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GELFAND-KIRILLOV DIMENSION OF COSEMISIMPLE

HOPF ALGEBRAS

ALEXANDRU CHIRVASITU, CHELSEA WALTON, AND XINGTING WANG

(Communicated by Kailash C. Misra)

Abstract. In this note, we compute the Gelfand-Kirillov dimension of cosemi-
simple Hopf algebras that arise as deformations of a linearly reductive algebraic
group. Our work lies in a purely algebraic setting and generalizes results of
Goodearl-Zhang (2007), of Banica-Vergnioux (2009), and of D’Andrea-Pinzari-
Rossi (2017).

1. Introduction

Let k be an algebraically closed field and all algebraic structures in this note will
be k-linear. Recall from [15] that the Gelfand-Kirillov (GK-)dimension of a finitely
generated, unital algebra A is the growth measure defined by

GKdim A = lim sup
n→∞

log(dimV n)

log n
,

where V is a finite-dimensional generating subspace of A containing 1A; this defi-
nition is independent of the choice of V [15, page 14].

The typical techniques for computing the GK-dimension of an algebra involve
Gröbner basis methods or some other type of algebraic or representation-theoretic
approach. But for the case that we examine here, i.e., when the algebra ad-
mits a well-behaved coalgebra structure, we can compute its GK-dimension using
corepresentation-theoretic methods instead. Namely, given a finitely generated,
cosemisimple Hopf algebra H we consider the invariant (R+(H), dH) used in [3];
here, R+(H) is the Grothendieck semiring for the category of finite-dimensional
H-comodules and dH is the dimension function on R+(H). We first establish that
if H is finitely generated, then its GK-dimension depends only on (R+(H), dH)
(Proposition 2.7). Then, our main result verifies that if H is a deformation of a
linearly reductive group G in the sense that there is an isomorphism between the
two pairs (R+(H), dH) and (R+(G), dG) (Definition 2.1, Remark 2.2), then the GK-
dimension of H equals the dimension of G as an algebraic variety (Theorem 2.9).

Our results are related to the fact if φ : H → H ′ is a morphism of cosemisimple
Hopf algebras that induces a semiring isomorphism φ+ : R+(H)

∼−→ R+(H
′), then
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φ is a Hopf algebra isomorphism; see, e.g., [4, Lemma 5.1]. But we do not require
such a map φ here to get GKdim H = GKdim H ′; instead we just require a map
R+(H)

∼−→ R+(H
′) that preserves dimension.

We introduce necessary terminology and verify the results mentioned above in
Section 2. Then, we discuss in Section 3 how our main theorem compares to
previous results on the growth of cosemisimple Hopf algebras by Goodearl-Zhang
[12], by Banica-Vergnioux [3], and by D’Andrea-Pinzari-Rossi [8]. We also compute
in Section 3 the GK-dimensions of Dubois-Violette and Launer’s and Mrozinski’s
universal quantum groups [11, 17] using Theorem 2.9.

2. Terminology and main result

Throughout this section, let H be a cosemisimple Hopf algebra. We write Ĥ for
the set of isomorphism classes {[Sα]}α of simple H-comodules Sα; sometimes we

abuse notation and write Ĥ for the corresponding index set {α}. Note that {[Sα]}α
is a basis for the Grothendieck ring R(H) as a free abelian group. The trivial H-
comodule will be denoted by 1. We also write ≤⊕ to denote “direct summand of”.
Now we discuss the invariant (R+(H), dH) mentioned in the introduction.

Definition 2.1. The measured Grothendieck semiring ofH is the pair (R+(H), dH)
where

• R+(H) is the Grothendieck semiring of the category of finite-dimensional
H-comodules; and

• dH : R+(H) → N is the k-vector space dimension function on R+(H).

We write (R+, d) if H is understood.
If H ′ is another cosemisimple Hopf algebra, then (R+(H), dH) is isomorphic to

(R+(H
′), dH′) if there is a semiring isomorphism f : R+(H) → R+(H

′) so that

dH([Sα]) = dH′(f([Sα])) for all [Sα] ∈ Ĥ .

