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Abstract

In the first part we deepen the six-functor theory of (holonomic) logarithmic D-
modules, in particular with respect to duality and pushforward along projective
morphisms. Then, inspired by work of Ogus, we define a logarithmic analogue of
the de Rham functor, sending logarithmic D-modules to certain graded sheaves on the
so-called Kato—Nakayama space. For holonomic modules we show that the associated
sheaves have finitely generated stalks and that the de Rham functor intertwines dual-
ity for D-modules with a version of Poincaré—Verdier duality on the Kato—Nakayama
space. Finally, we explain how the grading on the Kato—Nakayama space is related to
the classical Kashiwara—Malgrange V-filtration for holonomic D-modules.
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1 Introduction

It is a well known observation that in many regards compact spaces behave better than
non-compact ones. Thus in algebraic geometry, using Hironaka’s Theorem, one often
finds oneself having to consider a smooth (compact) variety X together with a normal
crossings divisor D. Objects living on X then have to take this boundary into account.
A classical example of this are meromorphic connections which play an integral role
in Deligne’s Riemann—Hilbert correspondence.

In logarithmic geometry (regular) meromorphic connections get recast as integrable
logarithmic connections on the smooth log variety X = (X, D). Thatis, one constructs
the logarithmic cotangent bundle Q; and defines a log connection to be a coherent
sheaf M on X together with a C-linear map V: M — M ®p, Q}( satisfying the
Leibniz rule. One wishes to classify such objects via a logarithmic analogue of the
Riemann—Hilbert correspondence.

To see why this takes some effort let us consider some examples of integrable
connections on A! with the log structure given by D = {x = 0}. For any complex
number A one can define a connection V; on Ox by Vi (1) =1 ® de. One notes that
unlike the similarly defined connections on A\ {0} (where V; = Vv, if A = 1" mod Z),
in the logarithmic setting one has V; % V, for any A # 1.

The first and most obvious problem when looking for a generalization of the
Riemann-Hilbert correspondence to this setting is the fact that A! does not support
any non-trivial locally constant sheaves. Thus Kato and Nakayama [8] define an aux-
iliary topological space X|og, living over X, on which the correspondence takes place.
This space, now usually called the Kato—Nakayama space of X, is essentially the real
blowup of X along D. Thus in the example at hand one replaces the origin of A! by
a circle.

The space Xiog thus has a non-trivial fundamental group and hence interesting
locally constant sheaves. However monodromy around the circle can only record A
mod Z. Thus Ogus further enhances X, with a sheaf of gradings A [17]. In our
example this sheaf is locally constant with stalk C on the added circle over the origin
and 0 elsewhere. Then the sheaf corresponding to the connection V, on Ox would be
the local system with monodromy e>7#* placed in degree A.

However even this is not quite sufficient, as logarithmic connections are not nec-
essarily vector bundles. For example the same formula as above defines connections
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on Oy /(x2). In order to record the possibly interesting action of x at the origin, Ogus
further enhances Xjo, with a A-graded sheaf of rings (Cl;()g. For A! this sheaf has stalk
C[t] withdegt = —1 on the circle over the origin and is the constant sheaf C elsewhere
(the restriction map is given by # — 1). Thus the target of the Riemann—Hilbert corre-
spondence should be A-graded (Cl)(()g-modules on Xjog, with some kind of “coherency”
condition [17, Definition 3.2.4]. For example the connections V, on Ox correspond
to Cl;()g ®c F, where F is the local system with monodromy e>"* placed in degree A
as before.

In classical theory, the Riemann—Hilbert correspondence has long been generalized
to (regular holonomic) D-modules. It is thus an obvious question whether the above
theory can be generalized to logarithmic D-modules.

The study of holonomic log D-modules was started in [10] where in particular one
examined the interaction of holonomicity and duality. To have any hope of obtaining
a generalization of the Riemann—Hilbert correspondence, one needs a good under-
standing of the six functor formalism for both sides of the correspondence. For graded
sheaves on the Kato—Nakayama space, this was done via the new theory of “graded
topological spaces” explored in [9], where one in particular generalized Poincaré—
Verdier duality to this setting. For logarithmic D-modules this is done in the first part
of the present paper.

1.1 Functors on D-modules

Let f: X — Y be a morphism of smooth log varieties. The definition of the push-
forward f, was already given in [10], and is virtually identical to the corresponding
definition for ordinary D-modules. We study some properties of this pushforward, and
in particular prove in Sect. 4 that if f is projective then f, preserves holonomicity.

The definition of the pullback f' is more subtle. It is constricted by two factors: If
f is proper, then f' should be right adjoint to f,, and in any case it should match the !-
pullback for graded topological spaces. In particular for p: X — pt the structure map,
p!(’)pt should correspond via the logarithmic Riemann—Hilbert correspondence to a
certain subsheaf @ X10g Of the dualizing complex of the Kato-Nakayama space viewed
as a graded topological spaces. We compute this dualizing complex in Sect. 5.2, where
it turns out that it is a complex of the type of coherent C'°2-modules considered by
Ogus. Thus we know that the Riemann—Hilbert correspondence of Ogus must match
any proposed definition of p!(’)pt with CNOXk,g. It follows that p' is not simply a shift of
the naive pullback f* as is the case in the classical theory.

The definition of f'is given in Sect. 3.3. It is inspired by the computation of the
dualizing complex done in Sect. 3.2.

In [10] one only uses the existence and properties of a rigid dualizing complex for
Dx. For further results it is useful to have an explicit formula. Generalizing work of
Chemla [2], we show that the rigid dualizing complex is given by Dx ®, 1 x, where
wx is the left Dy-module corresponding to the Grothendieck dualizing complex of
X (which is naturally a right Dx-module). One notes that in general the underlying
classical variety X may have singularities, so that ;tx may be nontrivial. We also show
that duality commutes with pushforward along projective morphisms (Theorem 3.14).
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1.2 The logarithmic de Rham functor

In order to construct the Riemann—Hilbert correspondence for logarithmic connec-
tions, Ogus introduces an additional A-graded sheaf of rings on Xjoe, the enhanced

structure sheaf @?g [17, Section 3.3]. If : Xjog — X is the projection and F is any
Ox-module, one sets T*F = (’jl;g ®r-10y =1 F. In Sect. 5.3 we define sheaf of
differential operators f?l;(’g on Xjog so for any Dy-module M the pullback 7% M is

~log
naturally a Dy"-module.
In analogy with the classical definition, the logarithmic de Rham functor is given
by

DRx (M) = " wx ® s T M.
X

If M is Ox-coherent this agrees up to a shift with [17, Theorem 3.4.2]. We prove the
following important finiteness theorem for DR.

Theorem Let M € Db (Dx) be holonomic. Then the stalks of If)\lix (M) are finitely
log

generated over the corresponding stalk of Cy
Further, as a check that this new de Rham functor respects the six functor formalism
we show the following fundamental result.

Theorem The functor DRy intertwines (rigid) duality for logarithmic D-modules with
Poincaré-Verdier duality for the graded topological space Xiog.

In the process of proving these theorems we also show that DRy commutes with
pushforward along projective morphisms whenever possible. (We note that such push-
forward can only preserve holonomicity when the log structure on the target is “no
worse then the log structure on the source,” see Theorem 4.1.)

In the final section we consider a smooth variety X together with a smooth divisor
D = {t = 0}. If M is a holonomic Dy-module, then one can endow it with the
Kashiwara—Malgrange V-filtration given by the eigenvalues of the action of ¢ z?z On

the other hand DRy (M) can be filtered as a C 1% _module by the A-grading. We show
that DRX exactly matches the V-filtration w1th the A-grading filtration. This gives
a nice interpretation for the appearance of the grading sheaf A. In future work we
are interested in extending the classical V-filtration to a multi-filtration for holonomic
Dyx-modules on arbitrary smooth log varieties. This filtration would then conjecturally
match the filtration by A-grading on the de Rham functor.

1.3 Conventions

We will need to consider both complex algebraic and analytic varieties. In order
to present a unified perspective whenever possible, the word “variety” will always
encapsulate both settings unless otherwise specified. We will be mostly concerned with
derived categories of D-modules and other sheaves. Hence, unless noted otherwise,
all functors will be derived and we will not use the signifiers L and R.
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2 Logarithmic D-modules

In this paper we are concerned with D-modules on a smooth, potentially idealized,
complex log variety X. For algebraic X these were introduced in [10]. In this section
we will review the basic constructions of this theory and add some complements. We
referto [10, Section 2.1] for a brief introduction into the required notions of logarithmic
geometry. The reader unfamiliar with idealized log varieties may safely assume that
the idealized structure of the considered log varieties is trivial. We have included
the idealized case, as it does not impose any additional challenges and is useful for
inductive arguments. For the benefit of the reader who is not interested in the formalism
of logarithmic geometry, we will summarize in Example 2.2 the definition in the case
that the log structure is given by a simple normal crossings divisor on a smooth variety.

In order to fix notation, we will always denote the sheaf of monoids defining the
logarithmic structure on X by Mx. Associated to this sheaf we have the characteristic
sheaf M x and its associated sheaf of groups ﬁip. The latter is a sheaf of torsion free
abelian groups and we will write ry for its generic rank. If X is a smooth log variety
(with trivial idealized structure), then rxy = 0. The rank of Mip induces a filtration of
X by closed subvarieties

szoDxl D...Dxdimxjxdimx-ﬁ-l 2@
where
X' ={x e X:tk(MY,) =i +rx}.

If X is idealized, its sheaf of ideals will be denoted by Kx C My. The underlying
ordinary variety of X will be denoted by X.
For any closed subset Z of X we define the logarithmic dimension of Z to be

logdimZ = max X(dim(Z Nnx% + k) +rx. )

0<k<dim

As X is smooth, its sheaf of logarithmic 1-forms Q}( is locally free of rank logdim X.
Its dual 7Tx generates the sheaf of logarithmic differential operators Dx. We recall
from [10, Corollary 3.4] the following local description of Dy.

Fix a closed point p of X. Locally around p we can find a classically smooth
morphism X — Ap g for P = M,, and some ideal K C P, where Ap x =
Spec k[ P]/(K). Hence étale locally around p we can identify X with A" x Ap g
for some n. Logarithmic coordinates of X at p are given by the coordinates x1, ..., x,
of A" (corresponding to elements of Oy , giving a system of parameters of Og ,,
where S is the locally closed log stratum through p), and by a map u : Mp — Ox,p
lifting to M, — Ox .

Proposition 2.1 Let X be a smooth idealized log variety, p € X a closed point, and fix
logarithmic coordinates of X at p as above. Then étale locally around p the sheaf Dx
can be described as the (non-commutative) algebra generated by x; for 0 < i < n,
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by t"™ withm € Mx,p, by symbols 0; for 0 < i < n and 9,,,, where my, ..., my are
elements of Mp that form a basis of M’;g(p’ p» subject to all the following relations:

t*=0 forall keKx,p,
[xi,x;1=0 forall 0<i,j<n,

(", " 1=0 forall m,m' € Mx.p,

4

prtm’ — gm g forall m,m’ e Mx,p,
[0;,0;1=0 forall 1<i,j<n,
[0i,0m;1=0 forall 0<i<n and 0<j <k,
[Om; ml]—O forall 1<i,j <k,
[0;,x;1=46;; forall 0<1i,j<n,
[Om;, t"] = a;t™ forall 0<i <k and m=Y;a;m; EMXJ,,
[0;,t"]=0 forall 0<i<n and m eﬁx,p,
[0m;, xj1=0 forall 0<i<k and 0<j <n.

If X has trivial idealized structure, then the map u is injective and we can interpret
O, as “0log(u(m;)) = ”(mi)a(uLmi)'”

The sheaf Dy has a canonical filtration by the degree of a differential operator. The
associated graded gr Dy is canonical isomorphic to the push-forward 7, Or=x of the
structure sheaf of the log cotangent space 7*X. As for any filtered sheaf of rings with
commutative associated graded, this is used to define the characteristic variety Ch(M)
of a coherent Dx-modules M as conical closed subset of the log cotangent space 7* X
[5, Appendix D]. Such M is called holonomic if the logarithmic dimension of each
component of Ch(M) is equal to logdim X [10, Definition 3.22].

