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ABSTRACT: While elemental substitution is the most common way of tuning properties in solid state compounds, this approach can break 
down in fantastic ways when the stability range of its structure type is exceeded. In this Article, we apply the Frustrated and Allowed Structural 
Transitions (FAST) principle to understand how structural complexity, in this case incommensurate modulations, can emerge at the composi-
tion limits of one common intermetallic framework, the BaAl4 type. While the Dy-Ga binary intermetallic system contains no phases related to 
the BaAl4 archetype, adding Cu to form a ternary system creates a composition region that is rich in such phases, including some whose struc-
tures remain unknown. We begin with an analysis of electronic and atomic packing issues faced by a hypothetical BaAl4-type phase DyGa4 and 
a La3Al11-type variant (in which a fraction of Ga2 pairs are substituted by single Ga atoms). Through an inspection of its electronic density of 
states (DOS) distribution and DFT-Chemical Pressure (CP) scheme, we see that the stability of BaAl4-type DyGa4 is limited by an excess of 
electrons and overly large coordination environments around the Dy atoms, with the latter factor being particularly limiting. The inclusion of 
Cu into the system is anticipated to soothe both issues through the lowering of the valence electron count and the release of positive CPs 
between atoms surrounding the Dy atoms. With this picture in mind, we then move to an experimental investigation of the Dy-Cu-Ga system, 
elucidating the structure of Dy(Cu0.18Ga0.82)3.71(1). In this compound, the BaAl4 type is subject to a 2D incommensurate modulation (q1 = 0.31a* 
+ 0.2b*, q2 = 0.31a* - 0.2b*), which can be modelled in the (3+2)D superspace group Pmmm(αβ0)000(α-β0)000. The resulting structure solu-
tion contains blocks of the La3Al11 type, with the corners of these domains serving to shrink the Dy coordination environments. These results 
highlight how the addition of a well-chosen third element to a binary system with a missing−but plausible−compound (BaAl4-type DyGa4) can 
bring it to the cusp of stability with intriguing structural consequences.

1. INTRODUCTION 
In solid state materials, the question of whether a compound ex-

ists under a certain set of conditions would seem to be a binary one. 
However, low-temperature routes such as flux synthesis1,2 or metath-
esis,3-5 as well as quenching from high pressure6-8 are expanding the 
possible outcomes of solid state synthesis. Another phenomenon 
that blurs the answer to this question is the appearance of nanome-
ter-scale blocks of simple phases in the structures of more complex 
ones. For instance, the cubic Samson phases β-Mg2Al3,9 Cu4Cd3,10,11 
and NaCd2

12,13 all have giant unit cells (a > 25 Å) containing more 
than 1100 atoms built from fragments of the Laves phase structures. 
The Mg-Al14 and Na-Cd15 systems, meanwhile, contain no such 
Laves phase on their own; the interfaces present in the more com-
plex structures are necessary to stabilize their features. Inspired by 
these examples, in this Article we will explore the complex structural 
chemistry that emerges at the edge of a structure’s stability range fo-
cusing on a common structure type, the BaAl4 type.16 Following the 
outlines of the Frustrated and Allowed Structural Transitions 
(FAST) principle,17 we will see how the addition of the right element 
to a binary system lacking a BaAl4-type compound can lead to a com-
plex variant on this archetype involving a 2D incommensurate mod-
ulation. 

We begin with a system where neither a BaAl4-type compound 
nor any of its many variants and superstructures18-21 are reported, the 

Dy-Ga binary system. In contrast, simply adding Cu to form the ter-
nary Dy-Cu-Ga system creates a home for a composition space rich 
in BaAl4-type motifs containing five phases in the Dy(Cu/Ga)4-x re-
gion.22 DyCu1.2Ga2.8 is solved as a BaAl4-type compound, while 
Dy3Cu4Ga7 (= DyCu1.33Ga2.33) is said to crystallize in the La3Al11 
type, a superstructure of the BaAl4 type in which a fraction of Al2 
dumbbells are replaced by single atoms.22 Two other structures in 
the series have only unit cells with no other structural data 
(DyCuGa3 and DyCu1.15Ga2.85), and the last is solved in a distorted 
BaAl4-type structure (DyCu0.5Ga3.5).22 The incorporation of Cu into 
the system appears to unleash a diverse and as yet unelucidated 
structural chemistry based on the BaAl4 type. 

To understand the emergence of these compounds, we first apply 
the FAST Principle−the notion that structural deviations from a sim-
ple reference structure will be most facile when the electronic and 
atomic packing factors both benefit from it−to the unobserved bi-
nary compound, BaAl4-type DyGa4 and its defect structure La3Al11-
type Dy3Ga11 to identify the issues that prevent their formation. The 
FAST analysis will highlight how electronic and atomic packing 
problems, well-known in the BaAl4 type,23-26 limit the stability of 
these structures for the Dy-Ga system: DyGa4 is electron-rich rela-
tive to a pseudogap, and the Dy atoms are too small for their 16-co-
ordinate environment in these structures. The removal of Ga atoms 
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on going to the La3Al11 type solves the electronic issue, but appar-
ently does not contract the environments around the Dy sufficiently 
for the formation of a Dy3Ga11 compound.  

We then experimentally investigate how the addition of Cu, with 
its smaller atomic size and lower electron count than Ga, partially re-
solves these issues in the Dy-Cu-Ga system through the synthesis 
and structure determination of the (3+2)D incommensurately mod-
ulated compound Dy(Cu0.18Ga0.82)3.71(1). The 2D character of the 
modulation corresponds to a block-like pattern of La3Al11 domains 
that shrinks the Dy environments, with the incommensurability aris-
ing from the electron count constraints. This complex arrangement 
illustrates how the addition of a third element to stabilize a com-
pound lying just outside the stability range for a structure type can 
yield intriguing structural phenomena, with the FAST principle serv-
ing as a guide bridging theory and experiment. 

2. EXPERIMENTAL 
2.1 Electronic Structure Calculations. The geometries of DyGa4 

(BaAl4 type), Dy3Ga11 (La3Al11 type), Dy3Cu2Ga9 (La3Al11 type), and 
Dy3Cu4Ga7 (La3Al11 type) were optimized using GGA-DFT27,28 and the Vi-
enna Ab initio Simulation Package (VASP).29-32 The optimization was per-
formed in two steps: the relaxation of the ions in a fixed unit cell, followed by 
full structural relaxation. A 16×16×6 Γ-centered k-point grid was used for 
DyGa4, while 6×2×5 Γ-centered k-point grids were used for Dy3Ga11, 
Dy3Cu2Ga9, and Dy3Cu4Ga7. The energy cut-off for DyGa4 and Dy3Ga11 was 
155.765 eV, while the Cu-containing phases required a higher energy cut-off 
of 273.246 eV. All calculations were done in high-precision mode using the 
projector augmented wave (PAW) potentials33,34 provided with the package. 
The Dy_3 potential was used in all calculations, which folds 9 4f-electrons 
into the core. After optimization, single-point energy calculations were per-
formed to obtain electronic band energies and projected density of states 
(DOS) distributions. DOS curves for each phase were then drawn using the 
program viewkel (a module of YAeHMOP).35 

2.2 DFT-Chemical Pressure (CP) Analysis. The DFT-CP schemes of 
YGa4 in the BaAl4 type and Y3Ga11 in the La3Al11 type were calculated to as-
sess the role of atomic packing in the formation of the title compound. Y was 
used as an f-electron free alternative to Dy with nearly the same radius (rY = 
180 pm vs. rDy = 178 pm), electronegativity, and propensity to serve as a 3+ 
cation. The geometries were first optimized using LDA-DFT with the 
ABINIT software package36-38 and Hartwigsen-Goedecker-Hutter norm-
conserving pseudopotentials.39 Then the kinetic energy and electron densi-
ties, as well as the local components of the Kohn-Sham potential needed to 
produce the 3D chemical pressure maps were obtained via single-point cal-
culations performed at three volumes: equilibrium volume as well as slightly 
contracted and slightly expanded ones (±1.5%). 

The ABINIT output was then used to calculate CP maps with CPpack-
age2,40 using core unwarping with tricubic interpolation41 and mapping of 
the nonlocal energies.40 Space was partitioned into contact volumes between 
atom pairs using the Hirshfeld-inspired integration scheme.41 The pressures 
within each contact volume were then averaged, projected onto spherical 
harmonics (l ≤ 4), and visualized with the in-house MATLAB application 
Figuretool2. 

