
WHITTAKER–FOURIER COEFFICIENTS OF CUSP FORMS

ZHENGYU MAO

Abstract. We report on the work with E. Lapid about a conjecture relating Whittaker-
Fourier coefficients of cusp forms to special values of L−functions.
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1. Introduction

Let G be a quasi-split reductive group over a number field F and A the ring of adeles of
F . Let B be a Borel subgroup of G defined over F , N the unipotent radical of B and fix a
non-degenerate character ψN of N(A), trivial on N(F ). For a cusp form ϕ of G(F )\G(A)
we consider the Whittaker–Fourier coefficient

W(ϕ) =WψN (ϕ) := (vol(N(F )\N(A)))−1

∫
N(F )\N(A)

ϕ(n)ψN(n)−1 dn.

If π is an irreducible cuspidal representation then W , if non-zero, gives a realization of π
in the space of Whittaker functions on G(A), which by local multiplicity one depends only
on π as an abstract representation. It therefore provides a useful tool for understanding π,
both computationally and conceptually.

It is natural to study the size of W(ϕ). In [LM15], inspired by the work of Ichino-Ikeda
[II10], with E. Lapid we made a conjecture relating the size ofW(ϕ) with a special L−value
of π. In this note, we report on the work with Lapid on this conjecture.

In modular form language, the notion of Whittaker-Fourier coefficient is roughly that of
Fourier coefficient of a modular form. We mention two well known examples of relation
between Fourier coefficient and L−value in this setting.
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Example 1.1. If f is a weight 0 Maass form of level 1,

f(z) =
∑
n6=0

a(n)|n|−
1
2W (nz)

where W is a Whittaker function. Assume f is a Hecke eigenform whose Petersson inner
product 〈f, f〉 = 1, then Hoffstein-Lockhart showed [HL94, (0.5)]

Ress=1L(s, f × f) =
2π

3
|a(1)|−2.

Example 1.2. A famous example is what generally referred to as Waldspurger’s formula
for Fourier coefficients of half integral weight forms. We state a simple case. If f is weight
2k newform of level 1, the Shimura correspondence associates to f a level 4 weight k + 1

2
form g such that

g(z) =
∑
n>0

c(n)e2πinz

with c(n) = 0 when (−1)kn is congruent to 2, 3 modulo 4, (i.e g(z) lies in Kohnen plus
space). The form g(z) is unique up to scalar multiple and there is the following formula of
Kohnen-Zagier [KZ81]

L(f, k)

〈f, f〉
(k − 1)!

πk
=
|c(1)|2

〈g, g〉
.

In §2 we give a statement of the main conjecture. In §3 some known examples of the
conjecture are given. In §4 we give a more detailed discussion for the case of classical group
and metaplectic group, in particular the approach to the conjecture using automorphic
descent method.

2. Statement of the conjecture

2.1. Fourier coefficient of matrix coefficient. Our conjecture will relate a product
of Whittaker functions to the ψN -th Fourier coefficient of a matrix coefficient of π. The
integral for Fourier coefficient of a matrix coefficient∫

N(A)

(π(n)ϕ, ϕ∨)G(F )\G(A)1ψN(n)−1 dn

does not converge, (here (·, ·)G(F )\G(A)1 is Petersson inner product). To regularize this
integral we first consider the local analogue of the integral.

Let G be a quasi-split reductive group over a local field F of characteristic 0. If (π, V ) is
a representation of finite length, we write (π∨, V ∨) for the contragredient representation.
Let (·, ·) = (·, ·)π be the canonical pairing on V × V ∨. For any pair v ∈ V , v∨ ∈ V ∨ we
define the matrix coefficient MCv,v∨(g) = (π(g)v, v∨)π.

We say that an irreducible representation π of G is essentially square-integrable if some
twist of π by a (not necessarily unitary) character of G is square-integrable. Then the
integral

(2.1)

∫
N

MCv,v∨(n)ψN(n)−1 dn
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is absolutely convergent when π is essentially square-integrable. In more general cases, this
integral can be regularized as follows.

Case (1), the field F is p-adic. Recall the definition of a stable integral over a unipotent
group U over F .

Definition 2.1. Let f be a smooth function on U . We say that f has a stable integral over
U if there exists a compact subgroup U1 ⊂ U such that for any compact subgroup U2 ⊂ U
containing U1 we have

(2.2)

∫
U2

f(u) du =

∫
U1

f(u) du.

