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Abstract. Previously, a deep minimum in the measurements of the triply differential cross section (TDCS)
for electron-helium ionization at an incident energy of 64.6 eV was interpreted in terms of a vortex. We apply
the Coulomb-Born (CB1) and modified CB1 approximations to this process at the same incident energy and
obtain a deep minimum whose position is in reasonable accord with time-dependent close-coupling results
and experimental data. We also obtain the deep minimum in the TDCS that was measured for an energy
of 74.6 eV. For both incident energies, but at slightly different gun angles to those used experimentally, we
obtain a very deep minimum in the TDCS that is related to a vortex in the velocity field associated with
the CB1 transition matrix element. We determine for energies of 44.6 eV—-79.6 eV the gun and polar angles
for a deep minimum in the CB1 TDCS. We apply both approximations to positron-helium ionization. For
an incident energy of 205.25 eV we find a deep minimum in the TDCS that is related to a vortex in the

velocity field associated with the CB1 transition matrix element.

1 Introduction

Murray and Read [1-3] measured the triply differential
cross section (TDCS) for electron-impact ionization of
helium in the doubly symmetric geometry where the two
outgoing electrons have the same energy and same polar
angle ¢ with respect to the z-axis which bisects the angle
2¢ between the two outgoing electrons [4]. They varied
the gun angle v, which is the angle between the detec-
tion plane (defined by the momenta of the two outgo-
ing electrons) and the incident beam direction. Murray
and Read [1] observed a deep minimum at ¢p = 67.5°
and ¢ ~ 70° for a number of incident energies FE;
(54.6 €V, 64.6 ¢V and 74.6 €V) and also a less deep mini-
mum for F; = 44.6 eV for ¢y = 60° and 75°. The minimum
is the deepest for E; = 64.6 eV. They suggested that the
deep minima are possibly due to the interference between
the scattering amplitudes for the forward- and backward-
scattering processes [1].

The deep minimum in the TDCS for E; = 64.6 eV
has been confirmed by a number of calculations, although
the values of ¥ and £ where the minimum occurs differs
amongst the various calculations.
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Using the product of three Coulomb waves for the final
state wave function with dynamical screening (DS3C)
[5], Berakdar and Briggs [4,5] confirmed that the TDCS
has a deep minimum for E; = 64.6 eV and ¢ = 67.5°.
The deep minimum occurred in their calculations around
€~ 64° [4]. At £ = 64.23°, the real and imaginary parts of
the transition matrix element are both zero. Berakdar and
Briggs [4] stated that, at the zero in the TDCS and where
the real and imaginary parts of the transition matrix ele-
ment are both zero, the coherent sum of all three terms
in the transition matrix element must be zero.

Rasch et al. [6] performed a distorted wave calculation
and concluded that the deep minimum is due to strong
interference between incident and final channel distorted
waves.

Colgan et al. [7] applied the three-body distorted-wave
(3DW) and the time-dependent close-coupling (TDCC)
methods to investigate the deep minima in the experi-
mental measurements of the TDCS for electron-impact
ionization of helium for ¢ = 67.5° and for the incident
energies F; = 54.6 eV and 64.6 eV, and also the minimum
for 1» = 75° and E; = 44.6 eV. They interpreted the deep
minimum for F; = 64.6 eV in terms of deep destructive
interference between different partial waves. The TDCC
results agree remarkably well with the experimental mea-
surements in the vicinity of minima, including the posi-
tions of the minima. The 3DW results show a dip in the
TDCS for 64.6 eV but a strong minima for 44.6 eV and
54.6 €V [7]. For E; = 64.6 eV, the minimum is deepest in
their TDCC calculation for ¢» = 61.5° [7].
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The DS3C [4,5], the distorted wave [6] and the
TDCC [7] calculatons describe the deep minimum in the
TDCS in terms of interference. However, Macek et al. [8]
provided an explanation for the deep minimum in the
experimental measurements of the TDCS for electron-
impact ionization of helium at E; = 64.6 eV [1,2] in terms
of a vortex [9,10] in the velocity field associated with the
ionization amplitude. (The velocity field that is associated
with the wave function in coordinate space represents the
motion of the probability density fluid [11,12]). Macek et
al. [8] employed the DS3C method [4,5] and determined
the ionization amplitude as a function of ky = (kq+ks)/2,
where k, and k; are the momenta of the two outgoing
electrons. For ¢ = 67.5° used in the experiment [1-3],
Macek et al. [8] obtained the minimum in the TDCS at
¢ = 62.5°, but this minimum did not correspond to a
zero in the ionization amplitude. However, they obtained
a first-order zero for ¢ = 59.3° and £ = 60° and showed,
that corresponding to this zero, there is a vortex in the
velocity field associated with the ionization amplitude. For
electron-helium ionization, Feagin derived a threshold-like
analytical expansion of the scattering amplitude by con-
sidering the angular momentum of the electron pair about
the vortex [13].

