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Abstract. We construct a Poisson map M : T ∗C2 → se(3)∗ with respect to the canonical
Poisson bracket on T ∗C2 ∼= T ∗R4 and the (−)-Lie–Poisson bracket on the dual se(3)∗ of
the Lie algebra of the special Euclidean group SE(3). The essential part of this map is
the momentum map associated with the cotangent lift of the natural right action of the
semidirect product Lie group SU(2)nC2 on C2. This Poisson map gives rise to a canonical
Hamiltonian system on T ∗C2 whose solutions are mapped by M to solutions of the heavy
top equations. We show that the Casimirs of the heavy top dynamics and the additional
conserved quantity of the Lagrange top correspond to the Noether conserved quantities
associated with certain symmetries of the canonical Hamiltonian system. We also construct
a Lie–Poisson integrator for the heavy top dynamics by combining the Poisson map M with
a simple symplectic integrator, and demonstrate that the integrator exhibits either exact or
near conservation of the conserved quantities of the Kovalevskaya top.
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1 Introduction

1.1 Heavy top equations

Consider a rigid body spinning around a fixed point (not the center of mass) in a gravitational
field. We specify the configuration of the body by a rotation matrix around the fixed point: the
rotation matrix defines a transformation from the body frame to the spatial frame; hence the
original configuration space is SO(3). Let t 7→ R(t) ∈ SO(3) be the rotational dynamics of the
body and define the body angular velocity by Ω̂(t) := R−1(t)Ṙ(t) ∈ so(3). One may identify
it with a vector Ω(t) ∈ R3 via the standard identification between so(3) and R3 summarized
in Appendix A. Let I := diag(I1, I2, I3) be the moment of inertia of the body with respect to
the principal axes, and define the body angular momentum Π(t) := IΩ(t). Let e3 be the unit
vector pointing upward in the spatial frame and set Γ(t) := R(t)−1e3; this vector signifies the
vertically upward direction – essentially the direction of gravity – seen from the body frame.
Then, the equations of motion are given by

Π̇ = Π×
(
I−1Π

)
+mglΓ× c, Γ̇ = Γ×

(
I−1Π

)
, (1.1)

where m is the mass of the body, c ∈ R3 is the unit vector from the point of support to the
direction of the body’s center of mass in the body frame, and l is the length of the line segment
between these two points. The above set of equations is often called the heavy top equations.
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1.2 Hamiltonian formulation and semidirect products

The heavy top equations are known to be a Hamiltonian system. Let us define the heavy top
bracket for the space of smooth functions on the space R3 ×R3 =

{
(Π,Γ) |Π ∈ R3,Γ ∈ R3

}
as

follows

{f, h} (Π,Γ) := −Π ·
(
∂f

∂Π
× ∂h

∂Π

)
− Γ ·

(
∂f

∂Π
× ∂h

∂Γ
− ∂h

∂Π
× ∂f

∂Γ

)
. (1.2)

The Hamiltonian h : R3 × R3 → R of the heavy top is given by

h(Π,Γ) :=
1

2
Π ·

(
I−1Π

)
+mglΓ · c. (1.3)

Then the Hamiltonian system defined with respect to the above Poisson bracket and this Hamil-
tonian, i.e.,

Π̇ = {Π, h} , Γ̇ = {Γ, h}

gives the heavy top equations (1.1).
The heavy top bracket (1.2) turns out to be the (−)-Lie–Poisson bracket on the dual se(3)∗ of

the Lie algebra se(3) of the special Euclidean group SE(3) := SO(3) nR3; note that we identify
se(3) = so(3) n R3 – and hence se(3)∗ as well – with R3 × R3 in the standard manner (see
Appendix A for details). In fact, [12, 13] showed that the heavy top bracket is a special case of
the semidirect product theory for reduction of Hamiltonian systems with broken symmetry; see
also [7] for its Lagrangian counterpart. Specifically, the heavy top is originally a Hamiltonian
system on T ∗SO(3) where the presence of gravity breaks the SO(3)-symmetry the system would
otherwise possess. As a result, the system retains only the SO(2)-symmetry with respect to
rotations about the vertical axis. The semidirect product theory effectively recovers the full
symmetry by considering the extended configuration space SE(3) as opposed to SO(3). As
a result, one obtains a Hamiltonian dynamics in se(3)∗ defined in terms of the Hamiltonian (1.3)
and the (−)-Lie–Poisson bracket (1.2) on se(3)∗ ∼= R3 × R3.

