with unsymmetrical
hystereses and/or intermittent hysteretic components, thereby
not obeying Masing’s rules. Since most commonly encountered
applications, such as bolted joints, turbine blades, etc., have ele-
ments violating Masing’s rules, the proposed method is very
advantageous. Furthermore, the approach naturally lends itself to
general non-linear hysteretic problems such as plasticity where
the concept of non-linear modal analysis potentially has significant
practical utility.

4. Application examples

The current section applies and compares the developed QS
method RQNMA with a fixed mode-shape static-coupled QS for-
mulation (reminiscent, but not identical to QSMA; see [9] for the
formulation) referred to as CQSMA and the frequency-domain
technique known as the Extended Periodic Motion Concept [20]
(EPMC). After a brief study on a conservative system, two examples
with different types of contact-based non-linearities are studied in
detail.

4.1. System with cubic stiffness

Although the primary focus of the current paper is on hysteretic
dissipation, the method itself has broader applicability. To demon-
strate this, the first example is a 2-DoF oscillator with a cubic
spring (studied analytically first in [46]). Numerically, the system
has been extensively studied previously in [19]. The governing dif-
ferential equations for the autonomous system are

1 0
0 1

� �
€x1
€x2


 
þ 2 �1

�1 2

� �
x1
x2


 
þ 0:5x31

0

( )
¼ 0

0


 
: ð16Þ

Since this is a conservative system, hysteretic calculations are
not conducted. Instead, the eigen-pairs are continued numerically
on the backbone. Frequency-Energy Plots (FEPs) are obtained for
the two non-linear modes calculated using RQNMA and QSMA,
and compared with the results from EPMC as reference (imple-
mented in the frequency domain with the first seven harmonics).
QSMA is implemented by assuming that the mode shape is invari-
ant with respect to amplitude, as found in linear vibration theory.
Here the mode shapes are obtained by linearizing the system about
the trivial configuration (x1 ¼ 0; x2 ¼ 0),
/1
�

¼ 1ffiffiffi
2

p 1
1


 
and /2

�
¼ 1ffiffiffi

2
p 1

�1


 
: ð17Þ

For RQNMA on the other hand, these mode-shapes are updated at
each modal amplitude, thereby allowing one to study the
amplitude-modal dependence in terms of the mode-shapes in addi-
tion to the eigenvalue characteristics.

The kinetic energy for the QS approaches may be obtained after

assuming that the identified modes lead to responses R u
�
eixnt

n o
.

This gives velocity amplitudes xn u�
that can be used to estimate

kinetic energy as,

Ekin ¼ 1
2

u
�
;Mu

�

D E
x2

n ¼ 1
2
q2k: ð18Þ

Here, xn and k (¼ x2
n) are used to denote the eigen frequency and

Rayleigh quotient respectively.
Fig. 2 is the FEP obtained for the system. It can be observed that

the RQNM follows the trend of the reference closely for mode 1 but
there is a relatively large offset for large amplitudes of mode 2. In
those amplitude ranges, however, the system is known to demon-
strate odd order internal resonances (3:1, 5:1, 7:1, etc.) leading to
mode-coupling behavior. The RQNM, however, are not formulated
to capture mode-coupling effects and this is thought to be the main
reason behind the offset. Taking inspiration from previous studies
[22,35], this region is zoomed in and presented in Fig. 2b, where
certain structures on the mode 1 backbone from the EPMC solution
are completely missed by RQNMA.

QSMA, on the other hand, performs poorly since the mode
shape changes by a large amount in the current example and the
approach is not formulated for such cases. Fig. 3 illustrates the
rather large changes in the mode-shapes for the two modes. The
configuration-space is planar (R2 space) where the mode shape
may be represented as a point on a unit circle (unit magnitude,
arbitrary orientation) as in Fig. 3a. It can be seen that the two
modes start out perpendicular to each other (with orientations
45� and �45� respectively) for low energy conditions (which corre-
spond to the eigenvectors of the linear part of Eq. (16)) and shifts
by þ45� asymptotically as the energy becomes larger. This trend
in the orientation may be more clearly observed in Fig. 3b which
plots the orientation

h ¼ tan�1 x2
x1

� �
ð19Þ

against the energy. It must be noted here that RQNMA with nearly
identical computational complexity as QSMA, is able to provide
solutions that represent the non-linear modes significantly better
(see Section 5 for more discussions on computational effort).

