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Conversion of a Class of Stochastic Control Problems to
Fundamental-Solution Deterministic Control Problems*

William M. McEneaney' and Peter Dower?

Abstract— A class of nonlinear, stochastic staticization control
problems (including minimization problems with smooth, con-
vex, coercive payoffs) driven by diffusion dynamics and constant
diffusion coefficient is considered. Using dynamic programming
and tools from static duality, a fundamental solution form is
obtained where the same solution can be used for a variety of
terminal costs without re-solution of the problem. Further, this
fundamental solution takes the form of a deterministic control
problem rather than a stochastic control problem.

I. INTRODUCTION

We consider nonlinear optimal stochastic control problems
where the finite-dimensional dynamics take the form of
stochastic differential equations (SDEs). These problems are
typically converted into Hamilton-Jacobi partial differential
equation (HJ PDE) problems. In the case of determinis-
tic optimal control problems, the HJ PDEs are first-order
equations, while in the stochastic case, they are second-
order HJ PDEs. The dimension of the space over which
these PDEs are defined is that of the state process of the
control problem. Realistic control problems typically have
relatively high dimensional state processes (i.e., greater than
dimension three), leading to PDEs over high dimensional
spaces. The solution of such HJ PDE problems has long
been hampered by the curse-of-dimensionality, and we note
that this has limited solution of such problems by classical
methods to relatively low state-space dimensions on the
order of three to five (cf. [3] and the references therein).
More recently, the max-plus based curse-of-dimensionality-
free methods have demonstrated computational tractability
for significantly higher space dimension, and this approach
have been quite effective in the case of first-order HJ PDE
[6], [13], [14], [15], [16], with the caveat being a curse-
of-complexity that grows rapidly with back propagation.
Extensions of the max-plus based curse-of-dimensionality-
free methods to second-order HJ PDE and stochastic control
problems has been less computationally successful [11], [1].

Here, we demonstrate that for certain classes of problems,
one may convert the second-order HJ PDE associated to
stochastic control problems driven by Brownian motion into
a first-order HJ PDE combined with a small integral term.
Hence. the rapid curse-of-dimensionality-free methods may
the solutions are obtained as fundamental
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solutions, which implies that the same solution may be ap-
plied to varying terminal costs without complete re-solution
of the HJ PDE problem.

II. DEFINITION OF THE PROBLEM CLASS

We consider a nonlinear stochastic control problem where
the SDE dynamics and initial state are given by

dé—t = f(£t7ut> dt + Mch

where the underlying probability space is denoted as
(Q, Foo, P). Also, B. denotes an n-dimensional Brownian
motion adapted to filtration F;. We suppose the control,
u; € U C R¥ for all t. Fix T € (0,00), and for s € [0, 7],
let the control and state-process spaces be given by

fS:l‘ERn, (])

Us ={u: [s,T] x Q = R"|u is Fs-adapted, right-contin.
and such that EfST|ut|m dt <oco¥Vme N}, (2)
Xs ={&: [5,T] x Q@ = R"|¢ is Fi-adapted, right-contin.

and such that E sup |&|™ <ocoVm e IN}. (3)
te[s,T]

The payoff will be given by

Ts,m,u2) =B T L6, u) dt +0(ersz) ), @)
Wi 2) = 5(z —2)" M(w - 2) +7, (5)

where M is positive-definite and symmetric, and z € R™.
For reasons of space, we will not include the case of more
general payoffs here. The value function is given by

W (s, x; z) = stat J(s,x,u; 2). (6)
uEU,
We remark that in the case of a convex, coercive, C! payoff,
stat is equivalent to minimization; that is W(s,z;2) =
mingey, J(s,x,u; z). Hence, all results obtained for stati-
cization problems hold for such minimization problems.