Example 2.2 A common situation is that the log variety X is given by a simple normal
crossings D on a smooth variety X. In this case we can locally pick coordinates
Z1, ..., Zn such that D is givenbyzl ¢ =0forsome0 < ¢ <n.

In this situation X0 = X and X' is glven by the natural stratification of D, i.e.

xf= | fziy ==z, =0} withij €({l,.... ¢} distinct.

On each X%\ X*~! the characteristic sheaf M y is constant with stalk N¥ and similarly
ﬁip has stalks Z*. The idealized structure is trivial, i.e. Ky = 0.

The sheaf of (log) differential operators Dy is the subalgebra of the sheaf of (ordi-
nary) differential operators Dy generated by z; - 8 forl <i <¢,by 5~ L fort <i <n,

as well as Oy. Thus in particular one has the commutator relation [z; 3‘2 ,2i] = z; for

1 <i < {. (Log) 1-forms Ql are the rank n bundle with sections given by = dz’ for
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1 <i < {anddz; fori > €. Its total space is the (log) cotangent space T*X (which
one should be careful not to confuse with the (ordinary) cotangent space 7*X of X).

The log structure of 7*X is obtained by pulling back the divisor D along the
projection T*X — X. The log dimension of closed subsets of 7*X is given as in (1)
with rrsx = 0.

We will sometimes need to consider D-modules on (components) of X k with the
so-called induced idealized log structure. This means that M y« = Mx|yt, Dyx =
Oxt ®0y Dx, Q) = Oxk ®0y Q and T*X* = T*X|y = X* xx T*X. The
indexing of the filtration gets shifted so that (X¥) = X** and one takes ry« =
rrsxk = k in (1) (or alternatively one considers Z as a subset of 7*X instead).

2.1 Logarithmic D-modules on analytic varieties

In [10] one only considered D-modules on complex algebraic varieties. While this is
the main case of interest to us, in order to define the de Rham functor, we need to also
consider the corresponding analytic varieties.

For a smooth analytic log variety X, one can define the sheaf of rings Dy and the
various categories of Dy-modules in an analogous way to the algebraic setting. As in
the classical case there are a few subtle differences between the algebraic and analytic
settings. While Dy is still a noetherian coherent sheaf of rings, Lemma 3.8 of [10]
does not hold in the analytic setting and hence coherent Dy-modules in general only
locally admit a good filtration. As holonomicity is a local condition, one can still talk
about the subcategory of holonomic Dy-modules, and the log Bernstein inequality of
[10, Theorem 3.21] continues to hold.

In [10], duality for log D-modules is defined via a so-called rigid dualizing complex
(see Sect. 3.2 for the concept of a rigid dualizing complex). In the algebraic setting the
global existence of such a complex is guaranteed by the main result of [22]. Unfortu-
nately, the proof of this result fails for analytic varieties, as it uses noetherian induction
and hence requires the underlying topological space to be noetherian. However the
existence of a rigid dualizing complex is still guaranteed locally, which suffices for
most arguments. (We will also explicitly construct a global rigid dualizing complex in
Sect. 3.2.) The log perverse t-structure continues to exist and so does the description
of holonomic Dyx-modules given in [10, Theorem 4.6].

If X is an algebraic log variety, we write X" for the corresponding analytic log
variety [16, Definition V.1.1.4]. The canonical map of log spaces

Lo (X*, Oxan, Mxan) — (X, Ox My)

is, by definition, strict. Thus it induces a morphism of sheaves of rings : ' Dy — Dxan
satisfying

DX“" = OXan ®L_'OX L_1Dx = t_lpx ®L_'OX Oxan.
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The functor
M — Man = OXan ®L710x L_IM = Dxan ®571'DX L—IM

is exact [19, Proposition 10]. Hence it extends to a functor DP(Dyx) — D°(Dyxm),
preserving the coherent and holonomic subcategories.

As noted in the introduction, unless otherwise specified from now on the word
variety will include both the complex algebraic and analytic versions.

2.2 The log canonical bundle

If X is a smooth idealized log variety, then the log canonical sheaf

logdim X
1
N 2

is a line bundle. It is a right Dx-module via the negative of the Lie derivative. Specif-
ically, for a log differential operator 8 € 7y, define (Lie 8)w for w € wx by

((Lie)w) By, ...,0p) =0(@O1,...,6,)) — Za)(@l, 10,61, ..., 6,)

where 6; € Tx and n = logdim X. Viewing 6 as an element of Dy, we set wf =
—(Lie 0)w.

Example 2.3 1f X = A" with log structure given by the divisor z; - - - z, = 0, then wy
is the trivial line bundle generated by = d“ Ao A dﬁ. The action of z; 337 on a section

fdzl Ao A dz,. is given by —z; ng dZle A-ei A dZ}l

V1a the ev1dent map Dx — Dy, the canonical bundle wy of the afﬁne space with
trivial log structure also is a right Dx- module There the action of z; 77— 3 on a section
fdzi A---Adz, is given by —(f +Z1 37 )dzl A+« Adzy,. In other words, the natural

inclusion

dzy
Zn

dzy
wx — wx, deI/\"‘/\dZn'_)Zl"‘an_/\"'/\
21

is a morphism of right Dx-modules.

For later use, let us study the local situation. Fix a toric monoid P and consider the
affine toric variety Ap = Spec C[P]. Let o be the convex polyhedral cone generated
by P in P& @ R. For a face 7 of the dual cone oV write V () for the closure of the
corresponding torus orbit orb(t) = Spec[ P& N t]. We endow it again with the toric
(non-idealized) log structure. We set PP = pepn ¢t

Set r = rk P&P. By [16, Proposition IV.1.1.4], the log canonical bundle wa, is
identified with Oa, ® A" P®.1f T < 0¥ is aray (i.e., V(7) has codimension 1) we
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can write each element of wp, in the form mj A --- Am, withmy, ..., m, € PEP.
Ishida [6, p. 123] defines the Poincaré residue map

r r—1
wpp =0np ® /\ng - Oy ® /\ P’ = wy ),

which sends a sectiona @ mi A --- Am, toa ® (my,n)my A --- Am,, where n is
a primitive element of (P&P)Y such that (m, n) = 0 form € P and (m, n) > 0 for
m e P\ PEP.

If we let the differential operator corresponding to  act by zero on wy (r), the sheaf
y () obtains a right Da ,-module structure. With the notation of Proposition 2.1, the
action of this differential operator on wp, introduces a factor of ", which vanishes in
Oy (¢). It follows that the Poincaré residue map is a morphism of right Da ,-modules.

Example 2.4 Continuing Example 2.3, we can identify A” with An». The subvarieties
V(t), for T < oV aray, correspond to the coordinate hyperplanes in A", If V(7) =
{zi = 0}, the Poincaré residue map is given by

dzi dz, dzy dz; dz,
f_/\.../\ |_)f|v(r)_/\.../\_/\.../\ .
21 Zn 21 dz; n

In particular, if n = 1 we obtain the usual residue f % — f(0).

2.3 Left and right modules

Asinthe classical situation, one has the following module structures on tensor products
and internal homs.

Proposition 2.5 Let M, M’ € Mod(Dx) and N', N’ € Mod(DY’). Then with 6 €
Tx one has the following module structures:

M®p, M' € Mod(Dy), memHP :=0m@m' +mQ om’,

N ®o, M € Mod(DY), n@m)d :=nd @m —nQ Om,
Homg,, (M, M) € Mod(Dx), (09)(m) = 0(p(m)) — p(Om),
Homg, (V, N') € Mod(Dx), (09)(n) := —¢(n)0 + ¢ (nd),
Homy, (M, N) € Mod (DY), (#0)(m) == ¢ (m)6 + ¢ (Om).

The following lemma is also classical.

Lemma 2.6 Let M, M’ € Mod(Dx) and N' € Mod (D(;(p). Then there exist isomor-
phisms

N ®0y M) @py M =N @p, (M@0, M) =N ®0y M) @p, M.
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Recall that the log canonical bundle wy = A&™¥ @l

Thus by Proposition 2.5 the assignment

is a right Dx-module.

M= wx ®p, M

extends to an equivalence of categories Mod(Dx) — Mod(D;p) with quasi-inverse
given by

N oy ®0, M = Homy (0x, M). 2)

As wy is a line bundle, these operations are clearly exact and extend to the various
derived categories. We will use them frequently to switch between left and right Dy -
modules.

2.4 Some resolutions

Let X be a smooth idealized log variety and fix a coherent left Dx-module M €
Coh(Dy). Assume that M has a global good filtration F,. For any fixed integer k
define a complex Sp, (M) with entries

p
Spe " (M) = Dx ®oy (/\ ©x) ®0y FrpM, 0 < p < logdim X

and differential

p p—1
§: Dx ®oy (/\ Ox) ®0oy Fi—pM — Dx oy (/\ Ox) ®0y Fi—pr1M

given by

p
SP@WiA - Av)®m) =Y (=) 'Py; @ Wi A AT A AV @m

i=1

P
—Z(—l)i*1P®(v1/\~~~/\17,-/\---/\vp)®vim
i=1
+ Z D P @ (i, viIAVI A~ AT A= AT A A V) @

I<i<j<p

Lemma 2.7 (Logarithmic Spencer Resultion) For any coherent (left) Dx-module M
with a fixed good filtration the complex Spy (M) is a resolution of M for all sufficiently
large integers k.

This is shown exactly as in the classical case, see for example [13, Proposi-
tion 1.2.1.18]. In particular, one obtains the following very useful resolutions.
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Corollary 2.8 One has the following locally free resolutions of the left Dx-module Ox
and the right Dx-module wy :

logdim X 0
0 — Dy o, /\ @X_>..._>DX®OX/\@X—>0X—>0, 3)
0 logdim X
O—>/\QX®OXDX—>--.—> /\ Qx ®o, Dx — wx — 0. (4

Proof The complex (3) is just the logarithmic Spencer resolution for Ox. The second
line follows from the first by applying the side-switching operation of Sect. 2.3, which
is evidently exact. O

3 Operations on D-modules

In [10] one only briefly touches on the definition of the pushforward and pullback
functors for logarithmic D-modules. In this section we will go into more detail on
the definition of these functors, as well as giving an explicit formula for duality and
showing some standard identities for these three operations.

3.1 Pushforward

Let f: X — Y be a morphism of smooth idealized log varieties. If A is a (left)
Dy-module, then as in the classical setting the map 7x — f*7y gives the pullback
f*N =0y Qr-10y f~'N acanonical Dy-module structure (see [ 10, Section 3.1.4]).
In particular, one obtains the transfer module Dx_.y = f*Dy. As Dy is a locally
free Oy-module, Dyx_,y is a locally free Ox-module concentrated in cohomological
degree 0.

Lemma3.1 Let f: X — Y be a morphism of smooth idealized log varieties. Then
Dx_y has weak dimension at most logdim X as left Dx-module.

Proof Exactness can be checked locally, so we may assume that X is affine and
Dx_.y is a free Ox-module, as is gr Dx_,y. Since locally gr Dx is isomorphic to
Oxlt1, - .., hogdim x ], taking a Koszul resolution of the free O x-module grp, ., shows
that gr Dx_, y has weak dimension at most logdim X as a gr Dx-module (alternatively,
we could apply the more general [1, Lemma 2.3.5]). Thus, by [1, Proposition 2.3.12],
Dx_,y also has weak dimension at most logdim X as a left Dy-module. O

Concretely, as each F;Dx_,y is a locally free Ox-module, the Spencer complex

Sp(Dx_y) is a locally free resolution of Dy_,y.
As in the classical setting, one defines the ( f 1Dy, Dy)-bimodule

Dy—x = wx ®0x Dx—y Qf-10, f_lwlv/,
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which by Lemma 3.1 has finite weak dimension as a right Dy-module. Thus the
pushforward functor

feo: D+(Dx) — D+(Dy), M= fi(Dy—x ®Dy M)

is well defined. If f: X — Y and g: Y — Z are two morphisms of smooth idealized
log varieties, one can copy the proof of [5, Proposition 1.5.21] (which is essentially
an application of the projection formula for f,: D(f ~1Dy) — D(Dy)) to show that

(80 f)e = goo fo: D(Dx) — D*(Dy).