4.2. Beam with frictional contact

The second example is a fixed-free Euler-Bernoulli (EB) beam FE
model with a frictional element at the node corresponding to the
free end that is in a uniform gravitational field in the axial direc-
tion. The beam is discretized using seven elements that are C1 for
transverse displacement DoFs and C0 for axial displacement DoFs.
Dynamic excitation is provided in the transverse direction on the
penultimate node apart from the static body force due to gravity
acting in the axial direction. Fig. 4 depicts a schematic representa-
tion of the model. All the physical parameters used for the model
are provided in Table 1. Linear proportional damping is introduced
through the Rayleigh coefficients a; bð Þ, which are used to define
the proportional damping matrix (C) in terms of the mass and stiff-
ness matrices (M;K respectively) as

C ¼ aMþ bK: ð20Þ



Fig. 2. Frequency-energy plot of system with cubic stiffness: (a) overview; and (b) zoomed in view of regime with modal interaction. Also plotted as reference are the results
from EPMC.
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This is incorporated into RQNMA through the procedure outlined in
Section 2.1.1.

For generating frequency responses, the penultimate node
(forcing node) is used for the response amplitude calculation. How-
ever, no forcing except for the static gravitational forcing is applied
for the modal analyses. No additional prestress is applied on the
contact element implying that the gravity vector must be retained
in a coupled fashion throughout the analysis in order to have the
contact element contribute to the response.

Since the original formulation of QSMA [28] does not account
for static forces, the Coupled QSMA (CQSMA) procedure developed
in Balaji et al. [9], which is also a fixed mode-shape approach, is
used for comparison. The reference solution is calculated via EPMC
[20], with the 0, 1, 3, 5, and 7 harmonics retained for the harmonic
balance. Fig. 5 plots the frequency response of the system around
the first and second resonances along with the nonlinear mode
backbones. The response amplitude used here is the Root-Mean-
Squared (RMS) integral amplitude of the forcing node. Note that
Fig. 3. Visualization of the change in mode-shape for the system in Eq. (16). Blue and red
(low energy, dashed lines) and final (high energy, solid lines) mode-shapes with arrows d
(tan�1 x2=x1ð Þ) as a function of the kinetic energy for each mode. (For interpretation of the
this article.)
the frequency response curves are generated in an inhomogeneous
setting with dynamic forcing but the modal backbones are gener-
ated independent of forcing location, driven only by the response
amplitude constraint ( Eq. (9b)). It may be observed that although
there are minor deviations between EPMC and the current
approach (RQNM), the essential trend is captured.

Fig. 6 shows the modal backbone curves plotted for the two
modes using EPMC, CQSMA and RQNM. For mode 1 (Fig. 6a–b) it
can be seen that both the methods line up against the reference
EPMC results equally well on the frequency plot. On the damping
factor plot however, a large offset is observed in the large ampli-
tude regime (sometimes referred to as the ‘‘fully slipped regime”)
where the fixed mode-shape implementation under-predicts the
modal damping by about a factor of two.

The mismatch is even more pronounced for mode 2 (Fig. 6c–d),
where the fixed mode-shape implementation diverges from the
reference starting at the stick-slip transition phase. This results
in a 5–6 Hz offset in the large amplitude region. The mismatch in
colors are used to depict the first and second modes respectively. (a) plots the initial
enoting the trends for increasing energy, and (b) plots the modal orientation angles
references to colour in this figure legend, the reader is referred to the web version of



Fig. 4. Fixed-free beam with frictional element in the free end.

Table 1
Parameters used for the frictional fixed-free beam example.