Remark 2.2. Recall that the Hopf algebra O(G) of regular functions on an affine
algebraic group G is cosemisimple if and only if G is linearly reductive [1, Sec-
tion 4.6] which in turn is equivalent to G being reductive in characteristic 0 (see,
e.g., [18, Appendix to Chapter 1] and the references therein). We write (R+(G), dG)
for the measured Grothendieck semiring of O(G).

Being cosemisimple, H decomposes as the direct sum of its simple subcoalgebras.
Because we are working over an algebraically closed field, the latter are matrix
coalgebras necessarily of the form M�(k)

∗ for various ranks 0 < � < ∞. In short,
we obtain a decomposition

(2.3) H =
⊕
α∈ ̂H

Cα for Cα
∼= (MdimSα

(k))∗.

Here, there are no multiple copies of any simple subcoalgebra in H in the de-
composition above; see, e.g., [14, Theorem 11.2.13(v)]. If one chooses a subspace
V of H of the form

(2.4) V =
⊕
α∈F

Cα for some finite subindex set F ⊆ Ĥ,

then V n ⊆ H has the following representation-theoretic characterization.

Licensed to Rice Univ. Prepared on Mon Jul 20 00:24:39 EDT 2020 for download from IP 128.42.202.150.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



GK-DIMENSION OF COSEMISIMPLE HOPF ALGEBRAS 4667

Lemma 2.5. Take V to be a subspace of H as in (2.4). Then,

V n =
⊕
β∈Fn

Cβ , where Fn :=

{
β ∈ Ĥ

∣∣∣∣∣ Sβ ≤⊕

(⊕
α∈F

Sα

)⊗n }
.

Proof. Our goal is to show that V n and
(⊕

α∈F Sα

)⊗n
have the same simple H-

comodule direct summands; we do so by showing that they are the same as those
for the H-comodule V ⊗n.

Towards the goal, we recall the notion of the support of an H-comodule. For
any finite-dimensional H-comodule M with structure map ρ : M → M ⊗ H, we
denote by C(M) the unique minimal subspace of H satisfying ρ(M) ⊂ M ⊗C(M);
we call C = C(M) the support of the H-comodule M . By [20, Theorem 3.2.11(c)],
C is a finite-dimensional subcoalgebra of H. Since H is cosemisimple, so is C, and
hence, C∗ is semisimple. This implies that M , as a module over H∗, is a direct sum
of the simple modules appearing as direct summands of H∗/AnnH∗(M) ∼= C∗. By
[20, Corollary 3.2.6], there is a one-to-one correspondence between C∗-submodules
of M and C-subcomodules of M . So, M is the direct sum of simple C-comodules,
i.e, M is isomorphic to the coradical C(M)0 of its support C = C(M). Therefore,
two H-comodules with the same support must have the same simple H-comodule
direct summands.

Now it suffices to show that the H-comodules V and
⊕

α∈F Sα, and the H-

comodules V ⊗n and V n, have the same support. The first statement holds by
(2.4) as Cα

∼= (Sα)
⊕ dimSα as H-comodules. For the second statement, note the

multiplication map μn : V ⊗n → V n is a surjective H-comodule map, which induces
an injective coalgebra map C(V n) ↪→ C(V ⊗n). Since V n is a subcoalgebra of H,
we have C(V n) = V n. Moreover, the H-comodule structure on V ⊗n is given by
the restriction of

H⊗n Δn �� H⊗n ⊗H⊗n 1⊗μn �� H⊗n ⊗H.

Since Δ(V ) ⊂ V ⊗ V , so we get C(V ⊗n) ⊆ μn(V
⊗n) = V n. Therefore, we have

C(V ⊗n) ⊆ μn(V
⊗n) = V n = C(V n) ⊆ C(V ⊗n).

This implies V ⊗n and V n share the same support. �

The result below is an immediate consequence of Lemma 2.5 and (2.3).