ITII. STATICIZATION DEFINITIONS

Although minimization, maximization and saddle-point
generation are more common in control theory, “staticiza-
tion” has recently proven to be quite useful. We make
the following definitions. Let Z be a real normed vector
space with A C Z, and suppose G : A — R. We say
@ € argstat, . 4, G(u) = argstat{G(u) |u € A} if u € A
and either

lim sup

|G =-G@)| _ 0 (7)
u—a,ucA\{ua} u=dl
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or there exists 6 > 0 such that AN Bs(a) = {a}. If
argstat{G(u) |u € A} # 0, we define the possibly set-
valued stat® operation by

stat G(u) = {G(u) | u € argstat{G(u) |u € A} }.
If argstat{G(u)|u € A} = 0, then stat] ., G(u) is
undefined. We are mainly interested in a single-valued stat
operation. In particular, if there exists a € R such that
staty . 4 G(u) = {a}, then stat,c 4 G(u) = a; otherwise,
staty,e 4 G(u) is undefined. The following is immediate.
Lemma 1: Suppose Z is a Banach space, with open set
A C Z, and that G is Fréchet differentiable at @ € A. Then,
u € argstat{G(y) |y € A} if and only if DG(u) =

IV. RECOLLECTION OF RESULTS

The first step is the development is that of obtaining the
equivalence between the value function and the solution of
the associated HJ PDE problem. This equivalence is very
standard in the minimization, maximization and minimax
cases, and less so in staticization cases that do not correspond
to these. We recall a dynamic-programming staticization
result here, so as to ground the sequel. In particular, we work
under strong conditions so as to avoid excessively technical
proofs.

We will let X = (0,7) x R*, X =
(0,T)xR?" and ) =

(0, T] x R*, Y =
(0, T] x R?™. We specifically consider

0=W;+ Stea[} {f(x, v)TW@ + L(=x, v)} + %tr[AWm}

= Wi + Ho(z, W) + Qo(x, Wy) + 5 tr[AW,,],
= Wi+ Ho(x, W) + L 60[AW,.], (t,2,2) €Y, (9)
W(T,z;2) =(x;2), (x,2) € R?", (10)

where Qp is a quadratic function of its arguments, and
Hy contains all remaining non-quadratic terms defining the
Hamiltonian (where we note that the diffusion coefficient in
(1) is constant). We assume the following.
Assume that for z € R", W = W(.,;2) €
CH4(X)N Cy(X), and there exists Cy < oo and
q € IN such that |[W,(s,z)] < Co(1 + |z|?9)
and |[W,,(s,2)| < C’o(l + |z|?9) for all (s,z) €
X. Assume U = R*; fL € C3(R" x U);
3C1 < oo such that |f.(z,v)|,|fo(z,v)] <
Ch, |fmm(mav)‘7 ‘fzv(m7v)|7 |fvv(x7v)| S_ C1 and
|L$I(x7 11)|, |L£Dv($7 'U>|a |va(.%‘, v)" < Ch.
Theorem 2: Assume (A.1). Further, suppose that for each
z € R, there exists 4 € C(X) such that f(z,u(t,))
is globally L1psch1tz on X and such that @(t,xz) €
TW,(t,x) + L(x,v)} for all (t,z) € X.
, and @ yields payoff W.
eorem 2 is quite similar to that of [10,
real-valued (rather than complex-valued)
pcific dynamics and cost. For the benefit
C 1eader, a4 pattial proof appears in the appendix.
All results to follow are obtained under (A.1).

(A1)

V. CONVERSION TO A FUNDAMENTAL-SOLUTION FORM

We now proceed through several steps that will lead
to a fundamental solution form, and then further, to a
deterministic-control, fundamental solution form. We remark
that the term “fundamental solution form” is being employed
here to indicate that modifications of the terminal cost, within
a certain class, will not require re-solution of the problem.
For z,p,a, 8 € R™ and ¢q,c € R, let

Qz,p,a,B) = G|z — af + Flp - BI*.