In this case we write
∫ st
U
f(u) du for the common value (2.2) and say that

∫ st
U
f(u) du

stabilizes at U1.

The regularization of (2.1) is given by

Proposition 2.2. [LM15, Proposition 2.3] Let (π, V ) be an irreducible representation of
G. Then for any v ∈ V , v∨ ∈ V ∨ the function ψ−1

N ·MCv,v∨
∣∣
N

has a stable integral over
N . The bilinear form

(v, v∨)ψNπ :=

∫ st

N(F )

(π(n)v, v∨)πψN(n)−1 dn

is (N,ψN)-equivariant in v and (N,ψ−1
N )-equivariant in v∨.

Case (2), F is an archimedean field. First consider the case when π is tempered. Let
N◦ be the derived group of N . The integral

∫
N◦

(π(n·)v, v∨)π dn converges and defines an
L2 function on N◦\N . Its Fourier transform is regular on the open set of non-degenerate
characters of N . Its value at ψ−1

N is by definition the value of the regularization of (2.1),
denoted again by (v, v∨)ψNπ . In the general case from Langlands classification π = IndGP σ
where P = M nU is a standard parabolic subgroup of G and σ is an essentially tempered
irreducible representation of G. The regularized value (v, v∨)ψNπ of (2.1) can be defined
using the bilinear form defined on σ; details are given in [LM15, §2.5]. The bilinear form
(v, v∨)ψNπ again satisfies the equivariance property in Proposition 2.2.

By Casselman-Shalika formula [CS80], we have the following formula for (v, v∨)ψNπ in the
unramified setting.

Proposition 2.3. [LM15, Proposition 2.14] Suppose that π is an irreducible unramified
representation of G and ψN is unramified (in the sense of [CS80, §3]). Let v0 and v∨0 be
unramified vectors in π and π∨ respectively. Then (K is maximal compact subgroup of G)

(2.3) (v0, v
∨
0 )ψNπ = vol(N ∩K)

(v0, v
∨
0 )π∆G(1)

L(1, π,Ad)
.

Here ∆G(s) is the L-factor of the dual M∨ to the motive M introduced by Gross in [Gro97].
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2.2. A global constant. Now we go to a global setting. Let π be an irreducible cuspidal
representation of G. Given that the local bilinear forms (·, ·)ψNπ satisfy the equivariance
property specified in Proposition 2.2, by local multiplicity one for Whittaker functional
and the unramified calculation in Proposition 2.3, there exists a constant cψNπ depending
on the space of π such that

(2.4) WψN (ϕ)Wψ−1
N (ϕ∨) = (cψNπ vol(G(F )\G(A)1))−1 ∆S

G(s)

LS(s, π,Ad)

∣∣
s=1

∏
v∈S

(ϕv, ϕ
∨
v )ψNπv

for all ϕ = ⊗ϕv ∈ π, ϕ∨ = ⊗vϕ∨v ∈ π∨ and all S sufficiently large. Here we assume the

existence and non-vanishing of
∆S
G(s)

LS(s,π,Ad)

∣∣
s=1

, (or equivalently, of lims→1(s−1)lLS(s, π,Ad)

where l is the dimension of the split part of the center of G). This is known to be true
when G is a general linear group or a classical group, and is expected to hold in general.

Remark 2.4. By Proposition 2.3 cψNπ does not depend on the choice of S. It also does
not depend on the choice of Haar measure on G(A). However, it depends on the automor-
phic realization of π, not just on π as an abstract representation, unless of course π has
multiplicity one in the cuspidal spectrum.

Remark 2.5. A similar relation holds for S̃pn, the two-fold cover of Spn. The inner

product on Spn(F )\S̃pn(A) of two genuine functions is defined to be the inner product on
Spn(F )\ Spn(A). Let π̃ be an irreducible genuine cuspidal automorphic representation of

S̃pn. For simplicity assume that the ψ-theta lift of π̃ to SO(2n−1) vanishes. In this case it is
a consequence of the descent method of Ginzburg–Rallis–Soudry [GRS11] that LS(1, π̃,Ad)

is defined. We can define local pairing (·, ·)ψNπ̃v in a similar way. In unramified setting using
the result of Bump–Friedberg–Hoffstein [BFH91] in place of Casselman-Shalika formula, we
get:

(2.5) (v0, v
∨
0 )ψNπ̃ = vol(N ∩K)

(v0, v
∨
0 )Lψ(1

2
, π̃)∆Spn(1)

L(1, π̃,Ad)
.

