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Abstract. We consider dynamic assortment problems with reusable products, in which
each arriving customer chooses a product within an offered assortment, uses the prod-
uct for a random duration of time, and returns the product back to the firm to be used by
other customers. The goal is to find a policy for deciding on the assortment to offer to each
customer so that the total expected revenue over a finite selling horizon is maximized. The
dynamic-programming formulation of this problem requires a high-dimensional state
variable that keeps track of the on-hand product inventories, as well as the products that
are currently in use. We present a tractable approach to compute a policy that is guaranteed
to obtain at least 50% of the optimal total expected revenue. This policy is based on
constructing linear approximations to the optimal value functions. When the usage du-
ration is infinite or follows a negative binomial distribution, we also show how to effi-
ciently perform rollout on a simple static policy. Performing rollout corresponds to
using separable and nonlinear value function approximations. The resulting policy is also
guaranteed to obtain at least 50% of the optimal total expected revenue. The special case of
our model with infinite usage durations captures the case where the customers pur-
chase the products outright without returning them at all. Under infinite usage dura-
tions, we give a variant of our rollout approach whose total expected revenue differs
from the optimal by a factor that approaches 1 with rate cubic-root of Cmin, where Cmin
is the smallest inventory of a product. We provide computational experiments based on
simulated data for dynamic assortment management, as well as real parking transaction
data for the city of Seattle. Our computational experiments demonstrate that the practical
performance of our policies is substantially better than their performance guarantees and
that performing rollout yields noticeable improvements.
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1. Introduction

problems, the customers purchase the products for

Revenue management problems focus on making
capacity-allocation decisions for limited inventories
of products over a finite selling horizon. These prob-
lems have applications in areas as diverse as air-
line, hotel, electric power, healthcare, consumer credit,
cruise line, and advertising capacity management
(Ozer and Phillips 2012). The dynamic-programming
formulations of revenue management problems are
generally intractable because they require high-
dimensional state variables that keep track of the re-
maining inventory of each product. Thus, computing
the optimal policy is computationally difficult, so re-
searchers have focused on approximate policies. In
traditional application areas of revenue management

2820

final consumption. Some emerging industries, how-
ever, focus on renting out products such as computing
capacity, fashion items, and storage units. In these
industries, each customer requests a product, uses the
product for a possibly random duration of time, and
returns the product back to the firm, at which point
the product can be used by other customers. For ex-
ample, firms such as Amazon and Google offer cloud-
computing services, where users utilize computing
capacity for a certain duration of time before returning
it. The firm needs to decide what type of comput-
ing capacity to offer to each user and what prices to
charge. Firms such as Rent the Runway and Glam-
Corner rent fashion items to shoppers through their
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online platforms. The firm needs to decide which as-
sortment of fashion items to offer to each shopper
and at what prices. Firms such as CubeSmart and
MakeSpace lease storage units, where customers
return the leased storage units back after using them
for a certain duration of time. The firm needs to decide
what prices to charge for the storage units as a function
of the current occupancy. Using real-time information
on the availability of street parking spaces, city
governments have the opportunity to dynamically
adjust the price for parking spaces, where each
driver uses a parking space for a certain duration of
time before leaving and making it available for other
drivers. When making capacity management decisions
in such environments, the firm must consider the on-
hand product inventories, as well as the products that
are currently in use.

In this paper, we consider dynamic assortment
problems with reusable products. In our problem
setting, we have access to a set of products with limited
inventories. Customers randomly arrive into the sys-
tem. Among the products for which we currently have
available units on-hand, we offer an assortment of
products to thearriving customer. The customer either
chooses a product from the offered assortment or
decides to leave the system. If the customer chooses a
product, then she uses the product for a random du-
ration of time. After a usage duration, the customer
returns the product. The returned product can be
used to offer an assortment to another customer in
the future. The goal is to find a policy for deciding on
the assortment to offer to each customer so that the
total expected revenue over a finite selling horizon is
maximized.

Our dynamic-programming formulation of the
problem allows for a broad class of choice models for
describing the choice process of the customers, non-
stationarities in the revenue structure, and arbitrary
distributions for the random usage durations. In our
formulation, the randomness in the usage duration
is not resolved until the customer returns the rented
product back, but we can also modify our formulation
to address the case where the usage duration is revealed
before the firm makes its assortment offering decision.
To our knowledge, our model is the first revenue
management model with limited inventories of reus-
ableresources, where the customers can choose among
the offered products according to abroad class of choice
models, there can be nonstationarities in the revenue
structure, and the distributions of the usage durations
can be arbitrary. The dynamic-programming formu-
lation of the problem requires a high-dimensional state
variable that keeps track of the inventories of the
products that are available on-hand, as well as the
products that are currently in use. Therefore, finding
the optimal policy is computationally difficult. We

propose tractable policies that provide performance
guarantees.

1.1. Main Contributions

In Section 3, we provide a method to construct linear
approximations to the optimal value functions in the
dynamic-programming formulation of the problem.
Our method uses an efficient backward recursion over
the time periods in the selling horizon. At each time
period, we solve a static assortment problem, where
we adjust the product revenues by time-dependent
constants computed from the recursion and find an
assortment of products that maximizes the expected
adjusted revenue from a customer (Section 3.1). We
show that the greedy policy with respect to our linear
value function approximations is guaranteed to ob-
tain at least 50% of the optimal total expected revenue
(Section 3.2), but this policy turns out to be agnostic
to inventory levels. Specifically, whether this policy
offers a particular product at a particular time pe-
riod does not depend on the exact on-hand inventory
level of this product, as long as on-hand inventory is
available. To remedy this shortcoming, we construct
separable and nonlinear value function approxima-
tions, as discussed next.

In Section 4, we perform rollout on a static policy
to construct separable and nonlinear value function
approximations. We start with a static policy that of-
fers the same assortment at a particular time period,
irrespective of the state of the system (Section 4.1). We
compute the total expected revenue obtained by the
static policy, starting at each state and at each time
period, which canbe doneby focusing on each product
separately. We use these total expected revenues as the
value function approximations at different states and
at different time periods. In this way, we obtain sep-
arable and nonlinear value function approximations.
In rollout, we use the greedy policy with respect to
these value function approximations (Bertsekas and
Tsitsiklis 1996). We show that the policy obtained
through the rollout approach is also guaranteed to
yield at least 50% of the optimal total expected rev-
enue (Section 4.2). This policy is not agnostic to in-
ventory levels, unlike the greedy policy with respect
to linear value function approximations. We dem-
onstrate that we can efficiently perform rollout when
the usage duration follows a negative binomial dis-
tribution (Section 4.3) or when the usage duration is
infinite (Section 4.4).

The case with infinite usage durations corresponds
to the situation where the customers purchase the
product outright, rather than renting. Under infinite
usage durations, we also tailor our rollout approach
to strengthen the performance guarantee. In partic-
ular, we use Cpin to denote the smallest inventory of a
product and R to denote the largest relative deviation
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of the price of a product over the selling horizon. If
the prices of the products are stationary, then we
have R = 1. We show how to construct separable and
nonlinear value function approximations under infinite
usage durations such that the greedy policy with re-
spect to these value function approximations is guar-
anteed to obtain at least max{3,1 -5 a,ﬁ‘c;;} fraction of
the optimal total expected revenue. Therefore, the
tailored policy provides at least a half-approximate
performance guarantee, but as the inventories of
the products become large, the tailored policy be-
comes near-optimal. Our dynamic assortment prob-
lem with infinite usage durations corresponds to the
choice-based revenue management problem over par-
allel flight legs operating between the same origin—
destination pair, which is an important problem class
that has been studied in the literature (Zhang and
Cooper 2005, Liuand van Ryzin 2008, Dai et al. 2014).

In Section 5, we provide extensions of our results.
We extend our approach to the case with multiple
types of customers, each of whom makes choices
according to a different choice model and rents the
products according to different usage distributions
(Section 5.1). In our setup, we know the type of a
customer before offering an assortment, so that we
can personalize the assortment according to known
customer features. Because different customer types
can have different usage distributions and we know
the type of a customer before offering an assortment,
this extension allows us to capture the case where the
usage duration is revealed before we offer an assort-
ment to a customer. We also extend our approach to
the cases where we set the prices of the products rather
than choosing an assortment to offer (Section 5.2) and
when we only approximately solve the assortment-
optimization problems used in the construction of
our value function approximations (Section 5.3).

In Section 6, we provide computational experi-
ments. We formulate a linear program that yields an
upper bound on the optimal total expected revenue
(Section 6.1). In our first set of computational exper-
iments, we consider dynamic assortment manage-
ment, where we offer an assortment of products to each
arriving customer (Section 6.2). Our policies perform
remarkably well when compared with the upper
bound on the optimal total expected revenue and
yield average improvements of 1%-10% when com-
pared with other benchmarks. In our second set of
computational experiments, we consider the problem
of dynamically adjusting the prices for street parking
spaces (Section 6.3). We treat each parking space as
a reusable product with a random usage duration.
Using data from the city of Seattle to estimate the
model parameters, dynamically adjusting the prices

improves the total expected revenues by 2%-7%
when compared with static pricing.

1.2. Literature Review

We review the recent work on revenue management
models with reusable products. Levi and Radovanovic
(2010) study a model that assumes independent de-
mands across products, without any choice behavior
for the customers. Focusing on the infinite selling
horizon setting with stationary demand, the authors
establish a performance guarantee for a static policy
that does not consider the real-time state of the sys-
tem. Owen and Simchi-Levi (2017) extend this work
to incorporate customer choice behavior and a finite
selling horizon. The authors assume that the usage
durations are exponentially distributed and note that
this assumption can be relaxed under a stationary
customer choice process. They develop a policy thatis
guaranteed to obtain 1/e fraction of the optimal total
expected revenue. This policy may offer products
for which there is no on-hand inventory. If the cus-
tomer chooses a product for which thereisno on-hand
inventory, then she must leave without making a
purchase. The policy in their paper is also static be-
cause it offers each assortment of products with a
fixed probability that does not depend on the real-
time state of the system. By contrast, our model can
accommodate arbitrary distributions for the random
usage durations and arbitrary nonstationarities in
the choice process of the customers. The policy that we
construct takes the real-time state of the system into
consideration. As long as the choice process of the cus-
tomers is governed by a random utility maximization
principle, our policy never offers products for which
there is no on-hand inventory.

Lei and Jasin (2016) develop a model with reusable
resources, deterministic usage durations, and advance
reservations. Their model includes multiple resources,
and each product uses a different combination of re-
sources. The authors give a data-dependent performance
guarantee and show that their model is asymptotically
optimal when the resource inventories and the number
of time periods in the selling horizon scale up linearly
at the same rate. Chen et al. (2017) study a model with
multiple units of a single reusable product, random
usage durations, and advance reservations. Their
model allows random usage durations, but the usage
duration isrevealed at the time of the reservation. The
authors also provide a data-dependent performance
guarantee and show that their model is asymptoti-
cally optimal when the product inventory and the
customer arrival rate scale up linearly at the same rate.
In our work, we do not allow advance reservations,
but we provide constant-factor performance guar-
antees that are not dependent on the problem data,
work with arbitrary usage duration distributions,
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and allow the randomness in the usage durations to
be resolved when the customer returns the product.

Golrezaei et al. (2014) study dynamic assortment
problems with nonreusable products. In essence, their
model is a special case of ours with infinite usage
durations. Considering the case with multiple cus-
tomer types, the authors construct a policy that is
guaranteed to obtain at least 50% of the optimal
total expected revenue, even when the sequence of
customer type arrivals is chosen by an adversary. As
the product inventories become arbitrarily large, the
performance guarantee of their policy improves from
50% to 1 — 1/e. When the type of a customer is drawn
from a stationary distribution over the time periods,
the performance guarantee further improves to 75%.
Thekey idea in this work is to adjust revenue from the
sale of each product by a revenue modifier, which is
an increasing function of the current inventory of the
product. The policy offers the assortment that max-
imizes the expected adjusted revenue from each
customer. As the inventory of a product is depleted,
its adjusted revenue decreases, and the policy is more
likely not to offer this product. The proof of the per-
formance guarantee in Golrezaei et al. (2014) is based
on formulating a deterministic linear-programming
approximation and constructing a dual feasible so-
lution to the approximation by using the revenue
modifier. We note that it is possible to formulate a
similar linear program under reusable products, but
this linear program has a capacity constraint for each
product and at each time period, thus ensuring that
the expected number of products that are on-hand
and in use at any time period will not exceed the
product inventory. The dual of this linear program is
substantially more complicated, and it is not clear
how to construct a feasible dual solution by using
the revenue modifier.

Considering the problem setting in Golrezaei et al.
(2014), we can tailor our results in this paper to
nonreusable products to obtain stronger performance
guarantees. Under nonreusable resources, we can give
a variant of our rollout approach that is guaranteed to
obtain max{},1 - ?ngr;} fraction of the optimal total
expected revenue, where Cnin and R are as discussed
earlier in this section. If, for example, the prices of the
products are stationary and each product has at least
100 units of inventory, then this performance guar-
antee computes to be 89%. Similar to the policy in
Golrezaei et al. (2014), all of our policies are based on
adjusting the revenue from the sale of each prod-
uct by a revenue modifier. The revenue modifiers in
Golrezaei et al. (2014) are multiplicative, whereas our
revenue modifiers are additive. The construction of
the revenue modifiers in Golrezaei et al. (2014) only
uses the current and initial inventory levels, whereas

the construction of our revenue modifiers uses all of
the problem data. Thus, the revenue modifier in
Golrezaei et al. (2014) is robust, as it is insensitive to a
large part of the problem data. Our computational
experiments, however, indicate that using all of the
problem data pays off, and our policies can perform
noticeably better than the one in Golrezaei et al.
(2014). Motivated by the online resource-allocation
setting, Stein et al. (2019), Wang et al. (2016), and
Gallego et al. (2016) also consider problems that in-
volve allocating products to customers arriving over
time and provide policies with performance guar-
antees, but this stream of work does not deal with
reusable products either.