For a projection f: X x Y — Y one sets Q’} = (/\k Qx) X Oy and defines the
relative de Rham complex DR r (M) for M € QCoh(Dx«y) by

(DR (M))l _ Qif+10gdimY ®0y,y M if —logdimY <i <0 )
! 0 otherwise

with the differential as usual induced by the map M — M ® Q% , defining the
Dx xy-module structure on M. Since Dy  xxy = wx KDy asright Dy« y-modules,
it follows from Corollary 2.8 that

foM = f, DR f(M).

Any morphism f: X — Y of smooth idealized log varieties can be factored into a
closedimmersion X — X x Y followed by the smooth projection X xY — Y. For both
of these the pushforward of O-modules preserves boundedness of complexes. Thus, by
Lemma 3.1, f, also preserves boundedness, i.e. restricts to a functor f,: DP(Dy) —
D°(Dy).

Lemma3.2 Let f: X — Y be a proper map of smooth idealized log varieties. Let
M e Dgoh (Dx) and assume that locally on Y the cohomology modules of M admit
a good filtration. Then f, M is contained in ch’oh (Dy).

Proof Using the resolution of Lemma 2.7 one reduces to the fact that pushforward
along proper maps preserves coherence of O-modules, see the first part of [13,
Théoreme 1.5.4.1]. O

Let us remark that here, as in many of the following statements, the condition on
the existence of a global good filtration is always satisfied in the algebraic setting.

We will call amorphismi: X — Y aclosed immersion if the underlying morphism
of varieties i : X — Y is a closed immersion (note that this is different from the usual
use of the term in logarithmic geometry). For a closed immersion i, we can give the
right adjoint to i, in the usual way:

Definition 3.3 Leti: Z < X be a closed immersion of smooth idealized log varieties.
Define i': DT (Dyx) — Dt (Dy) by

M+~ Hom;-1p, (Dx <z, i"' M),
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where the left Dz-module structure is given by the right action of Dz on Dy 7.

Proposition3.4 Leti: Z < X be a closed immersion of smooth idealized log vari-
eties. Then i' is the right adjoint to is: D (Dz) — DT (Dy).

Lemma3.5 Leti: Z — X be a closed immersion of smooth idealized log varieties.
Then for any M € DV (Dx) there exists a canonical equivalence

Hom;-1p, (Dx«z, i 'M) = Hom;-1p, (Dxcz, i 'TzM).

Proof We first show the statement on the level of abelian categories, i.e. for M €
Mod (Dy). Let J be the sheaf of ideals defining the closed subvariety Z. Then
i~17 annihilates Dx . and for any i~'Dx-module map ¥: Dy.z — M one
has (i "' 7)Y (m) = ¢ (G~ T)m) = 0, i.e. ¥ factors through i ~' ROT" 7 (M).

To deduce the derived statement, it is now sufficient to show that if 7 is an injective
Dy-module, then i ' ROT', 7 is an injective i ~1Dy-module. This follows from

R"Hom,-1p, (N, R%~'T'27) = R*Hom,-1p, (i i, N, i ' ROT'2T)
= RO Homp, (i.N, R'T'27)
= RO Homp, (i,\, T)

for any Dz-module N. |

Proof of Proposition 3.4 By Lemma 3.5 and tensor-hom adjunction we have

Homp, (M, i'N) = Homp, (M, Hom;-1p (Dx—z, i~'N))
= Homp, (M, Hom,-1p, (Dx«7z, iileN))
= Hom,-ip, (Dxz ®p, M, i 'TzN)
= Homp, (i+(Dxz ®p, M), N)
= Homp, (is M, N).

3.2 Duality

Let X be a (algebraic of analytic) scheme together with an Ox-ring A, that is, a
sheaf of (not necessarily commutative) noetherian rings .A on X endowed with a ring
homomorphism Ox — A. A dualizing complex over .4 is a bounded complex R of
A-bimodules such that the following conditions hold:

(i) The functors

D: DP(A)P — D(A®P), M > Hom 4(M, R)
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and
DP: D°(AP)P — D(A), M > Hom 4op(M, R)

have finite cohomological dimension when restricted to Coh(.A) and Coh(A°P)
respectively.

(ii) The functors D and D’ preserve coherence.

(iii) The adjunction morphisms id — D°PD in Dgoh (A) and id — DD®P in
Dlgoh (A°P) are both isomorphisms.

Unfortunately, dualizing complexes are not necessarily unique. For example, in the
commutative case A = Oy, they are only determined up to shift and tensoring with a
line bundle. To restore uniqueness and obtain a duality theory in the non-commutative
setting, van den Bergh [21] introduced the concept of a rigid dualizing complex. This
is a dualizing complex R together with a rigidifying isomorphism!

p: R = Hom 4 40 (A, RO R).

If it exists, a rigid dualizing complex is unique up to unique isomorphism.

Let us now return to the case that X is a smooth idealized log variety and A = Dy.
As was discussed in [10], if X is algebraic, then Dy always admits a rigid dualizing
complex R. As we will see below, if the log structure of X is non-trivial, R is not
simply a shift of Dy.

To show that the de Rham functor commutes with duality, we need an explicit
computation of R. In the case that X is smooth this is a special case of [2] where the
rigid dualizing complex of the enveloping algebra of a Lie algebroid is computed. In
this case the canonical bundle wy is a right Dy-module and hence by restriction also
a right Dx-module. The rigid dualizing complex of Dy is then given by Dx ®0,
Ho_mox (wx, wx)[dim X + logdim X].

We will show that this formula holds for general smooth idealized log varieties. To
do so, one replaces the canonical bundle wy by the Grothendieck dualizing complex
Wy, ie. if p: X — ptis the structure map, then o), = p!O_mOd(C. Hence, if X is
smooth, one has vy = wx[dim X].

To give ) the structure of a right Dy-module we can use a result of Tsuji [20,
Theorem 2.21]. For comparison with duality on the Kato—Nakayama space, an explicit
description of @’ given by Ishidais particularly useful. We will sketch the construction
of Ishida’s complex. A detailed translation of Ishida’s construction into the language
of logarithmic geometry is given in [3, Section 1], while the local (toric) situation is
discussed in [15, Section 3.2]

Any smooth idealized log variety X is étale locally isomorphic to a union of orbits
of a normal toric variety. Thus the filtration X¥ turns X into a filtered semi-toroidal
variety on the sense of [6, Definiton 5.2]. Let ¢ : X¥ — X* be the normalization of
the closed log stratum X*. Since X is étale locally isomorphic to a normal toric variety

! The definition presented here is stricter than actually needed for a general theory, but suffices for our
purposes. We refer to [22, Sections 2 and 3] for the general definition.



The de Rham functor for logarithmic D-modules Page 150f44 49

with its toric boundary divisor, X¥ is the disjoint union of the irreducible components
of X*. As each component is again étale locally isomorphic to a toric variety, X* has
a canonical induced smooth log structure (note that this log structure is not idealized).
Set

C'=¢i 0z, 0<i<dimX.

The local Poincaré residue maps (see Sect. 2.2) induce a differential d: C' — C' +
making (C®, d) into a complex of Ox-modules.

Proposition 3.6 [6, Theorem 5.4] The complex (C°®, d) is isomorphic to the
Grothendieck dualizing complex 'y [— dim X].

Remark 3.7 Any smooth log variety is étale locally isomorphic to an affine toric variety
and hence is Cohen—Macaulay. Thus despite the above description of @’ as a complex,
in this case it is actually a sheaf concentrated in the single degree — dim X. In other
words the complex C* only has non-trivial cohomology at C°.

Example 3.8 Let us again consider the example of the affine space X = A” with the log
structure given by the coordinate hyperplanes. Set Z; = {z; = 0}. The first differential
in the complex is then

n n —
dzy dzy dzy dz; dz,

a)x—>@a)zi, f— A A |—>§ f|Zi—/\~~/\—'/\~~/\ .
izl 71 Zn i—1 21 Zi Zn

dzy
Zn

The kernel of this morphism consists of all sections of the form z; - - - z,, f % A A
agreeing with Example 2.3.

Each wy is canonically a right Dy;-module and this structure trivially extends
to a right Dy-module structure on C!, which one checks to be compatible with the
differential d. Thus we have defined a right D x -module structure on w/X. If X is smooth
then wy is a submodule of wy and hence this definition agrees with the Dx-module
structure on wy given by restriction of the Lie derivative. We let ;1 x be the left module
corresponding by (2) to w'y, that is,

nx = Homp (0x, o).
From Proposition 3.6 one obtains the following corollary.
Corollary 3.9
mx = (604030 = ... = ddim x,+Ogaimx ) [dim X].
Example 3.10 Continuing Examples 2.3 and 3.8, ua» is the left Dan-module

71 -+ -2y Opn[n] and the above corollary presents this as the kernel of the restriction
morphism Ogn = @P; Oz,.
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Remark 3.11 One notes that if X = X is a smooth variety, then uy = Ox[dim X].
The general idea is that all occurrences of this shifted structure sheaf in the classical
theory should be replaced by wy is the logarithmic theory. In particular, all shifts by
dim X should replaced by tensoring with wy.

Following this idea, the dualizing complex for Dx should be given by Dy ®,
ix. There are two possible left Dy-module structures on this complex: one by left
multiplication and one by Proposition 2.5 as the tensor product of two left modules.
Further, Dx ® 0, ttx has aright module structure induced from the right module Dy -
module structure on Dy and Proposition 2.5. Unless otherwise stated, we will view
Dx ®oy 1x as a Dy ® D;p—module via left multiplication and the tensor product
right module structure.

Lemma 3.12 Let Z be a component of some closed log stratum X* with the induced
idealized log structure and let M be a left Dz-module which is locally free as an
Oz-module. Then there exists an involution of Dx ® o, M that interchanges the Dx -
module structures given by left multiplication with that of Proposition 2.5, and fixes
the submodule M. In particular there exists such an involution of Dx ®@, px. A
similar statement holds for right modules.

Proof As Dx o, M = Dz ®p, M, we can assume that Z = X. Let N and NV’
be Dx ®0o, M with the two different left Dx-actions. Then A (resp. ) have good
filtrations F, (resp. F,) such that FoN' = FJN” and grp N' = grp N, Lifting the
identity morphism of this associated graded we obtain the desired involution (see [5,
Lemma D.2.3]).

The involution of Dx ®, wx follows from the description of ) given in Propo-

sition 3.6 and the fact that the involutions fix Homp, (wx, ch. O
Lemma 3.13 The complex Dx @@, [tx has finite injective dimension.

Proof Tt suffices to show that for sufficiently large i one has Ext! (M, Dx®@oy x) =
0 for all Dy-modules M. One can further restrict to M = Dy /I for all left ideals
I of Dx. Such M are clearly coherent and endowed with a global good filtra-
tion. The filtration on Dy induces a good filtration on Dx ®@, pmx such that its
associated graded is given by 7*(wy ®0o, %), where w: T*X — X is the projec-
tion from the log cotangent bundle. As this is a dualizing complex, it follows that
Ext’ (gr M, gr(Dx ®@py 1 x)) vanishes for all sufficiently large i independently of
M. Thus also Ext! (M, Dx ®oy Mx) vanishes. O

For any left Dy-module M the D;p-structure on Dx ®o, mx induces a right
module structure on HomDX (M, Dx ®py mx). Thus we define the duality functor

Dy : D2, (Dx)® — D, (Dx)
M — Homp, (M, Dx ®oy tx) Q0y @Y.
We will show in Theorem 3.17 that, up to a shift, Dx ®, ux is indeed the rigid

dualizing complex for Dy. In particular, we will have that Dy o Dy = id. The proof
of Theorem 3.17 will be based on the following duality theorem.
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Theorem 3.14 Let f: X — Y be a morphism of smooth idealized log varieties such
that the induced map f: X — Y on the underlying varieties is projective. Let M €
Dth (Dx) and assume that locally on Y the cohomology modules of M admit a good
filtration. Then there exists a canonical isomorphism in D'gOh (Dy)

foeoDxM Z Dy o fo M.

We note that by Lemma 3.2 f, M is indeed coherent, so that the statement of the
theorem makes sense.