1.3 Collective dynamics

Given a Poisson manifold P and an equivariant momentum map M : P → g∗ associated with
a right action of a Lie group G on P , one can show that M is a Poisson map with respect to the
Poisson bracket on P and the (−)-Lie–Poisson bracket on g∗; see, e.g., [11, Theorem 12.4.1].

Now, given a Hamiltonian system on P with Hamiltonian H : P → R, suppose that there
exists a function h : g∗ → R such that h◦M = H; such a function h is called a collective Hamilto-
nian. If t 7→ z(t) is a solution of the Hamiltonian system on P defined by H, then t 7→M(z(t)) is
a solution of the Lie–Poisson equation on g∗ defined in terms of the (−)-Lie–Poisson bracket and
the collective Hamiltonian h. This is the basic idea of collective motions/dynamics originally
due to [4]. Their motivating examples are aggregate motions of a number of particles “as if it
were a rigid body or liquid drop”, such as the liquid drop model in nuclear physics; hence the
term “collective”. See also [8] and [5, Section 28] for details.

More recently, [14, 15] used this idea to develop geometric integrators for Lie–Poisson equa-
tions. In one of their examples, they considered a natural right action of SU(2) on C2 ∼= T ∗R2

and used its associated momentum map M : C2 → su(2)∗ to construct a natural Poisson map
from C2 ∼= T ∗R2 to so(3)∗ where su(2)∗ ∼= su(2) and so(3)∗ ∼= so(3) are identified in a natural
manner, as summarized in Appendix A. As a result, they obtained a canonical Hamiltonian
system on T ∗R2 whose solutions are mapped by M to solutions of the free rigid body equation
in so(3)∗. By applying a symplectic integrator to the canonical Hamiltonian system on T ∗R2
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and taking the image by M of its numerical solutions, they obtained a Lie–Poisson integrator
for the free rigid body equation and also for the point vortices equations on S2 – a coadjoint
orbit in su(2)∗.

We also note that [3] extended the above work to Hamiltonian systems on the direct product(
S2
)n × T ∗Rm motivated by an application to the spin-lattice-electron equations. However,

the symplectic/Poisson structure there is the standard one on the direct product (interactions
between the

(
S2
)n

part and the T ∗Rm part come from the Hamiltonian), whereas our Poisson
structure is on a semidirect product and hence is geometrically more involved.

1.4 Outline and main results

We present a collective formulation of the heavy top equations by constructing a Poisson map
from T ∗C2 ∼= T ∗R4 to se(3)∗. More specifically, we first consider, in Section 2, the cotangent
lift of the natural right action of the semidirect product SU(2) n C2 on C2 ∼= R4 and find the
associated momentum map L : T ∗C2 →

(
su(2) nC2

)∗
.

Next, in Section 3, we construct a Poisson map $ :
(
su(2)nC2

)∗ → se(3)∗ with respect to the
(−)-Lie–Poisson brackets on both duals. Then it follows that the composition M : T ∗C2 → se(3)∗

defined as M := $ ◦L yields a Poisson map that gives a collective formulation of the heavy top
dynamics. We note that a more natural and straightforward Poisson map T ∗SE(3) → se(3)∗ is
not appropriate for collective dynamics; see Remark 2.1.

In Section 4, we state our main result, Theorem 4.1. It essentially states that we can realize
any heavy top dynamics as a collective dynamics of a canonical Hamiltonian system in T ∗C2 ∼=
T ∗R4. We also look into the symmetries possessed by the system in the general case as well as
for the Lagrange top. It turns out that those momentum maps associated with these symmetries
are essentially the well-known Casimirs ‖Γ‖2 and Π · Γ of the general heavy top as well as the
additional conserved quantity Π3 for the Lagrange top.

In Section 5, we develop a collective Lie–Poisson integrator for the heavy top dynamics by
combining our result and the idea of [14, 15]. Our test case is the Kovalevskaya top, which also
possesses an additional conserved quantity – the Kovalevskaya invariant – in addition to the
Casimirs. We apply both symplectic (implicit midpoint) and non-symplectic (explicit midpoint)
integrators to the collective dynamics. We refer to the former as the collective Lie–Poisson
integrator. We also apply these integrators directly to the heavy top equations (1.1); note that
neither is a Poisson integrator for the heavy top equations although the implicit midpoint rule
has favorable properties; see [2]. We numerically demonstrate that the non-symplectic integra-
tor, applied to either the collective or direct formulation, exhibits drifts in all the conserved
quantities – the Hamiltonian, the Casimirs, and the Kovalevskaya invariant. On the other hand,
the collective Lie–Poisson integrator preserves the Casimirs exactly (or more practically to ma-
chine precision) and exhibits near-conservation – small oscillations without drifts – of the exact
values of the Hamiltonian and the Kovalevskaya invariant.