In the work discussed so far, the initial inventories
of the products are exogenously given. There is work
on computing stocking quantities at the beginning of
the selling horizon when the customers arriving over
time choose among the products according to a cer-
tain choice model. The paper by van Ryzin and
Mahajan (1999) gives a model to compute the opti-
mal stocking quantities under the assumption that a
customer can choose a product for which there is no
on-hand inventory, in which case she leaves without
a purchase, possibly resulting in a penalty or emer-
gency procurement cost. Other work considers the
case where a customer chooses only among the prod-
ucts for which there is on-hand inventory. Mahajanand
van Ryzin (2001) use stochastic descent to compute
stocking quantities without a performance guarantee.
Honhon et al. (2010) use a choice model based on
ranked preference lists and compute the optimal
stocking quantities through a dynamic program,
whose running time is exponential in the number of
products. Under ranked preference lists, Aouad et al.
(2019) give approximation algorithms, whereas Goyal
et al. (2016) give polynomial-time approximation
schemes. Under the multinomial logit model, Aouad
etal. (2018) provide approximation algorithms. These
papers do not consider reusable products.

Finally, our work is related to revenue management
problems under customer choice. Zhang and Cooper
(2005) compute upper bounds on the optimal value
functions for the choice-based parallel-flights prob-
lem. Gallego et al. (2004) focus on network revenue-
management problems and study static policies extracted
from a deterministic linear program. Adelman (2007)
constructs linear value function approximations when
customers arrive into the system to purchase fixed
products without a choice process. His approach yields
upper bounds on the optimal value functions, but
without a performance guarantee. Tong and Topaloglu
(2013) show that the approach in Adelman (2007)
boils down to solving a linear program whose di-
mensions increase only linearly with the num-
bers of itineraries, flights, and time periods. Liuand
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van Ryzin (2008) develop dynamic-programming de-
composition methods for decomposing the dynamic-
programming formulation of the network revenue
management problem by the flight legs. The authors
obtain separable and nonlinear value function ap-
proximations, also without a performance guarantee.
Zhang and Adelman (2009) and Vossen and Zhang
(2015) extend the work of Adelman (2007) to include
a customer choice process. Their approach requires
solving a linear program whose number of constraints
increases exponentially with the number of itineraries.
Therefore, the linear program is solved by using col-
umn generation. We can solve the column generation
subproblem efficiently under some choice models, but
there is no a priori bound on the number of columns
that need to be generated to obtain the optimal solu-
tion. Overall, the work discussed in this paragraph
constructs linear and nonlinear value function ap-
proximations, but without performance guarantees.

1.3. Organization

In Section 2, we provide a dynamic-programming
formulation for our dynamic assortment problem
with reusable products. In Section 3, we design a policy
that is guaranteed to obtain at least 50% of the optimal
total expected revenue. This policy uses linear value
function approximations. In Section 4, we use rollout
on a static policy to obtain separable and nonlinear
value function approximations. The resulting policy
is also guaranteed to obtain at least 50% of the opti-
mal total expected revenue. In Section 5, we describe
extensions to the cases where we have multiple
customer types, we make pricing decisions, and we
can solve the assortment problems with errors. In
Section 6, we give our computational experiments.
In Section 7, we conclude.

2. Problem Formulation

We have a set of products with limited inventories.
Ateach time period in the selling horizon, we decide
on the set of products to offer. A customer arriving
into the system either chooses to rent one of the of-
fered products or decides to leave the system with-
out renting anything. We capture the choice process of
the customers through a discrete choice model. If the
customer chooses to rent one of the offered products,
then she uses the product for a random duration of
time by paying an upfront fee and a per-period rental
fee for each time period that she uses the product. After
using the product for a random duration of time, the
customer returns the product, at which point we can
rent the product to another customer. Qur goal is to
find a policy for maximizing the total expected reve-
nue over the selling horizon. We describe the problem
data, state, and transition dynamics, followed by a
dynamic-programming formulation of the problem.

2.1. Problem Data
We have n products indexed by N ={1,...,n}. For
each product i € N, let C; € Z, denote its initial in-
ventory level. There are T time periods in the selling
horizon indexed by J ={1,..., T}. Each time period
corresponds to a small interval of time, and there is
exactly one customer arrival at each time period. It is
not difficult to extend our model to the case with at
most one customer arrival at each time period. If we
offer the subset of products S, then a customer ar-
riving at time period t chooses product i with prob-
ability ¢}(S). Naturally, we have ¢{(S) = Oforalli ¢ S.
Ifa customer chooses to rent product i at time period ¢,
then she immediately pays a one-time upfront fee of
ri. If a customer is renting product i during time pe-
riod t, then she also pays a per-period rental fee of 7l
Depending on the specific application at hand, one of
the fees can be zero; inaddition, one or both of the fees
can be stationary. The per-period rental fee can also
depend on how long the product has been in use.
We use the generic random variable Duration; to
represent the random rental duration of product i.
The random variable Duration; has a probability mass
function f; : Z,, — [0, 1], where X372, fi(f) = 1. We de-
scribe the rental duration in terms of its hazard rate
pie associated with the probability mass function f;,
where for each € € Z,, we have

pie = Pr{Duration; = £ + 1| Duration; > {} = JES‘E—JFU
z:s=««:’+1 f! (S)

The hazard rate p; is the probability that each unit of
productiis returned after £ + 1 periods, given that the
product has been used for more than £ periods. Be-
cause Y2, fi(s) = 1, we have p;p =fi(1), so that p;p is
the probability that a unit of product i is used for
exactly one time period. The usage durations of different
units are assumed to be independent of each other.

At each time period ¢, the following sequence of
events happen. We observe the state of the system,
which consists of the current on-hand units and the
outstanding units that are currently being rented by
the customers. Based on the state, we decide which
subset of products to offer. The customer arriving
at time period t chooses a unit to rent or leaves the
system without renting. We collect the upfront fee for
the rented unit and the rent from all customers still
using their rented units. Finally, we observe whether
each customer with a rented unit of product decides to
return the unit, including the customer who rented a
unit at the current time period.

2.2. State and Transition Dynamics

To capture the state of the system at a generic time
period, let g; o denote the number of units of product i
available as on-hand inventory at the beginning of the
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time period. Also, for £ > 1, let g; ; denote the number
of units of product i that have been used for exactly
{ time periods at the beginning of the time period.
Thus, we describe the state of the system by the vector
q=1(ge¢:ieN,£=0,1,...). For example, if q repre-
sents the state of the system at the beginning of time
period ¢, then g;; is the number of units of product
i rented at time period t—1 and not returned by
the beginning of time period t. Because 272, 4:¢ = C;,
let 2={(gi¢:1eN,€=0,1,...) : Z32gi¢=C;Vie N} de-
note the set of all possible states. We assume that the
system starts with no units in use. Thus, there will
never be a unit in use for more than T time periods,
which makes the effective set of possible states finite.
Consider the state g at the beginning of time pe-
riod t. There are g;¢ units of product i that have been
used for exactly ¢ periods. By definition of the hazard
rate, with probability p;¢, each of the g; units will be
returned by the beginning of time period t + 1. Thus,
if no purchase is made at time period ¢, then the
number of units that will be available as on-hand
inventory at the beginning of time period t + 1 is g;p +
>52,Bin(gie, pie), where Bin(k,p) denotes a binomial
random variable with parametersk € Z, andp € [0, 1].
Also, atthebeginning of time period t + 1, thenumber
of units of product i that will have been rented out for
£+ 1 periods will be g;¢— Bin(gi¢, pi¢), where the
second term reflects the units that will be returned at
time period t. Therefore, given the state g at the be-
ginning of time period ¢, if there is no purchase by a
customer, then the state X(gq) = (Xie(q):ie N, £ =
0,1,...) at the beginning of period t + 1 is given by

qi0 + Z Bin (Qa‘,s; Pi,s) if £ = O,
Xi,f(q) = O s=1 oo 1,
Gie-1 — Bin(gie-1, pie) if €22,

(1)

Note that if thereis no purchase at time period t, thena
unit that was on-hand will stay on-hand at time pe-
riod t + 1. Also, a unit that was in use will either be
returned or it will stay in use. In the latter case, its
usage duration will be at least two time periods. So,
we have X;i(g) = 0.

2.3. Dynamic-Programming Formulation

We use # to denote the collection of feasible subsets
of products that we can offer to the customers at
each time period, which captures the constraints that
we may impose on the offered subset of products.
To formulate the problem as a dynamic program, we
denote a Bernoulli random variable with parameter
p €[0,1]by Z(p). Also, viewing the stateq = (g;¢ : i € N,
£ =0,1,...)asavector, we let e;x be a unit vector with
one in the (i,k)-th coordinate and zero everywhere
else. Let J'(g) denote the maximum total expected

revenue over the time periods ¢,..., T, given that the
system is in state g at the beginning of time period t.
Then, using 1, to denote the indicator function, we
can compute the optimal value functions {J': t € I}
by solving the dynamic program

J'(g) = 25 2 g

ieN £=1
' m{§ a1} )11+ + EZ(pi0) 17 (X(g)
+ (1= Z{puo)) I} (X(a) ~ o + €1 ) )

(1= S taeno) o]

2
with the boundary condition that J™! =0. In the
dynamic-programming formulation above, we im-
plicitly assume that even if g;9 = 0, meaning that we
do not have any on-hand inventory for product i, we
can offer an assortment that includes product i. Note
theindicator function; if a customer choosesa product
with zero on-hand inventory, then she leaves the
system without renting any products. The possibility
of offering products with zero on-hand inventory
may be unrealistic in certain settings. Shortly in this
section, in Assumption 2.1, we impose rather mild as-
sumptions on the discrete choice model {¢{(S) : i € N,
S C N} and the set of feasible decisions ¥ to ensure
that the optimal policy never offers a product with
zero on-hand inventory, even if we are allowed to
do so. So, under Assumption 2.1, it follows that the
dynamic-programming formulation above is equiv-
alent to a dynamic-programming formulation that
explicitly imposes a constraint to ensure that we must
have nonzero on-hand inventory for each product
that we offer.

In the dynamic program in (2), the term Tjey 7} -
¢e19i¢ captures the rent payments from customers
with already rented units at the beginning of time
period . On the other hand, the term rf + mi+
E{Z(py0) "1 (X(q)) + (1~ Z(pip) J* (X (q) — €10 + €,1)}
corresponds to the expected revenue from a customer
who selects product i at time period . Here, r{ + 7!
reflects the one-time upfront payment and the per-
period rent for the first rental period. Noting the
definition of the hazard rate, we have p;o = fi(1).
Therefore, the Bernoulli random variable Z(p;y) takes
a value of 1 if and only if the customer renting a unit of
product i at time period t uses the product for exactly
one time period. If Z(p; ) = 1, thentheunitisreturned
to the firm at the end of time period t, in which case,
the state at the beginning of time period t + 1 is X(g),
which is identical to the state that we would have
obtained when no rentals were made at time period t.
On the other hand, if Z(p;g) = 0, then the selected unit
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of product i will not be returned at the end of time
period t. In this case, the selected unit of product i
will not be on-hand at the beginning of time period
t + 1; instead, this unit will be in use for exactly one
time period. Therefore, the state of the system at the
beginning of time period t + 1 will be X(g) — e;o + €;1.
To simplify our dynamic-programming formulation,
note thatbecause the rental durations of different units
are independent of each other, X(g) and Z(p;) are in-
dependent of each other as well. Therefore, we obtain

E{Z(Pw] T (X(q)) + (1= Z(pso)) J* (X (g) — €10 + em)}
- B[/ (X(a))} = puo " (X(g)} + (1~ pio)
: ]E{J'M (X(q) —es0 +ein) } - ]E{Im (X(q) )}
= ~(1 - pio) E{J*' (X () ~ ™" (X (g) ~ es0 +e11)},

in which case, simply by arranging the terms, we can
write the dynamic-programming formulation in (2)
equivalently as

F@) = 37 3+ B (X(g)

ieN £=1

+ maX{Z Ligio=1) ‘ﬁ’E(S)("E +7; = (1= pio)
ieN

S5eF

: E{IM (X(q)) -1 (X(q) - ejo + em)})}-

3)
Note that]*1(X(g)) — J*1(X(g) — eip + e;1) captures the
marginal value of renting one unit of product i to the
customer at time period t.

Throughout the paper, we impose a mild assumption
on the discrete choice model {¢(S) :i€ N,S C N} and
the set of feasible decisions ¥ to ensure that the op-
timal policy never offers a product with zero on-hand
inventory. This assumption is given below.

Assumption 2.1 (Substitutability and Feasibility). Adding
more products to an assortment does not increase the se-
lection probability; that is, for all SC N and k € N, ¢{(SU
{k}) < ¢X(S) for all i € S. In addition, if a set of products is
feasible to offer, then so are all of its subsets; that is, if A € &,
then S € F for all S C A.

