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The three-body recombination rate coefficients of the H + H + H → H2 + H process for different final

rovibrational levels of H2 are determined using a fully quantum-mechanical approach at zero total angular

momentum. The Jahn-Teller coupling between the lowest electronic states of the H3 system is accounted for.

It is found that the Jahn-Teller effect substantially enhances the recombination rates for deeply bound dimers at

room temperature but only leads to a 12% increase in the total three-body recombination rate. It is also found

that the nascent population of the H2 molecules, formed in the recombination process, is dominated by highly

excited rovibrational levels.
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I. INTRODUCTION17

The three-body recombination (TBR) of hydrogen atoms,18

H + H + H → H2 + H, plays a key role in the formation of19

the first generation of stars in the Universe. This process is20

the main mechanism in the interstellar medium (ISM) for the21

conversion of atomic hydrogen to the molecular form in a gas22

phase at large densities nH of the atomic hydrogen [1]. Since23

this reaction is highly exothermic, the energy released during24

the process contributes to the heating of the primordial gas. At25

the same time, due to its large abundance compared to other26

species in the ISM, H2 molecules produced from this reaction27

cool down radiatively the primordial gas at nH > 108 cm−3
28

[2]. Therefore, TBR of H3 strongly influences the thermal and29

dynamical evolution of the gas [3–6]. However, at relevant30

temperatures, 200 K < T < 2000 K, rate coefficients for the31

TBR of H3 reported in different studies disagree with each32

other by two orders of magnitude [1,7–9]. Such an uncertainty33

in the magnitude of the rate coefficient leads to a significant34

uncertainty in models of the evolution of the primordial gas35

[4–6].36

The TBR of H3 is also a problem of a fundamental interest37

in atomic and molecular physics. With the three lightest38

indistinguishable nuclei, the H3 system is described by the39

S3 ⊗ I complete nuclear permutation and inversion group (S340

is the group of permutations of three identical particles, and I41

is the inversion operator), or considering a dynamical picture42

of vibration or scattering, by the point-group D3h isomorphic43

to S3 ⊗ I . The ground electronic state is the doubly degenerate44

state of the E ′ irreducible representation (irrep) of D3h at45

the equilateral geometry of H3 and splits into two electronic46

states near that geometry, producing a conical intersection47

between the two lowest potential-energy surfaces (PESs) of48

H3 [10,11]. Consequently, the nonadiabatic coupling between49

the two states diverges at the conical intersection such that50

the Born-Oppenheimer approximation breaks down and the51

nuclei motion is strongly coupled to the electronic motion52

[12]. This coupling, which arises from the symmetry of the53

system, is also known as the Jahn-Teller coupling [13]. Cer-54

tain effects of the Jahn-Teller coupling could be represented 55

using the lowest potential-energy surface only by introducing 56

the geometric phase. In the reactive scattering of H + HD 57

[14], the effect of the geometric phase was studied. However, 58

the complete Jahn-Teller physics involving two PESs has not 59

so far been studied in the TBR process. 60

Although fully quantum-mechanical approaches for the 61

TBR on a single PES have been developed [15,16], the sys- 62

tems studied were often at ultracold temperatures with model 63

potentials [16–19] or only supported a few bound states on a 64

realistic PES [20]. To date, TBR cross sections for realistic 65

systems which support a large number of bound states at an 66

intermediate-energy range have not been reported. One of 67

the obstacles is to represent a considerable amount of sharp 68

avoided crossings between numerous adiabatic channels. Hy- 69

perspherical adiabatic (HSA) approaches which utilized the 70

slow variable discretization [21] were developed to represent 71

such nonadiabatic couplings [18,22,23] and were proven to 72

be robust computationally. Such approaches could resolve the 73

complication in the case of H3 where more than 150 adiabatic 74

channels are involved. In addition, despite the fact that the 75

Jahn-Teller couplings were introduced into the HSA approach 76

for the calculation of predissociative states of H3 [24], it 77

has not yet been implemented into the HSA approach with 78

the eigenchannel R-matrix (HSAR) method [23,25] for TBR 79

problems. 80

Due to technical difficulties of a fully quantum-mechanical 81

approach, rate coefficients for the TBR of H3 in previous 82

studies were obtained using various assumptions and ap- 83

proximations. Orel [26] has computed the TBR rate co- 84

efficient (1.3 × 10−32 cm6/s at 300 K) using a combina- 85

tion of the orbiting resonance theory [27] and the qua- 86

siclassical trajectory method. Based on the principle of 87

detailed balance, Palla et al. [1] and Flower and Har- 88

ris [7] used the rate coefficient for collision-induced dis- 89

sociation H2 + H → H + H + H measured in the experi- 90

ment [28] to evaluate the TBR rate coefficient (1.8 × 10−31
91

[1] and 2.2 × 10−30 cm6/s [7] at 300 K). Blandon and 92

Kokoouline [24] obtained an estimate (∼2 × 10−30 cm6/s 93
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at 300 K) for the coefficient from positions and widths of94