Parameter Value

Beam model
Density 7800 kg m�3

Young’s modulus 200 GPa
Section area p� 10�4 m2

Second moment of section area p=4� 10�8 m4

Total length 1 m
Gravitational acceleration 9.81 m s�2

Proportional Damping a;bð Þ (0.1,10�5)

Contact element
Coefficient of friction 0.5

Normal stiffness 106 N m�1

Tangential stiffness 104 N m�1
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the predicted damping happens largely near the stick-slip transi-
tion region, where the true damping factor is missed by a factor
of about two. Since the transition region is where most operational
conditions lie, this must be taken as an indication that fixed mode-
shape implementations are not reliable as the primary tool for pre-
dictive modeling. Moreover the mismatch seems to be different for
different modes indicating that the applicability must be assessed
on a case-by-case basis. The RQNM implementation on the other
hand seems to predict the reference values near-exactly for both
of the cases.

Fig. 7 illustrates the mode shape deviations as the modal ampli-
tude q is increased. It can be seen from Fig.7a and c that the
changes in mode-shape is globally nearly imperceptible. The devi-
ation of the mass-weighted Modal Assurance Criterion [15], calcu-

lated for the ith mode /i via

MACi;j ¼ /i
�
;M/j

�

* +2

; ð21Þ

is employed for developing a quantitative understanding of the
change in mode-shape. Plotted in Fig. 7b and d are the deviations
of the metric from unity (1�MACi;j). The deviation from the low

amplitude mode shape saturates at about 3� 10�3 in the large
amplitude regime (and vise-versa for the large amplitude mode-
shape), indicating that the frictional (operational) limits strongly
influence this metric.
1 The model is depicted in Fig. 8, where the rectangular element sections are drawn
to aid visualization.

2 Numerical values assigned guided by insight from previous work conducted by
the authors.
4.3. Bolted joint

For the third example, an idealized Finite-Element Model of the
Brake-Reuß Beam (BRB) benchmark [6,10,11] is developed. In what
follows, the modeling decisions are guided by insights from a
higher fidelity model of the same system [6,9]. Single dimensional
Euler-Bernoulli (EB) beam elements 1 are used in 3D space (C1 ele-
ments for y and z displacements and C0 elements for x displace-
ments). The half-beams are constructed using separate linear EB
beammodels and constrained together using the contact model. Fur-
ther, since the original structure contains three bolts (separated by
30 mm) in the lap joint region, the bolt-nut-washer assembly is ide-
alized and added between appropriate nodes as C0 bar elements in
the bolt-axis directions and C1 beam elements in the interface-
planar directions. In the bolt-axis direction in addition to this, addi-
tional member stiffness is added using the relationship from [54],

kmember

Edwasher
¼ AeB dwasher=Lboltð Þ ) kmember ¼ 1:2041� 109 N m�1: ð22Þ

Here, Abolt ; Lbolt ;dwasher and E are taken as the mean cross-sectional
area of the bolt, pre-stressed length of the bolt, washer outer diam-
eter, and Young’s modulus respectively. Constants A and B are taken
from [54] developed for steel assemblies.

Fig. 8 shows a graphical depiction of the details of this model.
The interface is discretized using eight beam elements and the rest
of the (half) beam with 20 beam elements (to maintain an approx-
imately uniform mesh size). In the assembled configuration the
model has a total of (28� 2) 56 elements and ( 28þ 1ð Þ � 2) 58
nodes with 5 DoFs each (ux; uy; hy;uz; hz). The bolt prestress is mod-
eled using a normal traction profile that is idealized as a sum of
three Gaussians centered around the bolt locations on the interface
(30 mm, 60 mm, 90 mm respectively from the interface edge). The
standard deviation is taken as one-sixth the pressure frustum of a
washer with diameter 14.3 mm projected onto the interface with
frustum angle 33�. The normal traction is thus given as

pN ¼ 1
r

ffiffiffiffiffiffiffi
2p

p
X3
i¼1

e x�lið Þ=r2
: ð23Þ

Here the li’s and r denote the bolt-locations and distribution stan-
dard deviation respectively. This is then numerically integrated and
scaled up by the prestress forcing to get the consistent nodal static
forcing vector. A graphical representation may be seen as an inset
(inset (C)) in Fig. 8. Equivalent magnitude and oppositely oriented
force vectors are used for both the half beams in order to emulate
the pre-stressed assembly.