The first assumption ensures that products are
substitutable, and, thus, the probability of choosing
any product never increases if more options become
available. This assumption is rather mild, and it holds
for all choice models that satisfy the random utility
maximization principle, including the multinomial
logit, nested logit, d-level logit, paired combinatorial
logit, and many others. In addition, the second as-
sumption on the collection of feasible subsets F also
holds for abroad class of assortment constraints, such
as a shelf-space constraint & = {S CN': ¥;es5¢; <B},

where ¢; is the space consumed by product i and B is
the total shelf-space available. Under the assumption
above, it is not difficult to see that the optimal policy
never offers a product with zero on-hand inventory.
In the maximization problem in (3), the profit con-
tribution of product i is 1y >1yX (ri+7—(1—p;o)-
E{"*(X(g))-]*'(X(9)—eio+ei1)})- Let S* be an opti-
mal solution to this maximization problem. In this
case, observe that we can drop all products with non-
positive profit contributions from §* without degrad-
ing the objective value of the maximization problem
in (3) because, if we drop such products, then by the
substitutability assumption, the selection probabilities
of all other products increase, whereas by the feasibility
assumption, the subset we obtain remains feasible.
Thus, the new subset that we obtain in this fashion
provides an objective value to the maximization problem
in (3) that is at least as large as that provided by 5"
Because the profit contribution of product i is zero
when 1y, 513=0, there exists an optimal policy that
never offers a product with zero on-hand inventory.

Because all products are available at the beginning
of the selling horizon, the optimal total expected
revenue is J'(Ziex Ci €ip). One source of difficulty in
computing the optimal value functions {J' : t € T} is
that the maximization problem in (3) is a combina-
torial optimization problem that chooses the set of
products to offer. However, there exist efficient al-
gorithms to solve this problem under many discrete
choice models, including the multinomial logit (Talluri
and van Ryzin 2004, Rusmevichientong et al. 2014),
nested logit (Davis et al. 2014, Gallego and Topaloglu
2014), d-level logit (Li et al. 2015), and paired com-
binatorial logit (Zhang et al. 2017), and under many
different types of feasible sets & (Davis et al. 2013,
Feldman and Topaloglu 2015, Desire et al. 2016). Later
in the paper, we will also discuss how our results can
be extended when we can only approximately solve
the maximization problem in (3).

Although we can solve the maximization problem
in (3) efficiently, to find the optimal policy, weneed to
compute the optimal value function J*(g) for each g € 2
and t € J. The number of possible states |2| grows
exponentially with n and T, whichmakes it difficult to
find the optimal policy. Thus, throughout the rest of
the paper, we focus on developing approximate pol-
icies that are efficient to compute and have provable
performance guarantees.

3. Linear Value Function Approximations

We develop an approach to construct linear approxi-
mations to the optimal value functions and analyze the
performance of a policy that uses these approxima-
tions. In particular, we give a tractable recursion to
come up with linear value function approximations.
We show that if we use the greedy policy with respect
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to these linear value function approximations, then
we obtain a policy that is guaranteed to obtain at least
50% of the optimal total expected revenue.

3.1. Specification of Linear Value

Function Approximations
We consider an approximation J* to the optimal value
function J* given by

J'(q) = 22 20 Ve dies 4
ieN =0

where, for £>1, the parameter 7}, represents the
marginal value at time period t of each unit of product
i that has been in use for £ periods, whereas the pa-
rameter ¥}, represents the marginal value of each unit
of product i that is currently available as on-hand
inventory at time period t. We propose computing ¥},
recursively as follows.

* Initialization: Set #];' =0 forallie N, £ > 0.

. Backward Recursmn Fort=T,T-1,...,1, we
compute 7}, by using {?{}! :ie N, £>0} as follows.
Let A'e & be an assortment such that

—argmaxZ(ﬁ)‘(S)[r +m—(1- p!u]( Pl — ";1)].
)

Once A’ is computed for eachi € N, let

oo =05t + 2o (A) 4 7 = (1= puo) 515" - 947

if_n +p!g1z'f':-:|1+(1 pif)vifﬂ szl,z,....
(6)

The above description completes the specification of
theapproximate value function J'. Weshortly give the
intuition behind our approach. Because we start the
system with all units available as on-hand inventory,
no unit will be in use for more than T time periods.
Thus, we only need to compute ¥}, for £=0,1,...,T,
so we can execute the above recursion in finite time.
We provide some intuition into the computation
of A, Intuitively speaking, we can interpret A’ as an
ideal assortment to offer at time period t under the
linear value function approximations when we ignore
inventory availability. In particular, if we replace
the value function J'*! in the maximization problem
on the right side of (3) with the linear approxima-
tion J'*1(q) = Siey T52 74! ;¢ and drop the indicator
function 1y, 1) to 1gn0re mventory availability, then
the objective function of this maximization problem
takestheform 3y @4(S) [7f + 71} — (1 — pio)(Pig" — 91311,
which is the same as the objective function of the
maximization problem in (5). Next, we provide some
intuition into the computation of 1’}5 0 which measures
the value of a unit of on-hand inventory for product i
at time period t. Roughly speaking, assume that we

offer the ideal assortment A’ at time period t, and if a
customer selects product i at time period t, then we
“direct” the customer to one of the C; copies of
product i with equal probability of 1/C;. In this case,
the probability that a unit of producti “sees” a demand
attime period tis ¢} (A ) & ¢ We write the recursion that
we use to compute ¥, in (6) equivalently as

Pio = _‘(ﬁ)s (‘at) [r§ + 70+ pip Vg’ + (1 - pio) 9531]
(1 _ = ¢; (At)) oy

On the left side above, o 18 the value of a unit of
production-hand at time period t. If we offer theideal
assortment A’ at time period ¢, then a unit of product i
sees a demand with probabﬂlty = (A"). In this case,
we collect the upfront fee f and the rent 7i; for the first
time period. As discussed earlier, with probabﬂlty
pio =fi(1), the customer rents product i for exactly one
time period, in which case she returns the product by
the beginning of time period t + 1. The value of a unit
of on-hand inventory of product i at time period t + 1
is 7', With probability 1 p;p, the customer rents
product i for more than one time period, in which case
the product will have been rented out at the beginning
of time period t + 1 for exactly one period. The value of
a unit of productiat time period t + 1 that has been in
use for one period is 7{}!. This discussion provides the
intuition for the term 7 + 7t + ;g Pipt+ (1 = pig) P31

on the right side above. With probability 1 — 2 ¢{(A"),
the unit of product i does not see a demand, in which
case this unit is still available at time period t + 1, and
the value of this unit is given by {}'.

We can givea similar intuition for the recursion that
is used to compute vt, forall £=1,2,.... Noting the
recursion Vv, =m+p; giBl +(1-pie) v!tﬁl,reca]l that
¥}, on the left s1de is the value of a unit of product i that
hasbeen in use for £ periods at time period ¢. This unit
of product i will certainly be used until the end of
time period t, and we will obtain the rental fee of 7.
Furthermore, by the definition of the hazard rate p;,, a
unit of product i that has been in use for £ periods at
time period t will be returned by the beginning of the
next time period with probability p;¢, in which case
the value of this on-hand unit at time period t +1 is

{41, yielding the term p;, 74! on the right side. On the
other hand, onceagain, by the definition of the hazard
rate p;¢, a unit of product i that has been in use for £
periods at time period t will not be returned by the
beginning of time period t + 1 with probability 1 — p; .
Therefore, this unit of product i will have been used
for £ + 1 periods at the next time period, and the value
of this unit at time period ¢+ 1 is #{%},, yielding the
term (1 - p;¢)¥i}}; on the right side.
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The discussion in the previous two paragraphs
also provides a natural interpretation for our value
function approximations. In particular, our value
function approximations correspond to the total ex-
pected revenue that we obtain when we use a policy
that manages each unit of product i independently.
Focus on one particular unit of product i. At time
period t, we always offer the assortment A’, in which
case an arrwmg customer selects product i with
probability ¢} (AY). If the customer selects product i,
then we direct the customer to each unit of product i
with equal probability of 1/C;. In this case, the unit
of product i that we focus on sees a demand at time
period t with probability ¢!(A") &. If the unit of product
i that we focus on sees a demand, then it is rented, so
we collect the upfront fee of r; and the rent of 7} for the
firsttime period. A unit that is rented stays in use fora
random duration of time that is governed by the
hazard rates {p;¢ : £ > 0}, during which we collect the
rent of m} at each time period ¢ that the unit is in
use. After the usage duration has expired, the unit is
returned. By the discussion in the previous two para-
graphs, if we use a policy that manages each unit of
product i independently in the way we just described,
then 7], corresponds to the total expected revenue
from a unit of productithathas been in use for exactly
{ time periods at the beginning of time period t.
Therefore, our value function approximations corre-
spond to the value functions of a policy that manages
each unit independently. Clearly, this policy does
not pool the units of the same product together, so
we certainly do not advocate using such a policy in
practice. We will only use the value functions of this
policy to construct value function approximations. It
turns out that the greedy policy with respect to the
value function approximations will have a perfor-
mance guarantee.

Considering the effort to compute the parameters
{95,5 :ieN,£=0,...,T,t € T}, we need to solve prob-
lem (5) for each time period t € J. The number of
operations to solve this problem depends on the un-
derlying choice model. We use Opt to denote the number
of operations to solve one instance of problem (5). Next,
we need to compute {¢!(A") :i € N, t € T}. The num-
ber of operations to compute these choice probabilities
also depends on the underlying choice model. We use
Prob to denote the number of operations to compute
{$}(S) : i € N} for a fixed subset S and time period ¢.
Once we compute {¢; (AY:ieN,te T}, wecanuse(6)
to compute each one of the parameters {7}, : i € N, £ =
0,...,T,t€J} in O(1) operations. Thus, noting that
there are O(T?n) such parameters, we can compute
all of the parameters {7},: ie N,£=0,...,T,t € T}
in O(T x Opt+ T x Prob + T?n) operahons For ex-
ample, if the customers choose according to the

multinomial logit model, then we can solve one instance
of problem (5) in O(nlogn) operations (Talluri and van
Ryzin2004). Also, for a fixed subset Sand time period ¢,
we can compute {¢!(S):i€ N} in O(n) operations. In
this case, we can compute all of the parameters {7 ,:
ieN,£=0,...,T,t €T} in O(Tnlogn+ T*n) operations.
Lastly, although we use linear value function ap-
proximations, it is not difficult to see that the optimal
value functions are not even separable by the prod-
ucts. In Online Appendix A, we give a problem in-
stance with only one time period in the selling
horizon, in which the optimal value functions are not
separable by the products. We close this section with
the next lemma, where we show that the marginal
value of a unit of on-hand inventory becomes smaller
as the end of the selling horizon approaches. We will
use this property several times throughout the paper.

Lemma 3.1 (Properties of the Marginal Values). The mar-
ginal walue of on-hand inventory decreases over time; that
is, Vg 2 Vip! forall t€ T and i€ N.

Proof. For notational brevity, let A =r{+mi —(1—
pi0)(i5" — Pi1'). We will shortly show the claim that
qb(A)A‘ >0 for all i € N. h'lthlscase,bytherecm'smn
in (6) that we use to compute 9}y, we have ¥y = 7jj+
L cp*(A*) A} > vit!, which is the desired result. To see
tﬁe claim thatqb (AHA! > 0 for all i € N, assume on the
contrary that there exists some k&€ N such that
PLAT AL <0. Let N*={ie N: AL >0} and N~ ={i€
N': Aj<0}. By our assumption, there exists some
k € N~ such that @L(A")> 0. Furthermore, by Assump-
tion 2.1, ¢L(A'NN*) > ¢l(A) for all ie AlnN*. By
the same assumption, because A’ € , we have A'n
N* € F. So, we get

20i(A) A= 3 6(A) A+ 35 0i(A)
< X (A A= X i A A

iEN+ ieAt N+
< Z(ﬁ)t(Atn.N‘*')At qu‘(A‘ﬂN*)Af,
icAf NN

where the first inequality follows because there exists
some k € N~ such that ¢L(A’)> 0, the second equality
holds because ¢! (A) = 0 for alli ¢ A!, and the second
inequality uses the fact that ¢!(A' N N*) > ¢!(A!) for
all i € AN N*. Because AN N* € %, the chain of in-
equalities above contradicts the fact that A’ is an optimal
solution to problem (5). O

3.2. An Approximate Policy Using Marginal Values
We consider the greedy policy with respect to the value
function approximations {J' : t € J}. If the system is in
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state g at time period f, then this policy offers the
assortment 5'(g) given by

()= gsm{§ Layey )]+ = (1= pi)
]E{"Hl (X(q) - jre1 (X(q)-eio+ 85,1]}]}

= argmax :Zl ]l{qwzl}‘ib;(s) [rf +7;— (1= pio)

)
?)

where the second equality uses the definition of the
value function approximations in (4). The next the-
orem is the main result of this section, giving a per-
formance guarantee for this policy.

Theorem 3.2 (Performance of the Greedy Policy). The
total expected revenue of the greedy policy with respect to the
walue function approximations {J' : t € ?T} is at least 50% of
the optimal total expected revenue; that is, this policy is a
half-approximation.