A deep minimum in the TDCS has been obtained for
electron-impact ionization of a K-shell model carbon at an
incident energy E; = 1801.2 eV by Ward and Macek [14]
using the Coulomb-Born (CB1) approximation [15-18].
This approximation gives the correct asymptotic high-
energy limit for ionization for a fixed scattering angle and
allows for the transfer of angular momentum [14]. At the
deep minimum in the TDCS, there is a zero in the CB1
transition matrix element Tlglfsl (where k is the momen-
tum of the ejected electron). Corresponding to this zero

there is a vortex in the velocity field associated with Tlgll?’sl

[14], namely v = ViIm[In T,'B!]. Ward and Macek [14]

TCBI

showed that the m = %1 dipole components of T} 7

necessary to obtain a zero in TCEL.

Navarrete et al. [19] and Navarrete and Barrachina [20]
interpreted a deep minimum in the fully differential cross
section for positron-hydrogen ionization in terms of a vor-
tex in the generalized velocity field u. This field u is
associated with the transition matrix element T'(ki,k_)
according to u = Vi, ik Im[InT], where ky and k_
are the momentum of the scattered positron and ejected
electron, respectively [19,20]. Interestingly, Navarrete and
Barrachina [20,21] noticed that the velocity field rotates
in opposite directions around two zeros in the transition
matrix element and presented a vortex ring for an incident
positron energy of 275 eV [22].

Very recently, Alrowaily et al. [23] noted that the
extended velocity field associated with the positron-
ium (Ps)-formation scattering amplitude for positron-
hydrogen collisions in the Ore gap also rotates in opposite
directions around the two zeros that they obtained in the
amplitude.

One can in principle measure experimentally a deep
minimum in a TDCS that corresponds to a zero in
the ionization transition matrix element and relate this

are
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minimum to a vortex in the velocity field associated with
the element. Importantly, angular momentum is asso-
ciated with vortices. The expectation value of angular
momentum does not vanish when ones considers a small
area that includes the zero in the ionization transition
matrix element [11,14,23,24]. Thus, one can connect a
zero in the transition matrix element (a complex func-
tion) to angular momentum [14,24]. A literature survey
of deep minima (zeros) in differential cross sections that
are attributed to vortices in velocity fields can be found
in references [14] and [23]. References [9-12,14,23,24] dis-
cussed velocity fields and vortices in these fields. Ref-
erence [9] presented vortices that occur in pairs with
opposite circulation. A hydrodynamical interpretation of
angular momentum and energy transfer in atomic pro-
cesses is given in reference [25].

A goal of our work is to see whether there is a zero in
Tlg?sl for positron-impact ionization of helium and thus
in the CB1 and modified CB1 TDCSs. A first-order zero
in Tlglfsl means that there is a vortex in the velocity field

associated with ch?sl and a circulation of +27. We first

apply the CB1 and modified CB1 approximations to com-
pute the TDCS for electron-impact ionization of helium at
64.6 eV where there are both experimental measurements
[1-3] and an accurate TDCC calculation [7].

In this paper, for both electron- and positron-impact
ionization of helium, we compute Tlgll?’sl and the CB1 and

modified CB1 TDCSs [26-28]. We find that the deep min-
ima in the TDCS for electron-impact ionization obtained
experimentally are close to the kinematics that give zeros
in Ti'P}. By slightly varying the gun angle ¢, we obtain
zeros in the Tlgll?’sl that corresponds to very deep minima
in the TDCSs and to vortices in the velocity field associ-
ated with Tlglf‘sl [14]. Furthermore, we also obtain a deep
minimum in the TDCS for positron-impact ionization of
helium that we relate to a vortex in the velocity field asso-
ciated with TP

Helium is accessible experimentally for ionization by
positron impact as well as by electron impact. Indeed,
the TDCS has been measured for positron-helium ioniza-
tion to investigate electron capture to the continuum [29],
but not for the geometry or energy where we obtain the-
oretically a deep minimum in the TDCS. Other than our
calculations, we are not aware of calculations of the TDCS
for electron-helium ionization for E; = 74.6 ¢V and for
the out-of-plane doubly symmetric geometry. We are also
not aware of results, other than ours, for the TDCS for
positron-impact ionization at 205.25 eV.