Ten Gauss-Legendre quadrature points are chosen in each inter-
facial element for applying the non-linear contact model at the
traction level (resulting in a Zero-Thickness Element formulation
similar to the ones used in [9,32]). Table 2 gives the numerical val-
ues for all of the model parameters used in the subsequent analy-
ses. The normal stiffness for the contact model kn is fixed using the
relationship from [33],

kn ¼ 4P
Arv

ffiffiffiffi
p

p : ð24Þ

The constants P;A;r, and v are the prestress force (11580 N), inter-
face area (3.048 � 10�3 m2), surface asperity peak height variance
(1 lm), and Mindlin parameter (2.0) respectively 2 (comes out to
be 4.287 � 1012 Pa m�1).

The first bending mode in the z and y directions are studied in
the coming sections. The first mode is along the bolt-axis direction
and the second is along the interface-tangential direction. All HB



Fig. 5. Frequency Responses of the frictional fixed-free beam structure around (a) mode 1, and (b) mode 2. Also plotted are the amplitude-frequency backbones from the
current procedure (RQNM, black continuous lines) and an implementation of the reference Extended Periodic Motion Concept (EPMC, black dashed lines).

Fig. 6. Comparison with fixed mode shape implementation: (a)–(b) and (c)–(d) are modal frequency and damping characteristics for modes 1 and 2 respectively.
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studies were conducted using harmonics 0, 1, 3, and 5. The even
harmonics (2 and 4) were removed from the analysis since they
did not contribute significantly to the responses. Rayleigh-
proportional damping has been applied to the systems so that
the two modes studied will have damping factor f ¼ 10�3 at low
amplitudes.
4.3.1. Bending mode 1
The EPMC analysis of this model results in a system of equa-

tions that is ill-conditioned, rendering the system numerically
intractable. The authors were unable to precondition the system
sufficiently well to obtain convergence over the non-linear regime.
Nevertheless, a HB implementation of force-appropriation was car-



Fig. 7. Evolution of mode shapes: (a),(c) show the mode shapes at low and large amplitude regimes for modes 1 and 2 respectively; (b),(d) show the deviations of the Modal
Assurance Criterion (mass-weighted, auto) for different amplitude levels for the modes 1, 2.

Fig. 8. Idealized Finite Element Model of the Brake-Reuß Beam (BRB). For visualization purposes, the elements have been represented as boxed using the element-sections
(instead of just lines) in translucent blue and red colors to denote the different half-beams. Insets (A), (B), and (C) show details on bolt idealization, bolt elements, and
prestress modeling respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. Normal displacement profile for the first mode (mass normalized)
extracted at two different response amplitudes.

Table 2
Parameters used for the bolted joint example.

Parameter Value

Beam elements
Density 7857.8 kg m�3

Young’s modulus 192.86 GPa
Prestress (each bolt) 11580 N

Bolt-washers-nut mass 28.64 g
Bolt section diameter 6.325 mm

Contact elements
Coefficient of friction l 0.05

Tangential stiffnesses ktx; kty 1010 Pa m�1

Normal stiffness kn 4.287 � 1012 Pa m�1
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ried out, which involved the addition of a phase constraint
between the forcing and displacement at the end node (see Fig. 8).

Fig. 9 shows the results for the first bending mode. Fig. 9a shows
the mode shape at different modal amplitudes, showing, that the
mode-shape differs mostly near the non-linear interface and is
nearly unchanged else-where. This is brought out more clearly in
Fig. 10 where the relative normal displacement (difference
between top and bottom beams) at the interface is plotted for
the different modal amplitudes. Regions where these are negative
and non-negative indicate separation and contact respectively.
While a lot of difference is visible here, the nominal shape in
Fig. 9a is near-identical.
Fig. 9. Results for Bending Mode 1: (a) low and high-amplitude mode-shapes; (b) frequ
forcing amplitudes and PRES refers to the Phase-Resonance reference backbone; (c)-(d) m
to colour in this figure legend, the reader is referred to the web version of this article.)
The frequency response and backbones are shown in Fig. 9b,
where it can be seen that the natural frequency predicted by the
QS implementation seems to be slightly lower than the reference
but the trend seems to be followed well. The same observation
may be made in the modal backbones on the figure. The solution
ency response and backbones at response node - different colors indicate different
odal frequency and damping factor backbones. (For interpretation of the references
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of the phase-quadrature force appropriation is assumed to be the
mode-shape and is used to estimate the modal amplitudes for plot-
ting. Modal damping factor, on the other hand, was not estimated
here since integrating the forcing and velocity over a cycle gives a
measure of total dissipation and does not guarantee modal isola-
tion. Thus, this will always be an over-prediction of the actual
quantity (see Appendix A.1 for some details).