Here ψ is a character of F depending on ψN and the factor Lψ(1
2
, π) in the numerator is

the Shimura unramified local factor corresponding to π̃ and ψ. It is equal to L(1
2
, τ) when

τ is the ψ-lift of π̃ to GL2n. (Cf. [GRS99] for precise definitions.) The factor L(1, π̃,Ad)
in the denominator is defined to be L(1, τ, sym2). Thus

(2.6) WψN (ϕ)Wψ−1
N (ϕ∨) = (cψNπ̃ vol(Spn(F )\ Spn(A))−1LSψ(

1

2
, π̃)

∆S
Spn

(s)

LS(1, π̃,Ad)
(ϕ, ϕ∨)ψNπ̃S

where cψNπ̃ is independent of S or the Haar measure on Spn(A).

2.3. The conjecture. We admit the existence of the Langlands group LF , a locally com-
pact group whose irreducible n-dimensional representations classify cuspidal representa-
tions of GLn(A) [Lan79]. Let Ψ(G) be the set of elliptic Arthur’s parameters, which are
equivalence classes of homomorphisms φ : LF × SL2(C) → LG (satisfying certain prop-

erties). Here LG = Ĝ oWF is the L-group of G, where Ĝ is the complex dual group of
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G and WF is the Weil group of F . A stronger version of Arthur’s conjecture states the
existence of a canonical orthogonal decomposition1

(2.7) L2
disc(G(F )\G(A)1) = ⊕̂

φ∈Ψ(G)
Hφ

into AdGad(F )-invariant subspaces where the unramified components of the irreducible
constituents of Hφ are determined by φ.

We say a parameter φ is of Ramanujan type if its restriction to SL2(C) is trivial. If
φ is not of Ramanujan type then WψN vanishes on Hφ (for local reasons – see [Sha11]).
Suppose that φ is of Ramanujan type. Then every constituent of Hφ is tempered almost
everywhere, hence cuspidal [Wch84]. We will assume that the orthogonal complement

HψN
φ of the space

{ϕ ∈ Hφ :WψN (·, ϕ) ≡ 0}
in Hφ is irreducible (and in particular non-zero) and we will denote by πψN (φ) the irre-

ducible automorphic cuspidal representation of G(A) on HψN
φ .

One can attach to an elliptic parameter φ a finite group Sφ. If G is split over a cyclic

extension E/F and Γ := Gal(E/F ), then Sφ is simply CĜ(φ)/Z(Ĝ)Γ where CĜ(φ) is the

centralizer of the image of φ in Ĝ, and

Z(Ĝ) = Ker[Ĝ→ ĜSC]

where GSC is the simply connected cover of the derived group of G.
Motivated by Ichino-Ikeda conjecture on Gross-Prasad periods [II10], we make the fol-

lowing conjecture.

Conjecture 2.6. [LM15, Conjecture 1.1] For any elliptic Arthur’s parameter φ of Ra-

manujan type we have cψN
πψN (φ)

= |Sφ|.

3. Some known cases

• When G is a general linear group:

Theorem 3.1. [LM15, Theorem 4.1] We have cψNπ = 1 for any cuspidal irreducible
automorphic representation π of GLm.

Since |Sφ| = 1 for a Arthur parameter φ when G = GLm, this verifies Con-
jecture 2.6. This theorem is a consequence of the theory of Rankin-Selberg in-
tegrals developed by Jacquet-Piatetski-Shapiro-Shalika. It generalizes the result
of Hoffstein-Lockart in Introduction (which is also proved using Rankin-Selberg
theory).

• Let G, G̃ and G be three quasi-split groups related as follows. G̃ is a connected
reductive group defined and quasi-split over F ; G is a connected algebraic subgroup

of G̃ defined over F containing the derived group of G̃; G = G/T where where T is

1Here Hφ denotes the L2-closure
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a central torus in G which is induced i.e., it is the product of restriction of scalars
over extensions of F of split tori. We have

Theorem 3.2. [LM15, Corollary 3.7, 3.10] Conjecture 2.6 holds for G if and only

if it holds for G̃. It holds for G if and only if it holds for G.

We can infer that if Conjecture 2.6 holds for quasi-split semisimple simply con-
nected groups, then it holds for all quasi-split reductive groups.
• Combining the above two results, we see Conjecture 2.6 holds for the groups SLm

and PGLm.
• We remark also that verity of the conjecture is independent of the choice of character
ψN , see [LM15, Remark 3.4].