The treatment of localized versus itinerant electrons on the Y atoms (for 
correct allocation of the Ewald and α energy terms)40 was calibrated by cal-
culating net atomic CPs for the compounds within Bader atomic volumes42 
at 80% and 120% of the equilibrium geometry to create internal pressure 
magnitudes so high that they could be considered to overwhelm the local 
differences in the coordination environments. For the contracted volume, 
the number of localized electrons on each Y atom was changed until all CPs 
were positive and of nearly equal magnitude (0.41 for YGa4 and 0.475 for 
Y3Ga11); for the expanded cells, the number of localized electrons/Y atom 
was tuned until the CPs were equal and negative (0.02 for YGa4 and 0.085 

for Y3Ga11). The number of localized electrons/Y atom for the CP schemes 
centered at the equilibrium volume was then interpolated between these two 
values (0.215 for YGa4 and 0.28 for Y3Ga11). 

To account for electron transfer between Y and Ga, the Bader program42-

45 was used to calculate atomic charges on each atom for the core unwarping 
and contact volume construction steps of the CP analysis. The Bader charges 
were extracted from the LDA electronic structures, with the core electron 
densities being added to the valence density maps to construct the Bader vol-
umes. Radial electron density profiles at a range of percentages of the Bader 
charge (0 to 75%) were then generated with the Atomic Pseudopotential En-
gine (APE).46 The CP results presented in the main text are for 50% of the 
Bader charges, with the results of the other ionicities being presented (along 
with other computational details) in the Supporting Information 

2.3 Synthesis. Dy(Cu0.18Ga0.82)3.71(1) was synthesized via reaction of the 
component elements. Elemental Dy powder (filed from a Dy piece, HEFA 
Rare Earth Canada Co. Ltd., 99.9%), Cu powder (Strem 99.9%), and Ga in-
gots (Strem, 99.9%) were combined in a 1:1:3 Dy:Cu:Ga ratio in an Ar-filled 
glovebox. The metals were loaded into an uncapped alumina crucible (fash-
ioned from an alumina tube plugged at one end with a cement base), placed 
in a fused silica ampoule which was then sealed under vacuum and placed in 
a muffle furnace. To reach a homogeneous liquid mixture, the reactants were 
heated to 1100 °C for 3 hours before being quickly cooled at a rate of 100 
°C/hour to 500 °C, where the samples were annealed for 2 weeks. The reac-
tion was ended by quenching the samples directly into ice water. The prod-
ucts were silvery ingots containing crystals suitable for analysis with X-ray 
diffraction. 

2.4 Powder X-ray Diffraction. Portions of the samples were ground to a 
fine powder with an agate mortar and pestle and mounted on a zero-diffrac-
tion Si plate. The powders were analyzed with a Bruker D8 Advance Powder 
Diffractometer equipped with Cu Kα radiation (λ = 1.5418 Å) over a range 
of 2θ = 15 – 90° using increments of 0.02° and an exposure time of 0.9 s. 
Many of the diffraction peaks could be matched to a ThMn12-type phase;47 
however, the strongest ones could not be assigned to any previously known 
structures. Instead, they could be indexed to a tetragonal unit cell with a ≈ 
4.16 Å and c ≈ 9.82 Å. 

2.5 Elemental Analysis via Energy Dispersive X-ray Spectroscopy 
(EDS). An EDS specimen was first prepared by embedding small pieces of 
the sample in epoxy and curing the suspension at 65 °C for 24 hours. The 
specimen was then polished to a flat surface using diamond lapping film at 
decreasing grit (9 μm to 0.5 μm) and coated with a 20 nm-thick layer of car-
bon to increase conductivity. The specimen was analyzed in a Hitachi 
S3400-N scanning electron microscope (SEM) equipped with an EDS de-
tector (voltage = 30 keV). Back-scattered electron (BSE) images revealed 
two phases whose elemental compositions qualitatively match the known 
ThMn12-type DyCu5.60Ga6.40 phase and the title compound 
Dy(Cu0.18Ga0.82)3.71(1) (see the Supporting Information). 

2.6 Single Crystal X-ray Diffraction. Well-faceted single crystals exhib-
iting a block habit were picked and then analyzed with an Oxford Diffraction 
Xcalibur E diffractometer equipped with a Mo Kα (λ = 0.71073 Å) sealed-
tube X-ray source at room temperature. Run list generation and frame data 
processing were done in CrysalisPro.48 The initial (3+2)D structure solution 
was obtained from the charge-flipping algorithm49,50 as implemented in 
SUPERFLIP,51 resulting in 8 symmetry distinct sites (2 Dy sites and 6 
Cu/Ga mixed sites). Refinements were done on F2 in Jana2006.52  

Initial attempts to refine the structure yielded electron densities that were 
difficult to model. This issue was traced back to an overlap between the pre-
dicted positions satellites emanating from present main reflections (which 
show no satellites) and observed satellite surrounding absent main reflec-
tions. Therefore, for peak integration, a custom peak list was generated with 
the former positions removed using a MATLAB script (see the Supporting 
Information). 

Because Cu and Ga are nearly indistinguishable with laboratory X-rays, all 
Cu/Ga sites in the structures were refined as mixed at a Cu:Ga ratio acquired 
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from EDS measurements. Given the number of occupational parameters in-
volved in the occupational modulation waves, the restraint on the Cu:Ga ra-
tio was most conveniently applied at the level of the atomic scattering form 
factors. The custom form factors were calculated by interpolating between 
the profiles for Cu and Ga defined in the International Tables for Crystallog-
raphy Volume C53 according to the Cu:Ga ratio. Full crystallographic infor-
mation and more details regarding the filtering of the integration list and der-
ivation of the scattering factors can be found in the Supporting Information. 

3. RESULTS AND DISCUSSION 
3.1 Theoretical FAST analysis of the hypothetical binary 

compounds DyGa4 and Dy3Ga11. Even widely observed structure 
types, such as BaAl4 and its derivatives, can be pushed to the limits of 
their stability with non-ideal elemental combinations. The BaAl4 
type populates many electropositive metal (A)−main group metal 
(E) systems. To give some examples, BaGa4,54 SrGa4,55 EuGa4,54 and 
YbGa4

54 all crystallize in the BaAl4 type, while Sr3In11
23 and Sm3Al11

56 
crystallize in the related La3Al11 type.57  The Dy-Ga phase diagram,58 
however, noticeably contains neither a BaAl4-type compound nor 
any its derivatives. What about the combination of Dy and Ga met-
als, then, disfavors the formation of such phases, and how does mov-
ing to the Dy-Cu-Ga system enable a series of compounds with these 
structural motifs to emerge? 

Previous research into compounds based on BaAl4-type frame-
works points to an ideal electron count of 14 electrons/A atom24 and 
atomic size’s role in the formation of defect structures.23 With this in 
mind, let’s begin with the theoretical investigation of these two fac-
tors in the missing compound BaAl4-type DyGa4. In Figure 1, we 
show the atomic packing and electronic issues such a hypothetical 
AGa4 compound  (A = Dy or Y as a computationally convenient f-
electron free element with a comparable metallic radius: rY = 180 pm 
vs. rDy = 178 pm) would experience. 

Figure 1. Atomic packing and electronic issues in a hypothetical BaAl4-
type AGa4 phase. (a) The DFT-CP scheme of AGa4 (with A = Y serving 
as an f-electron-free analogue to Dy). Here, the atomic packing tensions 
in the structure are viewed by resolving the macroscopic internal pres-
sure of a structure into local two-atom pressures that call for either the 
expansion (positive CPs, white lobes) or contraction (negative CPs, 
black lobes). (b) The DOS distribution of BaAl4-type AGa4 (A = Dy). 
The Fermi energy (EF) lies above a deep pseudogap. Gaussian broaden-
ing has been applied to this and the other DOS curves in this Article to 
emphasize their general features. 

First, we examine the potential atomic packing tensions in AGa4 
with the DFT-Chemical Pressure (CP) analysis shown in Figure 1a. 
The major features of the scheme are large black ovoids indicative of 
overly long contacts (negative CPs) to surrounding atoms on the A 
atoms (shown inside red spheres). At the same time, white lobes 
(positive CPs) point along the Ga-Ga contacts—particularly along 
the Ga-Ga dumbbells—highlighting too-short distances in the Ga 
sublattice. This scheme reveals that the coordination environment 
of A (in the sense of its volume and/or coordination number) is too 
large; shrinking them would be favorable, if only the Ga-Ga interac-
tions weren’t already squeezed. From this picture, we can see why 
the BaAl4 type is adopted by compounds containing A atoms with 
larger radii than Y or Dy, such as Ba. 