Fig. 11 shows the MAC number deviation (from Eq. (21)) to
quantify the global change in mode-shape. This once again indi-
cates a trend similar to the ones already observed in Fig. 7b
(although the exercised non-linearities are different). The rela-
tively large offset in the natural frequencies (Fig. 9b–c) is hypoth-
esized to be due to the fact that since the response activates the
unilateral contact non-linearity, it may not be possible to represent
the near-resonant response using just a single mode representa-
tion. Such systems, termed ‘‘vibro-impact”, have been studied
extensively in the literature [2,26,29,49] and remain an active topic
of research. As in Section 4.1, this is recognized as a drawback of
the QS approach since it is formulated to capture just a single
non-linear mode in isolation.

Fig. 12 plots the hysteretic curve (in the lower panels) and the
quotients k (relationship k ¼ x2 employed for current studies)
Fig. 11. Deviation in Modal Assurance Criterion: comparison of mode 1 of the beam
structure in Fig. 8 estimated at different amplitudes. The planar axes are the modal
amplitudes and the vertical axis indicates the MAC deviation.

Fig. 12. The generalized Rayleigh quotients and modal hystereses plots; Each subfigure h
the modal amplitude along the hysteresis loop. (a) and (b) are for low and high modal a
for different modal amplitude levels. It can be seen from the hys-
teresis curves that the energy dissipated due to the contact non-
linearity is very little, a fact also reflected by the damping factor
backbones in Fig. 9 which is nearly a straight line at around the
low amplitude damping factor (10�3). The quotients themselves
present rather interesting trends along the hysteretic curve. As pre-
viously mentioned, around q ¼ 0, the quotient decreases slightly,
before increasing again. The value of the quotient at the extreme
end of the cycle is used to estimate the natural frequency.
4.3.2. Bending mode 2
Bending mode 2, in the interface-tangential direction, is similar

to the fixed-free beam example in Section 4.2 in that frictional non-
linearities, albeit in a distributed setting, are exercised here. The
results of the analysis are shown in Fig. 13 in a format identical
to Fig. 9.

From the mode-shapes in Fig. 13a, it can be seen that in the low
amplitude (linear) regimemost of the energy is stored in the elastic
portions of the beam (half-beam structures), evidenced by the
small gradients and relative translations in the interface region.
At higher amplitudes however, the half-beams look nominally
straight, while the amount of relative displacement in the interface
region is rather large, showing that most of the energy here is
being stored (or cyclically dissipated) through the interface. Note
that the amplitudes in the figure are scaled based on mass-
normalization, and are thus meant for visualization purposes only.

Due to the rather large amplitudes that were used in this exam-
ple, an unrealistically large amount of softening is observed in the
system, as evidenced by the peak shifting by more than 100 Hz in
Fig. 13b. Since frictional non-linearity is something the current
method performs well for, the modal characteristic backbones lie
nearly on top of the reference, as expected. The EPMC implementa-
tion is used as the frequency-domain reference here. In the stick
and slip limit cases, there seems to be some offset in the damping
factors (see Fig. 13d). But it must be noted that EPMC seems to
over-predict the damping factor even in the linear regime (low-
amplitude RQNM agrees with the prescribed linear damping fac-
tor), indicating that the ‘‘modal” response might have other modal
contributions that are not captured by the QS formulation. Note
here that RQNMA provides the characteristic of the mode of inter-
est considered in isolation and therefore does not include mode-
coupling effects here.
as the quotients in the top and the modal accelerations in the bottom plotted against
mplitude runs.



