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A min-plus fundamental solution semigroup for a class of approximate
infinite dimensional optimal control problems

Peter M. Dower!

Abstract—By exploiting min-plus linearity, semiconcavity,
and semigroup properties of dynamic programming, a funda-
mental solution semigroup for a class of approximate finite
horizon linear infinite dimensional optimal control problems is
constructed. Elements of this fundamental solution semigroup
are parameterized by the time horizon, and can be used to
approximate the solution of the corresponding finite horizon
optimal control problem for any terminal cost. They can also
be composed to compute approximations on longer horizons.
The value function approximation provided takes the form of
a min-plus convolution of a kernel with the terminal cost. A
general construction for this kernel is provided, along with a
spectral representation for a restricted class of sub-problems.

I. INTRODUCTION

Infinite dimensional linear quadratic regulator problems
describe a class of optimal control problem whose formula-
tion utilizes a standard quadratic cost functional constrained
by linear infinite dimensional dynamics described by partial
differential equations. This class of optimal control problem
has been well-studied in the literature, and includes substan-
tial theory, tools, and representations for their solution, see
for example [3], [2].

In the finite dimensional setting, the study of correspond-
ing less specialized nonlinear regulator problems has moti-
vated the development of idempotent methods for their solu-
tion. These idempotent methods exploit min-plus or max-plus
linearity [9], [10], [1], semiconcavity or semiconvexity, and
semigroup properties of dynamic programming to facilitate
construction of elements of an idempotent fundamental solu-
tion semigroup that can be used to propagate the associated
value function to longer time horizons. These developments
have yielded min- and max-plus eigenvector methods [10],
[1], [4] that provide sparse solution approximations, and
even curse-of-dimensionality free methods for efficiently
computing solutions for specific problem classes in higher
dimensions [11]. Moreover, specific tailoring to finite dimen-
sional linear quadratic regulator problems has yielded new
fundamental solutions for the standard differential Riccati
equations that arise [12], [8].

In seeking to translate these finite dimensional advances
to the infinite dimensional setting, recent efforts have yielded
dual space solution approaches for particular classes of
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infinite dimensional optimal control problems, and new fun-
damental solutions for corresponding operator differential
Riccati equations, see [5]. More recent efforts have focussed
on primal space solution approaches, yielding fundamental
solutions for classes of related wave equations [6], [7].

In the current work by the authors, a min-plus primal space
fundamental solution is developed for a class of approximate
infinite dimensional linear quadratic regulator problems that
admits a possibly non-quadratic terminal cost. After setting
out the problem class in Section II, the fundamental solution
semigroup concept and its construction is detailed in Section
III. This concept is further specialized via a spectral repre-
sentation in Section IV, to facilitate future computations.

Throughout, R, Z, N denote the real, integer, and natural
numbers respectively, with extended reals defined as R =
R U {£oo}. The space of continuous mappings between
Banach spaces 2" and % is denoted by C(2";%). The
set of bounded linear operators between the same spaces is
denoted by L(27; %), or L(Z") if 2 and % coincide. The
corresponding space of self-adjoint bounded linear operators
is denoted by X(2"). The space of strongly (C() continuous
mappings from an interval I < R to 2" is denoted by
Co(I; Z7), while those with continuous Fréchet derivatives
are denoted by C'(I; 2"). The complete min-plus algebra
(R,®,®) is a commutative semi-field over R, equipped with
addition and multiplication operations a@®b = min(a, b) and
a®b=a+0bforall a,beR.

II. OPTIMAL CONTROL PROBLEM

Let %, Z denote a pair of infinite dimensional Hilbert
spaces. Attention is restricted to a standard finite horizon
infinite dimensional linear optimal control problem [3], [2]
defined via the value and cost functions