The CB1 calculation is very fast to run compared
to more elaborate TDCC and 3DW calculations, which
enables us to run reasonably rapid systematic searches for
zeros in the transition matrix element. Also, one expects
that the velocity field would take less time to compute
if one uses the CB1 approximation rather than more
elaborate approximations such as the 3DW. Botero and
Macek [16] noted that even though the CB1 approx-
imation is a simple distorted wave approximation, for
electron impact of helium in the coplanar symmetric
geometry, the TDCS results agrees with experiment at
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least as well as sophisticated distorted wave calculations
[30,31].

In Section 2, we present the CB1 and modified CB1
approximations (Sec. 2.1) and the velocity field associ-
ated with TkC]l?f (Sec. 2.2). In Section 3.1, we present the
results for electron-helium ionization for incident energies
and gun angles considered experimentally, as well as find-
ing gun angles that give zeros in Tlglf'sl for different ener-
gies. We give the results for positron-helium ionization in
Section 3.2 and summarize our findings in Section 4.

We use atomic units throughout unless explicitly stated
otherwise, and we quote the angles in degrees and the
incident energies F; in eV.

2 Theory

2.1 Coulomb-Born and modified Coulomb-Born
approximations

The Coulomb-Born (CB1) approximation was developed
by Botero and Macek [15-17] for electron collisions from
neutral atoms. The CB1 transition matrix element is the
first non-zero term in a perturbative expansion of the tran-
sition matrix element.

Botero and Macek applied the CB1 approximation to
electron-impact ionization of helium for different energies
and geometries [16-18], including the coplanar symmetric
geometry [16,18]. They found that the CB1 approxima-
tion gave reasonable agreement with experiment for an
incident energy as low as 50 eV [17]. Furthermore, they
introduced an improved final state Coulomb-Born approx-
imation (ICBA) that included the normalization factor
Ny of the Coulomb wave wk for the two outgoing

electrons where k.- .- is the relative momentum between
the outgomg electrons. The ICBA TDCS agrees well in
shape with the experimental TDCS in the coplanar geom-
etry for energies close to threshold [18]. The ICBA is the
specific modified Coulomb-Born approximation given in
reference [32] where the Coulomb-Born wave function is
multiplied by N_ . In our paper, we refer to the CB1

TDCS that is mtilteiplied by the modulus squared of the
normalization factor of the Coulomb wave for two outgo-

ing particles (two electrons, or a scattered positron and an

ejected electron) as the modified CB1 TDCS [18,32,33].

The direct CB1 transition matrix element TkC]l?’S1 for

electron-impact ionization from a model atom where the
electron is initially in a 1s state, is given by [15,16]

CBl
k 1s

= (g, (0¥ () pi( )i, (r), (1)

1
v — /|

in which k, K; and K are the momentum of the ejected
electron, the momentum of the incident electron, and
momentum of the scattered electron, respectively. In equa-
tion (1), r and r’ are respectively the position vector of
the incident (or scattered) electron and of the atomic (or
ejected) electron relative to the target nucleus.

Following the treatment of references [15,34], the
1s electron in the initial state is approximated by
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a ground-state hydrogenic wave function ¢;(r’) =

(l/ﬁ)Z;/Ze*ZT’"' with the screened target charge Zp =
1.3443 chosen so that it gives the ionization energy of
the 1s electron in Hel 15218, [35]. Also, following refer-
ence [15], we set the effective charge Zeg in the Coulomb
wave functions for the incident and scattered electron to
be equal to Zr.