2 Momentum map L: T ∗C2 →
(
su(2) n C2

)∗
2.1 Cotangent bundles T ∗C2 and T ∗R4

Let χ ∈ C2 be arbitrary and identify it with q ∈ R4 as follows

C2 → R4, χ =

[
χ1

χ2

]
=

[
q1 + iq2

q3 + iq4

]
7→ q = (q1, q2, q3, q4).

We equip C2 with the inner product

〈 · , · 〉C2 : C2 × C2 → R, (ψ, φ) 7→ 〈ψ, φ〉 = Re(ψ∗φ). (2.1)
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Then it is easy to see that this inner product is compatible with the dot product in R4. Setting

ψ =

[
ψ1

ψ2

]
=

[
p1 + ip2

p3 + ip4

]
↔ p = (p1, p2, p3, p4),

we have

〈ψ, χ〉C2 = p · q.

Therefore, we may identify the dual
(
C2
)∗ ∼= (

R4
)∗

with C2 ∼= R4 via this inner product. As
a result, we may identify the cotangent bundles T ∗C2 and T ∗R4 as follows

T ∗C2 → T ∗R4, (χ, ψ) =

([
q1 + iq2

q3 + iq4

]
,

[
p1 + ip2

p3 + ip4

])
7→ (q, p) = (q1, . . . , q4, p1, . . . , p4).

Then, for any χ ∈ C2, the natural dual pairing between T ∗χC2 ∼=
(
C2
)∗

and TχC2 ∼= C2 is
identical to the inner product (2.1), i.e., with an abuse of notation,

〈 · , · 〉C2 : T ∗χC2 × TχC2 → R, (ψ, χ̇) 7→ Re(ψ∗χ̇).

We define a canonical 1-form on T ∗C2 as

Θ1 := Re(ψ∗dχ) = Re
(
ψ̄idχi

)
,

and define a symplectic form on T ∗C2 as follows

Ω := −dΘ1 = Re
(
dχi ∧ dψ̄i

)
.

Note that we use Einstein’s summation convention unless otherwise stated. One easily sees
that, under the above identification of T ∗C2 and T ∗R4, Θ1 and Ω become the canonical 1-form
pidqi and the canonical symplectic form dqi∧dpi on T ∗R4, respectively. Therefore, T ∗C2 is also
equipped with the following canonical Poisson bracket. For any smooth F,H : T ∗C2∼=T ∗R4 → R,

{F,H}T ∗C2 (q, p) :=
∂F

∂qi

∂H

∂pi
− ∂F

∂pi

∂H

∂qi
. (2.2)

Alternatively, we may define the one-form

Θ2 :=
1

2
Re(ψ∗dχ− χ∗dψ). (2.3)

Then, it is (pidqi − qidpi)/2 in T ∗R4, and satisfies Ω = −dΘ2 as well.

2.2 Actions of SU(2) n C2

Let us define the semidirect product SU(2) n C2 using the natural action of SU(2) on C2, i.e.,
for any (U, ρ), (W,ϑ) ∈ SU(2)× C2, we define a binary operation

(U, ρ) · (W,ϑ) := (UW,Uϑ+ ρ).

This renders SU(2) n C2 a Lie group. Alternatively, one may think of the resulting Lie group
SU(2) nC2 as the matrix group{[

U ρ
0 1

]
∈ GL(3,C) |U ∈ SU(2), ρ ∈ C2

}
under the standard matrix multiplication.
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Now consider the (right) action of SU(2) nC2 on C2 defined as follows

Ψ:
(
SU(2) nC2

)
× C2 → C2, ((U, ρ), χ) 7→ Ψ(U,ρ)(χ) := U∗(χ− ρ).

In terms of matrices, one may write this action as follows([
U ρ
0 1

]
,

[
χ
1

])
7→
[
U ρ
0 1

]−1 [
χ
1

]
=

[
U∗ −U∗ρ
0 1

] [
χ
1

]
=

[
U∗(χ− ρ)

1

]
.

Its cotangent lift is then

T ∗Ψ:
(
SU(2) nC2

)
× T ∗C2 → T ∗C2,

((U, ρ), (χ, ψ)) 7→ T ∗Ψ(U,ρ)−1(χ, ψ) := (U∗(χ− ρ), U∗ψ).