Fig. 13. Results for Bending Mode 2: (a) low and high-amplitude mode-shapes; (b) frequency response and backbones at response node; (c)-(d) modal frequency and
damping factor backbones.
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Once again, the deviation of the MAC number is plotted in
Fig. 14 to obtain a quantitative visualization of the change of
mode-shape. The magnitudes of deviation are at least two orders
of magnitude larger than those seen for the first bending mode
(see Fig. 11) and this is due to the fact that the mode-shapes look
even globally dissimilar in this case.

Fig. 15 plots out the hysteresis paths and generalized quotients
for low and high amplitude cases. The large area under the hystere-
Fig. 14. Deviation in Modal Assurance Criterion: comparison of mode 2 of the beam
structure in Fig. 8 estimated at different amplitudes. The planar axes are the modal
amplitudes and the vertical axis indicates the MAC deviation.
sis loop for the large amplitude case reveals the strong frictional
damping that is occurring. The Rayleigh quotients seem to be fol-
lowing a trend rather dissimilar to the one seen in Fig. 12 for the
previous mode. At either side of the backbone (unloading and
reloading), the quotient seems to deviate farther away from the
nominal value in either direction (smaller and larger), before the
trend flips at about q ¼ 0. For the large amplitude case the quotient
seems to even become briefly negative around q ¼ 0. Increasing
the number of points on the hysteresis curves reveal the same
trend, indicating that these may be asymptotes tending to �1 as
q ! 0 (also see earlier discussions in Section 2.1.2).

In both of the above modes, the influence of assuming that the
mode-shape remains fixed seems to be rather insignificant. This is
however not a generic conclusion, but merely a specific observa-
tion for this particular system, since it has already been observed
in the previous benchmarks (Sections 4.1 and 4.2) that fixing the
mode-shape could be very misleading for certain systems from a
practical standpoint.
4.3.3. Rayleigh quotients on the hysteretic curve
In order to better understand the meaning of the quotients at

each point on the hysteresis curves, some closer observations for
the last example are presented here. Fig. 16 plots the quotients
on the backbone and the unloading and reloading curves for low
and high amplitudes of the two modes under consideration. For
mode 1 (Fig. 16a–b), it can be seen that the quotient on the hys-
teretic paths are nearly identical to those on the backbone. On
the other hand, the quotients show a deviating behavior on the



Fig. 15. The generalized Rayleigh quotients and modal hystereses plots; Each subfigure has the quotients in the top and the modal accelerations in the bottom plotted against
the modal amplitude along the hysteresis loop. (a) and (b) are for low and high modal amplitude runs.

Fig. 16. Rayleigh Quotients plotted against absolute modal amplitudes for (a-b) mode 1 and (c-d) mode 2. (a),(c) and (b),(d) are low and high modal amplitudes for each case.
The same amplitude levels that were used in Figs. 12–15 are used here. Average (UL) and Average (RL) are the quotients averaged over the unloading (UL) and reloading (RL)
paths respectively. Insets are zoomed-in views for emphasis.
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hysteretic paths for mode 2 (Figs. 16c–d). This deviation seems to
grow with the maximal modal amplitude. It has already been
observed, for the case in Fig. 16d, that the quotient can become
negative near jqj ¼ 0. It must be remarked here that hysteretic dis-
sipation is nearly zero for mode 1 while it is the primary contribu-
tion to the damping in mode 2. For each of the plots in Fig. 16, the
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averages of the quotient estimated at modal amplitudes jqj and
�jqj (for each q) on the hysteresis curves are also plotted. The
trends of these averages seem to be close, but not identical to that
of the backbone. Extending the theoretical basis for the quotients
in linear systems accommodates the interpretation that they are
squares of the modal frequencies on the backbone curve. No simi-
lar insight with regard to the quotients on the hysteresis (or their
averages) is readily apparent.
5. Discussions and conclusions