For the doubly symmetric geometry [1-3] and for
Zest = Z7, the direct and exchange CB1 transition matrix
elements are equal. Thus, for this situation, the CB1
TDCS for electron-helium ionization can be expressed as:

d5 CB1
A dEred

2Kk
= (2m)' TR, (2)
where d€)y is the solid angle for the ejected electron, df¢
is the solid angle for the scattered electron, and FEy is the
energy of the ejected electron [14,15]. The factor of two on
the right-hand side of equation (2) is due to there being
two 1s electrons in the ground-state of helium.

For positron-impact ionization, we take K; and Ky to
be the momentum of the incident positron and momen-
tum of the scattered positron, respectively, and we use
appropriate sign of the charges.

2.2 Velocity field associated with the transition matrix
element

Bialynicki-Birula et al. [9] discussed vortices in the veloc-
ity fields associated with atomic wave functions, whereas
Macek [10] discussed vortices in the velocity field associ-
ated with the ionization amplitude. The velocity field v
associated with TEBl for electron or positron ionization

can be expressed as [14]:

v = ViIm[ln 1?]1331] . (3)

For a first-order zero in Tf]fsl, there is a corresponding
vortex in the velocity field associated with this element,
and the circulation I is given by

r= /v~d£ = +2r. (4)

In this integral, the closed contour c is taken in an anti-
clockwise direction enclosing exactly one first-order zero
in T,CB! [8-10,14].

Near a first-order zero (zp,xo) in a complex function
f(z,z), such as the ionization transition matrix element
or wave function, the function can be written in the form

f(z,2) ~al(z — 20) + b(z — x0)] = alz’ +b2'] ()
where one takes Im[b] # 0. In the vicinity of the zero, the
dominant term of the velocity field, v4, for the ejection of
an electron is given by

Im[b] (%2 — 2z')
+ |b|2(2")? + 2Re[b] 2’z

(6)

Vq =

(2)?


https://www.epjd.epj.org

Page 4 of 8

Fig. 1. Symmetric out-of-the plane geometry for electron-
impact ionization of helium [1].

(see coordinates of Fig. 7) and the expectation value
y-component of the angular momentum operator for a
small area A that includes the zero in f(z,z) is given
by [11,14,23,24]

_ Jaf (&) Ly f(z x)d2'dz’ - 2Im[b]
L) Pdzda A TENTE

{(Ly)a (7)

Both of v4 and (L,)4 are directly proportional to Im[b].
For Im[b] > 0 (Im[b] < 0), the velocity field v circulates
anticlockwise (clockwise) around the zero, I' = 27 (—27)
and (Ly)a > 0 (< 0).

3 Results

3.1 Deep minima in the TDCS for electron-impact
ionization of helium

Following Murray and Read [1-3], we consider the doubly
symmetric geometry (see Fig. 1) where the two outgoing
electrons (whose momenta are Ky and k for the scattered
and ejected electron, respectively) have the same energy
and the same polar angle £ [4]. The detection plane is the
plane that is defined by the momenta of the two outgoing
electrons, and the gun angle 1 is the angle between this
plane and the momentum of the incident electron K;. The
angle that the scattered electron makes with the z-axis is
0 = &, and the angle that the ejected electron makes is
0, = —&, so that the two electrons depart at angles of
equal magnitude but opposite sign [16,18].

The experimental measurements [1-3] reveal a deep
minimum in the TDCS of electron-impact ionization of
helium at 64.6 eV. We compare in Figure 2 the CB1 and
modified CB1 results with the measurements [1-3,36,37]
and with the TDCC and 3DW results [7]. The TDCC
method [7] can be used to test the reliability of the approx-
imate methods in obtaining the deep minimum. The cal-
culations from this method are in good agreement with
the measurements in the shape of the TDCS and with
the position of the deep minimum (£ =~ 70°). The CB1
and modified CB1 results give a deep minimum but at
£ = 76.3°, which is at a larger angle than that obtained
experimentally and from the TDCC calculations.

Eur. Phys. J. D (2020) 74: 48
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Fig. 2. The TDCS for electron-impact ionization of helium
at 64.6 eV and a gun angle of 67.5°, verses the polar angle &,
computed using the modified CB1 (the solid orange line), the
CB1 (the black dot-dashed line), the 3DW (the blue dotted
line) [7] and the TDCC (the green dashed line) [7] methods.
The experimental results that have error bars are shown by
blue data points [1-3,36,37].