The proof of this theorem makes use of the next
lemma. Because we do nothave any productsin useat
the beginning of the selling horizon, the initial state is
Yiex Cieio. The next lemma relates the approximation
JY(Ziey Cieip) to the optimal total expected reve-
nue J'(Siew Ci eip).

Lemma 3.3 (Expected Revenue Upper Bound). We have
J'(Ziex - Cieio) < 2] (Ziex Cieip)-

Proof. By Adelman (2007), we can obtain an upper
bound on the optimal total expected revenue by using
the objective value provided by any feasible solution to
the linear program

min J! (; Cses,a)
st. J'(g) = D\ m! i Gie + ]E{THI(X(‘?))}

ieN £=1

+ ; Ligo>1) ¢§(S)[r§ + 7t~ (1~ pip)
E{}m (X(q) =T*"(X(q) - ei0 + em]}]

Vged,SeF ted,

where the decision variables are {J'(g): q € 2,t € J}
and we follow the convention that JT*! = 0. Define
the constant B = SiexPip Ci. We proceed to show
that {8t +J'(q): g €2, t € ?T} with Jt(g) as in (4)~(6) is
a feasible solution to the linear program above.

(Without the constant f, the solution {J'(g):q€2,
t € T} is not necessarily feasible to the linear pro-
gram.) Asallunits areavailable at the beginning of the
selling horizon, a unit will never be in use for more
than T time periods. Thus, we can assume that 2 is a
finite set, so the numbers of decision variables and
constraints above are finite. By the definitions of
J*1(g) in (4) and X(g) in (1), we get

Bm +]E{ t+1 (X(q]]}
— lBc+1 + Z{ pr+1
' [qs,r — Pit t?s,r]}
=P+ Z {q!uv!u + Zq!f[p!gv!u +(1-pie)

o]}

Similarly, ]E{T“‘I(X(q)] 7“‘1(X(q) —eip+ein ) =i iyt
So, if we evaluate the right side of the constramt in
the linear program above at {3'+]!():q€2, teT}, then
we obtain

i S+ B+ Ef] ()
+ Z Loy S| rh 47— (1= pio) Efp?
7t+1( ( )) 41 7t+1( (4’) —eio +3a‘,1)}]

- Z ﬁ; i%f + lBt+1

iEeN £=1

+Z{qauﬁfﬁl+24ar[9arv‘” (1- pwl“f*&ll]}
+Z]l{qm>1}qb!(8)[r +m—(1- p!u]( pitl “f’{l)]

[v4]
t+1
£°+1

q;ﬂ+zpif‘ﬁf
£=1 £=1

— Zi}Hl C! +Z{qluvt+1 +qu fv!f}

iEeN
+le{qu>1}qb (S)[r +mi—(1- P;u]( SEI_VSJ{I)]

where the second equality holcls because we have
D=+ pie¥ip' + (1= pie) %74y by (6) and B =
Diex Vih 0 1G;. By a simple lemma, given as Lemma B.1
in Online Appendix B, if we let Aj=r;+m — (1~
pio) V5 — Pi31), then Ziey i(A") A‘ 2 YieN ]l{q;ub-l}
¢H(S) Al for all S € F. Note that this inequality doesnot
follow from the definition of A’ because although we
have Sy 9H(A") Al > Sicx $(S) Al by (5), we may have
Al <1y, 513 A when A} <0. Thus, using the chain of
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equalities above, we upper bound the right side of
the constraint in the linear program as

ZﬁH‘l C; +Z{q!uvt+1 + Zq!fv;f}

ieN

+Z]l{qn>1} CPI(S)[r‘ +mi-(1- Pw}( ot Vf’il)]
< Zﬁm Ci+ ZZQM,QE{

ieN =0

+qu (A‘)[r‘+n -(1- Pau]( 551_1}:;1)]
:Zﬁfﬁlci+22qmv!f+2(j!( oy vf*dl)
—ZVI,OCI"'ZZ‘?H’V;f l3+jt()

ieN €=0

where the first inequality holds as ¥}, >?/}' by
Lemma 3.1, the first equality follows from (6), and the
last equality is by the definition of 3’. By the chain of
inequalities above, forany €2, 5€ &, and t € T, if
we evaluate the right side of the constraint at {8’ +
J'(q) : g € 2,t € T}, then the rightside of the constraint
is upper bounded by p! + Ji(g). So, the solution {3 +
J'(q) : g€ 2,t € T} is feasible to the linear program,
which implies that the objective value of the linear
program evaluated at this solution is an upper bound
on the optimal total expected revenue. The objective
value of the linear program evaluated at the solution
{B'+T@:qe2,teT}t is B +](Siex Cie) =p' +
Siex 7 Ci = 2 Siex 7 Ci = 2] (Siex Ci €ip). Thus, 2]
(Ziex Cieip) is an upper bound on the optimal total
expected revenue. O

The greedy policy with respect to the value function
approximations {J* : t € J} offers the assortment 5'(q)
in (7) when the systemisin state g at time period t. Let
U'(g) denote the total expected revenue under this
greedy policy over the time periodst,..., T, given that
we are in state g at time period t. We can compute
{U': t € T} by using the recursion

U(g) =3 > e

ieN £=1

* 31l (0) [ i+ Ef2lpun) U (x(0)

+(1-Z(pip)) U™ (X (q) — €10 +ei )])
1 1yt (50) Jolu o)),

with the boundary condition that U™*! = 0. In the re-
cursion above, we use the same line of reasoning that
we used for the dynamic-programming formulation
in (2), but the decision is fixed as 5'(¢). An observation
that will shortly be useful is that U"*! appears with a

positive coefficient on the right side above. Therefore,
if we replace U'*! with a function H**! that satisfies
Ut*1(g) > H*1(g), then the right side of the expression
above becomes smaller. By using the same sequence
of manipulations that we used to obtain the dynamic
program in (3), we can write the above recursion
equivalently as

U(g) = 2y > gie + E{U™ (X(g))}

ieN £=1

+ ; ]l{q,-p >1} qbf(gt(q]](rf + 70 — (1 - pio)
E{U(X(g)) - U (X(g) e +e)}).  ®

The coefficients of U"*! are not necessarily all positive
on the right side above, but the last two recursions
are equivalent. So, if we replace U'*! on the right side
above with a function H'*! that satisfies U'*'(g) >
H'1(g), then the right side of the expression above still
gets smaller.

Here is the proof of Theorem 3.2.

Proof of Theorem 3.2. We will use induction over the
time periods to show that U'(q) > Tt (g)forallg€ 2 and
t € J, where J'(g) is as in (4). By definition, we have
1)T+1 =0 for all ieN, €=0,1,..., so that }T” =0.
F{thhermore, we have UT*! = (). Thus, the result holds
at time period T +1. Assuming that U**'(g) > J**1(q)
for all 4 € 2, we proceed to show that U*(q) > J'(q) for
all g € 9. Using the same argument in the proof of
Lemma 3.3, we have

E{J* (X(g))}
—Z{QauVHlJFZ‘?if[Pifvaﬂ ( —pig) ¥ ::’ll]}
Sunﬂarly,wehave]E{f“l(X(q)) 7“1(X(q) eip+en)}=

vt —71iL. Thus, by the inductive hypothesis and the
recursion defining U'(q) in (8), we obtain

W) 2 3yt S + £ (X(0)
+ 35 g2 94(500) (4 i
E{TM( (9) - IM(X(‘?]—&,GHI‘J)})

=D M Gt Z{Qw il + Z qi, r[Pa Ol
N =1 ieN

(1= pio)

. m)mﬂ
+ ; ]]'{q;;u 21}‘?5:(@‘(‘?))[": + 7

- (1-pao) (725" - 927)]
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- St + S+ oty + 0= 9 |
=
3 t t
+ max Z LI cﬁ)i(S)[ri + 7
- (1= pio) (725" - 927)]
where the last equality follows from the fact that 5(q)
is, by (7), an optimal solution to the maximization

problem on the right s1cle above. Noting (6), for all

€>1, we have ¥}, = mtj + p; Pip' + (1= pir) i3}, In

this case, the expression on the right side of the chain
of inequalities above can equivalently be written as

;{ in ig +Z‘?!¢°V;r} X 21 g,01) 91(5)
[ - 0= ) (- )
> St + S0t + S
O () [P+ i (1 puo) (938" - 0157)|
> Z{q,uv”l + Zq!gv f} +Z‘?‘°
(A1)t - (- Pw]( et — ot
Z{qium + Ztmv g} +Zqiu( o= 9151)

ieN

5 z gic? = T'(a).

ieN

In the chain of inequalities above, to see that the
second inequality holds, by the discussion in the
proof of Lemma 3.1, we have ¢{A")[rt+n!i-
(1= pip) @' =93] 20 for all i e N. Also, by the
definition of 2, we have q;;u < Cifor any g € 2, which
implies that 1, 51} > The first equality follows
from (6). The cham of mequahhes above completes
the induction argument so that we have U'(g) > J'(¢)
forall g € 2 and t € J. Because the initial state of the
system is Yy G €;o, the total expected revenue col-
lected by the greedy policy is U'(Z;ey C; ei0). So, using
the last inequality with t =1 and g = X;cy Ciejo, we
get U'(Siex Ciein) > J' (Siex Ciein) > 1" (Siex Ci €ip),
where the second inequality follows by Lemma 3.3. O
We note that simple myopic approaches that ignore
the future customer arrivals can perform arbitrarily
poorly, as we demonstrate in Online Appendix C. In
contrast, by Theorem 3.2, the greedy policy with re-
spect to the value function approximations {J* : t € J}
is guaranteed to obtain at least 50% of the optimal
total expected revenue. In our computational exper-
iments, we demonstrate that the practical performance

of this greedy policy can be substantially better than
this theoretical performance guarantee. Despite having
a performance guarantee, the greedy policy with re-
spect to the value function approximations {J* : t € T}
has a somewhat undesirable feature. Consider two
states €2 and g4’ € 2 such that {ieN:g;0>1} =
{i € N : g}y > 1}. In other words, the set of products for
which we have on-hand inventory is the same in the
two states. In this case, by (7), we have 5'(g) = 5'(¢).
Therefore, the decisions of the greedy policy depend
on the set of products for which we have on-hand
inventory, but not on the level of inventory for these
products. The greedy policy does not differentiate
between having too much or too little inventory of a
product, as long as we have on-hand inventory for
this product. In the next section, we develop a more
sophisticated policy that explicitly takes the in-
ventory levels into consideration, while still main-
taining the performance guarantee of the greedy
policy. Our computational experiments demonstrate
that the latter policy can perform noticeably better
than the greedy policy.

4. Improving the Policy Performance

Through Rollout

To develop a policy that explicitly takes the inventory
levels of the products into consideration, we build on a
static policy that offers a fixed assortment at each time
period. With the assortment A! defined in (5), the static
policy always offers the assortment A’ at time period .
Using an analysis similar to the one for the greedy
policy with respect to the linear value function ap-
proximations discussed in the previous section, we
show that the static policy obtains at least 50% of the
optimal total expected revenue. Furthermore, the
value functions associated with the static policy are
separable by the products. We perform rollout on the
static policy to obtain a policy that takes theinventory
levels of the products into consideration, while still
maintaining the performance guarantee of the static
policy. Exploiting the fact that the value functions asso-
ciated with the static policy are separable by the products,
we show that we can efficiently perform rollout on the
static policy when the usage durations follow a negative
binomial distribution or when the customers purchase
the products outright without returning them at all.

4.1. Properties of the Static Policy

We consider a static policy that always offers the
assortment A’ at time period t regardless of the
product availabilities, where A’ is defined in (5). If a
customer chooses a product that is not available,
then she leaves the system. By the next lemma, the
static policy obtains at least 50% of the optimal total
expected revenue. The proof is similar to the analy-
sis of the greedy policy with respect to the linear
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value function approximations. The details are in
Online Appendix D.

Lemma 4.1 (Performance of the Static Policy). The total
expected revenue of the static policy that offers assortment A*
at time period t is at least 50% of the optimal total expected
revenue.

Let V'(q) denote the total expected revenue under
the static policy over the time periods ¢,...,T, given
that we are in state g at time period t. Similar to the
dynamic program in (3), we can compute {V': t € T}
by using the recursion

Vig) = D\ m i Gie + ]E{ VHI(X(‘?))}

ieN £=1

+ g ﬂ{qm >1} ®; (AE) (": +m;— (1= pio)
B[V (X(g)) - V" (X(g) €0 + e,

with the boundary condition that V™*! = 0. The fol-
lowing lemma shows that V'(g) decomposes by
products. The proof is in Online Appendix E. To facili-
tate our exposition, let e, be the standard unit vector
with onein the {-th coordinate. Letg, = (g;¢: £=0,1,...)
denote the numbers of units of product i that have
been in use for different numbers of time periods.
By (1), the state of the units of product i at the next
time period depends on the state of the units of
product i at the current time period, but not on other
products. Thus, X;(q) is a function of g; only, which
implies that we can write X;¢(q) as X ¢(q,), so we can
define the vector Xi(q,) = (Xi¢(q,): £=0,1,...).

Lemma 4.2 (Decomposability by Products). Foreacht € I
and q €2, we have V'(q) = Ziex Vi(q;), where for each
i€N,{Vi:teT}is computed by using the recursion

Vita)=m X+ BV (5(g)

+ ]1{4;';] 21} ¢f (AE) (F: + HE - (1 - P!‘,D)
'E{V;H(X"(qs)) — Vit (Xi(q,) - eo +e1]}), ©)
with the boundary condition that VI+! = 0.