Wi(z) = (S V)(x) = inf  J[P](x,u), (1)

ue [0,t]
t
Je [P (x,u) = J %<xs, Cxsy+ % |us|? ds + (), (2)
0

for all t € Rxg, u € Z[0,t] = A([0,t];%), v € £,
in which C € X(2°) is non-negative and ¥ : 2= — R
denotes a possibly extended real valued terminal cost. In (2),
s+ xs € C([0,t]; Z7) denotes the unique mild solution of
the abstract Cauchy problem

is=Axs+ Bus, wz9=x€edom(A)c 2, (3)

for all s € [0,¢], with A densely defined in £  and
generating a Cp-semigroup, and B € L(% ; Z"). The optimal
control problem (2) can be approximated by a corresponding
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problem in which unbounded A is replaced by its (bounded)
Yosida approximation [14],

A= AL —p? A7 e £L(2), “4)

The analogous value and cost functions are defined as per
(1), (2), with

Wi (z) =

peRsy.

inf  JI[P](x,u),

we [0,t]

T = [ 46t cen + ul?ds ¢ w(eh), ©)
in which s — &* e C([0,¢]; £) is the unique classical
solution of the Cauchy problem approximating (3) via

= A& +Bus, G=ze, (M

for all s € [0,t]. A standard verification theorem follows for

the optimal control problem (5), and its proof is omitted.
Theorem 2.1 (Verification): Given p € R.g, t € R.g,

suppose there exists a functional (s, z) — Vi (z) € C([0, t] x

(S ) ()

(&)

2 R) n CH((0,t) x 2°;R) such that
0=~ To(@) + H Vi), Volw) = %), ®)

for all s € (0,t), x € 27, where V,V,(x) € 2" denotes the
Riesz representation of the Fréchet derivative of z — V;(z),
and H : 2" x 2" — R is the Hamiltonian

H(z,p) = 5 {x, Ca)+{p, A»z)— 5{(p, BB'p), (9)
for all z,p € 2. Then, Vi(z) < J}'(x,u) for all z € 2,
u € 10,t]. Furthermore, if there exists a mild solution
s +— &F of the Cauchy problem

€ = A€ + Buf, §= k()
ks(y) = —B'Vi.Vies(y) , €[0,t], ye 27,

with & € 2 for all s € [0,¢], then Vi(z) = JH(x,u¥)
Wk (s) for all s € [0,t].

(10)

III. MIN-PLUS FUNDAMENTAL SOLUTION SEMIGROUP
A. Min-plus convolution representation

The dynamic programming evolution operators S;, St
defined in (1), (5) are min-plus linear operators. In particular,
given any ¥, ® : 2" - R, ce R, € Rog, and t € R-g,
inspection of (2), (6) reveals that J/'[¥ @ (¢ ® ®)](z,u) =
JE] (2, u)® (c@JL [@] (2, u)), forall z € 27, u € %|0,t].
That is, the map ¥ — J/'[¥](z, u) is min-plus linear, which
implies by (5) and an interchange of inf and min that

SV ()] =5[V]®(cas[®).  an

Moreover, the corresponding identity operator Z® acting on
terminal costs is given by the min-plus convolution

) iyig; {0(z,y) + ¥(y)},

+00 otherwise,
R, z,y € Z . The interplay of the min-
plus l1near1ty property (11) with this min-plus convolution

(12)
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representation of the identity yields a corresponding min-
plus convolution representation for the value function (5),
see also [9], [13].

Theorem 3.1: Given 1 € Rog and ¥ : 2" — R, the value
function (5) has the min-plus convolution representation

W @) = (@ 0)@) = inf (GHy) + ) (13)
for all t € Ryg, z € 2, iIL which the min-plus convolution
kernel G} : 2" x 2 — R of the defined min-plus linear
operator G is the bivariate functional given by

Gy (z,y) = (S/'[0(,y)])(2), (14)
for all z,y e 2.
Proof: Let ¥ : 2 — R, and fix 1€ Rog, t € Rop,

x,y € Z . Together, (5), (11), (12), and a swap of inf order

yields W(z) = (SIFTOW)(z) = S[infyea{d(-y) +
U(y)}(z) = infye2 {(SI'[6(-,y)])(z)+¥(y)}, which yields
(13) via (14). u

Dynamic programming and the min-plus convolution rep-
resentation for the value function provided by Theorem
3.1 defines a semigroup of min-plus convolution kernels
{G!'}ier-, and a corresponding semigroup of min-plus con-
volution operators {G/'}icr.,. The latter is referred to as a
min-plus primal space fundamental solution semigroup [13],
[6], [4], [7]. It describes a fundamental solution insofar as the
value function (5) for any terminal cost W can be represented
using (13).