• The case of the metaplectic two-fold cover of SL2 (i.e., S̃p1) goes back to the classi-
cal result of Waldspurger on the Fourier coefficients of half-integral weight modular
forms [Wal81] which was later generalized by many authors [Gro87, KS93, KZ81,
Shi93, Koh85, KM96, Koj04, BM10, Qiu]. Waldspurger used the Shimura corre-
spondence as his main tool. A different approach, which was taken by Jacquet
[Jac87] and completed by Baruch–Mao [BM07] is via the relative trace formula.
An important step in generalizing the relative trace formula approach to higher
rank metaplectic groups was taken by Mao–Rallis [MR10].

4. Case of classical group and metaplectic group: automorphic descent

A natural approach to Conjecture 2.6 for a quasi-split group G is to use functorial lifting
to relate it to a situation on a general linear group, then apply Theorem 3.1. In the

case of S̃p1, the two approaches–Shimura correspondence (which is a special case of theta
correspodence) and relative trace formula, are two methods in functorial lifting. In case
when G is a classical group, there is another method for functorial lifting–the automorphic
descent method developed by Ginzburg-Rallis-Soudry. We will use the descent method to
approach Conjecture 2.6 in case G is a classical group or a metaplectic group.

4.1. Descent for S̃pn. We give a description of the descent method in the case of S̃pn.
Let P = M n U be the Siegel parabolic subgroup of Sp2n with M its Levi subgroup and
U the Siegel unipotent subgroup. Let πi, i = 1, . . . , k be distinct irreducible cuspidal
representations of GL2ni satisfying L(1, πi,∧2) =∞ and L(1

2
, πi) 6= 0, (and n = n1 + · · ·+

nk). Let π be the space of Eisenstein series on M(A) induced from π1 ⊗ · · · ⊗ πk.
LetA(π) be the space of functions ϕ : M(F )U(A)\G(A)→ C such thatm 7→ δP (m)−

1
2ϕ(mg),

m ∈M(A) belongs to the space of π for all g ∈ G(A). (δP is the modulus function on P ).
We define Eisenstein series

E(ϕ, s) =
∑

γ∈P (F )\G(F )

ϕs(γg), ϕ ∈ A(π).
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It converges absolutely for <s � 0 and extend meromorphically to C. If follows from
[GRS11, Theorem 2.1] that E(ϕ, s) has a pole of order k at s = 1

2
. Let

E−kϕ = lim
s→ 1

2

(s− 1

2
)kE(ϕ, s).

Recall the definition of the Fourier-Jacobi coefficient. Let V (resp., V0) be the unipo-
tent radical in Sp2n of the standard parabolic subgroup with Levi GLn1 × Spn (resp.,
GLn−1

1 × Spn+1). Then V/V0 is isomorphic to a Heisenberg group. Fixing a nontrivial
character ψ of A/F . Attached to ψ there is a unique Weil representation ωψ of SpnnV/V0

defined on the space S(An) of Schwartz functions on An. Define the theta function on

S̃pn n V

ΘΦ
ψ(vg) =

∑
ξ∈Fn

ωψ(vg)Φ(ξ)ψV (v), v ∈ V (A), g ∈ S̃pn(A).

Here ψV (v) = ψ(v1,2 + · · · + vn−1,n)−1. For any automorphic form ϕ on Sp2n(A) and

Φ ∈ S(An), the Fourier–Jacobi coefficient FJψ(ϕ,Φ) is a genuine function on S̃pn(A) given
by

(4.1) FJψ(ϕ,Φ)(g̃) =

∫
V (F )\V (A)

ϕ(vη(g))ΘΦ
ψ−1(vg̃) dv, g ∈ Spn(A).

Here η(g) = diag(1n, g, 1n) ∈ Sp2n and g̃ = (g, 1) ∈ S̃pn.
By definition, the descent of π (with respect to ψ) is the space π̃ = Dψ(π) generated

by FJψ(E−kϕ,Φ), ϕ ∈ A(π), Φ ∈ S(An). The following result summarizes the work
of Ginzburg–Rallis–Soudry, Ginzburg–Jiang–Soudry, and Cogdell–Kim–Piatetski-Shapiro–
Shahidi.

Theorem 4.1. [GRS11, Theorem 2.3, 11.2].

(1) π̃ is an irreducible cuspidal representation of S̃pn with non-trivial ψN Whittaker-
Fourier coefficient. Here for N the standard maximal unipotent subgroup of Spn,
ψN(u) = ψ(u1,2 + . . .+ un−1,n − 1

2
un,n+1).