We assume that Hy € C3(R2"), that the first,
second and third derivatives of H( are uniformly
bounded, and that H; is uniformly Morse in (A.2)
(z,p) € R?".
Using Assumption (\A.2) and [9] Th. 4, one obtains:
Lemma 3: For |c1], |co| sufficiently large,
Hy(z,p) = stat

(. B)ER? [Go(a, B) + Q(@,p, o, B)],

GO(O{,B) :(z %2}?{2” [Ho(map) (:L' D, 76)}

Lemma 4: Let |c1|,|ca| be sufficiently large. Then, for
each z € R", the value function given by (1)—(6) is the
unique, classical solution of

0= Wt _ﬁa’%gitf&% {Go(a 6) + Q(CL’, va avﬁ)}
+ Qo(z, Wy) + L tr[AW,,],  (tz) € X,  (11)
W(T,x;2z) =¢v(x;2), x€R". (12)
Now, we let Qg take the form
Qo(z,p) =3 [2" D112 + 22" Dy op + p" Da op]

+ d{z + dgp

where D; 1, D39 are symmetric. Note that for |cz| suffi-
ciently large, with I' = —(coZ + Da )71,

Go(a, B) + Qo(z,p) + Q(z,p, a, B) (13)
= Sé%g {[Dl,Zl' +dy — 2B+ 0)Tp+ Qi(, 0475a71)}7
Ql(xa aaﬁvv) = Go(%ﬁ) + %JUTDMSC + %\x - a|2
+ 2|8 +d{ z + 20" Tw.
VI. UNDERLYING CONCEPTS

The discussion to follow in this section provides the
conceptual material related to the main result.

A. Iterated Staticization

Consider the following stationarity control problem.
&, = (D1 o€ +dy — cofy +up) dt + pdBy, & = .

where u., 3. € U, 7. Let the payoff and stationary value be

Jf(s T, u, oz,ﬁ, = /Q1 &, ap_ t,ﬁt,ut)
+¥(eri )}, (14)
W/(s,z;2) = stat stat J'(s,z,u, &, B;2), (15)

766[05 T]2 u. GUS T
Osr={v:[5,T] x Q2 —R"

v is Fi-adapted,
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right-contin. and s.t. ]EfsT|1/t|2 dt < oo}, (16)

Lemma 5: Let |c1|,|ca| be sufficiently large. Then, for
each z € R™, the value function W given by (6) is identical
to the value function, W/, given by (15).

Proof: Note that J/ has a semi-quadratic form. The
result the follows from [8], [17]. |

Note that the inner  staticization of  (15),
staty. eu, - J¥(s,z,u,a,B;z) is a set of linear-quadratic
Gaussian control problems, indexed by the &, B and that
motivates the following.

B. Relevant Differential Riccati Equations

Consider the dynamics, driven by stochastic processes
at, B, given by

I, = —Fi (1) = —{IL K11, + K 10, + 1L Ko + K3},

(17)

ity = —Fy (I, my, @, Br)
= —{IL K7 + I, KgV? + Komy + th}, (18)
= —Fs(HtﬂTnOét Bi) = —{Go(as, Be) + Slau|* (19)

2|8, + Lal Kimt (V) Tmy + 4 tr(K4HtK5)}7

(M -M
(o

I
Ky = ((CQI+ DQ’Q) 0>7 K =

B

= 07 T = /77 (20)

Df, 0
0 O

C(AT\T
K4:(0>7

(T . (T 0 . (dy — 1o
K5=(0>7 K6:<0 0>7 th:<1 061O£t>7

21

)

I
R
Nt~

0 0
(Clz + Dl,l) 0)

Note that F; is independent of &.,[.. Also note that the
dynamics of (17)—(19), although stochastic, are not driven
by a Brownian motion; the stochasticity arises only through
the presence of &, . Let a reverse-time state process be given
by (Ht; ﬁ't, "S/t) = (HT_t, TT—t, ’YT—t) for t € [O, T— S]. The
reverse-time dynamics and initial condition are given by

ﬂt:Fl(ﬂt)a ﬂ-t:FZ(ﬁt;ﬁ-tathl‘/)a
’?t = FS(ﬂtvﬁtvdtvﬁt)vno = 1:-[7 7%0 =7 = 07 ’QY/O = ;)/7

where &; = ar_y, Bt = Bp_,. Consider the payoff given by

J(r, T, 7,7, d, B2, 2) = (5”) TﬂT (x) + (m> TE{frT}

z z z
+E{%-},
stat j(T,ﬁﬁ,’?,d,B,l’vz)
(&,8)€[0o,-]?

problem formulation where the state has
¢ to f[, 7. Aside from the inputs &, B,
c input in this problem formulation. This
Metely remove the stochastic element from
the problem In that vein, note the following general result.