Lemma3.15 Leti: Z — X be a closed immersion of smooth idealized log varieties.
Then i'(Dx ®oy, ix) = i*Dx ®0, Uz.

Proof

. _ —
i'nx =Hom; 1p (Dx<z, i 'Dx @10, i~ 1ix)

~ 1 1 1 1
= HOInileX (l Dx ®i-10y 1 w; ®i-10y ®Z, I Dx ®i-10y 1 /Lx)

~ 1 1 1
= Hom; 10, (i oy ®i-10, wz. i Dx ®-10, i ttx)

~ :—1 =1 Vv =1 Vv =1/
=i Dx ®;-10, Hom; -1, (1 Wy Bi-10, Wz, I Wy ®i-10, | wi)

12

i*Dy R0, HOl’l’lrlOX (a)z, i_lwlé)
-1

12

i*Dy R0, Homiqox (OZ R0, wz, i w’X)

i*Dx ®0, Homp, (0z. Hom; -1, (Oz.i" ' o))

12

12

i*Dx ®0, Homp, (wz, }) = i*Dx ®o, 1z
O

Lemma3.16 Let f: X — Y be a morphism of smooth idealized log varieties such
that the induced map f: X — Y on the underlying varieties is projective. Then there
exists a canonical morphism of functors chjoh (Dx) — DEOh (Dy)

f,O]D)X —> Dyof..
Proof For any M € D° , (Dx) we have

foDxM = f.(Homp (M, Dx ®0y 1x) @Dy Dx—y) Qoy wy
= fo(Homp, (M, Dx_y ®0y ix)) ®0y @y

and

Dy fuM = Homp, (foM, Dy ®0, iy) ®0, ®}.
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Considering the morphism

f«Homp (M, Dx—y ®0y 1x)
— fuldom ;1p (Dy—x ®py M, Dyx ®py Dx—y @0y 1x)
— Homp, (f«(Dy<x ®py M), fi(Dyx ®py Dx—y ®0y ix))
= Homp, (fo(M), fo(Dx—y ®0y 1x)),

it thus suffices to construct a canonical morphism

fo(DX—>Y ®OX MX) — Dy ®Oy Ky

We can assume that f is either a closed immersion X — P" x Y or the projection
P" x Y — Y. In the first case, by Proposition 3.4 and Lemma 3.15 we have

Homp, (fe(Dx—y ®0y tx), Dy @0y 1y)

= Homp, (f*Dy ®0oy ix, [ (Dy ®oy, iy))
= Homp, (f*Dy @0y ix, [*Dy oy ux)-

Thus we take the image of the identity morphism for our map.

If f is a projection P" x ¥ — Y, then pupr,y = upr X py. Thus we can reduce
to the case that Y is a point. But ppr = Opn[n], so that the desired morphism is just
the classical trace morphism f,Op:[n] — C.

Finally, we need to check that the constructed morphism is independent of the
chosen factorization of f. Given two different factorizations as above one can form a
commutative diagram

P ox Y

D
x 1 ¢ PV x ¥

s~

P2 xY
for some N > ny, ny. For closed immersions, the constructed map is obtained by
adjunction. Hence it is compatible with composition. Thus it suffices to show that
P" xY — YandP" x Y — PV x ¥ — Y induce the same duality map. As before,
we reduce to the case that Y is a point. But then all log structures are trivial, so that
the statement is just usual duality for D-modules. O

Proof of Theorem 3.14 We have to show that the morphism of Lemma 3.16 is an iso-
morphism. As usual, it suffices to show this for M an object of the abelian category
Coh(Dyx). Then by assumption, locally on Y, M is generated by an Ox-coherent
Ox-submodule, i.e. it is a quotient of a module of the form Dx ®p, G for some
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coherent Oy -module G, with action given by left multiplication. Thus by the Way-out
Lemma it suffices to prove the statement for modules of the form Dy ®¢, §.
We thus compute

feDx(Dx ®0y 9) = fo(Homp (Dx ®0y G. Dx ®0y ix) @0y ©x)
= fo(Dx ®0y Homp, (G, Ox) ®0, ix ®0y 0 )
= f+(Dy —x ®0y Homp, (G, ux) @0y wx)
= f«(f 7 (Dy ®0, y) ® 10, Homp (G, px))
=Dy ®0, wy oy, f«Homy (G ®0, wx, a)’i)

and

DYf.(Dx@ng) = DY(DY oy w\Y/ oy f*(a)X oy g))
= Homgp, (Dy ®0y 0y ®oy fxlwx ®oy §), Dy ®oy 1y) ®oy 0y
= Dy ®oy Homy (fi(wx ®ox 9), uy)

= Dy ®o, Homy,, (fu(wx ®oy 9), @y) ®oy wy.

Thus the result follows from Grothendieck duality

f:Homy, (G ®0, wx, o) = Home, (fulwx ®0y §), o).
O

Theorem 3.17 Let X be a smooth idealized log variety. Then the rigid dualizing com-
plex for Dy is given by Dx ®©, ux[logdim X].

Proof We already know that Dy ®, /4x has finite injective dimension. Showing that
the canonical map

M — Homper (Homp, (M, Dx ®0, ix), Dx ®0y 1x)

is an isomorphism for coherent M is a local question. Hence we can assume that M
has a free resolution. Inducting on the length of the resolution, we can further reduce
to the case that M = Dy. Then,

I—IO_HLD(;(I’ (I_IO_HLDX (DX9 DX ®OX MX)? DX ®OX H‘X) =
HOIHD())(P(DX Roy UX, Dx R0y ,ux) = HomD;p(Dx, Dx) = Dy,

where the second isomorphism follows via tensor-hom adjunction from Grothendieck
duality Homp, (ux, nx) = Ox.

Let A: X — X x X bethe diagonal map. Then for any right Dy -module M we have
M®pyDxxxx = M®o, Dy asright f‘leXx-modules. It follows from the res-
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olution (4) that Dy Oy = ux[—logdim X]. Thus Aguux = Dxxx AeOx[logdim X].
Hence, with d = logdim X and applying Lemma 3.12 we have

A (@y ®0y Dx) ®0y 0¥y x = Aeitx
= Homp,  (As(@x @0y DX) ®0y.x @Xxx+ DxXxX ®Oxux HXxX ®Oxx @xxx)d]
= Homp, op, (Px ®0y . (Dx ®0y ix ®0y @) ® (Dx ®oy x @0y wx))ld]
= Homp, ope (Dx. (Dx ®oy x ®0y wy) ® (Dx ®0y 1x))ld]
= @DX®D§p (Dx. (Dx ®oy 1x) ® (Dx ®0y ix)) ®0y wxld].

Twisting by wx and shifting by d we obtain the desired isomorphism

Dx ®0y px[d] = Homp, o7 (Dx, (Dx ®0y 1xld]) ® (Dx ®oy nxld]).
o

Lemma 3.18 For any M € Dtc’oh(’Dx) and N' € DP(Dy) there exists a canonical
isomorphism

Homp (M, N ®oy 1x) = (0x ®0y DxM) ®@py N
= wx ®py MxM 0, N).

Proof One has

Homp, (M, N ®0y tx) = Homp, (M, Dy ®0, 11x) ®py N
= (wx Qoy Dx M) @p, N.

The second equivalence follows from Lemma 2.6. O

3.3 Pullback

Let f: X — Y be a morphism of smooth idealized log varieties. While the pushfor-
ward f, is defined as in the classical setting, the definition of the pullback f ! needs
some care in order for the expected adjunctions to exist. Recall that in the classical
theory, the functor f' differs from the naive pullback f* by a shift by dim X — dim Y.
Thus, following the spirit of Remark 3.11, in the logarithmic theory one must twist by
an appropriate relative version of py.

If F is a (complex of) coherent Oy-module(s), we write f(!Q-mod for the O-module
l-pullback along f. Further we write ]D)?,e (F) = Homp (F, a)g,) for the O-module

dual of F. These two operations are related by £}, = Do f*oD$¢, andif f is Tor-
finite> one has f(!f)_mod}" = f*F ®oy f(!,)_modOy. One always has f(!D-modw/L = .

2 Recall that a morphism f: X — Y of varieties is called Tor-finite if there exists an integer m such that
H'(f*F)=0forall F € Mod(Oy) andi < m.
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Let now M € DD, (D}F) have Oy-coherent cohomology sheaves. Then D3 M
is canonically a left Dy-module and hence fé_mod/\/l = D¥ o f* o DJ*(M) is
canonically a right Dx-module. In particular o’y iy = f(!o_mo 4Oy is canonically a
right Dx-module.

The right Dy-module structure on Oy induces a left module structure on a)¥ =
Homp, (wy, Oy) and hence a right Dx-module structure on wyy = wx o, f*wy.
Set

pxy =Homp (ox/y, oY y) € DY, (Dx).

Definition3.19 Let f: X — Y be a Tor-finite morphism of smooth idealized log
varieties. Define a functor f': D;C (Dy) — D;C (Dx) by

FiM) = fFM ®oy 1x)y.

Recalling that for a closed immersioni: Z — X the sheafi !O—mo 4F isisomorphic to
Hom;-1 M (Ogz, F), a straightforward computation shows that for a Tor-finite closed
immersion Definitions 3.19 and 3.3 agree.

Any morphism f: X — Y can be canonically factored into a closed immersion
X — X x Y followed by projection X x ¥ — Y. Having defined the !-pullback for
each of those factors, one obtains f' in general.

Remark 3.20 This also provides a nice explanation for the definition of f' in the
classical theory of D-modules. For this one notes that every morphism of classically
smooth varieties is Tor-finite. Hence in this case Definition 3.19 suffices to cover the
general case. If the log structures on X and Y are trivial, then px,y = Ox[dim X —
dim Y]. In other words, even in the classical setting f* should be defined via the
exceptional O-module pullback, but switching between left and right modules reduces
this to a shift of the naive pullback.

It might be interesting to see how, for general morphisms f of smooth log vari-
eties, one can obtain a Dy-module structure directly on (a suitable modification of)

f(!Q—modM .

Proposition 3.21 Let f: X — Y be a Tor-finite projective morphism of smooth ide-
alized log varieties. Then for any M € ch’oh(DX) and N' € D°(Dy) there exists a
canonical isomorphism

Homp (foM, N) = f,Homp (M, f'N).

Proof One has an isomorphism py = px/y ®oy f*uy. Set NV = Homp, (iuy, N).
Then N = N ®0, uy and f'N = f'N' @0, f*uy = f*N' ®0, ix. Thus by
Lemma 3.18 and Theorem 3.14,
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fHomp, (M, f'N) = fiHomp (M, f*N' ®0, 1tx)
= fo((0x ®0y DxM) ®py Dx—y @ j-1p, f'N)
= fiu((wx ®0y DxM) ®p, Dx—y) @D, N
= (wy ®0y foDxM) @p, N’
= (wy ®0y Dx foM) ®@p, N’
= Homp, (foM, N ®0, py) = Homp, (foM, N).

]

Remark 3.22 Let us note that the usual base-change theorem does not generalize to
the theory of logarithmic D-modules. For example, if pt — A! it the inclusion of the
(idealized) log point into the origin, then i'i, is not equal to the identity for the same
reason as in the O-module case. Indeed,

i'iyC = Homp | 41)(C[d], C) = Homp | a1)(Dys (A S Dy (A, €©)
=CeC[-1].

One would expect this issue to be resolved by a suitable theory of “derived logarithmic
geometry.”

4 Pushforward of holonomic modules

Recall that a Dy-module M is called holonomic if logdim Ch(F) = logdim X. If
the characteristic variety of M is contained in the zero section of 7*X, then M is
necessarily Ox-coherent. In this case we call M an integrable (log) connection. As
in the classical setting if M is holonomic there always exists a divisor Z on X such
that M| x\ z is an integrable connection.

The aim of this section is to prove the following fundamental theorem.

Theorem4.1 Let f: X — Y be a projective morphism of smooth _idealized log
varieties and assume that the morphism on characteristics f°: f~'My — My is

injective. Assume that M € DE (Dx) admits locally on Y a good filtration. Then fq M
is holonomic.