4.2. Rollout Policy Based on the Static Policy

We perform rollout on the static policy to obtain a
policy that takes the inventory levels of the products
into consideration. To perform rollout on the static
policy, given that we are in a particular state at the
current time period, we choose the decision that
maximizes the immediate expected revenue at the
current time period plus the expected revenue from
the static policy starting from the state at the next time
period. We refer to the policy obtained by performing
rollout on the static policy as the rollout policy. The

rollout policy ultimately corresponds to using Vi(g) =
Yiex Vi(q;) as a separable nonlinear approximation
to J'(q). Let S/, ou(q) be the assortment offered by
the rollout policy given that we are in state g4 at time
period t. As V'*1(q) is the total expected revenue
obtained by the static policy starting in state g at time
period t + 1, S} ;0.4(9) is given by

Stotout(4)
- ar%gx{ 2 L1y 4(S) (1t + 7t + E{Z(pio)
V(X)) + (1= Z{pio)) V' (X(g) — eso +ei2)})
1= S 1yt 2 o)
= argmax 3 L(5,1) $1(5) (i + 7~ (1= pio)

- B[V (X(q)) - V' (X(g) - €0+ ei1)})

= argmax 33 15,21 4/(5) (v 7 - (1= pio)

- B{VI(X(g) - Vi (Xilg) - o +e)).

In the first equality above, we follow the same ar-
gument that we used to construct the dynamic pro-
gram in (2), in which we find an assortment that
maximizes the immediate expected revenue and the
expected value function at the next time period under
the optimal policy, but above, we use the value
function of the static policy at the next time period.
We arrive at the second equality by the same rea-
soning that we used to obtain the dynamic program
in (3) from the dynamic program in (2). The third
equality follows from the fact that the value functions
of the static policy decompose by the products, as
shown in Lemma 4.2.

It is a well-known result that the policy obtained by
performing rollout on a base policy always performs
at least as well as the base policy itself; see sec-
tion 6.1.3 in Bertsekas and Tsitsiklis (1996). Therefore,
the total expected revenue obtained by our rollout
policy is at least as large as the total expected revenue
obtained by the static policy. So, by Lemma 4.1, the
rollout policy obtains at least 50% of the optimal
total expected revenueaswell. In many applications,
a policy based on rollout tends to offer a dramatic
improvement over the base policy. The key question
is whether the rollout assortment S/, () can be com-
puted efficiently. Lemma 4.2 shows that the value
function of the static policy is separable by the prod-
ucts, indicating that computing the value functions of
the static policy through the recursion in (9) is more
manageable than computing the value functions of
the optimal policy through the dynamic program
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in (3). As discussed earlier, without loss of generality,
we can assume that the vector ¢, = (gi¢: £=0,1,...)
is finite-dimensional, because we start with no units
in use so that we always have g;, =0 for all £{>T.
However, the state variable g, = (gi¢: £ =0,1,...) in
the recursion in (9) is still a high-dimensional vector.
In particular, the state space in this recursion is given
by 2;={(qit€Z+:£=0,1,...)| 252, qi¢ =Ci} and com-
puting the value function Vi(q,) of the static policy for
all g;€9; is difficult.

In the remainder of this section, we consider two
cases. First, if the usage duration follows a negative
binomial distribution, then the value functions of the
static policy can be computed efficiently. Second, if the
customers purchase the products outright and never
return them, then the value functions of the static policy
can be computed efficiently as well. Once we compute
the value functions {V' : t € J} of the static policy ef-
ficiently, we can solve the maximization problem
above that defines S .(g) to find the assortment
offered by the rollout policy. Note that the maximi-
zation problem that we solve to obtain the assortment
St out(q) has the same structure as the maximization
problem on the right side of the dynamic program
in (3). Thus, once we compute the value functions {V* :
t € I} of the static policy, as discussed at the end of
Section 2, there are numerous choice models that
render this maximization problem tractable. Lastly,
we emphasize that, even if we cannot compute the
value functions {V' : t € T} of the static policy, we can
use simulation to estimate the expected revenue of the
static policy, which still allows performing rollout
on the static policy. Section 6.1.3 in Bertsekas and
Tsitsiklis (1996) discusses using simulation to per-
form rollout. Naturally, the computational require-
ments of performing rollout inflate when we use
simulation to estimate the total expected revenue of
the static policy. Next, we discuss how to perform
rollout efficiently when the usage durations have a
negative binomial distribution.

4.3. Negative Binomial Usage Duration

In this section, we assume that for each product i € N,
the usage duration is given as Duration; =1+
NegBin(s;, 1), where NegBin(s;, 1;) denotes a negative
binomial random variable with parameters s; € Z,.,
and 1); € [0, 1] taking values over {0, 1,...}. A negative
binomial random variable with parameters (s;, ;)
corresponds to the sum of s; independent geometric
random variables, each with parameter 1n;. Thus, a
negative binomial random variable with parame-
ters (1,1,) is equivalent to a geometric random vari-
able with parameter 7);. As s; increases, the probability
mass function of a negative binomial random variable
with parameters (s;,7;) becomes more symmetric.
Even with s; =3, the probability mass function is

rather symmetric. Therefore, a negative binomial random
variable is quite flexible for modeling usage durations.

Noting that a negative binomial random variable
with parameters (si, 1;) corresponds to the sum of s;
geometric random variables, we provide the follow-
ing interpretation for our use of a negative binomial
random variable for modeling the usage durations. At
each time period, a customer is satisfied with product
i with probability 7;. As soon as a customer is dis-
satisfied with the product for s; times, she returns the
product, ending her rental duration. Naturally, we do
not advocate this interpretation as a model of how a
customer makes a decision for keeping the product,
but this interpretation provides us with the vocabu-
lary to explain our model more cleatly, as follows. If
the usage durations have negative binomial distri-
butions, then our state variable does not need to keep
track of the numbers of units of each product i that
have been in use for a certain duration of time. It is
enough to use a state variable that keeps track of the
numbers of customers who are using each product i
and havebeen dissatisfied for a certain number of times.
In this case, we can efficiently compute the value func-
tions of the static policy, as long ass; is relatively small.

We discuss how we can compute the value func-
tions of the static policy by using a recursion similar to
the one in (9) when the usage durations are negative
binomial random variables.

State and Transition Dynamics. To compute the value
functions of the static policy through a recursion
similar to the one used in (9), we define

w; 4 = number of customers who are using producti
and have been dissatisfied for d times.

A customer using product i returns the product once
she has been dissatisfied for s; times, in which case,
the product becomes available on-hand. Therefore,
the si-dimensional vector (wjp, . . . , wis,—1) captures the
state of the customers using product i. The on-hand
inventory of productiis givenby C; — Ej’:& w; 4. Under
negative binomial usage durations, we use w; = (w; 4 :
0 < d <5;—1) to denote the state vector for product i
at the beginning of a generic time period. With this
state representation, if no purchase is made at the
current time period, then the new random state
Fi(w;) = (Fia(w;):0 < d <s; —1) at the next time pe-
riod is given by

Fia(w:)

Bin(w;,u, TII!) if d= 0,
= { Bin(w; 4, i) + (wig-1 — Bin(wia-1, 1))
if d=1,2,...,5-1,

where we use the fact that for each d, the number of
customers who continue to remain dissatisfied for d
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times at the next time period is equal to Bin(w;4, 1),
because each customer is satisfied with the product
with probability 7;, independently of each other.
Furthermore, w;;_; — Bin(w, ;_1, ;) captures the num-
ber of customers who were dissatisfied ford — 1 times
at the beginning of the current time period and they
were dissatisfied one more time in the current time
period; in that case, these customers are dissatisfied
for a total of d times at the next time period. These
customers add up to the number of customers dis-
satisfied d times at the next time period.

Dynamic-Programming Formulation. With this state
representation, we can compute the value functions of
the static policy for each product i through the following
recursion. We use w; = (wjy, . .., Wig-1) to capture the
state of product i. Recall that the static policy offers the
assortment A’ at each time period t. Given that
the state of product i at time period tis w;, let V}(w;) be
the total expected revenue from product i under the
static policy over the time periods ¢,...,T. Using the
vectors ep=(1,0,0,...,0)eRs and e;=(0,1,0,...,0)€R%,
we can compute {V!:teJ} by using the recursion
Vi(w;)
s5i—1

=T 2 Wit (1 Lt} O (ﬁi‘)) B[V (Fi(w)|

+ 1{2"’" o <c,-}¢§ (ﬁ‘) (rf +7+ q;]E{V!?”(F;(w;) + eu)}

+(1-n)B{VI i) +er))

S,'—l
=7t 3w g+ E{ VI F )} + 17 (A
ﬁa ;}wi,d + { i ( !(w!))} + {EJ:D ‘IU,'A(C,'}(;)! ( )
: (?‘f +1 =1 ]E{ Vit (Fi(wi)) - Vi (Fi(wi) + eu)}
— (1= ) B[V (Fi(aw) - VI (Fiw) + en)}),

(10)
with the boundary condition that V*! = 0. In the first
equality above, for a customer to rent a unit of product 7,
we need to have product 7 available on-hand and the
customer needs to choose product i. The number of

units of product i available on-hand is given by
Ci — 255, Wia, so the expression

¥ 9i(4)

captures the probability that a customer does not
rent product i when we offer the assortment A’. If
Ej':c} w;q < C;, then we have product i available on-
hand. If the customer chooses product i, then she
rents this product. With probability 7;, the customer
renting product i at the current time period is satis-
fied, and she ends up being a customer with no dis-
satisfactions at the beginning of the next time period.

1-1
{IE Wig <G
d=0

With probability 1 — n;, the customer renting product i
at the current time period is dissatisfied, and she
becomes a customer who is dissatisfied for one time at
the beginning of the next time period. The second
equality follows by arranging the terms. If 5; = 1, so
that the usage durations for product i are geometric
random variables, then the state variable w; becomes
the scalar w;p, in which case, the recursion above
continues to hold as long as we set ey =1 and e; = 0.

Discussion of the State Variable. We can reach the state
variable w; = (w;4 : 0 < d < s; — 1) that we used in (10)
by starting from the state variable g, =(g;¢: £=0,1,...)
that we used in (9). Recall that g;¢ is the number of
units of product i that have been in use for exactly £
time periods. Because the number of units of product i
available on-hand is given by g0 =C;— X7, gie, we
can use the state variable (g;¢:{=1,2,...), instead of
(gie:€=0,1,...). Let y;4¢ be the number of customers
who have been using product i for exactly £ time
periods and have been dissatisfied for d times. By
definition, we have g;¢ =2f;='ul Yige SO, we can use
the state variable y,=(y;5,:£=1,2,...,0<d<s;—-1)
instead of (gi¢:£=1,2,...), because given (y;;,:{=1,
2,...,0<d <s;—1), we can compute (g;¢:£=1,2,...) as
gie= Ej":'al Vi Lastly, under negative binomial usage
durations, from the perspective of immediate ex-
pected revenues and state transitions, if we know the
number of times a customer has been dissatisfied,
then we do not need to know how long she has been
using the product. Thus, letting w;; =377, y; 4 be the
number of customers who are using product i and
have been dissatisfied d times, we can use w;=(w;;:
0<s;—1) as the state variable, which is precisely the
state variable in (10).

In the recursion in (10), the state variable is an s;-di-
mensional vector (w p,-..,W;s,—1 ) such that Ej:'c}- w; 4<C;,
so the number of states is O(C;’). Thus, when s; is rel-
atively small, we can compute the value functions of
the static policy efficiently. For example, in our compu-
tational experiments, using transaction data from the city
of Seattle, we find that the negative binomial distribution
provides a reasonably good model for the duration of
time for which the drivers park their vehicles. In our
experiments, the fitted value for the parameter s; was 2.

4.4. Infinite Usage Duration

In this section, we focus on the case in which the usage
duration is infinity. This case corresponds to the sit-
uation where the customersbuy the products outright,
never returning them. Infinite usage durations have a
number of interesting applications. In the retail set-
ting, customers make purchases among substitut-
able products, in which case our model dynamically
makes product assortment offerings to each individ-
ual customer as a function of the remaining product
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inventories (Topaloglu 2013, Golrezaei et al. 2014).
Also, an important class of revenue management prob-
lems occurs on a flight network with parallel flights op-
erating between the same origin-destination pair. In this
setting, the customers make a purchase among mul-
tiple parallel flights on a particular departure date. Our
model dynamically adjusts the assortment of flights
offered to each individual customer as a function of the
remaining flight capacities (Zhang and Cooper 2005,
Liu and van Ryzin 2008, Dai et al. 2014). Under infinite
usage durations, we proceed to discuss how we can
compute the value functions of the static policy by using a
recursion similar to the one in (9).

State and Transition Dynamics. Because the products
are purchased outright, we assume that n} = 0 for all
t € J, so that there is no per-period rental fee. Because
the products are not returned, we only need to keep
track of the on-hand inventory of product i. Welet g;9
be the number of units of product i on-hand and use g,
as the state variable at the beginning of a time period.
If the state of the system at the current time period is
gip and a customer purchases product i, then the state
of the system at the next time period is simply g0 — 1.