Theorem 6: Let —co < s < T < oo and Nyp =
Ly((s,T);R™). Let O, be as in (16), and supply Os 1
with the inner product (v!,1?) = I['EfST(l/tl)TVt2 dt. Let
H € C?*(N,r;R) with uniformly bounded second deriva-
tive. Define H : Os 1+ — R by H(v) = E{H(v)}. Then
stat,co, » H(v) exists if and only if stat, e, . H (1) exists,
and further, stat,co, , H(v) = statyen,  H(7).

VII. THE FIRST-ORDER HJ PDE

We now proceed to the equivalent first-order HJ PDE
problem. Let —oo < s < T < oo. Suppose there exists

e 01((8’T);R2nx2n) N C([s,T];RQ"XQ") satisfying
I = -RA(L), te(sT), L=0 @
where we recall that II is gjven in (20). Let N, =

Ly((s,T);R"), and let & B3 € N, Let @ €

C'((s, T);R*™) N C([s, T); R*") satisfy (with 7, = 7 = 0)
it = Fy(Ile, 7wy, 64, Br) = B(t)me + b(t, e, Br),  (23)
B(t) =0, Ky + Ka, b(t,ay, 3) = I, KsV2 + V.

Let the state-transition matrix associated to B(-) be denoted
by ®(t,s). For (& 8) € N2, one has solution m =
O(t,s)T + f;@(t,r)b(r, &y, 3;) dr. Note that there exists

v € CH(s,T);R) NC([s, T];R) such that
Yo = Fs(Ty,mi, a0, 81), t€(s,T), =7 (24)
For ¢t € [s,T], let
Gt 11,7, 2,2) = 3 (j) 11 ( ) +7. (25)

Also consider the control problem with payoff and value

T T
j(S,ﬁ',d,ﬁ;ﬁ,iL’,Z,T) (i) T +/ F3(Ht;7rtadtaﬂt) dt
W(s,fr;ﬁ,x,z,T): stat j(s,fr,d,ﬁ;ﬁw,z,T) (26)

(&,B)€N;]?

where we recall that 7 = 0 here. The HJ PDE problem
associated to value W is given by

0=-W,— stat {W,- (I, a,
' (a,%)%}&?n{ 2(Il,m, @, B)
+F3(Ht77raa36)}a (27)
W(T, w1, z,2,T) = (27, 2T)r, =meR?™, (28)
where we let ) = (s5,T) x R?" and ) = (s, T] x R?".

Theorem 7: Fix x,z. Let |c1|,|ca| be sufficiently large,
and suppose there exists a solution to (22) on [s,T].
Suppose W (-, ;1L x,2,T) € CH4Y) N CH(Y) satisfies
(27)—~(28), and that Wr, is uniformly bounded. Then,
W(, Iz, 2T) = W(,;0,z,z2T) for all (t,7) e ),
and there exist unique feedback controls a*(¢t,7), 8* (¢, 7)
satisfying (27) such that there exists a unique solution to
(23), and that yield the stationary value.

Proof:  (Sketch only.) It is sufficient to demon-
strate that W satisfies the conditions of (A.1) with
Fy replacing f, F3 replacing L, 7 replacing = and
(&, B) replacing v in the assumption. With a little work,
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one finds that Fy, F3 € C3(R**2" x R™ x R?").
W(,,z,2) € CH*(Y) N Cy(Y), and that P. and the
second derivatives of G are bounded. By those bounds,
one easily sees that |[Fo]x|, |[F2](a,)ls [EF3]nx s [[F3]r(a,8)]
and  |[F3](a,8)(a,p)| are bounded, while we note that
[BoJer | 1P sy | [P 30| = O

It remains to verify that the feedback controls are globally
Lipschitz. Differentiating, we see that the feedback-form
control functions, a*(t, 7), 8*(t, ) achieving the argstat in
(27) must satisfy

(g) —I—CA'_l[Go]a”g(a,ﬁ) :fw—i—Mth (29)

c= (7 3) Golastas = ([Gleie ).