4.1 Kashiwara’s estimate

If f: X — Y is a morphism of smooth idealized log varieties then we have an
associated diagram of log cotangent bundles

7 x L ey 2L Ty
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Proposition 4.2 (Kashiwara’s estimate for the characteristic variety) Let f: X — Y
be a proper morphism of smooth log varieties and assume that M € Coh(Dyx) has
locally on Y a good filtration. Then

Ch(fuM) S @y (p;' ChM).

As we currently do not have a theory of logarithmic microdifferential operators, we
will follow the proof using the Rees construction given in [11] (which is in turn based
on the ideas in [12]). Since to the author’s knowledge this proof has not appeared in
peer-reviewed literature we will reproduce it here. Of course the author does not claim
any originality.

Let (A, F,) be a filtered sheaf of C-algebras. Recall that the Rees sheaf of rings
R(A)is the subsheaf P, F,, Az" of AQcClz, 1. If (M, F,)isafiltered A-module,
then R(M) is similarly defined to be the R(A)-module ), F, Mz". It follows that

R(M)/zR(M)=gr M and R(M)/(z — )R(M) = M.

Any graded R(A)-module without C[z]-torsion is canonically obtained from a filtered
A-module.

We will apply this to Dy with its usual filtration. If M is a coherent Dy-module
with a global good filtration, then the associated Rees module R(M) is a coherent
R(Dx)-module.

For a morphism f: X — Y of smooth idealized log varieties we define a functor
FEDT(R(Dx)) = DT (R(Dy)) by fEN = fe(R(Dyx) ®rpy) N)-

Lemma4.3 Let f: X — Y be a morphism of smooth log varieties.

() If f is proper; then fR preserves coherence.
(ii) For any N' € Mod(R(Dyx)) and any i there exists a canonical equivalence

H (FENY )z = DHI (FEN) = HI (fo(N/(z — DN)).

(iii) Assume that M € Coh(Dx) has a global good filtration. Then the quotient
of H'(fER (M)) by its z-torsion is the Rees module associated to some good
filtration on H' (fo M).

Proof Assertion (i) can be shown in the same way as the corresponding statement for
Dx-modules (Lemma 3.2).

For (ii) we first note that for any complex of modules N over a Rees ring one has
H'(N/(z—1)N) = H'(N)/(z—1)H' (N). The tensor product R(Dy — x)®g(py) N in
the definition of fX can be computed with a Spencer-type resolution of R(Dy .y ) with
Sp(R(Dy x))/(z—1) Sp(R(Dyx)) = Sp(Dy x). Finally, the derived functor f,
can be computed via a Godement resolution of its argument. Restricting the Godement
resolution of a sheaf F over the Rees algebra to z = 1 reproduces the Godement
resolution for F/(z — 1).F.

To show (iii) let T be the z-torsion submodule of H'(fR(R(M))). The module
H'(fR(R(M)))/T is z-torsion free and hence is the Rees module of some good
filtration on
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H' (S ROOD/T/ (o — 1) (FR(RM))/T)
By the above, the latter module is isomorphic to
H SR/ — )RRy = H (Jo(ROM/ @ = DROMD)))
= H'(fuM).
O

Proof of Proposition 4.2 As the statement is local on Y, one can assume that M has a
good filtration F,.

Define a functor f&': Mod (gr Dxy) — Mod(gr Dy) by & = W% O ,o}. One
sees that

supp H' (f& gr M) S @ (p' Ch M).
The remainder of the proof consists of comparing the support of gr( f,.,M) with that
of f& (gr M). We will do so by interpolating with the help of the Rees construction.
As Hi( f,R(R(M))) is coherent, the sequence of submodules given by the kernel
of multiplication by z/ (locally) stabilizes. Thus we can assume that the z-torsion
submodule of H'( f.R (R(M))) is given by ker z* for some fixed £.
We will denote by grjyy M = @y FxM/Fy—¢M the grading with step £. One

defines the functor f, for gry Dx-modules in the same manner as for Dx-modules.
It follows from Lemma 4.3(iii) that

g H (foM) = RCH' (FoM)/ £ R(HT (£ M)

is a quotient of H'(fRR(M))/z"H' (fRR(M)). The exact sequence

. L .
o H' (fERM)) S HI(FERM)) — H (fo(RIM)/Z"RM))) — -
implies that in turn H'(fRR(M))/z*H (fRR(M)) is a submodule of
H'(fo gryg M) = H' (fo(RIM) /2" R(M))).

Thus gr(y Hi(foM)isa griy; Dy-subquotient of Hi(f, gryep M).
We filter grj,) Dx by the finite filtration

GjeryDx = @ Fiij—¢Dx/Fr—¢Dx, 0=<j <UL
k

Similarly, we have finite G-filtrations on gr(;; Dx-modules. One notes that ar¢ grﬁ] =
grf Dy [u]/u® with u in G-degree 1. Thus given a coherent grig; Dx-module, its graded
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module with respect to any G-filtration is gr Dy [u]/u’-coherent and hence also gr Dy -
coherent. Further, its support does not depend on the choice of G-filtration.
The G-filtration induces a finite spectral sequence with E»-term

H(fE @ gilyy M) = B (f& @ Mlul/®) = H (FE M)

converging to gr® H' (f, gr[];] M) for some suitable G-filtration. Hence the support
of gr® HJ(f, gr{};] M) is contained in supp Hi(f.‘gr/\/l) Coy (,OJT1 Ch M).

The G-filtration on H'(fe grj;; M) induces a G-filtration on the subquotient
grie H' (foM). Thus the support of gr€ grfy H' (foM) = (grf H' (foM))" is con-
tained in the support of gr® H/(f, gr[@] M) and hence in w ¢ (,OJT1 Ch M). Therefore,
so is the characteristic variety of H' (fe M). O

4.2 Some reduction steps

For classical D-modules, Theorem 4.1 follows from Proposition 4.2 together with a
result from symplectic geometry. As the logarithmic cotangent bundle does not have
a natural symplectic structure, we need some further reductions steps to deal with
the logarithmic situation. The idea is to reduce to a situation with no interesting log
structure.

Lemma4.4 Leti: Z — X be the inclusion of (a component of) a closed log stratum,
endowed with the induced idealized log structure. Let M = Dx ®p, G for some
G € Coh(Oy) with Dx-module structure given by left multiplication. Then,

iI'MZ 0y 80, Dz ®0y ity e @x ®0x 9).
Proof of Proposition 4.2 1In this situation one has i*Dy = Dy and i*wy = wyz. Thus,

i'M =Hom; 1p (Dx<z, i ' (Dx ®0y 9))
= Hom; 10, (i "'oY ®-10, wz, i 'Dx ®;-10, i 'G)
= Hom; 10, (i*wx, i 'ox ®-10, i 'Dx ®;-10, i ')
= Hom; 10, (07 ®;-10, i 'ox, i 'ox ®-10, i 'Dx ®;-10, i G)

i_la& ®i-104 i_l'DX ®i-10y Homi—lox(oz, i_la)x ®i-10y i_lg)

12

12

wyz ®0, Dz ®0, ib-mod(wx ®0y 9)-
O

Lemma4.5 Let X and Y be smooth idealized log varieties with X proper. Let f: X X
Y — Y be the projection and let i : Z < Y be the inclusion of (a component of) a
closed log stratum (endowed with the induced idealized log structure). Consider the
cartesian diagram
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XxZ -3 XxY
vou

Z ——Y

Assume that M € Dgoh(DXXy) admits locally on Y a good filtration. Then there

exists a canonical isomorphism
fol'M St fuM.
Proof By adjunction we get a morphism
foi! = Yo ful' = i fulal' — i f. (©6)

The question whether this is an isomorphism is local. Hence by the Way-Out Lemma
it suffices to show that it is an isomorphism when applied to M = Dxyy ®o, G
for some O-coherent sheaf G. Then, using Lemma 4.4 and base change for coherent
O-modules, one computes

fol' (Dxxy ®0y §) = Dz ®0, 0y ®0, fe(@xxz ®Dy.y i'Pxxy ®0y,y )
=Dy ®0, wy Q0, f*(i!o_mod(wxw ®0xyy 9))
=Dy ®0, 0% ®0, it mod(fe@xxy ®0y,, D)
=i fo(Dxxy ®0xy 9)-

m}

Lemma4.6 Leti: Z — X be the inclusion of (a component of) a closed log stratum,
endowed with the induced idealized log structure. Then for any M € Dgoh (Dx) the
restriction i* M is holonomic if and only if logdim Ch(M)|z = logdim X.

Proof One notes that in this situation Dy .z = Dz = Dy ®i-10y Oyz. Hence,

ii' Dy F = i,Hom, 1p, (Dx—z, i~ (Homp (M, Dx ®0y 1x) ®0y ®X))
= i,Hom; 10, (Oz. i~ (Homp, (M, Dx ®0, 1x) ®0oy wy))
= Homg, (Oz, Homp (M, Dx oy ix)) @0y ®x
= Homp, (Oz ®ox M. Dx ®0y 1x) @0y Wy
=Dx(0z ®p, M).

Thus the result follows from the fact that duality preserves holonomicity [10, Propo-
sition 3.24] and [10, Lemma 3.17]. O

Assume that the rank of Mip is constant, i.e. X consists of a single log stratum. We
note that if the rank is positive, then such X is always idealized. Then X is necessarily
smooth and by the description of Dy given in Proposition 2.1 n = dim X, so that Dy
naturally sits inside of Dy.
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Lemma 4.7 Let X be a smooth idealized log variety and assume that the rank ofﬁip is
constant. Then M € Coh(Dy) is holonomic if and only if it is coherent and holonomic
as a Dx-module.

Proof The question is local, so that we can assume that M has a good filtration and
Dx = Dx[0m;, - .-, Om, |, where the generators d,,, commute with everything.

Let Z be a closed subvariety of X defined by an ideal sheaf 7. We set M(xZ) =
l'i)nm Homy (J™, M). If j: U = X \ Z < X is the inclusion, then M(xZ) is a
subsheaf of j, j* M (indeed in the algebraic setting these two sheaves are the same).
In particular, if M" € M and M|y = M|y then (M/M')(xZ) = 0 and hence
M(xZ) = M'(xZ). Further there is a canonical map M — M (xZ) whose kernel is
supported on Z.

Since in the present situation Dy differs from Dy only by the addition of some
commuting operators which act trivially on O, many results about Dy -modules also
apply to Dy-modules with virtually unchanged proofs. In particular M (xZ) is again
a Dy-module [7, Lemma 1.1], and if M|y is holonomic, the so is M(xZ) by the
second main theorem of [7]. In fact more is true: If M|y is coherent and holonomic
as a Dx-module, then so is M(xZ). Indeed, since we have a global good filtration,
there exists a Dy-coherent submodule which coincides with M on U. By the above
observation, replacing M by this submodule does not change M (xZ).

We further note that in the present situation Kashiwara’s Equivalence holds (with
the usual proof), that is, if Z is smooth and i the inclusion then i, is exact and induces an
equivalence of the category QCoh (D7) with the subcategory of QCoh(Dy) consisting
of modules supported on Z. This equivalence respects coherence and holonomicity,
both as Dy and Dx-modules.

We are now ready to prove the “only if” statement of the lemma by induction on
the dimension of the support of M. If dim supp M = 0 then the result is just an
application of Kashiwara’s equivalence.

Set Z = supp M and let Zg be the singular locus of Z. Assume that we have shown
that M|x\z, is Dz\ z,-coherent and holonomic. Then M(xZy) is Dx-coherent and
holonomic, and the cone of the morphism M — M (xZ) is Dx-coherent, holonomic
and supported on Zy. We are thus done by induction.

Hence we can assume that Z is nonsingular and apply Kashiwara’s equivalence to
replace X by Z. Then there exists a divisor D such that M|x\ p is Ox-coherent and
thus certainly Dy -coherent and holonomic. Taking the cone of the map M — M (xD)
we reduce to a module supported on D and apply induction.

The proof of the other implication proceeds in a similar manner. O

4.3 Proof of Theorem 4.1

We factor f into a closed immersion X < P x Y followed by a projection P" x Y —
Y, where we endow P" with the trivial log structure.