The electronic density of states (DOS) distribution of BaAl4-type 
AGa4 (Figure 1b) also reveals issues with the parent structure: the 
Fermi energy (EF) at the boundary between filled and unfilled states 
lands squarely on a peak of the DOS curve above the pseudogap at -
9 to -7 eV (these major features are invariant whether Dy or Y is used 
in the calculation, as shown in the Supporting Information). The 
population of states above the pseudogap suggests that DyGa4 has 
an excess of electrons. In fact, as elucidated by Zheng and Hoff-
mann,24 bonding in the BaAl4 type is optimized with the population 
of three 5 center-2 electron molecular orbitals in each of the two 
square nets of Ga atoms at z = ¼ and ¾ (12 electrons/f.u.) and a 2 
center-2 electron bond along the dumbbell contacts (2 elec-
trons/f.u.). This amounts to 14 electrons/A atom. Indeed, the pris-
tine BaAl4 type is almost exclusively limited to compounds with 14 
electrons/A atom (e.g. BaAl4 and high-temperature CaAl4). 

How might the electronic and atomic packing problems of AGa4 
be addressed through modifications to the structure? One avenue is 
illustrated by the La3Al11 type: replacing ⅓ of the Ga dumbbells by a 
single Ga atom shrinks the A coordination environment while sim-
ultaneously lowering the electron count of the compound. The 
tightening of the A atom coordination here has been invoked to ex-
plain the formation of La3Al11-type compounds such as Sr3In11.23 

We earlier illustrated how such a transition provides CP relief in 
the La-Al system, leading to La3Al11, the prototype phase for this 
structure type.40 Such indeed is expected to apply for the Dy-Ga sys-
tem as shown in Figure 2a with the CP scheme of the hypothetical 
compound A3Ga11 (A = Y). Many of the same features from the AGa4 
CP scheme can be seen: the A atoms are still largely surrounded by 
negative pressures and the dumbbell Ga atoms still have positive 
pressures directed at each other. A major difference, however, can be 
found in the A atoms coordinated by two single Ga atoms in place of 
dumbbells, which tightens two of the hexagonal faces of the A coor-
dination polyhedron to pentagons. These A atoms experience nega-
tive CPs of lower magnitude (smaller radial distance between CP 
surface and atomic center), with even small positive lobes forming 
along the contact between the A atom and the new single Ga atoms. 
Another improvement is seen in the CPs around the single Ga atom; 
instead of large positive pressures pointing along the dumbbell con-
tact, there are newly inserted single Ga atoms that have negative CPs 
pointing to their neighbors in the Ga sublattice and small positive 
CP features along its contacts with the A atom. 

The electronics of A3Ga11 also show an improvement over AGa4, 
as can be seen by comparing their DOS curves (Figures 1b and 2b). 
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While the overall DOS distribution is similar to the 1:4 phase, in-
cluding the pseudogap near 14 electrons/A atom, the lower Ga con-
tent of A3Ga11 results in a lower electron count. This corresponds to 
a motion of the EF down the DOS distribution, leading to the EF fall-
ing right at the pseudogap. At 14 electrons/A atom, A3Ga11 appears 
to have reached a near ideal electron count. 

Figure 2. Atomic packing issues and electronics in A3Ga11. (a) The CP 
scheme of A3Ga11, where A = Y is used as an f-electron free proxy for Dy. 
(b) The DOS distribution of A3Ga11 (A = Dy). 

Overall, then, our analysis suggests that the transformation from 
AGa4 to A3Ga11 should be supported by both the electronic and 
atomic packing factors, making this an example of an allowed transi-
tion from the FAST perspective. This expectation is supported by 
total energy calculations of these phases indicating that the for-
mation of La3Al11-type Dy3Ga11 via the reaction 3DyGa4(s) → 
Dy3Ga11(s) + Ga(s) is energetically favorable by -0.08 eV/atom, cor-
responding to -1.16 eV per dumbbell replaced (see the Supporting 
Information). However, the phase diagram shows no evidence of the 
formation of either of DyGa4 or Dy3Ga11. Even the improvements to 
the atomic packing and electronics afforded by the structural transi-
tion to the La3Al11 type are apparently not enough to stabilize a bi-
nary Dy-Ga compound based on this framework. 

3.2 Stabilization of the BaAl4-type framework by Cu incorpo-
ration. We now turn to how Cu incorporation might bring addi-
tional stability to intermetallics based on the BaAl4 type in the Dy-
Ga system. First, substituting some Ga with smaller Cu atoms could 
enhance the size of the Dy atoms relative to their surroundings, par-
tially offsetting their negative pressures. In addition, we saw in an 
earlier analysis of Cu substitution in BaAl4-type CaAl4 that substitut-
ing Al atoms with Cu creates opportunities for electrostatic stabili-
zation and more intense interactions with the cations.59 Another fac-
tor is the lower valence sp electron count of Cu than Ga (1 vs 3), 
which could be advantageous due to DyGa4’s electron excess.  In 
fact, moving to the composition DyGa3.5Cu0.5 would achieve the 
ideal electron count for a BaAl4-type phase of 14 electrons/Dy atom.  

One could imagine then that substantial stabilization could be 
brought to the Dy-Ga-based BaAl4-type framework by combining 
such benefits of Cu substitution with those of the dumbbell/single 
atom substitution mechanism described in the last section. How-
ever, one should note that there are complications in having both 
happen at once. In particular, substituting a Ga2 dumbbell by a Ga 
single atom and replacing Ga with Cu both serve to lower the com-
pound’s valence electron count. To explore the additivity of these 
effects, we show in Figure 3 electronic DOS distributions for a series 

of phases in which we first substitute ⅓ of the dumbbells in DyGa4 
with single Ga atoms, as in the La3Al11 type, then substitute in an in-
creasing amount of Cu. 

Figure 3. GGA-DFT DOS distributions for (a) DyGa4, (b) Dy3Ga11, (c) 
Dy3Cu2Ga9, and (d) Dy3Cu4Ga7.  In (c) and (d) the projected DOS con-
tributions for Cu d character are shaded in blue.   

We start by showing again the DOS distribution for DyGa4 (15 
electrons/Dy atom) in Figure 3a, with its electron-rich character 
shown by the EF falling on a bump above the pseudogap centered at 
ca. -8 eV. Transitioning to Dy3Ga11 (14 electrons/Dy atom), as 
shown in Figure 3b, lowers the EF so that it falls into the pseudogap 
(which is now somewhat shallower). At this point, we have reached 
what appears to be an electron-precise compound. However, the ab-
sence of such a phase in the Dy-Ga system suggests that removing 
DyGa4’s electron excess by moving to Dy3Ga11 is not enough to form 
a binary compound. 

Let’s now introduce Cu into the La3Al11-type structure. First, in 
Figure 3c, we present the DOS curve for the hypothetical phase 
Dy3Cu2Ga9. The DOS now has a large block of Cu d states at ca. -11 
to -9 eV, as well as a narrower pseudogap. For our purposes, though, 
the most important change is that the lower electron count (12.67 
electrons/Dy atom) places the EF below the pseudogap, suggesting 
a slight electron deficiency. Indeed, adding even more Cu, as in 
Dy3Cu4Ga9 (Figure 3d), shifts the EF further below the pseudogap. 
Restoring the EF to its original position while maintaining this level 
of Cu substitution would require another source of electrons, the 
most obvious being the reversal of some of the dumbbell/single at-
oms substitutions.  In this way, the goal of maintaining an electron 
count near 14/Dy atom will mean that the dumbbell/single atom 
and Ga/Cu substitution will tend to limit each other. 

3.3 Synthesis of Dy(Cu0.18Ga0.82)3.71(1). In our FAST analysis 
of the electronic and atomic packing issues affecting the BaAl4-type 
framework, we saw that the Dy-Cu-Ga system sets up an intriguing 
conflict. Both dumbbell/single atom and Ga/Cu substitutions 
should soothe the challenges to the formation of a BaAl4-type DyGa4 
phase. However, their overlapping electronic effects place con-
straints on the degree to which they can coexist within the same 
compound. To see how the structural chemistry of this system bal-
ances these effects, we now turn to an experimental foray into com-
pounds of the form Dy(Cu/Ga)4-x. 

 We began by attempting to synthesize DyCuGa3, for which a unit 
cell (a = 4.096 Å, b = 4.157 Å, c = 9.96 Å) but no other structural data 
has been reported.22 To synthesize DyCuGa3, we combined the ele-
mental metals in a 1:1:3 Dy:Cu:Ga ratio, heated the mixed metals to 
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1100 °C to reach a homogeneous liquid mixture, and then annealed 
the sample at 500 °C for 2 weeks. These syntheses each resulted in a 
silvery ingot whose powder X-ray diffraction pattern contained 
peaks attributable to DyCu5.6Ga6.4 (ThMn12 type); however, many of 
the strongest reflections matched no known intermetallic com-
pound, or any of the relevant oxides, hydrides, or hydroxides (see the 
Supporting Information). 