(2) The ψ-lift of π̃ is π.

(3) Any irreducible cuspidal representation of S̃pn with trivial ψ-theta lift to SO(2n−1)
can be constructed as Dψ(π) for some π.

4.2. Descent for classical groups. Let G be either SO(n) (the special orthogonal group
of a split or a quasi-split quadratic space), Spn (the symplectic group of a symplectic space
of dimension 2n), or U(n) (the quasi-split unitary group of a hermitian space of dimension
n).

In the even orthogonal case let D ∈ F ∗/(F ∗)2 be the discriminant of the quadratic space
(with the sign convention so that G is split if and only if D ∈ (F ∗)2). Let χD be the Hecke
character (D, ·) where (·, ·) denotes the quadratic Hilbert symbol.

In the unitary case we write E for the quadratic extension of F over which G splits (i.e.,
over which the hermitian space is defined). In all other cases we set E = F .
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Consider the set ΠG(ResE/F GLm) whose elements are sets {π1, . . . , πk} (mutually in-
equivalent representations) where πi is a cuspidal irreducible representation of GLni(AE),
i = 1, . . . , k such that

(1) n1 + · · ·+ nk = m =


2n G = SO(2n+ 1), or SO(2n),

2n+ 1 G = Spn,

n G = U(n).

(2) L(1, πi, r) =∞ for all i where r =


∧2 G = SO(2n+ 1),

sym2 G = Spn or SO(2n),

As− G = U(2n),

As+ G = U(2n+ 1).

Here As± are the so-called Asai representations (see e.g., [KK04, KK05] for the
precise definition).

(3) for ωπi central characters of πi,
∏k

i=1 ωπi = 1 if G = Spn;
∏k

i=1 ωπi = χD if G =
SO(2n). (In all other cases we automatically have ωπi

∣∣
A∗ ≡ 1 for all i.)

The descent method provides for any {π1, . . . , πk} ∈ ΠG(ResE/F GLm), a cuspidal sub-
representation σ = σ({π1, . . . , πk}) of L2(G(F )\G(A)) such that

(1) Any irreducible constituent σ′ of σ has functorial lift π1 � · · ·� πk.
(2) No ψN -generic cuspidal representation whose functorial lift is π1 � · · · � πk is or-

thogonal to σ in L2(G(F )\G(A)).

It is expected that when G is not an even orthogonal group σ is irreducible. In the SO(2n)
case, let θ be the outer automorphism; then σ is expected to be either irreducible and
θ-invariant or that σ = τ ⊕ θ(τ) where τ is irreducible and θ(τ) 6' τ .

4.3. Conjecture for classical groups. The descent construction is closely related to
the (hypothetical) representations πψN (φ) of §2.3. In all cases except SO(2n) the set
ΠG(ResE/F GLm) corresponds exactly to elliptic Arthur parameters of Ramanujan type. If
φ is the corresponding parameter then Sφ ' (Z/2Z)k−1 (see [Art11] and [Mok15]). One
expects multiplicity one for G and therefore if {π1, . . . , πk} ∈ ΠG(ResE/F GLm) and φ is the
corresponding parameter then πψN (φ) = σ({π1, . . . , πk}). The case of SO(2n) is subtler,
we refer to [LM15, §5] for discussion on this case.

Conjecture 4.2. [LM15, Conjecture 5.1] Suppose that π is an irreducible constituent of
σ({π1, . . . , πk}) and let s be the size of the stabilizer of π under {1, θ}. (In particular, s = 1
unless G = SO(2n).) Then in (2.4) cψNπ = 2k−1/s.

Remark 4.3. Note that LS(s, π,Ad) = LS(s, π1�· · ·�πk, r̃) where r̃ =


sym2 G = SO(2n+ 1),

∧2 G = Spn or SO(2n),

As+ G = U(2n),

As− G = U(2n+ 1).
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Remark 4.4. Using accidental isomorphism for classical groups of lower rank, we can
derive from Theorem 3.1 that Conjecture 4.2 holds for the groups U(1), U(2), Sp1, SO(2),
SO(3), SO(4) and the split SO(6) (see [LM15, §6]).

4.4. Case of S̃pn. Let π̃ = Dψ(π) with π given as in §4.1, then we expect in (2.6) cψNπ = 2k.
Namely

(4.2) W̃ψN (ϕ̃)W̃ψ−1
N (ϕ̃∨) = 2−k∆S

Spn
(1)

LS(1
2
, π)

LS(1, π, sym2)∫ st

N(FS)

(π̃(ñ)ϕ̃, ϕ̃∨)Spn(F )\ Spn(A)ψN(n)−1 dn.