Ifi: Z — X is any closed immersion such that i "My — M is injective, then
the fibers of p: T*X|z — T*Z have at most dimension dim X — dim Z (they may
be empty). Hence Proposition 4.2 shows that i, preserves holonomicity.
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Letnew p: P" x Y — Y be the projection. By Lemma 4.6 it suffices to check that
the !-pullback of p, M to each log stratum is holonomic. The statement is local on Y,
so that using Lemma 4.5, we can thus assume that Y consists of a single log stratum.
But then holonomicity as Dy-modules coincides with holonomicity as Dy-modules
by Lemma 4.7, so that the statement is classical. O

5 Sheaves on the Kato-Nakayama space

Let X be an analytic log variety. Following [8] the logarithmic de Rham functor should
take values in sheaves on the so-called Kato—Nakayama space X]og. Recall that as a set
Xlog is defined to be all pairs (x, o), withx € Xando: Mx , — S la homomorphism
of monoids fitting into the commutative diagram

My, -2+ §!

1

* x* *
Oy, — C~

We referto [8, Section 1] and [16, Section V.1.2] for details. If X is a smooth (idealized)
log variety, X)og has the structure of a topological manifold with boundary whose
interior is identified with X* = X \ X' (resp. a topological (S')¢-bundle over X \ X!
in the idealized case, where e is the generic rank of M‘gp). We let 7x : Xjog — X be
the projection. It is proper with and its fibers 7 !(x) have a structure of a torsor under

=58P 1y ~ (oI\ikMY
the real torus Hom(My , §7) = (§7)" " X,
If X is classically smooth and the log structure on X is given by a simple normal
crossings divisor D, then Xog is the real blowup of X along D.

5.1 Graded topological spaces

The de Rham functor will send D-modules to certain graded sheaves on the Kato—
Nakayama space. A theory of such graded sheaves was developed in [9]. In order to
fix notation, we give a brief overview of the basic definitions of this theory.

Thus in this subsection X will denote be a topological space, which we will always
assume to be locally compact and Hausdorff. We fix a commutative noetherian base
ring k. A graded topological space (X, A) consists of a topological space X together
with a sheaf of abelian groups A on X. A morphism of graded topological spaces
(X, Ax) — (Y, Ay) consists of a pair (f, f°), where f: X — Y is a continuous
map and f”: f~'Ay — Ay is a morphism of sheaves of abelian groups.

A (A-graded) presheaf F on (X, A) assigns to each open subset U of X a A(U)-
graded k-module F(U) together with a restriction map p‘(f for each open inclusion
V C U such that p%,](f(U);L) C F(V)y), forall A € A(U). For any A € A(X) we
write F; for the ordinary presheaf U +— F(U),,,, and F(A) for the graded presheaf
with F(A)(U), = F(U)yy+u- A A-graded presheaf F is called a (A-graded) sheaf
if for each open subset U of X and each A € A(U) the ordinary presheaf (F|y)a
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is a sheaf. Morphism of graded (pre-) sheaves are defined in the obvious way by the
requirement to be preserve the grading on each open subset.

Let f: (X, Ax) — (Y, Ay) be a morphism of graded topological spaces. One
defines an adjoint pair of functors between the corresponding categories of graded
sheaves as follows. The functor

fa' Sh(Y, Ay) — Sh(X, Ax)
is given by
T, fg' Fl=(seTW, f7'F): fP(degs) =1), A e Ax().
Its right adjoint
farx: Sh(X, Ax) — Sh(Y, Ay)
is defined as

(V. fasP)p =TTV, F . € Ay(V) = fTIAY (V).

This theory can be further enhanced by adding a sheaf of rings so that a ringed graded
space is a triple (X, A, R) such that (X, A) is a graded topological space and R
is a A-graded sheaf of k-algebras. A morphism of graded ringed topological spaces
(X,Ax,Rx) — (Y, Ay, Ry) is atriple (f, f°, f*) where (f, f°) is a morphism
of graded topological spaces and f*: fg;lRy — Ryx is morphism of A x-graded
sheaves of k-algebras. Such a morphism is called strict if f” and f* are isomorphisms.
(A-graded) sheaves of R-modules are defined in the obvious way.

The functor f; « immediately upgrades to a functor of graded sheaves of modules.
Its left adjoint is

fi:Sh(Y, Ay, Ry) = Sh(Y, Ax,Rx)., Fr> fg;1f®fg;lm Rx.

Besides fgr,« one also has the direct image with proper supports fy1F, which is the
subsheaf of fy «F with sections

LU, foa 1P = {s € F(f_lU,]-')fb(m 2 f: supps — Uis proper}.

The main result of [9] is an extension of Poincaré—Verdier duality to ringed grades
spaces, stating that on the level of derived categories fyr,1 has a right adjoint fg!r. Let
p: (X, A, R) — (pt, 0, k) be the canonical morphism. When k is a field one calls
pérk the dualizing complex of (X, A, R).
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5.2 Thering (C}?g and modules over it

To classify arbitrary log connections (or Dyx-modules) it is not sufficient to consider
sheaves of C-modules on Xjog. For this reason Ogus [17] introduced a graded sheaf
of rings on Xjo; whose definition we will recall now. Set A = C ® ﬁip. By abuse of
notation we will also write A for the pullback 7, "A. Let Kx be the sheaf of ideals
defining the idealized structure of X. (The reader not interested in the idealized setting
may assume Ky to be zero.) The sheaf (Cl;(’g is defined to be the pullback by tx of the
quotient of the sheaf of monoid algebras C[—M x| by the ideal generated by —Kx.
The inclusion My — A gives (Cl;()g the structure of a A-graded sheaf of rings. We
write Mod ((Cl;()g) for the category of A-graded sheaves of (Cl;;g-modules and DP (Cl}?g)

for its bounded derived category. Ogus further defines the subcategory Lé})h (Cl;()g) of

coherent (Cl;()g—modules [17, Definition 3.2.4], which are the correct analogue of local
systems in this setting. He then proves that this category is equivalent to the category
of logarithmic connections on X [17, Theorem 3.4.2], where a logarithmic connection
is just an Ox-coherent Dy-module.

A morphism f: X — Y of analytic log varieties induces a morphism of ringed
graded topological spaces flog: Xiog —> Yiog fitting into the commutative diagram

flog
Xlog — Y]og

v o
X —f> Y.

If f is strict then this diagram is cartesian.

The image of the logarithmic de Rham functor will not be arbitrary sheaves of
(Cl)?g—modules. As in [17], we will impose a monodromy condition along the fibers
of tx. For this we note that for any point x € X the logarithmic inertia group I, =
Hom(M%})’ «» 2miZ) is canonically identified with the fundamental group of 7, ! (x).

For any x € X there exists a natural pairing (—, —): I, ® Ay —> C.If m € M%ﬁx,
then exp(—, m) = 1.

We write Mod, ((Cl;()g ) for the full subcategory of Mod (Cl;()g) consisting of sheaves
which are locally constant along fibers of tx. The inclusion Mod, ((Cl;gg) —
Mod((Cl;;g) has a right adjoint W* given by associating to any sheaf F the largest
subsheaf of F contained in Mod, (Cl;()g ).

For any F € Mod, ((Cl)?g) and any point z of X}, there is a natural action p of I;(;)
on the stalk of F at z. Using this action we let Mod A((Cl;;g) be the full subcategory

of Mod, ((Cl;()g) consisting of sheaves F such that for each z € Xjog, ¥ € Iry(;) and
A € A, the action of p, — exp(y, A) on F; ; is locally nilpotent, that is for any
s € F, ; there exists a positive integer N such that (o, — exp(y, ANNs = 0. The
inclusion Mod ; (Cv%) — Mod, (C'2%) has aright adjoint W whichis explicitly given
by associating to a sheaf F the subsheaf W2 (F) whose sections over U consist of all
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those sections s € F(U);, such that for each point z € U the action of p, —exp(y, A)
on s, is nilpotent. Set

W =" o W' : Mod(C%%) — Mod, (CL2).

Let p: Xjo; — ptbethe natural map to the (ungraded) point. The dualizing complex
of Db((Cl)?g) is DXy = p!ng In order to describe this complex, we need to introduce
some additional notation: Let X’j‘ be the irreducible components of X*. Each X]j‘
is a smooth idealized log space and the inclusion X k" X induces a map on the
corresponding Kato—Nakayama spaces, and in partlcular a morphism (Clog — Clog

Set

X:+d1m X

D’:@(Cl"g . —dimX <i<0

and define differentials D' — D'*! coming from the inclusions of the components
of Xi+dimX+1into those of X' t4mX with appropriate alternating signs.

Proposition 5.1 Let X be a smooth analytic log variety. The dualizing complex wx,, is
concentrated in cohomological degree — dim X. Further, there exists a isomorphism

W(wxp[— dim X]) = (D™ 4" — . — D)

in D° ((Cl)?g) (where D~ 9™ X s in cohomological degree 0).

Proof We use the approach of [9, Remark 5.8].

As noted above, Xjog is a topological manifold with boundary. Let j: X* — X
be the inclusion of the interior. Then the dualizing complex of X as an ordinary
topological space is jiCx+[dim X].

Ifr: (Xyog, A, (Cl)?g) — (Xjog, 0, Cx) is the canonical map, we have forany A € A

(@) = Tge. s Homtoe (CyE(2), 7y (jiCixo)) i X]

= Homg (Y%, jiCx+)[dim X1, (7

where we note that the functors 7y, , and ji are exact.

For each A € A there exists an open subset V, such that (C X = =1i,,Cy,, where i)
is the inclusion of Vj into Xjo.. Let further j, be the inclusion of X* into V.. Then
from (7) one obtains

(@xXpoe)r = i il iCldim X1 = i_; 4 j;  Cx+[dim X].

It follows from [17, Theorem 3.1.2] that i, _, is exact. Hence DX 10 is concentrated in
cohomological degree —dim X.
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One notes that for any point x of X, if (wx,,)x is locally constant on 7y 1(x),

then it has to be actually constant on 7, '(x). Thus for A ¢ M%}) one necessarily has
‘I’(wxlog)x = jiCx+ (i.e. the global sections vanish).

To give the required identification of \IJ(a)Xlog) we can assume that X is an affine
toric variety. Let v be the vertex of X. Let X!, ... X ,ll be the irreducible components of
X'andletAq, ..., A, be the corresponding C-vector space bases of A(X) (note that
this is in general not a Z-basis of Mip’v). Write & = ) a;;. If there exists some o;
witch is not a negative integer then either . = 0 (in which case \I’(a)xmg) = jiCx«)or
X*CV_, C Xog. In the latter case i 4 j_»,1Cxx is not locally constant on r;l (v).

It follows that W (wx,,,) is isomorphic to the kernel of (Cl;()g — D, (Cl;]g (where the

components X 1.1 are endowed with the induced idealized structure). One easily checks
that the complex D~ 4mX . DO js exact everywhere else. O

As we alluded to earlier, the logarithmic de Rham functor will have image in
Dt}\ (Cl;;g), the full subcategory of Db((Cl;;g) consisting of objects with cohomology
sheaves in Mod 5 ((Cl;()g).

Definition 5.2 Assume X is a smooth log variety. The dualizing complex of Dl[’\ ((Cl;()g )
is

5X10g = lll(leog)'
This makes sense by Proposition 5.1 and we have an isomorphism
By, = (DMK — . D) (®)

with D° in cohomological degree 0.

5.3 O-and D-modules on Xjoq

In order to define the logarithmic de Rham functor, one needs to enhance the pull
back of the structure sheaf Oy to X, with additional sections. For this, Kato and
Nakayama defined the sheaf Ol)z)g [8, Section 3], which was then further enlarged by
Ogus to the sheaf @;?g [17, Section 3.3]. The sheaf of rings (;)1;;; is A-graded with the
subsheaf (’)l;()g sitting in degree 0. It is contained in Mod ((Cl;()g).

We will not recall the exact definitions here. Intuitively, if the log structure on X is
given by a normal crossings divisor zj - - - z¢ = 0, then Ol;g should be thought of as
formally adding the logarithms log z;, while (7)1;()«; formally adds the powers z¥, o € C
in degree (0, ..., a,...,0). If X is a smooth log variety then @?g| x* 1s canonically
identified with Oxx.

For any Ox-module F we set

T F = @?g ®-10, T\ F.
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Alog . _ . )
Lemma 5.3 The sheaf (’);g is flat over t='Ox. In particular, T* is exact.