- 0 O 7 0
7= oM = (T .
(In 0) ¢ (Pt Qt)

where we see that for |c1],|cz| sufficiently large, the right-
hand sides are contractions, and hence these define unique
feedback controls, o* (¢, ), 8*(t, 7). With this in hand, one
may show that the remaining conditions of (A.1) are satis-
fied. [ ]

Although we often find that 144 quite closely matches T
of (6), a correction term due to the second derivative of W
with respect to x is required for equality. It will be helpful to
consider the following HJ PDE problems. For any (&, 3) €
N2, the k = 0 problem is given by

0=J)+ [J2 Fo(ly, 7, G, Bi) + F3(Ile, 7, 6, Br)] (30)

T
JOT, m &, 8,10, 2,2, T) = (”ZC) r, meRM (31)

and for k €]1,n[, the HJ PDE problems are given by
0=—JF —JF. B(Ily, 7, &, Br),
Jk(T,ﬂ';d,B,ﬁ7$,Z,T) =, weR?™,

and the £ = n + 1 HJ PDE problem is given by
0=—J;t — {grtt. Fy(Ty,m, 6, Br)

(32)
(33)

5 D Ak [MICIC +Gy(an, )] T OMY,
J,k=1¢,m=1
It

JHNT, &, B, 1,2, 2,T) = 0,

(34)

7 € R*", (35)
Note that the unique solution of (30)—(31) is payoff J
of (26). One obtains the HJ PDE problems for k €]1,n]
by formal differentiation of problem (30)-(31) by xj. The
HJ PDE problem corresponding to & = n + 1 may be
obtained by formally differentiating again by z, and taking
ar combination. For k €]0,n + 1[, the
milarly related, with J J' replacing J.
a,f € C(s,t);R?™), there exist
br HJ PDE problems (30)—(35). These
btained by the method of characteristics.
me of the characteristic equations for var-
ious HJ PDE problems above. Consider the characteristics

associated to (30)=(31), for (&, ) € C'((s,T);R?"). We
let ¢°, p°, 70 correspond to J?, JY, . One finds

() = ®(t,T)r — f@(t, mb(r, @y, By) dr

T -
[ D~ (¢,7)b(r, &, Byr) dr

t

p(t) =

One may also find ¢° and J°, but that is not needed below.
Next, consider the (32)-(33) HJ PDE problems for k& €
]1,n[. One finds 7% = 7% for all k. Further,

pr(t) = o~ (T,t)e* Viels,T), ke|l,n|,

where é¥ = 6. ; and 6 ; denotes the Kronecker 4 function.
Lastly, we turn to the & = n + 1 case. As before,
we find 7" *1(t) = #0(t) for all t € [s,T]. Here, again
prtl = —BT(t)p"+1(t), but now with p"*(T) = 0, and
hence p" 1 (t) = 0 for all ¢ € [s, T]. Using the characteristic
representation for J* and (36) and Lemma 8, we find

7 (t,T)(=", ") -

(36)

T 7O (0); 6, ) = T e / G (1, Br) d
Gr(t,dn, B) =1 ) ZAM &M C
Jk=1¢m=1
€+ GY(an, B)) T CMy], [0 (T, 1) ]

We now move to the relation between J"T! and the
correction term needed in the adjustment of w.