Theorem 4.5. [LM17b] The identity (4.2) holds when the archimedean components of π̃
are discrete series representations.

Below we give a sketch of the proof. The main idea is that the descent construction
allows us to reduce to a local problem through period transition.

We introduce a notation for period transition. Let πi = ⊗vπi,v (i = 1, . . . , l) be auto-
morphic representations on Gi. Let L1, L2 be two linear forms on ⊗iπi. We write L1 ∼ L2

if for each local place v there is a locally defined function αv(φ1, . . . , φl) depending only
on the one dimensional spaces spanned by φi, such that at almost all places αv = 1 on
unramified vectors, and whenever ϕi = ⊗ϕi,v in the spaces of πi for large enough set S

L1(⊗ϕi) = L2(⊗ϕi)
∏
v∈S

αv(ϕ1,v, . . . , ϕl,v)

(whenever both sides are nonzero). Then (4.2) can be regarded as the following period
transition formula:

(4.3) W̃ψN (ϕ̃)W̃ψ−1
N (ϕ̃∨) ∼ 2−k∆Spn(1)

L(1
2
, π)

L(1, π, sym2)
(ϕ̃, ϕ̃∨)Spn(F )\ Spn(A).

If ϕ̃ = FJψ(E−kϕ,Φ) is a cusp form in π̃ constructed through descent, its Whittaker-
Fourier coefficient W(ϕ̃) can be described using descent data ϕ and Φ. The description is
given by [GRS11, Theorem 9.7, part (1)](reformatted in a more explicit form in [LM17a,
Theorem 6.3]). For an automorphic form φ on Sp2n, its restriction to M is an automorphic
form on GL2n, we useWM(φ) to denote the Whittaker-Fourier coefficient of this restriction
to GL2n. Then we have the following period transition formula

(4.4) W̃(FJψ(E−kϕ,Φ)) ∼ 2−k
L(1

2
, π)

L(3
2
, π)

lims→1(s− 1)kL(s, π,∧2)

L(2, π,∧2)
WM(Φ ∗ ϕ).

Here Φ ∗ φ is a convolution which gives an automorphic form on Sp2n.
Meanwhile from Rankin-Selberg theory [GRS11, Theorem 10.4, (10.6), (10.63)] we get

another period transition identity:

(4.5) 〈ϕ̃,FJψ(E−kϕ,Φ)〉 ∼ ∆Spn(1)−1 lims→1(s− 1)kL(s, π ⊗ π)

L(3
2
, π)L(2, π,∧2)

W(ϕ̃)WM(Φ ∗ ϕ).
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The two identities (4.4) and (4.5) immediately yield (4.3), thus reduces the proof of (4.2)
to a purely local problem. In fact a more detailed analysis of the locally defined functions
shows that

W̃ψN (ϕ̃)W̃ψ−1
N (ϕ̃∨) = 2−k∆S

Spn
(1)

LS(1
2
, π)

LS(1, π, sym2)
)(
∏
v∈S

cπv)∫ st

N(FS)

(π̃(ñ)ϕ̃, ϕ̃∨)Spn(F )\Spn(A)ψN(n)−1 dn

where cπv is a local constant determined by πv.
We can determine the local constant cπv using model transition–a local analogue of period

transition. In [LM17b], based on the work of [LM15b], it is shown that when Fv is a p-adic
field

(4.6) cπv = ε(
1

2
, πv, ψv).

Remark 4.6. When π̃v the local descent of πv is a discrete series representation, the
argument in [ILM] shows that the local identity (4.6) is equivalent to Hiraga-Ichino-Ikeda’s
formal degree conjecture ([HII08]) for π̃v. Thus the above work implies the formal degree

conjecture of S̃pn over a p−adic field. Meanwhile the formal degree conjecture is known to
hold over an archimedean field, thus (4.6) holds over an archimedean field when π̃v is a
discrete series representation.

The product of ε(1
2
, πv, ψv) is 1 thus we get Theorem 4.5.

Remark 4.7. The descent approach can be used to establish Conjecture 4.2 for classical
groups. For the case of unitary groups, in [LM16] we use the descent to reduce the conjecture
to a local problem; K. Morimoto has established the necessary local identity in p−adic case.
The work on orthogonal group and symplectic group is ongoing.
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