Corollary 2.6. Retain the notation of Lemma 2.5. For representatives Sβ of

[Sβ] ∈ Ĥ, we have that

dimV n =
∑
β∈Fn

(dimSβ)
2.

�

Now we obtain the following result.

Proposition 2.7. The Gelfand-Kirillov dimension of a finitely generated, cosemi-
simple Hopf algebra H only depends on its measured Grothendieck semiring.

Proof. By the “local finiteness” property of coalgebras [16, Theorem 5.1.1], we can
always choose a finite-dimensional subcoalgebra of H so that it contains a finite-
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dimensional vector space V that generates H as an algebra and that 1 ∈ V (i.e.,
the trivial H-comodule 1 is a direct summand of V ). Further, we can take V of
the form (2.4).

Note that the simple H-comodule index set Fn of V n in Lemma 2.5 is uniquely
determined by the Grothendieck semiring structure of H; indeed, β belongs to Fn

if and only if (∑
α∈F

[Sα]

)n

= [Sβ ] + x

for some x ∈ R+. The conclusion now follows from Corollary 2.6 and the definition
of GK-dimension since dimV n can be calculated by using the measure dH on all of
the [Sβ]’s that belong to Fn. �

We now apply the discussion above to Hopf algebras obtained as certain defor-
mations of the Hopf algebra O(G) in Remark 2.2.

Definition 2.8. Let G be a linearly reductive algebraic group. A cosemisimple
Hopf algebra H is said to be a G-deformation if R+(H) ∼= R+(G). If, further,
(R+(H), dH) ∼= (R+(G), dG), then we will say that H is a quantum function algebra
on G.

The main result of this note is given below.

Theorem 2.9. Let G be a linearly reductive affine algebraic group and let H be a
finitely generated, quantum function algebra on G in the sense of Definition 2.8.
Then, we have that

GKdim H = dimG,

where the latter is the dimension of G as an algebraic variety.

Proof. By Proposition 2.7, it is enough to prove this for H = O(G) itself. Recall
from [15, Theorem 4.5(a)] that the GK-dimension of a finitely generated, commuta-
tive algebra coincides with its classical Krull dimension. Moreover, O(G) is finitely
generated as G is affine, and the classical Krull dimension of an algebra of regular
functions on an algebraic variety is simply the dimension of that variety. �

3. Examples and previous results

In this section, we highlight special cases of Theorem 2.9. We specialize to the
case when k has characteristic 0 throughout the section, since the requirement that
an algebraic group be linearly reductive is rather strong in positive characteristic.
Indeed, in characteristic p > 0 the only linearly reductive affine algebraic groups
are extensions of tori by finite groups of order coprime to p; see [19].

The next few results take place in the same general setting, which we now recall
briefly. Take:

• G, a semisimple, connected, simply connected algebraic group;
• g, the Lie algebra of G; and
• q a nonzero scalar. If q is a root of unity of order �, then we assume that �
is odd, and coprime to 3 when g contains a G2-component.

Recall that we can define a q-deformed version Uq(g) of the enveloping algebra U(g);
see, e.g., [7, Chapter 9]. We refer the reader to [10] and [5, Sections I.7 and III.7] for
details on how to then define the Hopf subalgebra Oq(G) of the Hopf dual Uq(g)

◦

in the q a root of unity and in the q generic cases.
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Proposition 3.1. Retain the hypotheses above. Then, GKdim Oq(G) = dimG.

Proof. First, assume that q is not a root of unity. Then, [7, Theorem 10.1.14]
implies that Oq(G) is cosemisimple. Moreover, [7, Proposition 10.1.16] implies that
Oq(G) is a quantum function algebra on G. Thus, Theorem 2.9 applies to obtain
that GKdim Oq(G) = dimG.