Lemma 9: Fix 1,2, T. Suppose W (t,m;II,z,2,T) is
twice differentiable in = for all (t,m,2) € ) x R™
Let (&,5) = (a*,3*), and for each k €]l,n[, let
Jk(-,-;d*ﬂ*,l:[,x,z,T) be the corresponding solution of
HJ PDE problem (32)—(33). Similarly, let J"*1(-,-; &*, 3*)
be the solution of HJ PDE problem (34)—(35), again with

(&aﬁ)_( 7B ) Then
JE(t,m &, B, @, 2, T) = Wy, (t,m; 1,2, 2, T)
J"+1(t;d*,ﬂ~*) = %tr[AWm(t,ﬂ;l:[,x,z,T)].
For (s,7) € (=00, T] x R?*" let
Wf(s7 5 1:[7 ’77 X, z, T) :W(S7 Us 1:[7 x,z, T)
+G(T (37)
Theorem 10: Fix M,z,7 and ©# = 0. Let |c1],|ca| be

sufficiently large, and suppose there exists a solution to (22)
on [s,T]. Then,

- 8;1:[,’7,1',2).

WHT, 71,7, 2,2,T) = W(T,x;2,M,5,T),
Wtf + stat {f(:lc7 v)TWa{C + L(z, v)} + %tr[Ang]
veU

= J" (a8, 1), By, V(T ) €Y xR
Proof: 1t is easily seen that at t =T,

T
WH(T, 7515, 2,2,T) = § (ﬁ) H(ﬁ) +7

=(x;2) = W(T,2;2,M,%,T).
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By (9) and Lemma 4, one has
wi + stat {f(@,0)"W] + L(z,v)} + 1 tr[AW],]

=W/ + stat  {Gof Wi, a,
T, Sk, {Go(a, B) + Q(z, W], a, B) }
+ QO(xa sz) %tr[AWécm]v

which after direct substitution and cancellation,
= S te[AW,,] = "Nt af, 1y, Bl
for all (¢t,m,xz) € Y x R™. |
Using a standard dynamic programming verification proof,

one immediately obtains the following.
Corollary 11: Suppose the conditions of Theorem 10.

Then W (s,z;2,M,5,T) =
TT -
YB{ [ [ Gi(r;a7, By) drdt ).
st
Remark 12: The correction term in (38) may be obtained
by integration of ODEs through the use of Ito’s rule.

W/ (s, 710, 7,2,2,T) (38)

VIII. EXAMPLE

We will discuss a simple, scalar-state, nonlinear stochastic
control problem to indicate how the approach may be applied
in that arena. A very special form is chosen so that we may
perform the bulk of the calculations analytically. In particu-
lar, the nonlinearities are already in a stat-duality form, thus
reducing the computations. We consider the second-order HJ
PDE problem given by

0=W,— w2+ (a?g)aetw {4 (a — 2)* + c arctan(«)
+ (8- W,)? + caarctan(8) } + & W,
W(T,z) = a2,

where ¢; = 5/4, ¢ = 1/2, ¢ = 1, c4 = —1/4 and
pu? = 2/3. We also have s = 0 and T = 1/4. As

= 0, one may take ¢ = 0 (i.e.,, 7 = (p,0)T) in the
deterministic version. Standard finite-element methods are
used to compute the solutions. Both the solution to the
original, second-order HJ PDE problem and the solution to
the equivalent first-order HJ PDE problem were computed
over the combined original and dual space, (z,p) € R2.
Standard finite-elements methods were used [3], [4]. In figure
1, the solutions at initial time, s = 0 (propagated from
T = 1/4., computed by both methods, are plotted, where
one can see the extreme closeness of the solutions. In figure
2, the difference between the solutions at initial time, s = 0
is depicted. In figure 3, the change in the solution from time
T to time s is depicted as a reference.

APPENDIX
Theorem 2

only generic dynamics (1), but also the
b given by

The Trial Version

t+ﬂdBt7 E:ZJUERTL,
(1, 6) € anstat 60 W16 + LG )

(39)
(40)

Both Solutions

'
i
"l'"l,‘l'zl,
2% A% ' ':

Fig. 1. Both solutions at the initial time

Difference Between the Solutions

0.002

-0.002
-0.004
-0.006
-0.008

'i" R

ol ', R :’ I
"/'.'".".z":uzaz';:;;'
" :,

', : ‘00t
or ',:;

-0.012 |

Fig. 2. The difference between the solutions at the initial time
Lemma 13: There exists a unique strong solution of (39)—
(40).
Lemma 14: Suppose W satisfies (9)-(10). Let u € Us.
Let & satisfy (1). Let £*, u* be given by (39)—(40). Then,

T
Wis.o) =B{ [ ~[Wie.&) + 1.0 Wo(t.€)

+ 3 OTAWL (4, E)]] de + $(E, 2) |

Lemma 15: Suppose W satisfies (9)—(10). Let u* be given
by (39)-(40). Then, W (s, z) = J(s,z,u*; 2).