To investigate whether this unidentified phase is a member of the 
Dy(Cu/Ga)4-x series, we imaged the sample via back-scattered elec-
tron imaging (BSE) and analyzed its composition with energy-dis-
persive X-ray spectroscopy (EDS). The BSE images reveal two 
phases in the sample: a phase appearing darker gray with composi-
tion Dy1.00(3)Cu5.7(1)Ga6.5(1) matching the ThMn12-type phase we 
identified in the powder X-ray diffraction data and a phase with com-
position Dy1.00(2)Cu0.70(2)Ga3.19(2). It seems, then, that we have suc-
cessfully synthesized a compound belonging to the Dy(Cu/Ga)4-x 
family, which we will refer to as Dy(Cu0.18Ga0.82)3.71(1) (from the struc-
ture refinement described below). From the EDS data, though, the 
Cu incorporation is less than expected from the nominal loading 
composition, with the excess Cu going to the formation of 
DyCu5.6Ga6.4. 

3.4 Diffraction Patterns of Dy(Cu0.18Ga0.82)3.71(1). Let’s now 
turn to single crystal X-ray diffraction to uncover the structure of this 
new compound and how it relates to the parent BaAl4 structure type. 
Unit cell runs of crystals picked from this sample consistently re-
turned either a tetragonal BaAl4-type cell (a ≈ 4.2 Å, c ≈ 9.8 Å) or an 
orthorhombic cell with a ≈ 5.9 Å, b ≈ 9.8 Å, and c ≈ 11.74 Å that 
qualitatively matches the expectations for a La3Al11-type cell, but cu-
riously never resulted in the orthorhombic unit cell previously re-
ported for DyCuGa3. Longer experiments to collect full hemispheres 
of reciprocal space invariably yielded a BaAl4-type cell accounting for 
approximately half of the observed reflections, a sign that these crys-
tals are consistently twinned or home to greater complexity than the 
simple BaAl4 type. 

However, the expectation of “complexity” hardly prepared us for 
what appears in the reconstructions of the reciprocal space layers for 
these crystals. The hk0 layer for one crystal is presented in Figure 4. 
Strong main reflections trace out a square grid of alternating present 
and absent spots consistent with the body-centered tetragonal cell of 
the BaAl4 type (Figure 4a). However, these reflections are accompa-
nied by many less intense peaks that appear to surround the absent 
main reflections in a twelve-fold ring (shown in the inset). These sat-
ellites indicate that the structure of Dy(Cu0.18Ga0.82)3.71(1) is incom-
mensurately modulated with what appears to be up to six different 
q-vectors. 

The interpretation of these diffraction patterns thus appears com-
plicated at first glance. Through much trial-and-error, though, we 
identified a relatively simple indexation. We begin with two q-vec-
tors related by a mirror plane (Figure 4b, left): q1 ≈ 0.31a* + 0.20b* 
(red arrow) and q2 ≈ 0.31a* − 0.20b* (blue arrow), indexing the dif-
fraction peaks as Ghklmn = ha* + kb* + lc* + mq1 + nq2. By adding and 
subtracting the q-vectors, we can form a pseudo-hexagonal coordi-
nate system (yellow) with satellites falling on the points (m, n) = 
(0,1), (1,0), (-1,1), (-1,0), (-1,-1), (0,-1), and (1,-1), going clock-
wise around the circle. This scheme accounts for about half of the 
satellite reflections. The remaining reflections can then be indexed 
by simply rotating the hexagonal grid 90° around c*, corresponding 

to a second twin domain (Figure 4b, right). With this indexation, 
based on a (3+2)D incommensurately modulated structure contain-
ing two twin domains, we have now accounted for the full diffraction 
pattern. 

Figure 4. Reconstruction of the hk0 layer of reciprocal space in a crystal 
of Dy(Cu0.18Ga0.82)3.71(1). (a) The hk0 layer of the diffraction data, with 
the inset highlighting the rings of satellites around absent main reflec-
tions. (b) The (3+2)D indexation of the satellites in 
Dy(Cu0.18Ga0.82)3.71(1). All reflections are indexed as (m, n) satellites orig-
inating from the absent main reflections by mq1 + nq2, where q1 = 0.31a* 
+ 0.20b* and q2 = 0.31a* − 0.20b* in one of two twin domains. 

3.5 Dy(Cu0.18Ga0.82)3.71(1)’s Average Structure. Before we begin 
to incorporate the satellite reflections in our structural model, let’s 
first consider only the main reflections. This treatment of the data 
will result in the average 3-dimensional structure and potentially of-
fer us clues as to how the modulations are affecting the structure. 
The main reflections correspond to a body-centered tetragonal unit 
cell with a ≈ 4.16 Å and c ≈ 9.82 Å, matching a BaAl4-type cell. Inte-
gration of these reflections and structural solution in the expected 
space group I4/mmm proceeds smoothly. 

The resulting structure, shown in Figure 5a, closely matches the 
BaAl4 type with an additional atomic site at (0, 0, ½) bisecting the 
(Ga/Cu)-(Ga/Cu) dumbbells (refined using the custom form scat-
tering factors described in section 2.4). The distance of the single 
atom and dumbbell atoms (1.18 Å) prohibits simultaneous occupa-
tion of both atomic positions, resulting in the substitution of a 
dumbbell of Cu/Ga atoms by a single atom, leading to a structure 
with dumbbells 67.6% of the time and single atoms the other 32.4%. 
As can be seen in Table S1 of the Supporting Information, the final 
refinement has acceptable R-values, e.g. R(I>3σ) = 3.35, though the 
GOF parameter, at 3.54, is higher than generally accepted, hinting 
that the model is indeed so far incomplete. 

The substitution of dumbbells for single atoms recalls the super-
structure of La3Al11, though this time the substitution does not seem 
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to follow a regular every-third dumbbell pattern. In fact, if we think 
of BaAl4 and La3Al11 as endpoints on a spectrum of single atom sub-
stitution (from 0% to 33.3%, respectively), our average structure re-
finement places Dy(Cu0.18Ga0.82)3.71(1) below La3Al11 at 32.445(8)% 
(Figure 5b), in line with the FAST analysis in Section 3.2. From 
simply considering the strongest reflections in our dataset, we al-
ready have a good idea of a source for the complexity in the (3+2)D 
model: the slightly lower occupation of single atoms in 
Dy(Cu0.18Ga0.82)3.71(1) than in a periodic La3Al11-type structure.  

Figure 5. Structure solution of Dy(Cu0.18Ga0.82)3.71(1) using just the main 
reflections. (a) Dy(Cu0.18Ga0.82)3.71(1)’s average structure. (b) 
Dy(Cu0.18Ga0.82)3.71(1)’s position on a spectrum from 0% dumbbell/sin-
gle atom substitution (BaAl4 type) to 33.3% dumbbell/single atom sub-
stitution (La3Al11 type). 

3.6 The (3+2)D Model of Dy(Cu0.18Ga0.82)3.71(1)’s Incommen-
surately Modulated Structure. To uncover the details of the 
dumbbell/single atom substitution in Dy(Cu0.18Ga0.82)3.71(1)’s modu-
lated structure, we now turn to the (3+d)D superspace formal-
ism,60,61 in which we will construct a higher-dimensional lattice using 
d additional periodic vectors to represent the phases of the modula-
tions. In this case, this will take the form of a (3+2)D lattice where 
the x, y, and z axes of the average cell are mapped to x1, x2, x3, and are 

joined by the phases of the q1 and q2 modulations, x4 and x5, both of 
which are perpendicular to physical space. Such a construction al-
lows for a description of Dy(Cu0.18Ga0.82)3.71(1)’s aperiodic 3D struc-
ture in terms of a periodic (3+2)D model. To get back to a 3-dimen-
sional picture, we then take cross-sections of superspace perpendic-
ular to the x4 and x5 axes. 

The first step of the structure solution is assigning the (3+2)D su-
perspace group. We begin by considering the 3D space group of the 
average structure, I4/mmm, and which of its symmetry elements are 
compatible with the q-vectors. First, the 4-fold symmetry of the av-
erage tetragonal cell is broken by the off-axis q-vectors (see Figure 
4b). This can be addressed by lowering the symmetry of the modu-
lated structure to orthorhombic, as the q-vectors (as chosen) pre-
serve the required mirror symmetry. Thus, the maximum symmetry 
of our modulated structure is derived from the space group Immm. 