Dynamic-Programming Formulation. Given that we
have g;p units of product i on-hand, let V}(g;0) be the
total expected revenue from product i under the static
policy over the time periods t,..., T. We can compute
{V}:t € T} by using the recursion

Vi(qi0) = (1 ~ 1oy (;ie)) Vi (g0)
gy $1(A) (7 + Vi 0 - 1))
= Vi (@0) + Lg 021y 9 ()i*)
(1"E - {V§+1(‘?sﬂ) - Vi (gio - 1)}), (11

with the boundary condition that V*! = 0. In the first
equality above, if we have on-hand units of producti
and a customer chooses product i, then we have one
fewer on-hand unit at the next time period. The
second equality follows by arranging the terms. Be-
cause the state variable g, in the recursion above is
scalar, we can efficiently compute the value functions
of the static policy under infinite usage durations. The
recursion in (11) is similar to the one in revenue
management problems with a single resource; see
section 2.6.2 in Talluri and van Ryzin (2005).

Thus, under both negative binomial and infinite
usage durations, we can efficiently perform rollout on
the static policy; in that case, we obtain a policy that
takes the inventory levels of the products into con-
sideration, while still obtaining at least 50% of the
optimal total expected revenue. It turns out that we

can further strengthen our performance guarantee
under infinite usage durations. In particular, we let
Cmin = minjey C; to capture the smallest inventory of
a product. Also, we let R=max;cy {max—‘”:':-} to capture
the largest relative deviation in the upfront fee for a
product over the selling horizon. In Theorem F.2 in
Online Appendix F, using a modified static policy
based on a solution of a linear program, we can con-
struct a tailored rollout policy that is guaranteed to
obtain at least max{3,1 _?\72_7;2} fraction of the optimal
total expected revenue. Therefore, the tailored vari-
ant of our rollout approach always provides atleast a
half-approximate performance guarantee, but it be-
comes near-optimal as the inventories of the products
become large. This performance guarantee is not an
asymptotic performance guarantee. It holds for any
value of the product inventories and the number of
time periods in the selling horizon. For example, if the
smallest product inventory is 100 and the upfront fees
are stationary so that Cnin=100 and R=1, then the
tailored variant of our rollout policy is guaranteed to
obtain at least 89% of the optimal total expected
revenue, regardless of the other problem parameters.
In addition, we consider a standard regime where the
inventories of the products and the number of time
periods in the selling horizon scale up linearly at the
same rate k (Gallego and van Ryzin 1994). In Theorem
F.7 in Online Appendix F, we also show that the
tailored variant of our rollout policy obtains at least
1—75; fraction of the optimal total expected revenue,
where B is a constant that is independent of the scaling
rate k. Thus, the relative optimality gap of the tailored
variant of the rollout policy is O(1-7) as the in-
ventories of the products and the number of time
periods scale up linearly at the samerate k. These two
performance guarantees do not generalize to arbi-
trary usage duration distributions.

5. Extensions

We give extensions to the case in which we have
multiple customer types, we make pricing decisions
instead of assortment offer decisions, and we can solve
the assortment optimization problems only approxi-
mately. We show that our half-approximate perfor-
mance guarantee continues to hold when we have
multiple customer types and when we make pricing
decisions. Furthermore, we show that if we can solve
the assortment optimization problems approximately,
then our performance guarantees hold with appro-
priate modifications to reflect the solution accuracy in
the assortment problems. Some of these extensions
are used in our computational experiments.
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5.1. Heterogeneous Customer Types

We have m customer types indexed by JM = {1,
2,...,m}. At time period t € J, a customer of type j
arrives with probability p'/, where we have Fjcu
p‘ff =1, so that each time period has exactly one
customer arrival. We observe the type of each arriving
customer. Each customer type has its own choice
model, reward structure, assortment constraints, and
usage duration. If we offer the subset S of products,
then a customer of type j arriving at time period ¢t
chooses product i with probability ¢{(S). Note that if
we do not observe the type of each arriving customer,
then we can continue using the model in Section 2,
where the choice probability ¢/(S) is obtained by
mixing the choice models corresponding to different
customer types. If a customer of type j selects product
iat hme period t, then she pays a one-time upfront fee
of . Furthermore, if she rents this product during hme
penod t, then she pays a per-period rental fee of m;’
The usage duration of product i by a customer of type
j is given by the random variable Duration). We let
P}, be the hazard rate of the usage duration of prod-
uct i for a customer of type j, which is defined by
pl, = Pr{Duration/ = ¢ + 1| Duration] > £}. Lastly, the
assortments offered to customers of different types
have different feasibility requirements. We use % to
denote the set of feasible assortments that can be of-
fered to customers of type j.

We can extend all of our results to the case with
heterogeneous customer types. We will focus on the
essentials in this section; the details are included in
Online Appendix G. To capture the state of the sys-
tem, because each customer type has its own reward
structure and usage duration, weneed to keep track of
the number of units that are currently in use by each
customer type. We use g;9 to denote the number of
units of product i on-hand. For £ > 1, we use ¢, to
denote the number of units of producti that have been
used for exactly £ time periodsby a customer of typej.
Therefore, we can describe the state of the system by
using q = (qi0,4,,: i€ N,j € M, £ > 1). Using q as the
state variable, we can give a dynamic-programming
formulation of the problem that resembles the one
in (2). In this case, we use value function approxi-
mations of the form

J'a)= 28 S
ieN jeM £=1
where 8! captures the marginal value of a unit of
product zon—hand attime period tand ¥ Y it ), captures the
marginal value of a unit of product i that has been in
use for £ periods by a customer of type ; at time pe-
riod t. We propose computing 6! and ¥ it , recursively
as follows.
e Initialization: Set O7*!
ieN,jeM,£>1

=0 and 1)3:;'1’j =0 for all

* Recursion: For t=T,T-1,...,1, we compute
8! and 9}, by using {0!* : i € N} and {“m" ieN,jeM,
£> 1} as follows For each je.Jl, let A” € ¥ be such
that

A = arg max 37 ¢(5)
ieN

(1-ola) (B =213

Once A% is computed for allj € A, for eachi € N'and
jeM,let

1 Y
9: — 9§+1 + = L :J At
cij;‘lp 9}!(4)

r; by e (1 p!ﬂ)(e”l “f}:l“)]

phl — bl 4 o] Bt 4 At
Vie=1"+pi,6; (1 Pi r) Vigs1

t,i i
r/)+ ) -

VE=1,2,....
(12)

The above discussion completes the specification of
the approximate value function J'. The computahon
of the parameters {9!:i€N,t€ T} and {P}}:ie N, jel,
£>1,te T} is similar to our approach in Section 3.1.
Also, the intuition for the specification of the pa-
rameters above is similar to the one discussed in
Section 3.1. Using an argument similar to the one
in the previous two sections, we can show that the
greedy policy with respect to the value function ap-
proximations {J‘:t€J} obtains at least 50% of the
optimal total expected revenue. We can also perform
rollout on a static policy to obtain a policy that takes
the inventory levels of the products into consider-
ation, while ensuring that we still obtain at least 50%
of the optimal total expected revenue. We describe
both of these results in Online Appendix G.

The use of heterogeneous customer types also al-
lows us to model the case where the usage duration s
revealed before offering an assortment. In our problem
formulation, we observe the type of a customer before
offering an assortment. Also, each customer type can
have its own usage duration distribution. Thus, by
associating different deterministic usage durations
with different customer types, noting that we observe
the type of a customer before offering an assortment,
we can model the case where the usage duration is
revealed before we offer an assortment.

5.2. Price Optimization with Discrete Prices

So far in the paper, we have assumed that the upfront
and per-period rental fees for the products are fixed,
and we decide on the assortment of products to make
available to the customers. It is not difficult to adopt
our results to the case in which we decide the upfront
and per-period rental fees for the products and
the customers choose based on the prices we charge.
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In particular, we create multiple copies of each
product i, where the different copies correspond to
charging different prices for product i. We call each
copy of a product a virtual product. Let ¥ denote the
set of possible copies of each product. We write (i, h) €
N X ¥ to denote copy h of product i. Thus, the pairs
{(i,h) : i € N,h € ¥} are the set of all virtual products
that we can offer to the customers. Offering virtual
product (i, 1) means that we offer producti at the price
level corresponding to copy h of this product. In this
case, the question becomes that of choosing an as-
sortment of virtual products to offer at each time
period to maximize the total expected revenue. As we
can offer a product at no more than one price level,
among all virtual copies of a particular product, we
can offer at most one virtual copy. Thus, the set of
possible assortments of virtual products that we can
offer at each time period is given by F={SC N x%:
ISN({i} x#)| <1Vie N}. Using r} , to denote the upfront
fee at time period + when we charge the price level
corresponding to copyh for producti, and n§ e denote
the per-period fee at time period t when we charge the
price level corresponding to copy h of product i, we
can follow the same outline in the previous two sec-
tions to come up with a policy that obtains at least 50% of
the optimal total expected revenue. The only difference is
that we treat the virtual products N'x 3 as the products.

5.3. Solving the Assortment Optimization
Problem Approximately

The maximization problem in (5) is a combinatorial
optimization problem. Under many choice models,
we can solve this problem tractably, but it is not
possible to solve this problem tractably under every
choice model. In this section, we discuss how we can
adapt our approach in principle to the case where we
have a fully polynomial-time approximation scheme
(FPTAS) for problem (5). For any € >0, the FPTAS
returns a 1/(1 + €)-approximate solution to problem (5),
and the running time to do so is polynomial in n and
1/e. It turns out that we can leverage the FPTAS to
obtain a 1/(2(1 + €))-approximate policy, and the run-
ning time to obtain and execute the approximate policy
is polynomial in n, 1/€ and T. In particular, assume
that we have an FPTAS such that for any €>0, the
FPTAS finds an assortment A’ satisfying

(1+0) 301 (A) [+ - (1 o) (015 017
ieN
> max S0+ - (1= o) (75 - 17|

in running time that is polynomial in n and 1/e. In the
next theorem, we show how toleverage this FPTAS to
find a 1/(2(1 + €))-approximate policy. The proof is
in Online Appendix H.

Theorem 5.1 (Policies Through Approximate Solutions).
Assume that for any €>0, we can find a 1/(1+¢€)-
approximate solution to problem (5) in running time that is
polynomial in n and 1/e. Then, we can construct value-
function approximations {J* : t € T} such that the greedy pol-
icy with respect to these walue function approximations is a
1/(2(1 + €))-approximate policy and the running time to obtain
and execute the greedy policy is polynomial inn, 1/¢, and T.

A quick inspection of the proof of Theorem 5.1 shows
that if the running time to obtain a 1/(1+e¢)-
approximate solution to problem (5) is O(f(n,1)) for
some function f and the running time to compute the
probabilities {¢}(S) :i € N} for a fixed subset S and
time period t is O(g(n)) for some function g, then the
running time to obtain a 1/(2(1 +¢€))-approximate
policy is O(T X f(n,4L) + T x g(n) + T*n). Therefore, if
we have an FPTAS for problem (5) so that f(n,2) is
polynomial in 1, then f(n,%L) is also a polynomial in n,
1/e and T, which corresponds to the case discussed in
the theorem above. On the other hand, if we have only
a polynomial-time approximation scheme for prob-
lem (5) so that f(n,1) is polynomial in n but expo-
nential in 1, then f(n,%) is polynomial in n but
exponential inand T.

6. Computational Experiments

We provide computational experiments to test the
performance of our policies. In Section 6.1, we give an
approach to obtain an upper bound on the optimal
total expected revenue, which is useful for assessing
the optimality gaps of our policies. In Sections 6.2 and
6.3, we give our computational results on retail as-
sortment management and pricing parking spaces in
the city of Seattle.

6.1. Upper Bound on the Optimal Total
Expected Revenue

To compute an upper bound on the optimal total
expected revenue, we formulate a linear program, in
which the choices of the customers and the transition
dynamics take on their expected values. We use the
decision variables (z'(A): A€ %,te J) and (q;, : i €
N,£>0,t €T), where z/(A) is the frequency with
which we offer assortment A attime period t and g , is
the expected number of units of product i that have
been in use for exactly £ time periods at time period t.
To construct the constraints in our linear program,
noting the dynamic-programming formulation in (2),
if the state of the system at the beginning of time
period t is ¢4’ = (qt, : i€ N,£>0) and the customer
arriving at this time period chooses product i, then the
state of the system at the beginning of the next time
period is given by the random variable Z(p;) X(g") +
(1-2Z(pi0)) (X(g") — 1,0 + €1), where Z(p) is aBernoulli
random variable with parameter p. If the customer
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does not choose any of the products, then the state
of the system is X(g'). Furthermore, if we offer the
assortment A at time period t with frequency z/(A),
then the probability that a customer chooses producti
is Taex ¢1(A)z'(A). In this case, if the state of the
system at the beginning of time period ¢ is 4’ and we
offer assortment A with frequency z‘(A), then the
expected state of the system at the beginning of the
next time period is given by Ziey{Zaes ¢i(A)z'(A)}
E{Z(pi0) X(g') + (1 - Z(ps0)) (X(q°) — es0 + €1)} + {1 =
Sien{Zaes ¢i(A) 2/ (A)}} E{X(g')}. Thus, using the fact
that E{Z(p; o)} = pio, by arranging the terms, the ex-
pected state at the beginning of the next time period is
givenby E{X(4")} — Ziex{Z4es ¢/(A) 2(A)} X (1 - pio)-
(e;0 —e;1)- By (1), E{Xi0(q")} = gip + 252 Pis 910 X"
(4} =0 and E{Xir(4)} = qi 1 — Pi-14ip for £22,
which implies that the expected next state E{X(g")} in
the last expression is linear in the decision variables
q' =(q;,:i€N,£>0). To obtain an upper bound on
the optimal total expected revenue in our dynamic
assortment problem, we use the linear program

maxzz Z(rf + ﬁf) CPE(A)ZE(A) + Z Z m i qg,f

teT ieN AeF T ieN £=1

st gl = ]E{X(q‘)} - Z{Z ¢§(A)zf(A)}

ieN | AeF
(1-pio) (eso —e11) Ve T\ {T}
q' = > Cieio
ieN

A =1 VteT
AeF

Z(A) >0 VAeF teT,q,>0 VieN,
£>0,ted.
(13)

From the discussion right before the above problem,
the objective function and the constraints are linear
in '(A):Ae%FteT) and (q;, : ie N,{>0,t€ ).
Therefore, the problem above is indeed a linear
program. Because ¥ acg ¢i(A)Zz/(A) is the expected
number of customers that choose product i at time
period t,and 372, i, is the expected number of units
of product i that are in use at time period ¢, the ob-
jective function computes the total expected revenue
over the selling horizon. The first constraint keeps
track of the expected numbers of products with dif-
ferent durations of use. The second constraint ini-
tializes the state of the system. The third constraint
ensures that we offer an assortment at each time
period, but this assortment can be empty. By the same
argument in Section 2, because the products are all
available on-hand at the beginning of the selling
horizon, we have g, = 0 for all £ > T + 1 in a feasible

solution to the linear program above. Thus, we do not
need to define the decision variable g}, for £ > T + 1,
which indicates that the numbers of decision variables
and constraints are finite. In the next proposition, we
show that the optimal objective value of the linear
program aboveisanupper bound on the optimal total
expected revenue in our dynamic assortment prob-
lem. The proof follows from a standard argument
in the revenue management literature. We defer the
proof to Online Appendix .