Observe by inspection of (14) that the kernel G} is the
value of an optimal control problem with fixed initial and
final states. Note in particular that G} (z,y) = +o0 if no
open-loop control u € 7 [0,t] exists such that g = x and
x; = y. A homotopy argument can be used to construct this
kernel, via a limit representation of (14), see for example
[13]. However, a potentially simpler approach is to exploit
semiconcavity properties of the optimal control problem (5),
analogously to the semiconvexity argument employed in [7,
Theorem 3.3]. This is the approach adopted here.

B. Kernel construction via semiconcave duality

In order to introduce suitable notions of uniform semi-
convexity and semiconcavity, corresponding semiconvex and
semiconcave transforms, and semiconcave duality, it is useful
to define the bi-quadratic basis functional ¢ : 2" x 2~ — R
with respect to a coercive operator M € X(Z2") by

(x —y, M(z—y)),

for all z,y € 2. The spaces of uniformly semiconvex
and semiconcave functions 5’; and . are subsequently
defined with respect to (15) by

o(z,y) =3 (15)

YJA{\I/:%HR z > U(z) +¢(,0) }
convex, lower closed
(16)
Y@_*{@:%—»R‘ —@e&{j }
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These spaces are in duality, see [10], [4], via either the
semiconvex transform D; or the semiconcave transform D; .
The semiconvex transform and its inverse are defined by

(DFW)(2) = = sup (—p(a.2) ~ W(a)), Ve FF,

(DS @) (x) = sup{—p(r,2) + (2)}, e,

for all z, z € &£, while for the semiconcave transform,
- - + _ +1-1 -
D, ®=-DJ[-®]=[Dj] " ®, des,
[D,]7' ¥ = —([D}] ' [-¥] =D}V, Ve 5{; ,
in which the symmetry of ¢ implies the right-hand equiva-
lences. In representing the kernel (14) via the semiconcave
transform, a parameterized auxiliary optimal control problem
is considered. In particular, given pu € R.g, t € Ry,

y e 42, and basLs (15), define the auxiliary value function
S (-, y): 2 — R of interest by

i (w,y) =[S e, 9)](2)

for all z € 2. An explicit representation for this auxiliary
value function is provided via an application of the verifica-
tion Theorem 2.1.
Theorem 3.2: Given € R.g, t € Ryg, the auxiliary
value function (18) has the explicit quadratic form
n
t

a7

(18)

T
Y

1
2

S (,

for all z,y € 2, in which Xt“,Z“ € Z( ), yt e L(Z)
are evaluations of the respective classical solutions
s — X 2l e C([0,81; 2(2) n CH((0,1): 2(2))

s = Vi e C([0,1; £(27)) n CH((0,); £(2))
for s € (0,t), of the operator-valued Cauchy problems
Xl = (AMY X1+ XA —XS“BB’XS“ +C, A =M,
Vi = (A= BB XL Y, Yo = M,
Zh = (YWY BB V", Zh =M.

(20)

Proof: Fix p € Rog, t € Ryg, and z,y € 2. With
At e L(Z) by (4) and the Hille-Yosida Theorem [14,
Theorem 3.1, p.8], the existence of a unique classical solution
s> X e C([0,t];2(2)) n CH(0,t); 2(2)) of the first
Cauchy problem in (20) follows by (for example) [2, Propo-
sition 3.2, p.399]. Existence of unique classical solutions for
the remaining two Cauchy problems in (20) follow similarly.
Let S“ denote the explicit quadratic form (19). As X#, Z! e
CH(0,1);2(27)), Vi e CH((0,1); L(Z)), it follows that
s > St(x,y) of (19) is Fréchet differentiable. Similarly,
x> St(z,y) is Fréchet differentiable by inspection. Hence,
) — SH(x,y) is a classical solution of
the stated assertion regarding (18) and
borem 2.1 and (20). u
en 4 € Rog, t € Ryg, the min-plus
ental solution kernel GY' of (14) satisfies

Gy (x Gy (x,y) = [D, Si'(z,)](y), QD

7')€f5ﬂ<;ra
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for all z,y € 2, in which S}'(z,-) € .77
value function (18), (19).