 We must now determine whether the I-centering of the average 
structure extends in some way to the (3+2)D modulated structure. 
A simple extension of the body-centering, (½ ½ ½ 0 0), to the 
full hklmn set implies the condition hklnm: h + k + l = 2n, which re-
quires that satellites surrounding absent main reflections also be ab-
sent. This is clearly violated by the distribution of satellites in the dif-
fraction pattern. It takes closer inspection to rule out another possi-
bility, (½ ½ ½ ½ ½), which would require the condition hklmn: h + 
k + l + m + n = 2n. Such a restriction would exclude cross-peaks like 
(m, n) = (1,-1), which are distinctly present. This leaves us with 
Pmmm as the highest possible starting symmetry for the (3+2)D 
structure. 

Moving to (3+2)D space also opens the possibility that the sym-
metry elements of Pmmm will exhibit translational components 
along the two newly introduced directions of periodicity, x4 and/or 
x5. For instance, the mirror plane perpendicular to c, which operates 
on a general point in 3-dimensions as (x, y, z) → (x, y, -z), could act 
on a point in (3+2)D space in any of four ways: (x1, x2, x3, x4, x5) → 
(x1, x2, -x3, x4, x5); (x1, x2, x3, x4, x5) → (x1, x2, -x3, x4+½, x5); (x1, x2, x3, 

x4, x5) → (x1, x2, -x3, x4, x5+½); or (x1, x2, x3, x4, x5) → (x1, x2, -x3, x4+½, 

x5+½). In this case, analysis of the systematic absences reveals no ad-
ditional translational symmetry in the newly introduced directions. 
The 3D symmetry operations can thus be embedded in (3+2)D 
space without adding new glide components. 

Combining these considerations, we can assign the maximum 
possible (3+2)D superspace group for Dy(Cu0.18Ga0.82)3.71(1) as 
Pmmm(αβ0)000(α-β0)000 (No. 47.2.50.68).62-64 Here, ‘Pmmm’ in-
dicates the 3D space group from which the symmetry elements are 
derived, ‘(αβ0)’ refers to the irrational components of q1, ‘000’ 
means that there is no translational symmetry along x4 for any of the 
mirror planes, and ‘(α-β0)000’ gives the corresponding information 
for x5. 

After assigning this initial superspace group, we are in principle 
ready to solve the structure from the integrated diffraction intensi-
ties. We then apply the charge-flipping algorithm, a method that is 
applicable to data of any number of dimensions, to obtain an initial 
structural solution. However, the electron density we obtained did 
not appear to be meaningful and was challenging to model. Some-
thing about our treatment of the diffraction data was evidently incor-
rect. Reinvestigation of the diffraction patterns uncovered a poten-
tial issue arising during integration: the −q1+q2 and q1−q2 cross-
peaks stemming from the absent main reflections in the second twin 
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domain overlap with the predicted positions of the q1+q2 or −q1−q2 
cross-peaks emanating from an observed main reflection. The inte-
gration will be unable to distinguish between these cases, effectively 
double counting these reflections. Using our observation that satel-
lite reflections only surround absent main reflections, we decided to 
manually force the former interpretation of these reflections. We 
then wrote a script (provided in the Supporting Information) to re-
move the satellite cross-peaks originating from present main reflec-
tions (those that obey the body-centering condition hklmn: h + k + l 
= 2n) from the integration list generated by CrysalisPro. This re-
moved 3228 satellites, attributing them instead to the second twin 
domain. 

With this improved integration list, we then returned to obtaining 
a structure solution with the charge-flipping algorithm. The charge-
flipping iterations converged on an initial (3+2)D density that 
matched the symmetry elements of the superspace group. 

To model the electron density, we included and refined harmonic 
waves for the positional and ADP modulations for all atoms, as well 
as harmonic occupational modulations for the dumbbell/single 
atom sites. Although the Fourier electron density contours (see the 
Supporting Information), suggest that the occupational modula-
tions might be better modeled with discontinuous functions, such as 
Crenel functions, only harmonic waves are offered for (3+2)D space 
in JANA2006. However, as has been demonstrated with the insight-
ful analysis of Cu5In3,65 harmonic waves can still be useful in such 
cases for revealing the nature of the modulation.  Based on the reflec-
tions we observed in the diffraction patterns, we used the following 
waves in our refinement: q1, q2, q1-q2, and q1+q2, with no higher or-
der harmonics.  

The final refinement models the displacive modulations with four 
harmonic modulation waves for all eight of the atomic sites. Posi-
tional modulations of the x3 coordinates of the dumbbell/single 
atom sites were fixed to zero to prevent correlations between the x3 
coordinates of the dumbbell atoms and their occupancies. For the 
thermal parameters, the Dy atoms were modeled with all four ADP 
modulation waves, while the atomic displacement parameters 
(ADPs) of the Cu/Ga sites except for the single atom sites were 
modeled with just the q1 and q2 waves.  

Finally, but most importantly for the interpretation of the struc-
ture, four occupational modulation waves were applied to the dumb-
bell/single atom sites, restrained to be complementary such that the 
dumbbell/single atom occupancies on each position add up to one.  
An artifact of modeling the occupational waves with harmonic waves 
are regions where the occupancies of a dumbbell/single atom pair 
sum to 1 by combining numbers less than 0 and greater than 1 (see 
the Supporting Information).  In our analysis of the structure, we will 
treat all occupancies for >1 or <0 as simply 1 and 0, respectively.  

The final model, with the refined composition being 
Dy(Cu0.18Ga0.82)3.71(1), has an overall R(I>3σ) value of 3.96 (Table 1). 
This R-value is slightly higher than the average structure, though this 
is likely due to the inclusion of the many weak satellite reflections, as 
it is lower for the main reflections in the (3+2)D model than for the 
refinement of the average structure alone (3.01 vs. 3.35). In addition, 
we see a significant improvement in the goodness of fit, S(all), over 
the average model (1.07 vs. 3.54), and the model positions and oc-
cupations show close agreement with Fourier electron density 
(shown in detail in the Supporting information). 

We can use cross-sections taken at different values of x5 (0 and ½) 
to get snapshot views of how the occupations evolve over the two 
superspace directions. Beginning in Figure 6a, we see small Ga4 sin-
gle atom occupation at x5 = 0 that increases significantly as we trav-
erse x5 (Figure 6b). On the other hand, Figure 6c shows high occu-
pancy of the Ga6 single atom site at x5 = 0, which decreases along x5, 
as shown in Figure 6d. These quick views of the occupational mod-
ulations in Dy(Cu0.18Ga0.82)3.71(1) suggest that the two layers exhibit 
opposite behavior: when the Ga4 site is occupied, Ga6 generally 
isn’t. 

Table 1. Crystallographic Data for Dy(Cu0.18Ga0.82)3.71(1) 

refined compositiona DyCu0.668Ga3.046 

 = Dy(Cu0.18Ga0.82)3.71(1) 
composition from EDS Dy1.00(2)Cu0.70(2)Ga3.19(2) 
crystal dimensions (mm) 0.129 × 0.052 × 0.051 
crystal color silver 
radiation source, λ (Å) Mo Kα, 0.71073 
absorption correction analytical 
data collection temp (K) 293 
(3+2)D superspace group Pmmm(αβ0)000(α-β0)000 
a (Å) b 4.1587(4) 
b (Å) b 4.1587(4) 
c (Å) 9.8243(13) 
cell volume (Å3) 169.91 
q1 (0.31, 0.2, 0)c 

q2 (0.31, -0.2, 0)c 
absorption coefficient (mm-1) 49.396 
θmin, θmax 4.111, 28.61 
refinement method F2 
Rint(I > 3σ, all) 6.47, 7.46 
main reflections  
     unique reflections (I > 3σ, all) 148, 286 
     R(I > 3σ), Rw(I > 3σ) 3.01, 8.24 
     R(all), Rw(all) 4.42, 8.67 
satellites, (m,n)  = (±1,0) or (0,±1)  
     unique reflections (I > 3σ, all) 252, 890 
     R(I > 3σ), Rw(I > 3σ) 4.78, 9.66 
     R(all), Rw(all) 19.68, 14.18 
satellites, m = 1, n = 1  
     unique reflections (I > 3σ, all) 116, 503 
     R(I > 3σ), Rw(I > 3σ) 5.96, 11.83 
     R(all), Rw(all) 22.51, 19.97 
satellites, m = 1, n = -1  
     unique reflections (I > 3σ, all) 132, 499 
     R(I > 3σ), Rw(I > 3σ) 6.66, 13.85 
     R(all), Rw(all) 26.10, 19.89 
overall refinement  
     number of reflections 25707 
     number of parameters 123 
     unique reflections (I > 3σ, all) 648, 2178 
     R(I > 3σ), Rw(I > 3σ) 3.96, 9.16 
     R(all), Rw(all) 12.51, 11.53 
     S(I > 3σ), S(all) 1.67, 1.07 
     Δρmax, Δρmin (e−/Å3) 2.80, -2.71 

aThe Cu:Ga ratio was calculated from the results of our EDS measure-
ments. bThe unit cell of the modulated structure is locked to match the 
I4/mmm symmetry of the average structure. 