predissociated H3 resonances produced by two lowest elec-95

tronic states of H3 coupled by the Jahn-Teller coupling. Es-96

posito and Capitelli [29] have evaluated the coefficient using97

the quasiclassical trajectory method, similar to Orel [26]. A98

more recent study by Forrey [9,30] has made an important step99

towards to a fully quantum approach where continuum states100

of H2 were included and quantum-mechanical formalism for101

the three-body dynamics was used, and obtained the value of102

2.6 × 10−32 cm6/s at 300 K. Unfortunately, there is no clear103

criteria to determine which value of the rate coefficient is104

the most accurate because there are no experimental data for105

the TBR process or a fully quantum-mechanical and reliable106

theoretical benchmark study for a comparison.107

In the present paper, we employ the HSAR method to108

compute the continuum functions of the H3 system, the TBR109

cross section, and rate coefficient at zero total angular mo-110

mentum J . The interaction potential of the system includes the111

two lowest electronic states of H3 coupled by the Jahn-Teller112

coupling, similar to the previous study [24]. We compare113

results obtained with and without the Jahn-Teller couplings114

and find that the Jahn-Teller coupling enhances the total115

recombination rate by about 12% at T = 300 K. Our results116

suggest that the Jahn-Teller effect is not that important for the117

total TBR rate coefficient of H3 at J = 0, but the effect could118

be observed by measuring branching ratios with respect to119

final rovibrational levels of the formed H2 molecule. A similar120

measurement has been recently made in the experiment on the121

Rb3 recombination [19].122

II. THEORETICAL APPROACH123

To compute the total TBR rate coefficient, we used the124

method described in Ref. [23] and references therein. In the125

method, the HSA eigenvalue equation is solved for several126

fixed values of the hyper-radius ρ,127

[

h̄2
�2 + 15

4

2μρ2
+ V (ρ, θ, φ)

]

ϕa(ρ; θ, φ) = Ua(ρ)ϕa(ρ; θ, φ),

(1)

where (θ, φ) are the hyperangles, μ is the three-body reduced128

mass, �2 is the grand angular momentum operator at J =129

0 [31], and V is the interaction potential. Next, the HSA130

channel functions are used to construct the total nuclear wave131

function. The hyper-radial Schrödinger equation is solved132

using the eigenchannel R-matrix method [25]. The solution133

gives continuum three-body wave functions and the scattering134

S-matrix. Then, the thermally averaged rate coefficient at J =135

0 is obtained as [23]136

〈K3〉(T ) =
1

2(kbT )3

∫

K3(E )e−E/kbT E2dE ,

K3(E ) =
32h̄π2

μk4

∑

f ,i

|S f ←i|
2, (2)

where k is the initial wave number and i and f refer to137

three-body and dimer-atom channels, respectively. Note that138

the prefactor at the TBR rate coefficient K3 is six times139

smaller than in Ref. [20] due to a different convention. In140

our convention, the three-body loss rate is obtained by L3 = 141

3〈K3〉, which is equivalent to Ref. [20]. 142

To account for the Jahn-Teller coupling between the 12A′
143

and the 22A′ electronic states of H3, we adopt the diabatization 144

procedure of Ref. [24]. A similar approach was also used in 145

Ref. [32]. 146

In the diabatic basis of two electronic states of H3, two 147

degenerate electronic states were chosen to be the |E ′
+〉 and 148

|E ′
−〉 states of the E ′ irrep of the D3h symmetry group. The 149

diabatic vibronic wave function in this basis is represented as 150

� = ψ+|E ′
+〉 + ψ−|E ′

−〉. (3)

The interaction potential V becomes a 2 × 2 diabatic potential 151

and is approximated as 152

V =
1

2

(

V1 + V2 (V1 − V2)eiφ

(V1 − V2)e−iφ V1 + V2

)