Proof: Fix p € Rog, t € Ry, and z,y € Z". By
inspection of (15), (19),

— 51(0,9) + ¢(y,0) = 5y, (M = Z[")y)

é<é7(£ﬂyﬁyBBde{)y>,

which is convex in y. As S!(0,y) — Si'(z,y) is linear
and hence convex in y, note that —S!(x,y) + p(y,0) =
[—S4(0,y) +¢(y,0)] +[St(0,y) — St (z,y)] is also convex
in y. Note further that this functional is continuous, and
hence lower closed [15]. Hence, —S}'(z,-) € .}, so that
Sy (z,-) € S, = dom (D), see (16). Hence, the rlght—hand
side of the right-hand equality in (21) is well-defined, and
Gy (z,-) € &} . Moreover, recalling Theorem 3.1,

St (@,y) = (St e(y))(x) = Inf (G (z,2) + (=2, y)}
2) + G (x,2)} = ([D,]7 G () (),

in which [Dg ]=1 is the inverse semiconcave transform, see
(17). Hence, taking the semiconcave transform of both sides,
with respect to y, yields (21). |

Theorems 3.2 and 3.3 may now be combined via semicon-
cave duality to yield an explicit representation of the kernel
G4 of any element of the min-plus primal space fundamental
solution semigroup {G; }+cr., for the approximate optimal
control problem (5).

Theorem 3.4: Given pu € Rog, t € Ryg, and z,y € 2,
the kernel G} (z,y) of (14), (21) satisfies G (z,y) > —oo,
and if finite, has the explicit quadratic representation

m 1 xr P}u t
Gt(xay)_2<<y>?((gld«)l R#)( >> (22)
for all z,y € 2", with operators P/', R} € X(Z
L(Z) satisfying

Pl XL+ VI (M= 21 L,
PV M= 2 FM,
P M+ MM —Z')PM,
in which X}, Z' € ¥(2), V' € L(Z") are as per (19),
and (-)* denotes the Moore-Penrose inverse. Alternatively, if
M — Z!" appearing in (23) is coercive, then G}’ is always
finite, and (22), (23) hold with (-)f = (-)~*

Proof: Fix p e R-g, t € Ry, and x,y € 2. Applying
Theorems 3.2 and 3.3, and in particular (19), (21) via (17),
Gy (x,y) = D, S (z,)](y) = ((DF1~" Sf (=, ) ()
= -2y, My)+ 3z, Xl'z) + su;; Toy(2), (24)

z€E

is the auxiliary

inf
nf {ely,

(23)

in which 7,, : 2 — R is defined by 7, ,(z) =
Gy (D) @+ My — L (2, (M= ZF) 25, As 7,0, (0) = 0,
and z = 0 is suboptnnal in (24), GY'(z,y) = =1y, My)+
2z, X}'xy > —oo, as per the first assertion. Suppose
further that G’ (x,y) < c0. Applying [5, Lemma E.2] yields

existence of the Moore-Penrose inverse (M — ZI)%, and
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Muyl). Hence, (22), (23) follow by (24). Coercivity of
M — Z!" implies existence of the corresponding (bounded)
inverse, so that the final assertion is immediate. |

IV. SPECTRAL REPRESENTATION
A. Restricted problem class

In illustrating Theorems 3.1, 3.2, 3.3, and 3.4, a convenient
restricted problem class is considered, with % = 2" and

A=-A, B=C=1I, (25)

in which A : dom(A) ¢ 2 — 2 is a densely de-
fined, unbounded, positive, and self-adjoint operator with a
compact inverse, and Z € L(Z") is the identity operator
on 2. The compactness restriction on A implies via the
spectral theorem [3, Theorem A.4.25, p.619] that it has the
representation Az = Y7 A, (2, on) ¢y, forall z € 2, in
which {\1},.ex and {0, }new denote the sets of eigenvalues
and corresponding orthonormal eigenvectors of A~!. Note
in particular that {)\,,'},cn is a positive, strictly decreasing
sequence, with lim,, o, At 0. This representation is
inherited by A and A*, with