It is clear that the canonical 1-form Θ1 is invariant under the cotangent lift, i.e., (T ∗Ψ(U,ρ)−1)∗Θ1

= Θ1 for any (U, ρ) ∈ SU(2) nC2.

2.3 Momentum map

Let us find the momentum map associated with the above action. Let (ξ, φ) be an arbitrary
element in the Lie algebra su(2) nC2 = T(I,0)

(
SU(2) nC2

)
. Its infinitesimal generator on C2 is

defined as

(ξ, φ)C2(χ) :=
d

ds
Ψexp(s(ξ,φ))(χ)

∣∣∣∣
s=0

,

where the exponential map takes the form

exp(s(ξ, φ)) =

(
exp(sξ),

∫ s

0
exp(σξ)φ dσ

)
.

Therefore, we obtain

(ξ, φ)C2(χ) =
d

ds
exp(−sξ)

(
χ−

∫ s

0
exp(σξ)φ dσ

)∣∣∣∣
s=0

= −ξχ− φ.

As a result, the associated momentum map L : T ∗C2 →
(
su(2) nC2

)∗
satisfies

〈L(χ, ψ), (ξ, φ)〉 = Θ1(χ, ψ) · (ξ, φ)C2(χ, ψ) = −Re (ψ∗(ξχ+ φ))

= −Re(tr(χψ∗ξ))− Re(ψ∗φ)

= −1

2
(tr(χψ∗ξ) + tr(ξ∗ψχ∗))− 〈ψ, φ〉C2

= 2 tr

(
1

4
(ψχ∗ − χψ∗) ξ

)
+ 〈−ψ, φ〉C2

= 2 tr

(
1

4
(χψ∗ − ψχ∗ − i Im(ψ∗χ)I)∗ ξ

)
+ 〈−ψ, φ〉C2

=

〈
1

4
(χψ∗ − ψχ∗ − i Im(ψ∗χ)I) , ξ

〉
su(2)

+ 〈−ψ, φ〉C2 ,

where we used the inner products on su(2) and C2 defined in (A.1) and (2.1), respectively.
Note also that, in the second last line, we added an extra term to render the matrix inside the
conjugate transpose traceless to come up with an element in su(2). Using the inner products,
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we may identify su(2)∗ with su(2) and
(
C2
)∗

with C2 so that
(
su(2)nC2

)∗ ∼= su(2)×C2. Under
this identification, we obtain

L(χ, ψ) =

(
1

4
(χψ∗ − ψχ∗ − i Im(ψ∗χ)I) , −ψ

)
.

Since this momentum map is associated with the cotangent lift action of the right action Ψ
on T ∗C2, the momentum map L is equivariant (see [11, Theorem 12.1.4]), i.e., for any (U, ρ) ∈
SU(2) nC2,

L ◦ T ∗Ψ(U,ρ)−1 = Ad∗(U,ρ) ◦L.

Remark 2.1 (why not SE(3) action on R3?). Perhaps the most natural way to construct an
se(3)∗-valued equivariant momentum map – under a right action – on a cotangent bundle would
be the following. Consider the right SE(3)-action on R3 defined as

SE(3)× R3 → R3, ((R,a),x) 7→ RT (x− a),

or using matrices,([
R a
0 1

]
,

[
x
1

])
7→
[
R a
0 1

]−1 [
x
1

]
=

[
RT (x− a)

1

]
,

that is, this is the right action one obtains from the natural left action of SE(3) on R3. Using
its cotangent lift action on T ∗R3, one obtains the momentum map

M̃ : T ∗R3 → se(3)∗, M̃(q,p) = −(q× p,p)

with the standard identification se(3)∗ ∼= so(3)×R3 ∼= R3×R3. However, this momentum map is
too restrictive for the collective heavy top dynamics in se(3)∗ because setting (Π,Γ) = M̃(q,p)
implies that the angular momentum Π is always perpendicular to Γ. This is clearly not always
the case. For example, even the very simple case of the top spinning in the upright position
does not satisfy this condition: Π and Γ are both parallel to (0, 0, 1).

Let us show that our momentum map does not suffer from the restriction mentioned in the
above remark.

Proposition 2.2. Under the identification
(
su(2)nC2

)∗ ∼= su(2)×C2, the image of L contains
su(2)×

(
C2\{0}

)
, i.e., su(2)×

(
C2\{0}

)
⊂ L

(
T ∗C2

)
.