, (4)

where V1 and V2 are the 12A′ and 22A′ PESs of H3 from 153

Ref. [10] and φ is the angle of the diabatic transformation 154

[24,32]. In this approach, the couplings due to first derivatives 155

of the 12A′ and 22A′ PESs are neglected. This approximation 156

is justified by a good agreement for energies and widths of 157

predissociated levels of H3 obtained in Ref. [24] where the 158

couplings were neglected with the results of Ref. [33] where 159

the couplings were accounted for. Although this diabatic 160

potential was derived near the conical intersection, we will 161

use it globally in this approximation. Detailed discussion on 162

the choice of rotation angle for the diabatic transformation can 163

be found in Ref. [32] and references therein. 164

Since the three nuclei of H3 are identical fermions, the total 165

wave function should transform in the D3h group as the A′
2 or 166

A′′
2 irreps. For J = 0, the rotational wave function is totally 167

symmetric in the group. As a result, the irrep of the total wave 168

function is determined by a direct product of irreps of vibronic 169

and nuclear-spin wave functions. The two lowest electronic 170

states, taken into account in this paper, transform in the group 171

as two components of the
2
E ′ irrep. The electronic spin is 172

1/2, thus, the electronic spin function is of the E irrep also 173

(in the electron-permutation group). Since each nucleus has 174

spin 1/2, the total nuclear-spin wave function can be of the 175

A1 or E irreps of the S3 symmetry group (a subgroup of D3h). 176

Because E ⊗ E = A1 ⊕ A2 ⊕ E , for the total wave function to 177

be of the A′
2 or A′′

2 irreps, the vibrational part ψ± of the total 178

wave function can transform as the A1, A2, or E irreps in its S3 179

symmetry group. In this paper, we consider vibrational wave 180

functions of the A1 irrep only. 181

III. COMPUTATIONAL DETAILS 182

In the HSAR approach, the hyperangular wave functions 183

ϕa(ρ; θ, φ) are expanded in terms of B-spline functions u 184

and v, 185

ϕa(ρ; θ, φ) =
∑

i j

bi j,a(ρ)ui(θ )v j (φ),

where the interval of θ and φ are [0, π/2] [34] and 186

[−π/2,−π/6] [35], respectively. At large hyper-radii, the hy- 187

perangular wave functions for dimer-atom channels are highly 188

localized at θ = π/2 and φ = −π/2. To better represent 189
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dimer-atom channels, we used the following hyperangular190

grids with variable grid steps:191

θi =
π

2
[1 − (1 − ti )

7], ti =
i − 1

Nθ − 1
,

φ j =
π

3
tanh

t j − 1

L
−

π

6
, t j =

j − 1

Nφ − 1
,

where Nθ and Nφ are the number of grid points for θ and φ and192

L is a parameter for tuning the distribution of the grid points.193

In the present paper, we chose Nθ = Nφ = 140 and L = 0.2194

such that the hyperangular grids are sufficiently dense in the195

region near θ = π/2 and φ = −π/2.196

For the hyper-radius grid, we adopt the variable grid de-197

scribed in Refs. [22,35], where ρ varies from 1.5 to 46a0 with198

512 steps. To represent numerous sharp avoided crossings199

between adiabatic potentials, we expanded the continuum200

hyper-radial wave function in terms of B-spline functions201

π j (ρ) such that the nuclear wave function 
 becomes202


(ρ, θ, φ) =
∑

j,a

c j,aπ j (ρ)ϕa(ρ; θ, φ).

The hyper-radial Schrödinger equation then becomes203

∑

j,a

[

〈π j′ |

(

−
h̄2

2μ

d2

dρ2

)

|π j〉O j′a′, ja + δaa′〈π j′ |Ua(ρ)|π j〉

− E〈π j′ |π j〉δaa′

]

c j,a = 0, (5)