cFor the refinement, the q-
vectors were rounded to (0.31, ±0.2, 0) to better reflect the precision 
with which these values are known. 
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When interpreting this (3+2)D model, it is helpful to focus our 
attention first on the dumbbell/single atom sites, as they are home 
to the major modulation of the full Dy(Cu0.18Ga0.82)3.71(1) structure 
(the positional modulations of the other atoms essentially provide 
adaptation to whether a dumbbell or single atom occupies these 
sites). In moving to the (3+2)D structure from the average structure, 
the lower symmetry and loss of the centering vectors have a signifi-
cant consequence: the dumbbell/single atom pairs centered at (x1, 
x2, x3) = (½, ½, 0) (Ga3/Ga4) and (x1, x2, x3) = (0, 0, ½) (Ga5/Ga6) 
become distinct crystallographic sites. We present the modeled oc-
cupational modulations of these sites in (3+2)D superspace in Fig-
ure 6, shown as cross-sections of constant x5 with x3 plotted against 
x4 (with x3 being vertical to match the orientation of the dumbbells 
in the other figures). The modeled atomic positions are shown as 
strings that are parallel to x4, with the alternation between majority 
dumbbells (gray) and majority single atoms (blue) along x4 corre-
sponding to the modulated occupancies of these sites. 

We can use cross-sections taken at different values of x5 (0 and ½) 
to get snapshot views of how the occupations evolve over the two 
superspace directions. Beginning in Figure 6a, we see small Ga4 sin-
gle atom occupation at x5 = 0 that increases significantly as we trav-
erse x5 (Figure 6b). On the other hand, Figure 6c shows high occu-
pancy of the Ga6 single atom site at x5 = 0, which decreases along x5, 
as shown in Figure 6d. These quick views of the occupational mod-
ulations in Dy(Cu0.18Ga0.82)3.71(1) suggest that the two layers exhibit 
opposite behavior: when the Ga4 site is occupied, Ga6 generally 
isn’t. 

To look at the behavior of the single atom occupation in more de-
tail, we show a plot of x4 vs. x5 centered at the Ga4 and Ga6 positions 
(Figures 6e and 6f, respectively). The plot shows contour maps of 
the single atom occupation, where blue areas have high occupation 
of these sites and white corresponds to low or no occupation of the 
sites. When we compare the Ga4 and Ga6 sites, the oppositely coor-
dinated behavior becomes very clear, as does the mirror symmetry 
relating x4 and x5 (and the q1 and q2 vectors). In areas where one site 
is likely to be a single atom, the other is not. This matches our expec-
tation from the individual plots shown in Figures 6a-d, but one other 
interesting feature becomes clear in these plots: the shape of the oc-
cupation is significantly different in the two layers, with the Ga4 site 
forming diamond shapes and the Ga6 site forming concave ovals. In 
the next section, we will see how these differences manifest in the 
structure in physical space. 

3.7 The Dumbbell/Single Atom Occupational Modulations 
in Physical Space. To see how the occupational modulation func-
tions of Figures 6e-f translate to the structure in 3D, let’s map them 
to 2D slices of the physical structure centered at z = 0 and z = ½, i.e. 
the layers containing the single atoms and dumbbell centers. For the 
fractional coordinates within the layer (x, y), the phases of the mod-
ulation are given by 𝑥ସሺ𝑥,𝑦ሻ = 𝑞ଵ,௫ ∙ 𝑥 + 𝑞ଵ,௬ ∙ 𝑦 + 𝑡଴,௫ర        (1) 𝑥ହ(𝑥,𝑦) = 𝑞ଶ,௫ ∙ 𝑥 + 𝑞ଶ,௬ ∙ 𝑦 + 𝑡଴,௫ఱ        (2) 
where x4 and x5 are the phases of the modulation; q1,x, q1,y, etc. give 
components of the q-vectors, q1 and q2; and t0,x4 and t0,x5 are the 
points of intersection of physical space with the x4 and x5 axes, re-
spectively. For simplicity, we can choose these intercepts to be 0 for 
both x4 and x5.  

These equations result in x4 and x5 values that we can then use to 
calculate the probability of a Ga4 or Ga6 site being occupied at a 
point in the physical ab-plane at z = 0 or z = ½, respectively. For a 
miscellaneous site j these take the form: 𝑃௝(𝑥ସ, 𝑥ହ) = 𝑜𝑐𝑐തതതതത௝  ∙  [1 + 𝑃ଵ,௝ sin(2𝜋𝑥ସ)  + 𝑃ଶ,௝ sin(2𝜋𝑥ହ)  + 𝑃ଷ,௝ sin൫2𝜋(𝑥ସ − 𝑥ହ)൯  +   𝑃ସ,௝ sin൫2𝜋(𝑥ସ + 𝑥ହ)൯]        (3) 

where 𝑜𝑐𝑐തതതതത௝  is the average occupation of the site, and P1,j, P2,j, P3,j, and 

P4,j are the modulation parameters for site j, tables of which can be 
found in the Supporting Information. By substituting equations 1 
and 2 for x4 and x5 in equation 3, functions of the form Pj(x, y) are 
obtained that can be visualized in the context of the 3D structure. 

Figure 6. The occupational modulations of Dy(Cu0.18Ga0.82)3.71(1)’s 
dumbbell/single atom sites in (3+2)D superspace. (a) The electron 
density contours for the Ga3/Ga4 site pair as functions of x3 and x4 at x5 
= 0. Analogous plots are given for the (b) Ga5/Ga6 site pair at x5 = 0, 
(c) the Ga3/Ga4 atom pair at x5 = ½, and the (d) Ga5/Ga6 pair at x5 = 
½. In each plot, the electron density is summed over a 1 Å thick width 
along x1 and x2. Occupancy cut-off:  curves are drawn for the member of 
the atom pair with the higher occupancy. Electron density contours: 3 
electrons/Å3.  The patterns of single atom occupation for (e) Ga4 and 
(f) Ga6 as a function of the phases of the two modulations, x4 and x5.  
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Figure 7. The occupational modulations of the (a) Ga3/Ga4 and (b) Ga5/Ga6 dumbbell/single atom positions viewed in physical space. Contours 
shown for probabilities in steps of 0.1. The thick black line is shown at probability = 0.5, the cut-off separating regions with majority dumbbell (gray 
spheres) occupation and those of majority single atom (blue spheres) occupation. The ranges of the gradient are set to 0 and 1, though the limits of the 
occupations go slightly beyond a range of 0-1 (an artifact of the harmonic model).

In Figure 7a we begin by overlaying the Ga4 occupational modu-
lation on a layer of the structure containing the Ga4 sites in physical 
space. The probability of Ga4 occupation is indicated by color, with 
blue representing sites most likely to have a Ga4 single atom present 
and white indicating those sites with a low chance of Ga4 occupation 
(instead, a Ga3 dumbbell is expected at these sites). A thick black 
contour representing 50% Ga4 occupancy is also provided to mark 
the boundary between regions with majority Ga4 single atoms and 
those with majority Ga3 dumbbells. Here, the blue majority Ga4 ar-
eas are shaped like rounded diamonds and arranged in a checker-
board pattern across the plane. 

Of course, while we have drawn this function as continuous, it ac-
tually only applies to the distinct positions of the Ga4/Ga3 sites, ar-
ranged in a square net in the layer. By comparing the placement of 
these sites relative to the modulation, the incommensurate nature of 
the structure becomes evident. Along y, five steps along the square 
net are required to land on an equivalent point on the modulation 
function, in line with |q1,y| = |q2,y| = 0.2. For the x-direction, three 
steps along the square net falls just short of a repeat vector of the 
modulation, corresponding to |q1,x| = |q2,x| = 0.31. 