Now suppose q is a root of unity of order � as above. The � = 1 case holds
by Remark 2.2. Next, note that when � > 1 is odd, we have that Oq(G) is
a finite module over a subalgebra isomorphic to O(G), by [10, Proposition 6.4
and Theorem 7.2] (see also [5, Section III.7.2]). So, by [15, Proposition 5.5],
GKdim Oq(G) = GKdim O(G), which is equal to dimG as in the proof of Theo-
rem 2.9. �

Remark 3.2. The case when q ∈ C× is transcendental over Q recovers a result of
Goodearl-Zhang [12]. Namely, [12, Theorem 0.1] shows that Oq(G) is Auslander-
regular and Cohen-Macaulay, and its GK-dimension is as in Theorem 2.9 (and also
equal to its global dimension).

The next three remarks pertain to connected, simply connected, compact real
Lie groups G.

Remark 3.3. A weight-theory-based argument appears in work of Banica-Vergnioux
[3] for a particular case of Theorem 2.9: Namely, [3, Theorem 2.1] computes the
GK-dimension for algebras of regular functions on connected, simply connected,
compact, real Lie groups. This is done in unitary language, working with the
maximal compact subgroups of such linear algebraic groups.

Remark 3.4. The result in Remark 3.3 was then extended by different methods,
close in spirit to what we achieve here, to representative functions on arbitrary
compact groups (i.e., regular functions on classical reductive groups) in work of
D’Andrea-Pinzari-Rossi [8, Corollary 3.5].

Remark 3.5. In the real, unitary setting, Proposition 3.1 also recovers the main
result of [6]. This is proved under the additional assumption that q is positive and
< 1 in order to make use of an appropriate ∗-structure on Oq(G).

We also emphasize that Theorem 2.9 can be applied to G-deformations more gen-
eral than those arising in Proposition 3.1, such as cosemisimple multi-parameter
deformations of O(G). For instance, in the cosemisimple case, Takeuchi’s two-
parameter deformations of GL(2) [21] are a subclass of the quantum groups dis-
cussed in Example 3.11 below.

Now we turn our attention to the growth of the SL(2)-deformations and the
GL(2)-deformations studied in [4] and [17], respectively. To begin, we need the
result below.

Lemma 3.6. Let H and K be two finitely generated, cosemisimple Hopf alge-
bras, and suppose that there exists an isomorphism f : R+(H) → R+(K) be-
tween their Grothendieck semirings. If there is a class [X] ∈ R+(H) such that
dimX > dim f(X), then GKdim H = ∞.

Proof. Since X⊗n and f(X)⊗n have the same number of simple factors, we get that

lengthX⊗n = lengthf(X)⊗n ≤ dim f(X)⊗n = (dim f(X))n.
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On the other hand, there is a simple H-comodule Sn, which is a direct summand
X⊗n, with

(lengthX⊗n)(dimSn) ≥ dimX⊗n = (dimX)n.

Hence, dimSn ≥ (dimX/ dim f(X))n. Now we have that

GKdim H ≥ lim sup
n→∞

log(dimXn)

log n

Cor. 2.6
≥ lim sup

n→∞

log(dimSn)
2

log n

≥ lim sup
n→∞

2n

log n
log

(
dimX

dim f(X)

)
,

and from the hypothesis that dimX > dim f(X) we obtain the desired result. �

Remark 3.7. Lemma 3.6 is analogous to both [9, Proposition 2.8] and [2, Proposi-
tion 6.1]. The latter is phrased in an analytic setting for compact quantum groups
satisfying an amenability condition that is, in general, weaker than polynomial
or even sub-exponential growth (see, e.g., [8, Theorem 4.6]). On the other hand,
[9, Proposition 2.8] is phrased in terms of a monoidal functor between categories of
comodules over Hopf algebras (that are not necessarily cosemisimple) rather than
for morphisms of Grothendieck semirings.

Lemma 3.8. Let q ∈ C× be a generic scalar. A semiring homomorphism f from
the Grothendieck semiring R+(Oq(SL(2))) or R+(Oq(GL(2))) to Z+ for generic q
is uniquely determined by f(V ), where V is any 2-dimensional simple comodule.