where O j′a′, ja = 〈ϕa′ (ρ j′ ; θ, φ)|ϕa(ρ j ; θ, φ)〉 and is integrated204

over hyperangles only. Note that, although the above equation205

is different from the one in Refs. [23,35], it has the same206

numerical accuracy.207

On the other hand, since the Hamiltonian is complex, the208

hyperangular wave functions ϕa(ρ; θ, φ) obtained by solving209

Eq. (1) contain nontrivial phase factors. As a result, O j′a′, ja210

and the R matrix will be complex. To obtain a real R matrix,211

a phase convention is, therefore, needed for ϕa(ρ; θ, φ) [25].212

We fixed the phase in a way similar to Ref. [20], but, instead,213

we chose the reference wave function to be the hyperangular214

wave function of a particular channel at the last step of the215

hyper-radius. Inspection of the elements O j′a′, ja indicated that216

all elements became real after this procedure.217

IV. RESULTS AND DISCUSSION218

Figure 1 displays HSA potential-energy curves Ua at J =219

0. Some 200 HSA channels are included in the R-matrix220

calculation. Channels that converge to the H + H + H dis-221

sociation limit of (E = 0) are three-body channels, which are222

shown in the inset of Fig. 1. Since the 22A′ PES is repulsive,223

the 156 allowed dimer-atom channels, which converge to the224

dissociation limit of H2(ν, j) + H are all from the 12A′ PES.225

The Jahn-Teller coupling mixes the three-body channels from226

the two PESs. To demonstrate contributions from each PES,227

we have obtained HSA curves using only the lowest adiabatic228

12A′ PES. Figure 2 shows a zoomed region of Fig. 1 near229

the H + H + H dissociation limit. The dashed lines are the230

HSA curves obtained using only the 12A′ PES. The three-body231

channels from the 22A′ PES are the curves that do not overlap232
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m
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30 40
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FIG. 1. HSA potential-energy curves for H3. The x-axis is in log-

scale. Channels that converge to the H + H + H dissociation limit at

the energy E = 0 are three-body channels (dashed lines). The other

curves converging to different H2(ν, j) + H thresholds are the dimer-

atom channels (solid lines). The inset zooms at the region of large

hyper-radii near the H + H + H dissociation limit.

with the dashed lines. Note that the lowest three-body HSA 233

curve of the 22A′ PES (indicated by the smaller arrow in 234

Fig. 2) has a barrier. It means that the probability of the 235

H + H + H → H2 + H transition from that channel is small at 236

low energies and that the Jahn-Teller effect on the TBR of H3 237

at low temperatures is expected to be small. For higher total 238

angular momenta, since the potential barrier will be higher, 239

in general, one expects the Jahn-Teller effect will be weaker 240

compared to the case of J = 0 at a fixed collision energy. 241

Figure 3 shows the thermally averaged rate coefficient 242

〈K3〉 obtained using Eq. (2). To assess the importance of the 243

Jahn-Teller effect, we also computed 〈K3〉 using the single 244

12A′ PES. The solid and dashed lines represent the total TBR 245

rate coefficients obtained in the two-PES model [Eq. (4)] 246

and the single PES model. The inset of Fig. 3 shows the 247

percentage difference between the rate coefficients calculated 248

in the two models. One can see that the Jahn-Teller effect in 249

10 20
Hyper-radius (bohr)

-100

-50

0

50

100

U
a
(ρ

) 
(c

m
-1

)

H + H + H

FIG. 2. A zoom of Fig. 1. The x-axis is in log-scale. The dashed

lines are the HSA energy curves obtained using only the 12A′ PES,

whereas the solid lines are the curves obtained using the complete

potential of Eq. (4).
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FIG. 3. Thermally averaged total TBR rate coefficients as a

function of temperature, obtained using the full potential of Eq. (4)

(solid line) and the single uncoupled 12A′ PES (dashed line). The in-

set shows the percentage difference (Ktwo PESs − Kone PES)/Ktwo PESs ×

100.

the total TBR rate is stronger at higher temperatures, but the250

enhancement is less than 15% in the interval of 10–1000 K.251

The strong temperature dependence at T = 10–20 K can be252

explained by the above-mentioned energy barrier for the253

H + H + H → H2 + H transition as the barrier has a height of254

about 12 cm−1 (17 K). This also seems to support our conjec-255

ture on the Jahn-Teller effect at higher total angular momenta.256

Overall, since the uncertainty of the rate coefficient due to the257

numerical convergence of the present calculation (mainly due258

to different hyperangular grids) is about 10%, we conclude259

that the Jahn-Teller coupling has a small effect on the total260

TBR rate at J = 0 for temperatures of T = 10–1000 K.261

In Fig. 3, one may note that our total TBR rate coefficient262

at 300 K (∼1 × 10−34 cm−6/s) is a few orders of magnitude263

smaller than rate coefficients obtained in the previous studies.264

It is because we consider a very limited case where J = 0 and265

vibrational wave functions transform as the A1 irrep. To have266

a meaningful comparison with the results from the previous267

studies, one must include contributions due to different J’s268

and other irreps of the vibrational wave functions. However,269

such cases are still challenging to be solved within the HSAR270

approach and are beyond the scope of this paper.271

It is instructive to see thermally averaged TBR rate coeffi-272

cients 〈K3, f 〉 into a particular final two-body channel f ,273

〈K3, f 〉(T ) =
1

2(kbT )3

∫

K3, f (E )e−E/kbT E2dE ,

K3, f (E ) =
32h̄π2

μk4

∑

i

|S f ←i|
2.