Indeed, the result of this mismatched periodicity is a real space 
structure that resembles a BaAl4-type matrix with small islands of 
single atoms embedded into it. The near tripling of a creates a fre-
quent motif of a single atom followed by two dumbbells along x, a 

pattern reminiscent of the La3Al11 type. The repeat period of the 
modulation wave along x in Dy(Cu0.18Ga0.82)3.71(1) (reflecting qx = qx,1 = qx,2 being 0.31 rather the 1/3  that would apply for the La3Al11-
type) seems closely connected to the stoichiometry of the phase. In 
fact, the formula obtained from the refinement, Dy(Cu/Ga)3.71(1), is 
within experimental error of Dy(Cu/Ga)4-qx. The y-component of 
the modulation, then, appears not to change the coverage of single 
atoms along the physical y axis (at least on the average between the 
Ga4 and Ga6 layers), but to break the series of lines of single atoms 
seen in La3Al11 type into a block-pattern of shorter segments. 

Figure 7b shows the analogous contour for the Ga6 single atom 
site. Familiarly, we see a pattern that is approximately opposite to 
that of the Ga4 occupations, i.e. the blue areas in this layer align with 
the white areas in the layer above it. We also see in the physical space 
projection that the blue areas are differently shaped (as we saw in the 
electron density contours of Figure 6), forming elongated ovals ar-
ranged in a checkerboard pattern. In this case, the islands of single 
atom occupation are more stretched along y, creating an even 
stronger impression of La3Al11-type motifs and higher single atom 
occupancy overall. In fact, this observation matches the trends in the 
average probability of the single atom sites for the two layers 
(34.23% for Ga6 vs. 27.23% for Ga4). 

This 3-dimensional view of the occupational modulations shows 
an interesting arrangement of familiar structural motifs. Within both 
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layers, there are fragments of the ordered La3Al11 type (a ...dumbbell-
dumbbell-single atom… sequence along x), with the occassional 
variations in the number of dumbbells between single atoms. In each 
case, though, the La3Al11-type fragments are arranged in small do-
mains that create a patchwork pattern instead of the strips of single 
atoms we would find in the La3Al11 type itself. In the next section, 
we’ll consider how this arrangement of dumbbells and single atoms 
addresses the atomic packing issues we identified in the parent struc-
ture. 

3.8 Tighter Dy Coordination Environments in Modulated 
Dy(Cu0.18Ga0.82)3.71(1). As was anticipated in the theoretical analysis 
of Section 3.2, the modulation in Dy(Cu0.18Ga0.82)3.71(1) appears to re-
duce the frequency of  dumbbell/single atom substitutions relative 
to the La3Al11 type. This effect would be expected as a response to 
Cu’s lower valence electron count as it is incorporated into the struc-
ture. However, this electronic effect alone does not explain the 
block-like arrangement of single atom domains in the modulated 
Dy(Cu0.18Ga0.82)3.71(1) structure, as opposed to the strips in the 
La3Al11 type. Clues to the origins of this block morphology can be 
seen in the major tensions we identified in the CP schemes of DyGa4 
and Dy3Ga11 (section 3.1 and 3.2): positive pressures in the Ga sub-
lattice (especially along the dumbbell contacts) countered by nega-
tive CPs on the Dy atoms. Combining these schemes with the obser-
vation that neither of these compounds arise in the Dy-Ga system, it 
seems the Dy atoms are too small for their coordination environ-
ments, even in Dy3Ga11, and the inclusion of the smaller atom Cu 
helps to tighten the Dy coordination. 

It is then interesting to explore how the Dy coordination environ-
ments in Dy(Cu0.18Ga0.82)3.71(1) compare to those that we would find 
in simpler BaAl4- and La3Al11-type structures. Throughout this se-
ries, there are three basic coordination environments (Figure 8a), 
surrounding the central Dy atom with as few as 14 Ga neighbors to 
as many as 16. From the CP schemes of DyGa4 and Dy3Ga11, it seems 
that the Dy atoms of the structures would prefer a coordination 
number (CN) = 14 and would like to minimize how often they are 
encased within 16 Ga/Cu atoms. 

Let’s investigate how often the different basic coordination envi-
ronments occur in each of the different structures. We’ll do this by 
plotting histograms of the number of Dy atoms with different CNs 
by Ga (counting atoms within a radius of 3.65 Å). Consider first a 
hypothetical BaAl4-type DyGa4 structure (Figure 8b). Here, because 
there is no dumbbell/single atom substitution, every Dy atom is in-
side a 16-coordinate polyhedra; this histogram contains a single bin 
centered at CN = 16. In moving to the La3Al11 type, the single atom 
substitution for every 3rd dumbbell results in two bins (Figure 8c): 
CN = 14 for ⅔ of the Dy atoms in the structure with the remaining 
⅓ still having CN = 16. It appears, then, that even when most of the 
CN = 14, there is still a relatively frequent occurrence of 16-coordi-
nate Dy atoms. Given the CP issues faced by the Dy atoms, this 
would certainly be destabilizing. 

Making the same histogram for the modulated 
Dy(Cu0.18Ga0.82)3.71(1) structure (using the modulated occupancies of 
the dumbbell/single atom sites to weight each neighbor to the Dy 
atoms) reveals a remarkable change (Figure 8d).66 Rather than CNs 
of either 14 or 16, we now see a range that stretches between these 
extremes. The distribution is also significantly different from either 
of the parent structures, with the bin centered at CN = 16 polyhedra 

accounting for only 3.59% of the Dy atoms vs. 100% in the BaAl4-
type and 33.3% in the La3Al11 type. As in the La3Al11 type, the major-
ity of the Dy atoms are surrounded by fewer than 15 Ga/Cu atoms, 
64.94%. Now, though, a significant percentage (31.47%) have coor-
dination numbers between 15 and 16. 

Figure 8. Tightening of the Dy coordination environments in the mod-
ulated Dy(Cu0.18Ga0.82)3.71(1) structure. (a) The basic Dy coordination 
environments available to the Dy atoms. (b) Histogram distributions of 
Dy coordination numbers (CN) in DyGa4, (c) Dy3Ga11, and (d) a sam-
ple of 31×10×1 basic cells of the modulated Dy(Cu0.18Ga0.82)3.71(1) struc-
ture, further broken down into distributions of the two symmetry-dis-
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tinct layers containing (e) Ga4 and (f) Ga6. The non-integer coordina-
tion numbers emerge for the modulated structure due to the fractional 
occupancies of the dumbbell/single atom sites.  

Histograms such as these can also be used to inspect the sym-
metry-inequivalence of the layers containing the Ga4 and Ga6 single 
atom sites in Dy(Cu0.18Ga0.82)3.71(1), the primary source for the loss of 
the I-centering in the original BaAl4 type. Figures 8e and 8f present 
histograms for the coordination numbers of the Dy atoms located 
just within the Ga4 and Ga6 layers, respectively. In comparing these 
layers, several points of contrast become clear: there are significantly 
fewer Dy atoms in the CN=16 bin for the Ga6 layer (<1 % vs ~7%). 
At the same time, the Ga6 layer shows a large peak in the 14 to 15 
range, and has an overall higher percentage within the bins centered 
in the range 14 ≤ CN < 15 than the Ga4 layer (74.07% vs. 54.31%). 

While the layers are different, they share the common feature that 
the number of CN = 16 Dy atoms is substantially reduced relative to 
either the BaAl4 or La3Al11 types. It appears, then, that the significant 
tension of the parent structures−overly-large Dy coordination envi-
ronments−has been alleviated in this incommensurate arrangement. 
How is this accomplished? To answer this question, in Figure 9, we 
present a projection of the Dy3Ga11 structure to show how the CN = 
14 and CN = 16 Dy-centered polyhedra are distributed, then com-
pare it to how the different Dy CNs are distributed in similar projec-
tions of the Ga4- and Ga6-containing layers. Here, the Dy-centered 
polyhedra are color-coded based on the bins whose centers lie in the 
ranges 14 ≤ CN < 15, 15 ≤ CN < 16, and 16 ≤ CN, where dark gray 
indicates no improvement and light gray indicates significant shrink-
ing relative to the BaAl4 type. 

In the La3Al11 structure (Figure 9a), there is a periodic arrange-
ment of the dumbbell/single atom substitutions: along b, every third 
dumbbell becomes a single atom, forming two strips of 14-coordi-
nate Dy atoms followed by a strip of 16-coordinate Dy atoms. In the 
modulated layers, remnants of strip-like domains remain, but block-
like arrangements of 14- and 15-coordinate Dy atoms become prev-
alent. The Ga4 layer (Figure 9b) is dominated by blocks of medium 
gray polyhedra (CN = 15); the Ga6 layer (Figure 9c) drawn in this 
way reveals clusters of CN = 14, with relatively few dark gray poly-
hedra. The differences between layers suggests there are advantages 
to making an alternation of layers with higher (Ga6) and lower 
(Ga4) levels of dumbbell/single atom substitution.  