Proposition 6.1. Letting Z" be the optimal objective value of
problem (13), we have Z* > J'(Ziex Ci €i0)-

In problem (13), we have one decision variable z'(A)
for each assortment A € %. Therefore, the number of
decision variables increases exponentially with the
number of products. Nevertheless, we can solve prob-
lem (13) by using column generation. In particular,
noting that ¢'*! in the first constraint in problem (13)
corresponds to the vector 4! = (¢!, : i € N, £ > 0), we
use a=(al!:ieN,£20,t € T\ {T}) to denote the
dual variables associated with the first constraint.
Similarly, noting that g' in the second constraint
in problem (13) corresponds to the vector ¢' = (g}, :
ieN,£>0), we use 6 =(0;¢:i€ N,{>0) to denote
the dual variables associated with the second con-
straint. Also,weusey = (' : t € 7) to denote the dual
variables associated with the third constraint. In this
case, the constraint associated with the decision
variable z/(A) in the dual of problem (13) is ey ¢}
(A)(1 - pio) (@lfl — ali)) +7' > Siex $H(A) (r+7). IF we
solve problem (13) with only a subset of the decision
variables (z/(A): A€ %,t€T) to obtain the dual solu-
tion (&, 3,?), then we can find which of the decision
variables (z/(A):A€%,t€J) has the largest reduced
cost by solving the problem

g\gg{é 9i(A) (1 + ) - Zﬁ“ ®}(A) (1 - pio)
(o - 7))
= max 35 () + 7l - (1 - puo) (03" - &17)]

for all t€ J. In the problem above, we follow the
convention that a/j'=a/;'=0 for all ie N. The
problem above is known as the column generation
subproblem. The column generation subproblem above
has the same structure as the maximization problem
in (3). As discussed at the end of Section 2, this prob-
lem is tractable under a variety of choice models. Also,
if the customers choose according to the multino-
mial logit model and there are no constraints on the
assortments that we can offer, then we can build on
the work of Gallego et al. (2015) to give an equiva-
lent formulation for problem (13), whose numbers of
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decision variables and constraints increase linearly with
the number of products. Therefore, we can directly solve
the equivalent formulation without resorting to column
generation. We discuss the equivalent formulation in
Online Appendix J.

We formulate problem (13) under the assumption
that there is a single customer type, and we make
assortment decisions. We can formulate analogues of
problem (13) when we have multiple customer types
and we make pricing decisions, which reflect the
extensions we provided.

6.2. Dynamic Assortment Management

In our first set of computational experiments, the
products are not reusable. We have access to a set of
products with limited inventories. Customers arrive
over time. Based on the remaining inventories of the
products and the number of time periods left in the
selling horizon, we offer an assortment to each arriving
customer. The customer either purchases a product
within the assortment or leaves without making a
purchase. The purchased product is not returned, so
the usage durations are infinite. Our goal is to find a
policy to decide which assortment of products to offer
to each customer so that we maximize the total ex-
pected revenue over the selling horizon.

Experimental Setup. Inour test problems, we have six
products indexed by N = {1,...,6} and six customer
types indexed by M = {1,...,6}. In Section 5.1, we
discussed how to extend our model to the case with
multiple customer types. Recalling that 71}’ is the per-
period rental fee that a customer of type j pays for
product i at time period t, because the customers
purchase the products outright, we set 7/ = 0. The
one-time upfront fee r ' that a customer of type jpays
for product i at time per10d t does not depend on the
time period or the customer type. Thus, we use r; to
denote the upfront fee for product i.

To determine the upfront fees, we generate r; from
the uniform distribution over [10,25]. After gener-
ating the upfront fees for all of the products, we re-
order them so that r1 >r, > ... > r,. Thus, the first
product has the largest upfront fee and the last
product has the smallest upfront fee. The customers
choose among the products according to the multi-
nomiallogit model. A customer of typejassociates the
preference weight v/ with product i and the prefer-
ence weight v with the no-purchase option. If we
offer the assortment S, then a customer of type j ar-
riving at time period ¢ chooses product i € S with
probability (ﬁ)!“(S) v,/(v) + Zesv)). Note that the
choice probabilities do not depend on the time period.
To come up with the preference weights, we set the
consideration set of customer type jas €; = {1,...,j}.

If i € ¢;, then we generate v} from the uniform dis-
tribution over [0.9,1.1], whereas if i ¢ 6;, then we
set v/ = 0. Thus, a customer is interested in purchasing
only the products in her consideration set. Among
the products in her consideration set, she is some-
what indifferent. We calibrate the preference weight
of the no-purchase option so that if we offer all prod-
ucts, then a customer leaves without a purchase with
probab1]1ty 0.1. Therefore, we calibrate v}, to satisfy
vu/(vu + X vf) 0.1. Golrezaei et al. (2014) use a
similar multinomial logit model with consideration
sets in their computational experiments. Note that a
customer of type n has the largest consideration set
@, = {1,...,n}, whereas a customer of type 1 has the
smallest consideration set 6; = {1}. Therefore, cus-
tomers of type n are the least choosy, whereas cus-
tomers of type 1 are the most choosy.

In our test problems, the more choosy customers
tend to arrive later in the selling horizon so that we
need to carefully protect inventory for them. In par-
ticular, we choose equally spaced time periods 7" <
1 <...< 1! over the selling horizon. The proba-
bility p/ that a customer of type j arrives at time period
tis proportional to e -7, where k is a parameter that
we vary. Thatls,wehavep”— =7l 5 e ¥ So,
the arrival probability for a customer of type j peaks
ataround time period 7. Because " <7t" ' <...<17!, as
K — 00, we obtain an arrival process where customers
of type n arrive first, followed by customers of type
n—1andsoon. Asx — 0, wehavep' — 1/|M|, in which
case, different customer types arrive with equal proba-
bility at each time period. Thus, we control the arrival
order for the customer types through the parameter «.
The selling horizon has T =300 time periods. The
initial inventory of product i is C;=30/a, where «a is
another parameter that we vary to control the in-
ventory scarcity.

Varying the parameters (a, k) over {0.7,0.8,0.9,
1.0} x {0,0.01,0.03}, we obtain 12 test problems in our
experimental setup.

Benchmarks. In our computational experiments, we
compare the performance of the following seven
benchmark strategies.

Greedy Policy (GR). In this benchmark, we use the
greedy policy with respect to the linear value function
approximations {J* : t € T}, as discussed in Section 3.

Rollout Policy (RO). This benchmark is the policy
obtained by applying rollout on the static policy, as
discussed in Section 4.

Bid-Prices (BP). We use the classical bid-price policy
inthisbenchmark. Wesolve thelinear programin (13)
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to estimate the value of a unit of inventory for each
product, called its bid-price. We offer the revenue-
maximizing set of products at each time period, after
adjusting the revenues from the productsby their bid-
prices; see section 5.2 in Zhang and Adelman (2009).

Offer Sets (0S). We solve thelinear programin (13) to
obtain an optimal solution (2(A): A € #,t € J) and
@, :ieN,£20,t€T). Because Tacs2'(A) =1, let-
ting N* be the set of products with on-hand inventory
at time period f, we sample an assortment S with
respect to the probabilities (2/(A) : A € F)and offer the
assortment S N N' at time period t. Offering the as-
sortment S N N ensures that we only offer products
that are currently available.

Decomposition (DC). This benchmark is the classical
dynamic-programming decomposition method. The
idea is to decompose the dynamic-programming for-
mulation of the problem by the products and to obtain
value function approximations by solving a separate
dynamic program for each product; see section 6.2
in Liu and van Ryzin (2008). To our knowledge, this
benchmark is one of the strongest heuristics in practice,
but it does not have a performance guarantee.

Myopic Policy (MY). We can construct myopic policies
by ignoring the future customer arrivals altogether.
In particular, if weareat time period t with g} ; units of
product i on-hand, then the assortment that we offer
to a customer of type j is given by an optimal solution

to the problem maxses Eieﬁll{qiuzl} qb:rf(s) ri. We use

this benchmark to demonstrate the importance of con-
sidering the future customer arrivals when choosing
an assortment to offer.

Inventory Balancing (IB). We implement the inventory-
balancing policy in Golrezaei et al. (2014). Letting W :
[0,1] — [0,1] be an increasing function with W(0) = 0,
if we are at time period ¢ with g;, units of product i
on-hand, then the assortment that we offer to a cus-
tomer of type j is given by an optimal solution to
maxseg Siey V(qi0/Ci) qbs"' (S)r;. Following Golrezaei
et al. (2014), we use W(x) =5 (1 —¢™). This policy
has a half-approximation guarantee.

To further improve the performance of the bench-
marks, we divide the selling horizon into three equal
segments and recompute the policy parameters at the
beginning of each segment. For GR, for example, if the
remaining capacities of the products at the beginning
of a segment are (C; : i € N) and the set of remaining
time periods in the selling horizon is 7" C J, then we
apply the recursive computation at the beginning of
Section 3.1 after replacing C; with C; and J with J”,
which yields new value function approximations. We
use the new value function approximations until we
reach the next segment, at which point, we recompute
the policy parameters. We use a similar approach to
recompute the policy parameters for the other bench-
marks, except for MY and IB. MY does not have any
policy parameters to compute. The function W in IB
is fixed a priori.

Results. Table 1 shows our computational results. The
first column in this table labels the test problems by
using (@, k), where a and « are as discussed earlier in
this section. The second column shows the upper bound
on the optimal total expected revenue provided by the
optimal objective value of problem (13). The third
through ninth columns show the total expected rev-
enues obtained by GR, RO, BP, OS, DC, MY, and IB,

Table 1. Computational Results for Dynamic Assortment Management

Total expected revenue % Gain of RO over

Parameters  Upper

(a, %) bond GR RO BP OS DC MY IB GR BP OS DC MY IB
(0.7,0) 4364 4229 4292 4188 4,234 4292 3,746 4,046 15 24 14 0.0¢ 127 57
(0.7, 0.01) 3955 3,753 3,893 3,707 3,828 3,861 3,091 3,432 36 48 17 0.8 206 118
(0.7, 0.03) 3,925 3,726 3,854 3572 3,783 3,858 2691 3,168 3.3 73 18 -0.1* 302 17.8
(0.8,0) 4026 3,924 3959 3865 3,907 3951 3510 3,763 09 24 13 0.2* 11.3 50
(0.8, 0.01) 3937 3,790 3,873 3,668 3,820 3,882 3,061 3,454 2.1 53 14 -0.2 212 108
(0.8, 0.03) 3,934 3,801 3,882 3526 3,810 3901 3,151 3,318 2.1 92 19 -0.5 188 145
(0.9,0) 3,112 3,022 3,041 2956 3,012 3,027 2733 2904 06 28 10 05 101 45
(0.9, 0.01) 2,809 2,718 2,773 2,645 2,732 2,779 2,325 2487 20 46 15 -0.2 162 103
(0.9, 0.03) 3,084 2977 3,040 2914 2994 3073 2511 2,603 2.1 41 15 -1.1 174 144
(1.0,0) 3,027 2940 2978 2,804 2916 2931 2694 2848 13 58 21 16 95 44
(1.0, 0.01) 2483 2415 2467 2389 2425 2463 2,070 2,212 2.1 32 1.7 02 161 103
(1.0, 0.03) 2971 2,891 2946 2,829 2904 2967 2382 2513 19 40 14 -0.7 191 147
Average 20 47 15 0.0 169 104

Note. BP, bid-prices; DC, decomposition; GR, greedy policy; IB, inventory balancing; MY, myopic
policy; OS, offer sets; RO, rollout policy.
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which are estimated by simulating each benchmark
over 1,000 sample paths. The remaining columns
show the percent gaps between the total expected rev-
enues obtained by RO and every other benchmark.
The performance gaps except for those indicated with
a star are statistically significant at the 95% level.