Figure 4 shows the 〈K3, f 〉 coefficients at T = 300 K as a274

function of binding energy Eb of the final products f . Circles275

and squares in the figure are the results obtained from the276

coupled two-PES potential [Eq. (4)] and the single 12A′ PES,277

respectively. For both models, the nascent distribution of the278

H2 molecules is dominated by highly excited rovibrational279

levels. At Eb < 104 cm−1, the values of 〈K3, f 〉 obtained in the280

two models are similar. At larger binding energies, the coef-281

ficients obtained in the two-PES model with the Jahn-Teller282

10
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Binding energy (cm
-1

)

10
-38

10
-37

10
-36

10
-35

<
K

3
,f
 >

 (
cm

6
/s

)

FIG. 4. Rate coefficients 〈K3, f 〉 for recombination into a partic-

ular final dimer-atom channel f as a function of binding energy of

the channel at 300 K. Circles correspond to the calculation with

the complete two PESs of Eq. (4), and squares correspond to the

calculation with a single 12A′ adiabatic PES.

coupling, are, in general, larger, up to ten times larger for some 283

deeply bound dimers. Therefore, the 12% enhancement in the 284

total TBR rate at 300 K from the Jahn-Teller effect is due 285

to the substantial increase in the recombination rate towards 286

deeply bound dimers. Indeed, we found that nonadiabatic 287

couplings between the deeply bound dimer-atom channels and 288

the three-body channels are larger for the two-PES model than 289

the single PES model. On the other hand, for Eb > 104 cm−1, 290

we found that the 〈K3, f 〉 coefficients obtained in the single 291

PES model scale as 1/E1.5
b , whereas it was difficult to find 292

a scaling law for the coefficients obtained from the two-PES 293

model due to their oscillatory behavior. The results suggest 294

that the effect of the Jahn-Teller coupling in the TBR of H3 295

could be observed experimentally by measuring branching 296

ratios of reaction products and looking at the dependence of 297

the ratios as a function of binding energies, similarly as was 298

performed in Ref. [19]. 299

V. CONCLUSION 300

In the present paper, we have determined thermal rate 301

coefficients for TBR of the H + H + H → H2 + H reaction 302

as a function of binding energies of H2 products for the total 303

angular momentum J = 0 using a fully quantum-mechanical 304

approach. The role of the Jahn-Teller coupling in TBR is 305

investigated for the case of the simplest neutral triatomic 306

system H3 at zero total angular momentum. In this paper, we 307

found that the effect of the Jahn-Teller coupling is small at 308

low temperatures, whereas above 300 K, the effect enhances 309

recombination rates significantly for the majority of deeply 310

bound dimers but contributes only about 12% to the increase 311

in the total TBR rate coefficient. Our results also suggest that 312

the Jahn-Teller effect in TBR of H3 should be weaker at higher 313

total angular momenta. 314

In addition, the rate coefficients obtained for individual 315

final channels show that, in the recombination process, highly 316

excited rovibrationally H2 molecules are formed preferen- 317

tially. Considering the environment of interstellar clouds, the 318
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excited molecules have different reactivity in collisions with319

other species compared to the ground-state H2 [36]. There-320

fore, the conclusion of the paper about the nascent distribution321

of mainly excited H2 could be very important for astrophysical322

models of thermal and chemical evolutions of interstellar323

clouds with a significant fraction of atomic hydrogen.324

Our results represent significant progress in a fully325

quantum-mechanical study of the fundamental process of326

H3 TBR. The paper could also be considered a benchmark327

treatment: In the future, the accuracy of alternative approxi-328

mate theoretical approaches for the TBR, such as the quasi-329

classical trajectory approach [37], could be tested. Eventually, 330

with a computationally feasible approach, once it is tested for 331

J = 0 and compared with the present results, an accurate and 332

complete TBR rate coefficient could be obtained. 333
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