These projections also show the primary difference in the layers 
of the modulated structure compared to the periodic parent struc-
ture. Instead of strips of dumbbell/single atom substitutions, the 
modulated structure forms a patchwork pattern of the La3Al11 type. 
These block-like arrangements are responsible for the tightened Dy 
coordinates in the modulated Dy(Cu0.18Ga0.82)3.71(1) structure (Fig-
ure 9e): the boundaries of the La3Al11-type blocks provide the op-
portunity for CN = 15 Dy atoms, not possible in the parent structure 
alone. 

3.9 Dy(Cu0.18Ga0.82)3.71(1)’s Modulated Structure Viewed 
Through the FAST Principle. As we’ve seen above, the tightly cou-
pled effects of the electronic and atomic packing factors result in the 
modulated structure of Dy(Cu0.18Ga0.82)3.71(1). We can summarize 
these effects schematically using an abstract potential energy surface 
(Scheme 1), focusing on the problems and solutions afforded by dif-
ferent structural variations away from a hypothetical BaAl4-type 
DyGa4 parent structure through changes in the Cu/Ga ratios and the 

frequency of single atom/dumbbell substitution, as represented by 
the x-component of the q-vectors, qx. 

 

Figure 9. The physical space distribution of Dy CNs. (a) The distribu-
tion of Dy CNs within a layer of the La3Al11 type, with the tightening of 
the CNs compared to DyGa4 indicated by the gray hues of the coordina-
tion polyhedra: light gray polyhedra, medium gray polyhedra, and dark 
gray polyhedra correspond Dy sites from bins with centers in the ranges 
14 ≤ CN < 15, 15 ≤ CN < 16, and 16 ≤ CN, respectively (see Figure 8). 
(b) The corresponding plot for the Ga4 layer of the modulated 
Dy(Cu0.18Ga0.82)3.71(1) structure. (c) Analogous plot for the Ga6 layer. 
(d) Illustrating how breaks in the strings of single atoms along y in the 
La3Al11 type can result in CN = 15 Dy atoms. 

First, we present the qualitative potential energy surface for the 
electronic component. Beginning in the top left corner, BaAl4-type 
DyGa4 is represented by a high-energy peak (red) reflecting its being 
1 electron/Dy atom in excess of the 14-electron ideal. The transition 
to La3Al11-type Dy3Ga11 (low energy, blue peak) should solve the 
electronic issues of the BaAl4 type, as the replacement of every third 
Ga2 dumbbell by a single Ga atom lowers the electron count to this 
ideal value. However, the possibility of lowering the electron count 
via the Ga/Cu ratio stretches the minimum into a canyon that runs 
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diagonally from Dy3Ga11 (Cu/Ga ratio = 0, qx = ⅓) to 
Dy(Cu1/8Ga7/8)4 in the BaAl4 type (Cu/Ga ratio = 1/7, qx = 0).  
Where does the the modulated Dy(Cu0.18Ga0.82)3.71(1) phase lie on 
this map? Curiously, with its Cu/Ga ratio of the modulated 
Dy(Cu0.18Ga0.82)3.71(1) phase lies on the opposite side of the canyon 
from the parent DyGa4 phase, as its Cu/Ga ratio of 0.22 is too high 
for its qx value of 0.31, making the electron count lower than the 14 
electrons/Dy atom target. 

 

Scheme 1. Qualitative Interpretation of Modulated 
Dy(Cu0.18Ga0.82)3.71(1) in Terms of the FAST Principle 

 

The corresponding scheme for the atomic packing component 
tells quite a different story. Again, the BaAl4 type near the top left 
corner is shown as a high energy peak, reflecting the too-large coor-
dination environments of the Dy atoms in this structure. And while 
the La3Al11 type goes some way towards solving these issues by its 
every-third substitution of Ga2 dumbbells for single Ga atoms, the 
residual negative pressures on the Dy are sufficient to prevent this 
phase from being experimentally observed. We have thus repre-
sented it with a lighter pink indicating some improvement over the 
BaAl4-type. Moving straight down the plot from DyGa4 to Cu-sub-
stituted version of the same type also leads to some stablizing con-
traction around the Dy.  However, the true low-energy structure 
comes from moving diagonally down the plot, as this combines the 
dumbbell/single atom and Ga/Cu substitution mechanisms. This 
aligns with the transition to the modulated structure of 
Dy(Cu0.18Ga0.82)3.71(1).  

By taking the sum of the qualitative energy contours for both fac-
tors, we can get an overview of how the electronic and packing com-
ponents are working within this system. Overall, BaAl4-type DyGa4 

is a high energy structure from the point of view of both factors. The 
transition to La3Al11-type Dy3Ga11 offers relief on both maps, but 
does not sufficiently resolve the atomic packing issues to result in a 
low-energy feature in the summed scheme. When Cu is incorpo-
rated, further relief for the packing factor becomes possible, but the 
electronic factor then requires the reversal of some Ga2/Ga substitu-
tions relative to the La3Al11 type (lower qx). Overall, our experi-
mental results suggest that the best path for relieving destabilizing 
DyGa4 appears to be the structural transition to the observed modu-
lated structure of Dy(Cu0.18Ga0.82)3.71(1). This hints that here the 
atomic packing factor has a somewhat stronger weight. 

4. CONCLUSIONS 
In this Article, we have presented the synthesis and complex crys-

tal structure of Dy(Cu0.18Ga0.82)3.71(1), and explained its (3+2)D in-
commensurately modulated arrangement in terms of electronic and 
atomic packing issues preventing the formation of its simple parent 
structure, a BaAl4-type DyGa4 phase. We began with the theoretical 
analysis of DyGa4 which reveals an excess of electrons relative to a 
14-electron/Dy pseudogap and large negative pressures on the Dy 
atoms. Though the Ga2 dumbbell/Ga single atom substitution lead-
ing to Dy3Ga11 provides progress in solving both these issues, resid-
ual negative pressures on the Dy remain that appear to be severe 
enough that this otherwise plausible compound does not form. Cu 
incorporation into the Ga sublattice helps overcome this issue by 
shrinking the coordination environments of the Dy atoms with the 
assistance of a block-like incommensurate pattern of dumbbell-sin-
gle atom substitutions. 

A FAST analysis of this situation highlights a competition be-
tween the Cu atoms’ ability to stabilize the atomic packing around 
the Dy atoms and its lower valence electron count, which urges a re-
duction in the dumbbell/single atom substitution. The relatively 
high Cu/Ga ratio of Dy(Cu0.18Ga0.82)3.71(1) indicates that the atomic 
packing factor plays a larger role in this case, but one could imagine 
other compromises. In fact, our synthetic exploration of the 
Dy(Cu/Ga)4-x system has uncovered at least four other modulated 
compounds where the q-vectors change as a function of the nominal 
Cu:Ga loading ratio, which we are currently pursuing. 

These results show how a compound just outside the stability 
range of a common structure type, BaAl4-type DyGa4, can serve as 
the source for intriguing structural chemistry when an additional el-
ement is added that helps address the issues that destabilize it. It will 
be interesting to induce structural complexity in other ternary Dy-T-
Ga systems, such Dy-Ni-Ga (containing the Dy3Ga11-type phase 
DyNi2.8Ga8.2

67) or Dy-Zn-Ga, as well as other systems known to un-
dergo CP-drive structural transitions. For instance, replacing Sr in 
CaCu5-type SrAg5 with Ca leads to the defect structure Ca2Ag7.68,69 
Going further and adding Mg to the system would be expected to be 
outside of CaCu5’s stability range and possibly a launching point for 
intriguing structural chemistry. More broadly, this work points to a 
general strategy for accessing the farthest reaches of a structure 
type’s stability: FAST analysis of a ‘missing’ common structure and 
the addition of an element that solves its issues. 
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Synopsis: We apply the FAST principle to investigating the complexity that emerges at the compositional 
limits of the BaAl4 type. Theoretical analysis of the unobserved but plausible BaAl4-type DyGa4 trace its 
instability of DyGa4 to an excess of electrons and overly large Dy coordination environments.  Cu incor-
poration and dumbbell/single atom substitution represent overlapping routes to addressing these issues. 
In the 2D incommensurately modulated structure of Dy(Cu0.18Ga0.82)3.71(1), these factors are realized in a 
checkerboard-pattern of La3Al11-type domains. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