Az = Z ATy ) Pn, Alx = Z =M@, on) o,

n=1
(26)
for all x € 27, and (for convenience)
A
M= Bz a1+ ()2, eN. (27
T4\, Wn, (An) n 27
Note by inspection that A}’ < A < 2 and w¥ < /1 + 714,

for all n € N. The first bound further implies that | A*| <
/712' In (15), the operator M = MH e ¥(Z7) is selected
with the same spectral representation (26), with eigenvalues
{m#,en © R restricted to satisfy a priori fixed bounds
mt, mt, with

mh e [m!, m"] < Rog, neN,

m" =2 maxg(\}) = 2g(A}) >0
with neN

defined with respect to the strictly positive and strictly
decreasing map A — g(A) =1+ A2 — X >0, A€ Ryy.

It is emphasized that M = M* of (15), (28) depends on
the approximation parameter x € R~ (. A similar dependence
arises in a related max-plus / semiconvex setting [6, (43)].

B. Kernel

In order to compute the kernel G via (22), (23), i.e.
Theorems 3.2 and 3.4, solutions of the operator DREs (20)
are required. To this end, it is convenient to define candidate
W ’ Z“ of the form (26), with respective

y
coth(wh s + 64) ,
OF csch(wh s + 61) ,

mr)?

wh

(28)

)

mt <m' <o,

(29)

The Trial Version

sinh? ## [coth #* — coth(w! s + 61)],
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in which {m#},cn < Rsq denote the eigenvalues of M =
MHP e X(Z) as per (15), (28), and
> , nelN.

mh 4+ A\
wn
Some straightforward algebraic manipulations yield bound-
edness of these sequences, and corresponding sequences of
time derivatives of (29).

Lemma 4.1: Given pu € R, and m*, m" as per (28),
the sequence {0%},cn of (30) is well-defined and satisfies
the uniform bounds

0" = coth™ ( (30)

0" ¢ (0", 0") c Rag, neN, (31)
0" = coth™* (W) >0,
with m“’l
9" = coth™* <2u > > 0.
Waoo

Furthermore, given t € R~ , and M = M* of (15), (28), the
eigenvalue sequences {[Z#],}nens {[UH]n}nens {[Z4]n}nen
of (29) are well-defined and bounded uniformly in s €
[0,%], n € N. Moreover, the sequences of first and second
derivatives with respect to s € (0,t) are likewise bounded
uniformly, and in particular the first derivatives satisfy

L], = (wh)? [1— coth? (wh s + 1]
1=2) [24] — [24]5
= mk Wk sinh 6% coth(wh s + 0k) x
csch(wh s + 04)
=[] (961 = An 198 Tn
—(m#)? sinh? 0# csch?(w” s + 64)
~[9475
for all s € (0,t), neN.
Lemma 4.1 implies that the candidate solutions defined by
(29) are indeed solutions of the Cauchy problems (20).
Lemma 4.A2: (A}iveg e Reg, t € Ry, the operator valued
maps s — XK, Vi ZE of (29) are Fréchet differentiable and
solve the Cauchy problems (20), for all s € [0,{].
Proof: Fix p e R.g, t € R.o. Note by Lemma 4.1 that

the sequences {[Z%],}nen. {-£[2#]5 }nens {ds [24 ]n }nen

are bounded uniformly in s € (0,¢), n € N. Fix s € (0,¢),
n € N. By the mean value theorem, given h € (—s,t — s),
there exists o € (0,t) depending implicitly on p € R,
teR-g, s€(0,t), neN, and h such that

GiH

A ~ 2
- [x?]n —h %[xg]n = %hz j?[xa]rw

The aforementioned uniform boundedness implies existence
of K, € Rx such that

re A

(32)

[ 1 01

sup sup [[24, ;o — [#4]n — b 5 [24]n]
s€[0,t] neN

2 A
< i h® sup sup|fz[3],| = h* K <o,

o€[0,t] neN

Hence, s — /’\A,’ # is Fréchet differentiable, with derivative

-3

n=1

X

s ds Xs“ = <$U On) Pn (33)

zT
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for all s € [0,¢] and x € 2. The operator-valued maps
s — YE ZE are likewise Fréchet differentiable, and their
corresponding derivatives have eigenvalues given by the se-
quences {%[gg]n}neN and {%[éﬁ]n}nel\; in (32). Moreover,
recalling (29), (30), (32), it follows that

B= T (AR X+ XA - XP X X = MP
= (A - X)L Vi =M,
2= -1 DL, 2= me

).