We obtain the deepest minimum in the CB1 and mod-
ified CB1 TDCSs at @ = 67.88°. This deep minimum is
due to a zero in Tlgil at £ = 76.3°, and therefore a vortex
TCBl

k,1s *
We determine the direct transition matrix element 7,>5!

and the velocity field v associated with this element for
a uniform grid in the z- and z-components (k,, k;) of k
for E; = 64.6 eV and for ¥ = 67.88°. We consider the
symmetric geometry of Figure 1 where both electrons have
a polar angle of . However, for the grid in (k,,k,), the
energy of the scattered electron Ef = KJ% /2 is adjusted
appropriately so that the total energy of the system is
conserved. In Figure 3 for this grid, we show a density plot
of In |Tlg]1381| and the nodal lines of Re[TIS]f‘Sl] and Im(T, kcfsl].
We also show by arrows the direction of the velocity field
Vv/|v|. We find that the velocity field, v, rotates in an
anticlockwise around the zero in Tlglfsl which is at the
intersection of the nodal lines and that the circulation is
27. These results are consistent with Im[b] > 0 which we
obtain by fitting T}gil to the linear form of equation (5).

Murray and Read also obtained a deep minimum in
their experimentally measured TDCS for electron-helium
ionization for a higher incident energy of F; = 74.6 eV
but for the same gun angle of ¢ = 67.5° [1-3]. In Figure 4,
we compare the CB1 and modified CB1 TDCSs with the
experimental measurements [1-3,36,37]. As for the TDCS
for electron-impact ionization of helium at a lower inci-
dent energy of 64.6 eV, the minimum in the CB1 and
modified CBI results (§ &~ 78°) are to the right of the
experimental results (£ &~ 70°). The real and imaginary
parts of T,CP! intersect at an angle close to the angle of
the deep minimum, and at the intersection point they are
close to zero but not zero. Thus, the deep minimum in the
measurements of the TDCS corresponds to where T, 1211351 is
very small. However, by reducing v slightly to 66.14°, we
obtain with the CB1 and modified CB1 approximations a

in the velocity field v associated with
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Fig. 3. A density plot of ln\TIS]fﬂ for electron-impact ion-
ization of helium for a fixed incident energy of 64.6 eV, gun
angle ¥ of 67.88° and a grid in the 2- and z-components of the
momentum of the ejected electron k, (k., kz). The nodal lines
of Re[TIS B1] and Im[TIS Bl] are shown respectively, by the blue
solid line and green dashed line. The direction of the velocity
field v/|v| is indicated by arrows.
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Fig. 4. The TDCS for electron-impact ionization of helium, at
an incident energy of 74.6 eV and a gun angle of 67.5°, verses
the polar angle £. The modified CB1 and the CB1 approxima-
tions are represented by the solid orange line and the black dot-
dashed lines, respectively, while the experimental data which
has error bars are represented by the blue dots [1-3,36,37].

very deep minimum in the TDCS corresponding to a zero
in Tlglf’sl that occurs at & ~ 78°.

For electron-impact ionization for E; = 74.6 eV and
1 = 66.14°, we determine TkC]fsl for a uniform grid in
both k, and k, and the velocity field corresponding to this

TkC]f‘gl We show in Figure 5 the density plot of In |T1?]1?’91 ,

the nodal lines of Re[T,CF!] and Im[T,CP}], and the direc-
tion of the velocity field v = v/|v| with the arrows. There
is a vortex in the velocity field and the direction of rota-
tion around the zero is anticlockwise, which is the same
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Fig. 5. The density plot of In|TiCP!| for electron-impact ion-
ization of helium for a fixed incident energy of 74.6 eV, gun
angle of 66.14° and a grid in the z- and z-components of the
momentum of the ejected electron k, (k., kz). The nodal lines
of Re[Tic T ] and Im[TiC P! | are shown by the blue solid line and
green dashed line, respectively. The direction of the velocity
field v/|v| is indicated by arrows.

direction of rotation of the velocity field for the lower inci-
dent energy of 64.6 eV. As for the lower energy, for 74.6 eV,
the circulation is 27 and Im[b] > O for a linear fit (Eq. (5))
of TP

We also consider the two other incident energies of
44.6 €V and 54.6 eV that were used in the experiment [1].
While in the measurements for the energy of 54.6 eV, a
deep minimum was obtained for ¢ = 67.5° and & ~ 70°,
we obtain the deepest minimum in the CB1 and modi-
fied CB1 TDCSs that corresponds to a zero in chfsl and

a vortex in the velocity field associated with Tlgllgsl for
1 = 70.25° and £ = 73.3°. We find a minimum in the CB1
and modified CB1 TDCSs for E; = 44.6 eV and for gun
angles of 60° and 75° degrees, which are the angles used in
the experimental set up [1]. However, we obtain the deep-
est minimum in the CB1 and modified CB1 TDCSs for
44.6 eV for b = 73.54° and & = 69.3°, and this minimum
is due to a zero in Tlglfsl.