Proof Flatness can be checked on stalks. Thus the statement follows from [17, Propo-
sition 3.3.5]. O

Let f: X — Y be a morphism of smooth idealized analytic log varieties. Then
there is a commutative diagram of ringed graded spaces.

Al fiog Al
(Xloga AX7 O;()g) —£> (Ylog, AY’ OYOg)

[
(X,0,0x5) —L 5 (v,0,0y)

If f is strict then this diagram is a cartesian square. Recall from [9, Definition 2.9]
that a morphism f of graded topological spaces induces a pushforward functor fgr .
on graded sheaves. We will need the following theorem from [4].

Theorem 5.4 [4, Theorem 2.3.4] Let f: X — Y be aproper morphism of log analytic
spaces such that the morphism of characteristics f~ M5 y & M Xp is injective with
torsion free cokernel. Then for any F € D°(Oyx) the natural isomorphism

s *
ty [+F = fiogarsTxF
induced by (T*, Tgr «)-adjunction is an isomorphism.

Following Ogus, we set fz’*“’g =1 /\i Qy). It is a sheaf of (’jl)?g-modules and
admits a de Rham differential d: Q' Jlog Q’XH’log . The corresponding complex

(Q*'°2_ d) is quasi-isomorphic to ng [17, Proposition 3.3.1].
In analogy to [10, Section 3.1.1] and using the formulas given in [17, Proposi-
tion 3.3.1] we define a sheaf of rings ﬁl)?g on Xjog With generators @l)(()g and 77! (®x).

Clearly @I;()g has a natural structure of (left) ﬁl)?g—module. Thus if M is a Dx-module,
%M has an induced ﬁl)?g-module structure. Similarly, if N is a right Dx-module,
*N is a right ﬁ?g-module. In particular 7*Dy is canonically isomorphic to ﬁl)?g as

~log .. . .
a D;g—blmodule and we have an isomorphism
~ o —1
TMEDE Q@ -ip, T M.

Lemma 5.5 For any Dx-modules M and N in Dgc (Dx) there is a canonical isomor-

phisms of f)];()g-modules
™M ® Hloe TN Z " (M ®0, N)
X
and if M is Ox-coherent a canonical isomorphism

T>kI_IO_IHOX (M5 N) = I_I()_m(élog(f*./\/l, T*N)v
X
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where the D'¢-structure on the left hand sides is defined as in Proposition 2.5. In
particular, T*(wy) = T (wx)".

Proof For the tensor product one easily checks the equivalence for the underived
functors. The derived statement follows as 7* is exact and preserves flatness.
To obtain the statement for Hom it remains to check that the map

v 'Homp, (M, N) — Hom, -1, (7'M, 77N

is an isomorphism. This can be proved locally, so that we can replace M by a free
resolution consisting of finite rank modules. Hence we are reduced to the case M =
Ox where the statement is trivial. ]

Corollary 5.6 One has the following locally free resolutions of the left ﬁ?g-module
@g?g and the right ﬁl)?g—module *wy:

logdim X 0
=1 =1 Al
0 DYE@g0  \ T7Ox = - = Dy @z \ 77 Ox — OXF - 0,
X

OX
C))

~0,log ~log ~logdim X,log ~log
0— Qy ®@1§ng - > Qy ®@1;(>ng — t*wy — 0. (10)

Proof As t* is exact this follows from Corollary 2.8 by Lemma 5.5. O
For a D'°¢-module M we set

~1 =
D;?gM = Homﬁ;g(M, D;})g ®@1;(>g ™" ux) ®@1;(>g T*(CU)V()-

Lemma 5.7 There exists a natural isomorphism of functors on Dgoh (Dx)
¥ oDy = D% o 7.
In particular, for any M € D'C’Oh(DX) there exists a canonical isomorphism D¢ o
D2 (t* M) = ¥ M.
b

coh

Proof By Lemma 5.5, it suffices to prove that for any M € D?  (Dy) there exists a

canonical isomorphism of right ﬁl)?g—modules
~ ~lo
t*HomDX (M, Dx ®py 1x) = Homﬁ;(,g (t* M, ng ®@1)?g ™ ux).
There is a canonical morphism

" _
t*HOmDX (M, Dx Qoy 1x) = D)?g Qr-1py T liHom'Dx (M, Dx @0y ix)
~1 — —
— Dy* ®,-1p, Hom -1 (7'M, 171 (Dx ®0y 1x))
= HomleX(t_lM, 7*(Dx ®0oy 1x))

~ * ~log *
= Homﬁ;g(r M, Dy ®@1;g T UxX).
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It remains to show that this morphism is an isomorphism. This question is local and
we can assume that M has a resolution by free Dx-modules. Thus we are reduced to
showing the statement for M = Dy which follows immediately from Lemma 5.5.

O

6 The de Rham functor

Definition 6.1 Let X be a smooth idealized analytic log variety. One defines the (log-
arithmic) de Rham functor DR : D°(Dy) — D'j‘\ ((Cl;()g) by

M= T 0x ®fi T M.

If X is a smooth idealized algebraic log variety, one sets ﬁlix M) = ﬁﬁxan (M.

By Corollary 5.6 the logarithmic de Rham functor is equivalent to
DRy (M) = Q3¢ ® iz T Millogdim X].

Lemma 6.2 With the notation of [17, Definition 3.4.1], lﬁxj\/l is isomorphic to
Vx (M)[logdim X] for any Ox-coherent Dx-module M. In other words up to a shift

DRy induces Ogus’s Riemann—Hilbert correspondence between logarithmic connec-

tions and the category LCoh (Cl;()g).

Proof This is just the statement of [17, Theorem 3.4.2 3(b)]. ]

Lemma 6.3 For M ¢ Dcoh (Dx) there exists a canonical isomorphism

DR x (M) = Hom 50 (D%, 7 M)[logdim X].
X

Proof As Homﬁ;g((’j];;g, M) = Homﬁl}?g (@;?g, ﬁl)?g) ®@;g T* M it suffices to
show the existence of the isomorphism for M = Dy. The result now follows from a
computation using Corollary 5.6. O

Proposition 6.4 Assume that f: X — Y is a proper morphism of smooth analytic
log spaces such that the induced map on characteristics f~ 1M My Y Is injective
with torsion free cokernel. Then there exists a canonical lsomorphtsm

ﬁy 0 fo = flog,gr,x © ]Slix.
Proof To start, note that by Theorem 5.4
DRy (foM) = Twy ®poe 7} fu(Dyx @Dy M)

= T;la)y ®r;lDy T;f*(DYeX Dy M)

~ _—1
=~ IY wy ®t;1Dy flog,gr,*T;((DY*X ®DX M)
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As f is proper, so is fiog. Hence by the projection formula for graded spaces [9,
Proposition 4.13] the above is isomorphic to

“1_—1
flog,gr,*(f]og Ty @y ®f];glfy_lDY T;(D)%—X RDpy M))

~ —1 -1 -1 *
= flog,gr,*(fx f wy ®‘[;lf_l’Dy TX DY(_X ®T;1,DX TxM).

As in the classical setting, one has a canonical isomorphism f “loy® 1Dy Dy x =
wy . Hence the above isomorphic to

flog,gr-,*(f)?le O -1py TxM)) = ﬁog,gr,*(ﬁﬁX(M))-

6.1 Finiteness

Write Dl} (Cl;()g) for the subcategory of Db ((Cl;(’g ) consisting of all F such that for all
X € Xjog the stalk F is finitely generated over (Cl;(jgx.

Theorem 6.5 Let X be a smooth idealized log variety and let M € DE(DX). Then
DR(M) € D%(Cy®).

In the following, D" is an n-dimensional polydisk with the trivial log structure.

Lemma 6.6 Let X be a smooth idealized analytic log variety. Let Z be a divisor and fix
apoint x € Z. Let X* be the smallest closed log stratum with x € X* and assume that
X* N Z is contained in a divisor of X*. Then there exists a smooth analytic idealized
log variety X' and locally around x an isomorphism X = X' x D' such that the
restriction of the projection X — X' to Z is finite.

Proof Set d = dim X. By [16, Corollary 1V.3.3.4], locally at x we can assume that
X is of the form ¥ x D% for some k-dimensional idealized log variety ¥ such
that X¥ = Y* x D?* Set Z = X* N Z. Then, using the WeierstraB Preparation
Theorem, locally around x there exists an identification Xk ~ X' x D! with X’
(classically) smooth such that the restriction of the projection X¥ — X’ to Z is
finite. Set X’ = ¥ x X’ and let p be the projection X = X’ x D' — X’. Then by
upper semicontinuity for a small enough neighborhood of x the restriction of p to Z
is finite. O

Lemma 6.7 Let A be an abelian group, R a A-graded ring and M a A-graded R-
module. For a subgroup A" C A write R’ for the A’'-graded subring of R generated
by the homogeneous elements of R with degrees in A'. Analogously, let M' be the
submodule of M generated by homogeneous elements of M with degree in A’. If M is
finitely generated as an R-module, then M’ is finitely generated as an R'-module.
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Proof Let¢: R — R’ and ¢ : M — M’ be the projection maps. Then for r € R and
m € M’ C M one has ¢ (rm) = ¢ (r)m.

Assume for contradiction that M’ is not finitely generated. Then there exists an infi-
nite sequence mi, my, ... in M’ such that the submodules M, = (my, ..., m,) form
an infinite asscending sequence. On the other hand, as M is finitely generated, there
must exist an index N such that RM}, = RMZ’VJrl = .... Thus, for any n > N there
exists r; € R with m,, = Z,N:1 rim;. But then also m, = ¥ (m,) = vazlqb(ri)m,-
and the sequence M), stabilizes. O

We call a sheaf 7 € Mod ((Cl;()g) poorly constructible if there exists a stratifica-
tion Xjog = | ], Xo by subanalytic subsets such that all restrictions Alx,, Clog| X,

and F|y, are locally constant as ordinary sheaves. A complex in D® ((Cl;()g ) is poorly
constructible if all its cohomology sheaves are.

Lemma 6.8 Let f: X — Y be aproper morphism of log varieties and assume that the
induced map f _1M%p — Mip is injective. Let F € DP (Cl;()g) be poorly constructible
and assume that for each x € Xiog the stalk F is finitely generated over (Cl;(’gx. Then

foreach y € Yiog the stalk (fiog,gr,«F)y is finitely generated over (Cl)?‘gy.

Proof Let Z = (Xiog, f~ Ay, f'Cy®), and let g: Xjog — Z and h: Z — Yioq be
the induced maps. Then the fact that & preserves finite generation of stalks is classical
upon base-changing to a point y € Yjog, while for g it follows from Lemma 6.7. O

Proof of Theorem 6.5 1t clearly suffices to prove the theorem in the case that X is

analytic. As T*wx has a finite length projective resolution over ﬁl)?g, DRy respects
the boundedness condition of the derived categories. We have to show that all stalks
of DR x (M) are finitely generated.

It clearly suffices to show the statement for M in the abelian category Hol(Dy).
We induct on the dimension of X. If dim X = 0, then M is necessarily Ox-coherent
and the statement is an immediate consequence of [17, Theorem 3.4.2]. Thus assume
that the theorem holds for all smooth idealized analytic log varieties of dimension
strictly less that dim X.

As M is holonomic, logdim Ch(M) = logdim X and hence generically Ch(M) is
contained in the zero section of 7*X. Thus there exists a divisor Z of X such that M
is an integrable connection away from Z. As M is holonomic, so are the restrictions to
log strata, and hence by [10, Lemma 3.17] the restrictions Ch(M) |y« are generically
contained in the zero section. Thus Z N X* has at least codimension 1 in X*.

Let now x € X be any point. If x ¢ Z, then M is an integrable connection in a
neighborhood of x and hence for points of Xjoe lying over x the statement follows
from [17, Theorem 3.4.2]. Otherwise by Lemma 6.6, there exists a smooth analytic
idealized log variety X’ with dim X’ = dim X — 1 such that locally X = X’ x D' and
the restriction of the projection X — X’ to Z is finite. Shrinking X if necessary, we
can assume that M has a global good filtration.