That is, the operator-valued functions s — )?g“,fé‘,éé‘
satisfy (20), given (25), as required. [ |
Theorem 3.2 and Lemma 4.2 subsequently provide the
explicit representation (19) for the auxiliary value function
Si of (18) that is the foundation for the application of
Theorems 3.3 and 3.4. In particular, (19) holds with
XS Xp, Yy zZi s 2L

s

(34)

for all s € [0, ¢], see (29). With a view to applying Theorem
3.4 in particular, observe by (28), (29), (34) that

0
(MF = 2z = ) [68]n (2, n) on (35)
n=1
n\2
[04], = (mz) sinh? 0% [coth 6% — coth(w s + 6],

Wn,

for all x € 27, s € [0,t], n € N. As sinh is increasing and
coth is decreasing, by restricting s € [, t] for some a priori
fixed 7 € (0, t], note further that

N e : 2 7 7 7
/ (m,lt)2 / Mo I L
[6H],, = T sinh® 0¥ [coth 6% — coth(wh s + 04)]
o8]
(m")? 2
> ;u sinh” 0 [coth 6% — coth(w!' T + 64)]
ee]
)2 _ _
> oH = (m#) sinh? 0" [coth & — coth(w” 7+ 6")] > 0,
Waoo

for all s € [r,t], n € N. Hence, M" — Z! is coercive,
uniformly in s € [7,t], with coercivity constant §* > 0.

Lemma 4.3: Given p € Rog, t € Rog, and MH* € L(Z)
as per (15), (28), M — Zt e L(Z") is boundedly invertible
for all s € (0,¢], with

0
(MH =28 e =) [5;]n (&, pnypn,  (36)
for all z € 27, in which [§#],, is as per (35).

Proof: With u € Ry, t € Ry, and any s € (0,¢]
fixed, the assertion follows by coercivity of M#* — Z¥, see
for example [3, Example A.4.2, p.609]. |
erse (M* — ZH)~t € L(Z) provided
aces the Moore-Penrose pseudo inverse
). This inverse also has the corresponding
on (26), (29), which implies that P#, O,
ko do, for s € [1,1].

eorem 4.4:-Given 1 € R, t € R. g, the kernel Gf of
(14) is finite, and has the explicit form (22), with P, R} €

798

(), Q) € L(Z) of (22), (23) taking the spectral form
(26), with their respective eigenvalues given by

[Pi]n = =M + wh coth(wht), [¢}'], = —w! csch(wh t),
[r], = Mo 4+ wh coth(wh t), (37)

for all n € N.
Proof: Fix u € Rog, t € Rog. By Theorem 3.4 and
Lemma 4.3, G}’ is finite, and the operators P, R} € X(.2),

Q) € L(Z") take the same spectral form (26), by (23) and
(29), (34), (36). In particular, the eigenvalues of P} satisfy

<172
o R
Pl = L&+ S
= =M+ Wl coth(wh ¢ + 61)
(m#)? sinh? 6 csch?(w! t + 61)
(%%,)2 sinh? 0% [coth 6y — coth(wh t + 67)]
tanh(wy t + 0n) — tanh 0n,
— M\ 4wk coth(wh t),

for all n € N, via sum-of-angles. The eigenvalues for Q.
R follow similarly, and the details are omitted. |
C. Optimal control

A feedback characterization of the optimal control can be
obtained via Theorems 2.1, 3.1, and 3.4, under certain cir-
cumstances. With this in mind, attention is further restricted
in (25) to the case where, given € Rog, t € R,

Ve CYZ;R), domW}  # &,

YH(x) = intdom G} (z,-) # &,
GY_ (x,) + U is strictly convex on %} (x),

V zedomW/ ., sel0,t).