The CB1 gives a minimum in the TDCS for the ener-
gies of 54.6 eV, 64.6 eV and 64.6 eV and ¥ = 67.5° that
is at a slightly larger polar angle £ than that obtained
experimentally. We find that there is a deeper minimum
in the CB1 TDCS that corresponds to a zero in Tlgllgsl for
each of these three incident energies but for different gun
angles than those used in the experiment. Interestingly,
at the particular energy of 64.6 eV, the minimizing gun
angle of ¢ = 67.88° is almost the same as the gun angle
of 67.5° used in the experiment. This helps explain why
the minimum in the measurements of the TDCS taken at
1) = 67.5° was deepest for the incident energy of 64.6 eV.

We determine for incident energies of 44.6-79.6 eV the
position of a deep minimum in the CB1 and modified
CB1 TDCSs. We show these positions in Figure 6 and


https://www.epjd.epj.org

Page 6 of 8

¢ (Deg) 75\,

70\

80

Fig. 6. The points give the position (1) and ) for a deep mini-
mum in the CB1 TDCS and modified CB1 TDCS for different
incident energies E;.

Table 1. The position (¢ and &) for a deep minimum in the
CB1 TDCS and modified CB1 TDCS for different incident
energies F;.

E; (eV) Gun angle ¢ (°) Polar angle £ (°)
44.6 73.54 69.3
49.6 T71.77 71.6
54.6 70.25 73.4
59.6 68.97 75.0
64.6 67.88 76.3
69.6 66.96 7.4
74.6 66.14 78.4
79.6 65.44 79.3

in Table 1. A smooth curve would pass through the loci
of points. For each of the kinematics of Table 1, we deter-
mine the velocity field and we find for each energy the
direction of the velocity field around the zero in T)°B! is
anticlockwise. '

For each of the kinematics of Table 1 that gives a zero
in Tlglfsl for electron-impact ionization of helium, there is

no zero in TkC]f'sl for positron-impact ionization of helium.

3.2 Deep minimum in the TDCS for positron-impact
ionization of helium

We consider positron-helium ionization in the coplanar
plane (see Fig. 7) for the doubly symmetric geometry,
where the energy is shared equally between the scattered
positron and ejected electron and these outgoing particles
have same polar angle. We take the z-axis to be parallel
to the direction of momentum of the incident positron K;
and the z-axis to be in the scattering plane, defined by
K; and K.

As we show in Figure 8, we obtain a deep minimum in
the CB1 and the modified CB1 TDCSs for E; = 205.25 eV
and £ = 142.3°. The reasonable agreement of the CB1 and

Eur. Phys. J. D (2020) 74: 48

Fig. 7. Symmetric coplanar plane geometry for positron-
impact ionization of helium.
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Fig. 8. The TDCS for positron-impact ionization of helium
at 205.25 eV and in the coplanar doubly symmetry geometry,
verses the polar angle £, computed using the modified CB1
(the solid orange line) and the CB1 (the black dot-dashed line)
methods.

modified CBI1 results with the TDCC results and exper-
imental data for electron-helium ionization gives confi-
dence in applying the approximate methods to compute
the TDCS for positron-helium ionization at the same
energy or higher. For the deep minimum in positron-
impact ionization, in contrast to that for electron-impact
ionization, the z-components of the momenta of the out-
going particles are negative. The deep minimum in the
TDCS is due to a zero in TIUF! at § = 142.3°.