Lemma 16: Let u* be given by (39)—(40). Then, u* €
argstat, o, J (s, 7, u; 2).

Proof: Let (s,z) € X. Let u € Us, with corresponding

trajectory, ¢ given by (1), and let £*,%* be given by (39)-
(40). By (4),

T
J(s,z,0";2) — J(s, 2, u;52) :E{/O L&, u))

L(&ur) dt+ (& 2) = v(Er 2) f. (D)
By Lemma 14,
— T —
E((E 2) — ¥(er 2)} = E{ / Wit &)
+ W ENFE up) + 5 tr[AWee (8, )] (42)

—[Wa(t, &) + W (t, &) f (& ue) + 5 tr[AW,a (8, &)]] di ).
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Difference Between Initial and Terminal Values of the Solution

02

-0.2
-0.4
-0.6
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Fig. 3. Change in the solution from the terminal to the initial time

Substituting (42) into (41) yields

T — —
J(s,m, 0 2) — J(s,m,u52) = ]E{ /0 (L&, ap) + Wi(t, &)
+ Wt E) FE up) + 5 tr[AWe, (8, €)]
— (L& ue) + Wit &) + Wt &) f (&, ur)
+ 2 tr[AW,, (8, &)]] dt}

T
:E{/O [HO(t, & ap) — HO(t, &, u(t, &))]

+ [ﬁo(ta gta ﬂ(t7 gt)) - IA{O(L £t7 ut)} dt}a
which by the choice of @ and @} = a(t,&;) and (9),

— E{ /OT [HO(t, &, a(t, &) — HO(t, &, up)] dt}. (43)

By using Taylor polynomials, the mean value theorem and
a measurable selection theorem [5], there exist progressively
measurable \.(-),v.(-) with A\ (w) € [0,1] for all (t,w) €
[0,T] x Q and vy = M\a(¢, &) + (1 — At)uy, such that

|ﬁ0(t7 £t7 ﬂ(t, St)) - ‘E[O(tu €t7 ut)|

< H (8 & u(t, &) ue —alt &)

+ %|H8v(ta§t7 Vt)| |ut - ﬂ(t, €t))|27
which by u(t,&;) as an element of the argstat,

= %|H3U(t7 fta l/t)| |ut - ﬂ(tv 5t))|2

Combining (43), (44) and the assumptions, one finds that
there exists Ky < oo such that

(44)

|J(s,x,ﬂ*; Z) —J(S,I, Uu; Z)|
K r - _
< S [ @HIgP + AD)] - ate ) at),
0

and 0; = uy — 4y, and this is
&P+ AP [Jur — ;]
—a(t, &) dt },

e mean value theorem and a measurable

selection theorem, with appropriate o € X, this is

T
< KOB{ [ (41§ + ADIGE + Jaa(t, ) PA dt .
0

(45)
Now, using the stat definition of @ and implicit
differentiation, ~ one  has  HY, (t, o, a(t, i) +

HY, (t, Dy, u(t,D4))iig (t,7¢) = 0. Employing Assumptions
(A.1) and (A.2), we find that there exists Ko < oo such
that |7, (t, )| < Ko(1 + [€f]% + A;?). Applying this in
(45) yields

— % Kl r k(2 2

(s, 2) = I (s.0us2)| < SHE{ [ (14167 + A7)
0

(07 + K1+ | " + Af)AZ] dt }. (46)

The remainder of the proof consists of some Holder estimates
as in the proof of [10, Th. 4.1], where we specifically note

T T t
IE/ |At|2dt:IE/ \/(»dr

The details are not included, but the reader may refer to [10].
|

2
dt < (t - )|z,
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