As p|z is finite, there exists a radius 0 < r < 1 such that {x} x {z : |z| = r} does
not intersect Z. Thus by shrinking X’ and D! if necessary we can assume that the

) —i .
closure of Z in X’ x D does not intersect X’ x D!,
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It follows that (X’ x D)\ Z is aretraction of (X’ x C)\ Z ina way that is compatible
with the log structure. Hence [ 17, Theorem 3.4.2] implies that the integrable connection
M p1\z can be extended to an integrable connection on (X’ x C)\ Z. As this keeps
M unchanged in a neighborhood of Z, this gives an extension of M to a holonomic
D-module on X’ x C. Shrinking X’ if necessary we can extend M to a coherent
D-module on X’ x P!, where we give P! the log structure defined by just the point
at infinity. Using [10, Lemma 3.18], we can further assume that Ch(M)|x’ (0} is
contained in the zero section.

To summarize, we can assume that we are in the following situation: M is a holo-
nomic D-module on X = X’ x P! (with the log structure of P! as above) with a global
good filtration and there exists a divisor Z of X, not intersecting X’ x {oo}, such that
the restriction of M to U = X \ Z is an integrable connection and the restriction of
the projection p: X — X’ to Z is finite.

LetU = Ty "(U)and Z = =1 (Z) be the ringed graded topological spaces obtained
by restricting the structure of (Xog, A, (Cl;()g) (i.e. as topological spaces these are Ulog,
resp. Zjog, but the latter is potentially endowed with a different sheaf of rings). In
particular the restriction of the map piog: Xiog — X ¢ log O 7 is finite and strict. Write
j: U— Xiog and i : 7 — Xiog for the inclusions. Set 7 = ﬁX(M).

We obtain a distinguished triangle (see [9, Lemma 4.12])

Jertig F = F = igriig! F.
Applying piog.gr.x = Plog.gr,! this becomes
(Plog © j)gr,!jg_rlj’-"—> Plog,er,+F — (Plog oi)gr,!ig_rl]-“, (11

Since U is open, we have j, Ik = ls\liy (Flu), which has finitely generated stalks

by [17, Theorem 3.4.2]. As Zisa subanalytic subset of X|o, it follows that jg; 1 jg_rl}“
is poorly constructible and has finitely generated stalks. Thus by Lemma 6.8 (piog ©
Per,! jg’rl}' also has finitely generated stalks.

Further, since p is a proper projection, Proposition 6.4 implies that

Plog,gr,*]: = plog,gr,*ﬁx’xpl (M) = f)\liX’ (P-M)-

As M, and hence also p,. M, is holonomic (Theorem 4.1), by the induction hypothesis
Dlog,er,+F has finitely generated stalks. Thus from the triangle (11) one sees that so
has (piog 0 i )gr,gig_r]}" . As piog 0 i is strict and finite, one sees immediately by base
changing to a point that ig’rl}' = ig’r]ﬁ x (M) also has finitely generated stalks. So
in particular this is true for any points lying over x. O
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6.2 Duality

As in Definition 5.2 we let @y,,, = ¥ (wx,,) be the dualizing complex of Db (Cy%).
The corresponding duality functor is

IDXlog = I_IO_mCI}‘(’g (_v a)Xlog)'

Lemma 6.9 Let X be a smooth idealized analytic log variety. There exists a canonical
morphism

ﬁx (e} ]D)X — ﬁxlog Oﬁx

of functors from D (Dx) to Dl,)\ (Cl;()g)-

coh

Proof As Lemma 3.18 also holds for ﬁl)?g-modules, for any M € Dtc’oh(DX) there
exists a canonical isomorphism

DRy (Dx M) = T*wx @z T*(Dx M)
X
~ <
~ *wy ®,§l}({)g ]D);(’g-;;*M
>~ Homﬁ;g(r*/\/l, ™ uyx).

Thus it suffices to construct a morphism HOHl,Z'jlog (T*M, t*uyx) — ﬁxlogﬁx (M).
X

As noted before, the kernel of the differential @fg — Q;bg is identified with
(Cl)?g . This is by definition the same as the center of 231;‘%, so that the category of
ﬁl)?g—modules is enriched in (Cl;()g—modules. Consider the canonical morphism

Al Al
Homﬁ;g((’)}?g, M) ®Cl§g Homﬁ;{)g(t*/\/t, ™ ux) = Homﬁ;g((’);g, ™ ux).
By Lemma 6.3 this gives a morphism

]S\EX(M) ®(C]og Homﬁlng(T*M, T*/,,LX) e ]S\I-ix(/.l/x)
X X

By Lemma 6.2, DRy is exact on integrable connections. Thus Corollary 3.9 and
Proposition 5.1 imply that DR x (;tx) isomorphic to the dualizing complex 5X10g of

Dt}\ ((Cl;()g). Hence one obtains a morphism
Homﬁu;;g(r*/\/l, ™ uyx) — Homd((,g(lf)\l/{x(/\/l), ZF)xlog) = ﬁxlogﬁ{x(M).

O

Theorem 6.10 Let X be a smooth idealized log variety and let M € DE (Dx). Then
the canonical morphism DRy o Dx (M) — D Xiog © DRy (M) is an isomorphism.
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Proof As in the classical situation, taking duality commutes with analytification.
Hence it suffices to prove the theorem for analytic log varieties. Then, as in the proof
of Theorem 6.5, one uses induction to reduce to the case of an integrable connection,
which is treated in the following lemma. O

Lemma6.11 Let X be a smooth idealized analytic log variety and let M be an
igtegrabig/ connection on X Then the canonical morphism DRy o Dx (M) —
Dyx,,, © DRx (M) is an isomorphism.

Proof Set F = ﬁli(/\/l). Then by [17, Theorem 3.4.2.3a], there is a natural identifi-
cation T* M = @l)?g ® log JF and hence
X

~ Al
Hom s ("M, *11x) = Homgioe (Ox* @ clox F, 7" 11x)

~ Al ~
= Homcl;(,g(]-", Homﬁ;g((?;g, ™ uy)) = ]D)xlog]-".

7 V-filtration and grading

Let X be a classically smooth complex variety and D a smooth divisor on X. Let J
be the ideal defining D. This data induces a filtration on Dx given by

(ViDx)x = {0 € Dx, : 0T € J: ¥ foralli € Z),

where one sets J! = Ox fori <0.If X = (X, D) is the associated log variety, one
notes that VoDx = Dy. We will always write ¢ for a local equation of D.

We fix a total order on C compatible with the usual order on the real numbers. Let
M be any holonomic Dx-module. Then M has a canonical Kashiwara—Malgrange
V-filtration which we normalize by the requirement that (t% + «) acts nilpotently
on gr, M = Vo M/V_o M. We refer to the classical texts [14,18] for a detailed
introduction to the theory of V-filtrations.

Lemma7.1 If M is a holonomic Dx-module, then Vo, M is a holonomic Dx-module
forany a € C.

Proof By definition, each V, M is Dx-coherent and Vy M| X\ x! is holonomic.

By [14, Corollaire 4.6.3] each gr, M|y is holonomic over Dy: and hence by
Lemma 4.7 also over Dy:. B

Let us first assume that @ < 0. By [10, Lemma 3.17], it suffices to check that each
Ox1 ®9y VoM is Dyi-holonomic. Thent: V, M — V,_1 M is an isomorphism, so
that Ox1 ® 0y VoM is a finite sum of modules of the form gr, M fora —1 < u < a.
Hence it is holonomic.

For the general case fix some o’ < min(0, «). Then V, M is a finite iterated
extension of VM by sheaves of the form gr,, M and hence is holonomic. O
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The A-grading on DR x (M) induces a filtration, which we will also denote by V.
The main theorem of this section is as follows.

Theorem 7.2 Let M be a holonomic Dx-module. Then ﬁx(VaM) = Vy (ﬁxM)
forany a € C = A(X).

Identify the sections of (Clog locally over points of D with C[s] with degs = —1.
Further locally we have O, l0g ~ ;-1 Oxlo](withdego = 0)and @l;()g is obtained from

0'°2 by adding x;, in degree A for all » € C. We note that the inclusion (C];;g c @;’g
identifies s” with t"x_,,.

Lemma 7.3 Let M be any Dx-module. The differentials of the complex DR x (M) are
s-linear.

Proof This is simply a consequence of the fact that s is contained in the center
~log
of Dy O

Lemma7.4 Let M be a holonomic Dx-module, set-theoretically supported on D and
fix o € C. Assume that the minimal polynomial of the action of t% € Dxon Misa
power of (X + «). Then DR x (M) is concentrated in A-degree a.

Proof The question is local, so we use the e descriptions of (C and (’) given above.
Let ¥ be a local section of H*—dimX (DR x (M), represented by a form

Y= Zwﬂﬁg ®xu®a£®mu,g, W0 GQk, my¢ €M

neC
LeN

with d¥(y) = 0, where d*® is the differential of the complex Iﬁix (M). We have to
show that there exists a representative of ¥ which is entirely contained in degree a,
L.e. all of whose terms contain xg.

Since the differential d® of DR x (M) respects the grading, we can assume that yr
is contained in a single degree . Assume that u # o.

Let now ¢ be any (k — 1)-form of A-degree p in ﬁx (M),

¢=Za)2®xu®o[®m/[.
teN

Assume that the differential forms w), do not contain 4, i.e. (12 w,) = 0. Then,

at’
dt a
dk71(¢):ZTAw2®(Mx#®G£®m2+xﬂ®£ahl®m2+xﬂ®oz®t§-m%)
¢

_ ﬂ / ¢ i ’ -1 /
—Z ; ANwy, @ |x, Q0 ®(tat+u)-me+xﬂ®€o Qmy |.
[
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By assumption the operator t% + w is invertible, and hence there exists sections m),
of M such that (tg—t + u) - m/e = my. Thus we can recursively (on £) modify ¥ such

that it does not contain a term containing %
We then easily compute

0 dt ¢ 0 -1 /
[E,d(lﬂ) :ZT/\a)g(@ X, ®0 ®(ta+u)mg+xu®ﬂo @ my |.
L

This has to vanish by assumption. Let £’ be the largest appearing exponent, which exists
as M is holonomic. Then necessarily (t% + w)mg = 0. But this is only possible if
n=a. O

Lemma 7.5 Let M be a holonomic Dx-module. Then ﬁX(VaM) CVy (ﬁx M)
for every o € C.

Proof First consider the case that @ < 0. We assume for contradiction that there
exists a u > o such that DRy (V, M), # 0. Pick a maximal such u. This exists
because VM is Dx-holonomic by Lemma 7.1 and hence ls\lix(Va/\/l) is locally
finitely generated as a (Cl;()g-module by Theorem 6.5.

Since o < 0 multiplication by ¢ induces an isomorphism VoM — V,_; M. Thus
Lemma 7.3 implies that multiplication by s induces an isomorphism

ﬁ{X(VaM)M+1 - ﬁ{X(VaflM)/v

Hence maximality of u implies that DR X Voot M), =0.
The short exact sequence

0= Vot M = VoM — VeM[y, _ pf =0

induces a distinguished triangle of C-modules on Xjoe

DRy (Vo1 M), — DRy (VoM), — DRy (VaM/Va_lM)M.
We have already established that the first term vanishes. We note that the third term
is a finite iterated extension of terms of the form DRy (gr, M) fora —1 < v < a.
Thus, by Lemma 7.4, DR X( VoM / Va_lM) has no degree ;« component and hence
the third term vanishes too. Therefore also DR x (VuM),, = 0 in contradiction to the
assumption.

Now if « is general index, we can pick o’ < min(a, 0). Then V, M is a finite
iterated extension of V,» M by sheaves of the form gr,, M for a’ < pu < a. Hence the
statement follows form the previous case and Lemma 7.4. O

Proof of Theorem 7.2 We already know that DR x(VgM) CV, (]’D\Ii x(M)). Suppose
there exists some @ € C for which this inequality is strict. Then the difference g is in
A-degrees at most a. But by Lemma 7.4 for any ¢’ > o, DR (Vs M) agrees with
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]/)\I/QX(VQM) in A-degrees at most @. Thus G C Va/(ﬁx(M)) \ ﬁx(VarM) for
alla’ > o.

On the other hand, as DR x commutes with colimits, both sides are exhaustive
filtrations of DR x (M), contradicting what was just observed. O
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