We determine the Tlslfsl and velocity field v for a uni-
form grid in (k,, k,.), for the case where we take the polar
angles of the two outgoing particles to be the same (Fig. 7)
and we fix F; at 205.25 eV. To satisfy energy conserva-
tion, as the energy of the ejected electron is varied, we
adjust the energy of the scattered positron Ey accord-
ingly. In Figure 9, we show a density plot of In \Tlg]fsl ,
the nodal lines of T; 1211351, and the direction of the velocity
field v = v/|v| by the arrows. The nodal lines intersect at
the zero in TP} which is where the TDCS has its deep
minimum. The velocity field lines rotate clockwise around
the zero in Tlg}l?’sl (the intersection point of the nodal lines)
where the TDCS is the deepest. Interestingly, the direc-
tion of rotation is in the opposite direction to that for
electron-helium ionization. This maybe due to different
kinematics and to the positon of the zero in ch,il. Since
the rotation is clockwise for positron-impact ionization,
the value of the circulation is —27. This is consistent with
Im[b] < 0 which we obtain by fitting Tlgll?’sl to the lin-
ear form of equation (5). According to equation (7), for
Im[b] < 0, the expectation value of the g-component of the
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Fig. 9. The density plot of In |73 T} | for positron-impact ion-
ization of helium for a fixed incident energy of 205.25 eV in
the coplanar doubly symmetry geometry and a grid in the
z- and z-components of the momentum of the ejected elec-
tron k, (k:, kz). The nodal lines of Re[ch,ll?’;] and Im[TIS]fSl] are
shown by the blue solid line and green dashed line, respec-
tively. The direction of the velocity field v/|v| is indicated by
arrows.

angular momentum operator for a small area that includes
the zero in T 1811351 is negative.

For electron-impact ionization of helium, we determine
TSE} for the kinematics and geometry of where we obtain

CB1

a zero in T °7; for positron-impact ionization of helium.

TEBL for this

However, we find that there is no zero in 7’7

energy and geometry.

4 Summary

The deep minima in the experimentally measured TDCS
for electron-impact ionization of helium at the incident
energies of 54.6 eV, 64.6 eV and 74.6 eV in the doubly sym-
metric out-of-the plane geometry are due to kinematics
that are close to the kinematics that give zeros in Tlglf‘sl. By
adjusting v for each energy, we obtain very deep minima
in the CB1 and modified CB1 TDCSs and corresponding

zeros in TE]E;. The zeros in T, 1?]1351 correspond to vortices in
CB1

the velocity field associated with Ty 75 - The expectation
value of the angular momentum in the vicinity of a zero in
T 1?,]1331 is nonvanishing. We found that the minimizing gun
angle is closest to the gun angle of 67.5° for the energy of
64.6 eV, which helps explain why the minimum is deepest
in the measured TDCS for this incident energy.

We determined for incident energies F; of 44.6-79.6 eV,
in steps of 5 eV, ¥ and ¢ for a deep minimum in the
CB1 and modified CB1 TDCSs that corresponds to a
zero in T 1<Cl1351 We computed the velocity field v for these
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energies and we found that for each energy this field
rotates anticlockwise around each zero.

The CB1 and modified CB1 results of the TDCS
for electron-impact ionization of helium at 64.6 eV and
¥ = 67.5° are in reasonable accord with the TDCC [7]
and experimental measurements [1], and at 74.6 eV and
1 = 67.5° with experimental measurements, although the
polar angles for the minima in the CB1 and modified CB1
results are larger than in the TDCC and experimental
results.

Interestingly, using the CB1 and modified CB1 approx-
imations, we obtain a deep minimum in the TDCS for
positron-impact ionization of helium at 205.25 eV in the
coplanar doubly symmetric geometry. The deep minimum
in the TDCS at £ = 142.3° is due to a zero in Tlglfsl. Cor-
responding to this zero, there is a vortex in the velocity
field that rotates clockwise around the zero.

The velocity field for the two projectiles for the same
target helium rotates in opposite directions and thus the
value of the circulation differs by a sign.

We appreciate discussions with Drs. James Colgan, Gaetana
(Nella) Laricchia and Don Madison. We are thankful for the
theoretical 3DW and TDCC results from the paper [7] pro-
vided by Dr. James Colgan and experimental data from the
paper [1] provided by Dr. Andrew Murray. We also appreciate
Coulomb-Born codes from Dr. Javier Botero. S. J. W. is thank-
ful for support from the NSF under grant No. PHYS-1707792.
Mathematica [38] and Microsoft Publisher [39] were used for
the figures.
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