Our computational results indicate that RO per-
forms quite well. By our use of separable and non-
linear value function approximations, RO noticeably
improves the performance of GR, which uses linear
value function approximations. Compared with BP
and OS, which are based on thelinear programin (13),
RO provides average performance improvements
of 4.7% and 1.5%, respectively. RO and DC are
competitive, but to our knowledge, DC does not have
a theoretical performance guarantee. Ignoring the
future customer arrivals may result in inferior de-
cisions, as indicated by the 16.9% average perfor-
mance gap between RO and MY. The multiplicative
revenue modifier W(q;,/C;) used by IB does not de-
pend on the future customer arrivals either. As a
result, the average performance gap between RO and
IB is 10.4%. When we compare RO with MY and 1B,
the performance gaps are particularly noticeable
when « is large; the more choosy customers in that
case tend to arrive later, and we need to carefully
protect inventory for these customers.

For GR, it takes 1.8 seconds on average to simulate
its performance over one sample path. This compu-
tation time includes the time to recompute the policy
parameters three times over theselling horizon and to
solve problem (7) tofind an assortment to offer at each
time period. The same average computation time
per sample path for RO is 4.1 seconds. The average
computation times per sample path for BP, OS, and
DC are 147.3,149.7, and 240.6 seconds, respectively.
The average computation times per sample path
for MY and IB are 0.8 and 0.7 seconds, respectively.
Thus, beside its favorable revenues, RO has quite fast
computation times. In Online Appendix K, we give
the details of all computation times. Golrezaei et al.
(2014) discuss possible variants of IB. We experi-
mented with these variants, but they did not provide
qualitatively different results for our test problems.
In Online Appendix L, we give our computational
results on the variants of IB. In this section, the usage
durations were infinite. In Online Appendix M, we test
the performance of our policies under geometrically
distributed usage durations with different means.

6.3. Street Parking Pricing in the City of Seattle

In our second set of computational experiments, we
focus on the problem of dynamically pricing street-
parking spaces. We treat the parking spaces within
close proximity to each other as one product. After
having been used by a driver for a certain duration of

time, a parking space can be used by another driver,
so the parking spaces are reusable products. The dy-
namics of the problem are as follows. When a driver
arrives into the system with an intention to park in a
certain region, as a function of the remaining parking-
space inventory in the nearby regions, we decide on
the prices to charge for the parking spaces in different
regions. The driver is informed about the prices in real
time, possibly through a smartphone application. The
driver either parks at a particular parking space or
decides toleave the system. If the driver parks, then the
parking space generates revenue for a random usage
duration. Our goal is to find a policy for deciding on
the parking spaces to offer and their prices so that
the total expected revenue is maximized.

Data. For brevity of discussion, we describe the es-
sential elements of the data that we use, the approach
that we use to augment the data for compliance with
our modeling assumptions and the methodology that
we use to estimate the model parameters. We defer
the details to Online Appendix N. We build on the
data provided by the Open Data Program in the city of
Seattle; see City of Seattle (2017). Seattle uses parking
rates that are dependent on the location and the time
of day. Through the Open Data Program, we have
transaction data on the use of the street parking spaces
during 20 weekdays of June 2017. Each transaction
record shows a parking event, documenting the start
time, duration, and location of the parking event, along
with the rate paid. We focus on 40 blocks in the down-
town area between the hours of 11 am. and 4 p.m. We
partition this area into 11-block clusters, each including
approximately 4 blocks arranged in a 2-by-2 configura-
tion. We refer to each 2-by-2 block cluster as a locale.
The street parking spaces in each locale correspond
to a different product in our model. Thus, we have
n =11 products. To comply with our modeling as-
sumptions, we augment the data from the Open Data
Program as follows. We assume that each driver ar-
rives into the system with the intention to park at a
particular locale. The intended locale of a driver
determines the type of the driver. In Section 5.1, we
discussed the extension to multiple customer types.
Because theintended locale of a driver determines her
type, there are m = 11 customer types. In the data, we
have access to the locale at which a driver actually
parked, but we do not have access to the intended
locale of a driver. For each driver, we randomly
sample one of the five locales that are closest to the
locale where she actually parked. We set the intended
locale of the driver as this sampled locale. Once we
augment the data in this way, each transaction record
gives the start time, duration, intended locale, actual
parked locale, and per-hour rate for each parking
event. (The intended locale of a driver corresponds to
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the type of the customer, and the locale where a driver
actually parks corresponds to the product the cus-
tomer has chosen. If we had set the intended locale
of a driver as the locale where she actually parked,
then customers of a certain type would always be
choosing the same product.) Because we augment the
data from the Open Data Program, we caution the
reader against comparing our results with the real
operations in the city of Seattle.

The set of feasible locales we can offer to a driver
arethefivelocales that are closest to her intended one.
As a function of the remaining parking space invento-
ries in these locales, we decide on the prices to charge
for these locales. In Section 5.2, we discussed the ex-
tension of our model to the case in which we make
pricing decisions. The driver either decides to park in
one of these locales or leaves the system. If the driver
parks, then we generate a certain revenue, depending
on the parking duration and the charged price. Al-
though wehave discussed the extensions of our model
to multiple customer types and to pricing decisions
separately, it is not difficult to combine these exten-
sions and to come up with a variant of our model that
makes pricing decisions under multiple customer
types. It is also not difficult to extend the linear pro-
gram in (13) to the case in which we make pricing
decisions under multiple customer types.

Experimental Setup. As discussed in Section 5.2,
when making pricing decisions, we create multiple
copies of each product, whereby the different copies
correspond to charging different prices for the prod-
uct. As N corresponds to the set of possible parking
locales, using ¥ to denote the set of possible prices
that we can charge for a parking space, offering product
copy (i,h) € N x Hrepresents charging pricelevel h for
localei. We use m;; to denote the per-period fee when
we charge the price level  forlocale i. We assume that
the choices of the drivers are governed by the mul-
tinomial logit model. So, if we offer the assortment
5 C N x ¥ of locale and price combinations to a driver
arriving at time period t with intended locale j, then
she chooses to park in locale i with probability

BTy
1+ Z(eges e P

P7(S) =

as long as (i,h) € S. The parameter $, which captures
the price sensitivity of the drivers, is assumed to be
constant over all drivers.

Throughout the paper so far, we have assumed that
there is one customer arrival at each time period. This
assumption is not appropriate here because the ar-
rival rate of the drivers varies during the day, but
extending our model to the case in which there is at
most one customer arrival at each time period is

straightforward. We scale the time so that each time
period in our model corresponds to a time interval of 30
seconds. A time interval of 30 seconds is short enough to
ensure that there is at most one driver arrival in the
region of our focus. We usep'/ to denote the probability
that a driver with intended locale j arrives at time
period t. We estimate the parameters g, (¢/ : j € M) and
(p" : t € J,j € M) by using maximum likelihood.

We model the parking duration in locale i as
1+ NegBin(s;, 17;), where NegBin(s;, ;) is a negative
binomial random variable with parameters s; € Z,,
and 7; € [0, 1]. As discussed in Section 4.3, if s; is small,
then we can perform rollout on the static policy in a
tractable fashion. For each locale i, a negative bi-
nomial distribution with the parameter s; =2 pro-
vides a sensible fit.

Ultimately, in our experimental setup, we vary
the length of the selling horizon over two values,
11 am.—2p.m.and 11 a.m.—4 p.m. To obtain problems
with different congestion levels, we scale the arrival
rates with three different factors, 2.5, 3.0, and 3.5. Also,
we vary the number of parking spaces over two values,
55 and 79. This experimental setup yields 12 parameter
combinations for our test problems. From the rates
used by the city of Seattle, the possible rates that we can
charge are within the menu of $2, $4, and $6 per hour.

Benchmarks. We use the benchmarks greedy policy,
rollout policy, and offer sets, which are discussed in
Section 6.2. We make the necessary modifications in
these benchmarks to ensure that we can handle mul-
tiple customer types and we choose the prices of the
offered products. The performances of bid-prices and
myopic policy were not competitive. Decomposition
and inventory balancing do not extend to reusable
products. Thus, we drop these four benchmarks. We
also add the following benchmark.

Fixed Price (FP). Here, we charge one fixed price for
alllocales at all time periods. We test the performance
of the rates $2, $4, and $6 per hour, which is the price
menu used by the other benchmarks. We select the
best constant price. This benchmark is not sophisti-
cated, but it serves as a baseline. In all test problems,
the rate $4 per hour provided the best performance.

Results. Table 2 shows our computational results.
The first column in this table labels the test problems
by using (7,0, C), where J € {llam.—2p.m. 11 am.—
4p.m.} is the selling horizon, 0€{2.5,3.0,3.5} is the
multiplier for the arrival rates, and C e {55,79} is the
total number of parking spaces. The organization of
the rest of the table closely mirrors that of Table 1. All
of the performance gaps in Table 2 are statistically
significant. To get a feel for the congestion in our test
problems, noting that E{Duration;} is the expected
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Table 2. Computational Results for Street Parking Pricing in the City of Seattle

Total expected revenue % Gain of RO over
Parameters
(7,0,C) Upper bound RO GR 0Os FP GR 0Os FP
(11 am.-2 p.m., 2.5, 79) 344 320 329 325 321 2.7 1.2 24
(11 am.-2 p.m., 3.0, 79) 410 375 385 379 375 2.6 1.6 2.6
(11 am.-2 p.m., 3.5, 79) 474 429 439 430 423 23 2.1 3.6
(11 am.-2 p.m., 2.5, 55) 338 301 306 300 296 1.6 2.0 33
(11 am.-2 p.m., 3.0, 55) 397 348 353 345 336 14 23 48
(11 am.-2 p.m., 3.5, 55) 452 390 396 385 370 1.5 2.8 6.6
(11 am—~4 p.m., 2.5, 79) 631 575 591 582 575 2.7 1.5 2.7
(11 am—~4 p.m., 3.0, 79) 749 673 689 674 667 23 22 32
(11 am—~4 p.m., 3.5, 79) 860 766 781 761 747 1.9 26 44
(11 am.—~4 p.m., 2.5, 55) 613 534 543 528 520 1.7 2.8 42
(11 am.—~4 p.m., 3.0, 55) 717 614 624 609 587 1.6 24 59
(11 am.—~4 p.m., 3.5, 55) 812 686 696 679 644 14 24 7.5
Average 2.0 21 43

Note. FP, fixed price; GR, greedy policy; OS, offer sets; RO, rollout policy.

parking duration in locale i, we can estimate the
number of times that we can turn over a parking
space inlocale i as T/E{Duration;}. The total expected
demand for parking is yeg Zjeup”. Thus, with C;
parking spaces available in locale 7, the ratio between

the total expected demand and the total available ca-

) ) L
pacity is Eﬂ%ﬁ’ ;E{’Sﬁfanoni}- For the test problems hav-

ing the smallest demand and the largest capacity with
g=2.5and C =79, this ratio is 0.72, whereas for the test
problems having the largest demand and the smallest
capacity with 0=3.5 and C =55, this ratio is 1.61.

Our results indicate that RO is consistently the
strongest benchmark, providing average performance
improvements of 2.0%, 2.1%, and 4.3% over GR, OS,
and FP, respectively. Comparing RO with OS and FP,
the performance gaps tend tobelarger when o is larger
and C is smaller so that the system is more congested
and the expected demand exceeds the available ca-
pacity by larger margins. For our test problems,
depending on the length of the selling horizon, the
time to compute the value functions {J* : t € 7} for GR
ranges from 362 to 672 seconds. The time to compute
the value functions {V}:ie N,t € 7} for RO ranges
from 1,550t0 17,201 seconds. For OS, the time to solve
the linear program in (13) ranges from 894 to 6,535
seconds. A few preliminary runs indicated that the
performance did not noticeably improve for any of the
benchmarks when we recomputed the policy param-
eters. Because the run times were relatively long, we did
not recompute the policy parameters. Overall, the
computation times for RO are significantly longer, but
by using nonlinear value function approximations, RO
can provide significant revenue improvements.

7. Conclusions
We studied dynamic assortment problems with reusable
products and provided policies with half-approximate

performance guarantees. A natural question that arises
is what features of the rewards and transition dy-
namics make our half-approximation guarantees go
through. In Online Appendix O, we give conditions on
the rewards and transition dynamics that allow us to
obtain our half-approximation guarantees. Our con-
ditions on the transition dynamics, in particular, only
require the expected transition dynamics to be linear
in the state, along with a certain decoupling prop-
erty between the effects of the actions and the current
state on the transition dynamics. Considering future
research, our rollout approach decomposes the prob-
lem by the products, which is reminiscent of dynamic-
programming decomposition techniques in revenue
management. To our knowledge, existing decompo-
sition techniques do not provide any performance
guarantees. An exciting research area is to construct
decomposition techniques with performance guar-
antees for other revenue management problems. We
were able to give an improved performance guaran-
tee for a tailored variant of our rollout policy under
infinite usage durations. Our efforts to extend the
tailored variant to arbitrary usage duration distribu-
tions were not yet fruitful. It would be interesting to
give stronger performance guarantees for our rollout
approach under arbitrary usage duration distributions.
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