A novel Quasi-Static (QS) formulation that generalizes Rayleigh
quotient stationarity for modal decomposition of linear dynamical
systems to non-linear dynamical systems has been proposed and
applied to benchmark problems. The formulation puts previous
QS efforts at non-linear modal characterization into perspective
since it may be shown that some of them may be taken as special
cases of the current approach. Notably,

� by assuming that the mode-shape does not change with ampli-
tude, the proposed Rayleigh Quotient Nonlinear Modal Analysis
(RQNMA) approach reduces to the Coupled Quasi-Static Modal
Analysis (CQSMA) approach in [9];

� by assuming that the mode-shape does not change with ampli-
tude, and the hysteretic non-linearities obey Masing’s rules, the
RQNMA approach further reduces to the Quasi-Static Modal
Analysis (QSMA) approach in [28];

� by assuming that the mode-shapes may be updated iteratively
with different partitions of the domain, the RQNMA approach
simplifies to the formulation in [16] in the absence of static
forces.

In the context of computational costs, since the number of
unknowns in a Harmonic Balance (HB) implementation is
Nd 2Nh þ 1ð Þ, with Nd and Nh denoting the number of Degrees-Of-
Freedom (DoFs) and harmonics respectively, the complexity of

matrix inversions is O N3
dN

3
h

� �
(nominally), i.e., it scales with the

product of the cubes of Nh and Nd. On the other hand, the number
of unknowns in QS implementations is just Nd and the complexity

of matrix inversions is O N3
d

� �
. For hysteretic models in each of

these cases, there are sub procedures that need to be carried out:
the Alternating-Frequency-Time (AFT) procedure with iterative
periodic time-marching in the case of HB and Hysteretic-
Marching (HM) in the case of the QS methods. The relative cost
of these sub-steps must be determined on a case-by-case basis
since AFT does not involve any matrix solutions (other than the
FFT procedure) while HM procedures are a set of non-linear solves;
the number of points in AFT are usually in the 100s, if not the
1000s, wherein non-linear function evaluations are conducted;
and the number of points for HM need not be more than 50, nom-
inally. Note that for non-hysteretic non-linearities, HM is not nec-
essary for QS while AFT will still be necessary for HB.

Only the local minimum property of the Rayleigh quotient has
been explored for the current formulation and no extensions of
multi-mode orthogonality properties are pursued in the current
work. A notable result for linear systems in the Courant-Fischer the-
orem is concerned with conditions for the selected eigen-pair being
globally stationary for the Rayleigh quotient when it is constrained
to be orthogonal to all the modes below it. Any extension of such a
result to a non-linear case will have to first start with determining
an appropriate orthogonalization that can be applied across multi-
ple amplitude-dependent modes in a non-linear context.

Another possible extension of the current formulation could be
the consideration of non-proportional linear damping and skew
symmetric velocity proportional forces (such as models for gyro-
scopic effects). These are classically well known to yield complex
mode-shapes and are very well understood. Although the
frequency-domain techniques are known to capture these very
well since the sine and cosine harmonics used there are directly
related to the complex mode-shapes, there is no direct theoretical
basis for QS methods to incorporate this as of writing.
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Appendix A. Frequency-domain formulations

The current appendix provides an overview of frequency-
domain Harmonic Balance (HB) formulations for Non-linear Modal
Analysis (NMA). HB, as a procedure for forced response
calculations, can be traced back to [51]. The idea is to transform
the problem from a system of non-linear differential equations
(in the time-domain) to a system of non-linear algebraic equations
in the frequency domain. A truncated Fourier ansatz of the form

u
�
tð Þ ¼ U0

�
þ
XNh

k¼1

Uc
k

�
cos kxtð Þ þ Us

k
�

sin kxtð Þ u
�
: R ! RNd ð25Þ

Harmonic Coefficients : U0
�
;Uc

k
�
;Us

k
�

2 RNd k ¼ 1; . . . ;Nhð Þ

is applied to all quantities in the time domain after assuming that
the solution u

�
tð Þ is periodic with circular frequency x. Stacking all

of the harmonic coefficients into U
�
¼ U0 � TUc

1 � TUs
1 � T . . .