Proof. We prove the claim for Oq(GL(2)), the other case being analogous.
The morphism f lifts to one of rings (rather than semirings)

(3.9) R(Oq(GL(2))) → Z.

The left hand ring is isomorphic to Z[x, y±1] where x is the class of any simple 2-
dimensional comodule while y is the class of a 1-dimensional comodule (this follows
for instance from [13, Chapter 14, Theorem 3.1] and its proof).

Since y is mapped to an invertible positive integer, we have f(y) = 1. The
morphism (3.9) thus factors through Z[x] and is uniquely determined by the image
of x, as claimed. �

Example 3.10. Let V be a d-dimensional vector space and let E ∈ GLd(C) be
a matrix encoding a bilinear form on V for d ≥ 2. The quantum automorphism
group B(E) was introduced in [11] and its comodule theory is studied in [4].

It is shown in [4, Theorem 1.2] that each SL(2)-deformation (Definition 2.8) is
isomorphic to B(E) for some E ∈ GLd(C) such that the solution to q2+tr(ETE−1)q+
1 = 0 is generic, that is, q equal to ±1 or a non-root of unity. In fact, the quan-
tized coordinate ring Oq(SL(2)) is cosemisimple if and only if q is generic; see
Remark 2.2, [14, Section 4.2.5], and the discussion in [4, Section 5]. According to
[4, Theorem 1.1], the category of B(E)-comodules is equivalent to that of Oq(SL(2))
as monoidal categories (i.e., there exists a monoidal Morita-Takeuchi equivalence)
for q ∈ C× satisfying q2 + tr(ETE−1)q + 1 = 0.

Restricting our attention to the case when B(E) is cosemisimple (or, when it
is monoidally Morita-Takeuchi equivalent to Oq(SL(2)) for q generic) the proofs
of the results mentioned above make it clear that V maps to the fundamental
2-dimensional Oq(SL(2))-comodule under a semiring isomorphism,

f : R+(B(E)) ∼−→ R+(Oq(SL(2))).
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Since dimV = d and dim f(V ) = 2, we obtain that GKdim B(E) = ∞ for d > 2 by
Lemma 3.6. On the other hand, by [4, Lemma 5.2] any monoidally Morita-Takeuchi
equivalence functor from Oq(SL(2)) to B(E) must send the 2-dimensional simple
Oq(SL(2))-comodule to the fundamental simple B(E)-comodule V of dimension d.
Hence we get that GKdim B(E) = dimSL(2) = 3 when d = 2 by Lemma 3.8 and
Theorem 2.9.

This extends, in the case when B(E) is cosemisimple, the result that GKdim B(E)
< ∞ if and only if d = 2, obtained as part of [22, Theorem 0.3].

Example 3.11. Similarly, there are GL(2)-deformations G(E,F) introduced and
studied in [17] that are defined by E,F ∈ GLd(C) so that FTETEF = λI for λ ∈ C×.
We have that G(E,F) and Oq(GL(2)) are monoidally Morita-Takeuchi equivalent
for q ∈ C× satisfying

q2 −
√
λ−1tr(ETE−1)q + 1 = 0

[17, Theorem 1.1]. If, further, q is generic, then R+(G(E,F)) ∼= R+(Oq(GL(2)))
[17, Theorem 1.2]. Recall that Oq(GL(2)) is cosemisimple if and only if q is generic;
see Remark 2.2, [14, Section 11.5.4], and the discussion in [17, Section 4].

Now restricting our attention to the case when G(E,F) is cosemisimple, we have
GKdim G(E,F) = ∞ for d > 2 by Lemma 3.6. Moreover, by [17, Lemma 4.1]
any monoidally Morita-Takeuchi equivalence functor F : Oq(GL(2)) → G(E,F)
sends some 2-dimensional simple Oq(GL(2))-comodule to the fundamental simple
G(E,F)-comodule of dimension d. Hence GKdim G(E,F) = dimGL(2) = 4 when
d = 2 by Lemma 3.8 and Theorem 2.9.
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