(38)

Given z € 27, s € [0,1), (38) and Theorem 3.4 imply that
y — Gi_ (z,y) takes the explicit quadratic form (22) and
is Fréchet differentiable at every y € #}*(xz). Moreover,
as U is Fréchet differentiable and y — G} (z,y) +
U(y) is strictly convex, y¥(z) € %} (x) exists, with
L > Wtﬂ—s(I) = minye?%”(:c){G?—s(I7y) + \I/(y)} =
Gis(a,yl (x)) + ¥(yt (2)), and

0= VG (,ys(x)) + Vy U (ys(x)).
If z — y#(x) is itself Fréchet differentiable, note further that
D, W (z) = D.GY_ (2,ys(2)) + [DyGi_(z,ys(x)) +

Dy¥(ys(x))] Drys(x) = DaGi_(w,ys(x)), by (39), or in
terms of the Riesz representation,

(39)

vTWtu—s(‘T) = vaf_s(Z‘, yg(gj)) . (40)
In the specific case of a quadratic terminal cost
U(z) =i -2, T(x—2), ze€Z, 41)

given coercive 7 € X(Z") of spectral form (26), and fixed
T € A, note that (38) holds for any p > 0, t > 0. In
particular, Z/(z) = 27, R}, + T is boundedly invertible,
and yt(z) = Ry, + T)~ ! [Tf—( f_s)’x], for all
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x € Z,s € [0,t), by (39). As x — y¥(x) is Fréchet
differentiable by inspection, (40) applies, with

VthIL—s(x) = VwGéL_s(Jf,yg(l‘)) = P s T+ Qt s Ys (T ( )
= [/Pt,is - Mfs (Réj;s + T)_l (Qélfs) ]l‘
+ O (RE AT TZz=K a4+ L) 2. (42)

Consequently, according to Theorem 2.1, the optimal feed-
back control has the feedback characterization
&L AP el oy

uf = =V Wit () =

& ==,

KH

(43)

,U,

- L

for all s € [0,t). Letting {¢, },en denote the eigenvalues of
T € X(Z), (42) and the spectral form (26) imply that K;_,
L, are of the same form, with eigenvalues given by

[Qf— ]2 . [Qf— ntn
- o o sln lu - s
s]n [ptfs]n [Tf_s]n + tn7 [ tfs]n

for all s € [0,t), n e N.

L

V. EXAMPLE

The min-plus primal space fundamental solution semi-
group {G{'}ter., of (13) underlies propagation of the ap-
proximate value function (5) to longer horizons ¢t € R.
for any terminal cost, see Theorem 3.1. The kernel Gt"
involved can be characterized via semiconcave duality, see
Theorems 3.2, 3.3, 3.4. In the restricted setting (25), explicit
spectral representations for the operators involved yield a
state feedback characterization for the optimal control, see
Theorem 4.4 and (42), (43).

As an illustration of these developments, a heat equation
in considered, and the feedback characterization (42), (43)
of the optimal control developed is simulated in feedback
with it. The problem data of (1), (2), (3), and (5), (6), (7) is
specified via (25), (41), with

A= —07 0% dom(A) c 2= %(QR), Q=]0,1]%
N x, 012, Ox abs. cts.
dom(A)—{xe% ‘ =0, 0ix, 62x€3{}’

t=0.01, p= 0.01, T=10°7 (44)

Figure 1 illustrates an initial and desired final temperature
distributions, defining x,Z € 2" in (7), (41). Figure 2 il-
lustrates the approximate controlled temperature distribution
& e Z for s € [0, ], demonstrating evolution from &) = z
towards &' = 7.
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Fig. 1: Initial and final temperature distributions.
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Fig. 2: Controlled temperature distribution s — zs € 2 .

VI. CONCLUSIONS

A min-plus primal space fundamental solution is devel-
oped for a class of approximate infinite dimensional optimal
control problems. For a sub-class of problems, an explicit
spectral representation for this fundamental solution is ob-
tained and subsequently applied to yield a state feedback
characterization of the optimal control involved.
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