� �T
gives a vector of size Nd 2Nh þ 1ð Þ � 1ð Þ. Recasting the dynamical
system in terms of U

�
gives

M€u
�
tð Þ þ C _u

�
tð Þ þ Ku

�
tð Þ þ f nl

�
u
�
; _u
�
; . . .

� �
¼ f ext

�
tð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Time domain problem

) eE xð ÞU
�
þeFnl U

�

� �
¼ eFext|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Frequency domain problem

: ð26Þ

Here eE xð Þ represents the so-called harmonic stiffness matrix that

represents the linear part of the original system and eFnl is the fre-
quency domain representation of the non-linear force f nl evaluated
either through convolutions (for polynomial non-linearities) or
through Alternating-Frequency-Time procedures (for more generic
non-linearities). Solving this set of equations provides the non-
linear steady-state periodic solution, if it exists, when the system
is excited periodically at some frequency x. Typically, frequency
sweeps are conducted to obtain a more expanded picture of the
response of the system. More details on the formulation and proce-
dures involved may be found in [21].
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A.1. Phase quadrature based force appropriation

The forced response of a linear system may be solved analyti-
cally and conditions derived on the relationships between the fre-
quency, damping, and amplitude at resonance. A particularly
useful property is that when the phase between the response
and the forcing is exactly �90�, the corresponding frequency is
xn, the undamped natural frequency of the linear system. Using
this idea, the fundamental harmonic frequency x in Eq. (26) may
be set as an additional unknown, and the phase-lock condition
yields an additional equation. In the frequency domain, this condi-

tion is given simply as eFT
ext U�

¼ 0. The augmented system thus

becomes

eE xð ÞU
�
þeFnl U

�

� �
¼ eFexteFT

ext U�
¼ 0:

ð27Þ

Solving Eq. (27) for U
�
Tx

h iT
gives an estimate of the undamped non-

linear mode of interest. Since the procedure is closely dependent on
the type of forcing applied, it is important to ensure that appropri-
ate DoFs are excited to expose the mode of interest.

The total cyclic dissipation may be estimated using the work
done by the force, calculated as

D ¼
Z p=x

�p=x
f

�ext

tð ÞT _u
�
tð Þdt: ð28Þ

This integral may be evaluated in the frequency domain directly
using a result known as Parseval’s theorem [21] that exploits the
orthogonality of sines, cosines, and their harmonics over the princi-
pal domain of the fundamental cosine. Although this represents the
total dissipation and not the modal dissipation, this is the limit of an
analysis based solely on phase quadrature.

A.2. The extended periodic motion concept

A more recent method, developed in [20], is a method that is
independent of the type of applied forcing. The method proposes
to replace the external forcing with forcing that is more compatible
with classical force appropriation (wherein forces are applied in
the ‘‘shape” of the velocity vector). The external force thus
becomes f ext tð Þ ¼ nM _uwith n being the unknown parameter, which
is interpreted as negative damping. This yields a set of Nd 2Nh þ 1ð Þ
Fourier coefficients, one fundamental frequencyx, and one param-
eter n as unknowns, totaling to Nd 2Nh þ 1ð Þ þ 2 unknowns. Two
constraints are then added to the original system in Eq. (26) in
the form of (a) a mass-normalization, giving meaning to a modal
amplitude quantity; and (b) a phase-normalization, to fix the phase
of the obtained complex mode (the same condition as in the previ-
ous subsection may be used). The approach is convenient in many
ways, including that both the natural frequency and the damping
factor (scaled by 2xn) are unknowns and are directly obtained
from the simulations, and that there is great control on the numer-
ical conditioning of the system of equations by rewriting the prob-
lem in terms of mass-normalized mode-shapes instead of the
displacement vector.

In all of these approaches, the incorporation of static forces

comes in just at the zero-harmonic level (eFext;0
�

). The mode ampli-

tude scaling and normalization is only applied for the non-zero
harmonics and thus the static problem can ‘‘co-exist indepen-
dently”. This un-scaled set of DoFs (and forcing) in the system,
however, presents challenges in conditioning the system of
equations on a numerical implementation. This was the same rea-
son that the authors were unable to find solutions with this
method in Section 4.3.1.
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