Remark 2.3. As we shall see later in Section 3, we will construct a map $ :
(
su(2) n C2

)∗ →
se(3)∗, and consider the composition M := $ ◦ L : T ∗C2 → se(3)∗. It then turns out that the
origin ψ = 0 in C2 corresponds to the origin Γ = 0 in R3 (see (4.1) below) and hence has no
practical importance in the heavy top dynamics because Γ is a unit vector. This proposition
makes sure that the image of M contains any possible values of Π ∈ R3 and Γ ∈ R3\{0}, and so
setting (Π,Γ) = M(χ, ψ) does not impose any practical restriction in the collective heavy top
dynamics.

Proof. Let ψ ∈ C2\{0} be arbitrary and consider the map

C2 → su(2)∗, χ 7→ 1

4

(
χψ∗ − ψχ∗ − i Im(ψ∗χ)I

)
.

Then it suffices to show that this map is surjective. In fact, one may rewrite the map with the
identification C2 ∼= R4 defined by (χ, ψ) 7→ (q, p) as shown above as well as the identification
su(2)∗ ∼= R3 (see Appendix A below) to obtain the following linear map

R4 → R3, q 7→ Aq with A :=
1

2

 p4 −p3 p2 −p1

−p3 −p4 p1 p2

p2 −p1 −p4 p3

 .
Then AAT = ‖p‖2

4 I, whereas p 6= 0 because ψ 6= 0. Hence this linear map is surjective. �
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2.4 Lie–Poisson bracket on
(
su(2) n C2

)∗
Let us equip

(
su(2) n C2

)∗
with the (−)-Lie–Poisson bracket. For any smooth f, h :

(
su(2) n

C2
)∗ → R, we define

{f, h}(su(2)nC2)∗ (µ, α) := −
〈
µ,

[
δf

δµ
,
δh

δµ

]〉
su(2)

−
〈
α,
δf

δµ

δh

δα
− δh

δµ

δf

δα

〉
C2

, (2.4)

where (δf/δµ, δf/δα) ∈ su(2) × C2 (evaluated at (µ, α)) is defined so that, for any (δµ, δα) ∈(
su(2) nC2

)∗
,〈

δµ,
δf

δµ

〉
su(2)

+

〈
δα,

δf

δα

〉
C2

=
d

ds
f(µ+ sδµ, α+ sδα)

∣∣∣∣
s=0

. (2.5)

Then the equivariance of L implies that it is Poisson with respect to the canonical Poisson
bracket (2.2) and the above Lie–Poisson bracket (2.4) (see, e.g., [4], [5, Section 28], and [11,
Theorem 12.4.1]):

{f ◦ L, h ◦ L}T ∗C2 = {f, h}(su(2)nC2)∗ ◦ L.

3 Poisson map $ :
(
su(2) n C2

)∗ → se(3)∗

3.1 From
(
su(2) n C2

)∗
to se(3)∗

Just like we identified
(
su(2)nC2

)∗
with su(2)×C2, we also identify se(3)∗ with so(3)×R3 via

the inner product (A.2) on so(3) and the dot product on R3.
Under this identification, let us define

$ :
(
su(2) nC2

)∗ → se(3)∗, (µ, α) 7→ (µ̂,$2(α)) (3.1a)

with

$2 : C2 → R3, α 7→
(
2 Re(ᾱ1α2), 2 Im(ᾱ1α2), |α1|2 − |α2|2

)
. (3.1b)

The first part of the map is the well-known identification of su(2) with so(3) summarized in
Appendix A below. The second part of the map is also well known in the context of the Hopf
fibration. Particularly, $2 maps the three-sphere with radius

√
R centered at the origin in C2,

i.e.,

S3√
R

:=
{
α ∈ C2 | ‖α‖ =

√
R
}
,

to the two-sphere with radius R centered at the origin in R3.
Now let us define

M : T ∗C2 → se(3)∗, M := $ ◦ L, (3.2)

i.e., so that the diagram

T ∗C2 (su(2) nC2)∗

se(3)∗

L

M
$

commutes.
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3.2 $ is a Poisson map

Let us equip se(3)∗ with the (−)-Lie–Poisson bracket as well. For any smooth f, h : se(3)∗ → R,
we define

{f, h}se(3)∗ (Π̂,Γ) := −
〈

Π̂,

[
δf

δΠ̂
,
δh

δΠ̂

]〉
so(3)

− Γ ·
(
δf

δΠ̂

∂h

∂Γ
− δh

δΠ̂

∂f

∂Γ

)
, (3.3)

where δf/δΠ̂ ∈ so(3) (evaluated at (Π̂,Γ)) is defined in a similar manner as in (2.5). With the
identification so(3) ∼= R3, this Poisson bracket is nothing but the heavy top bracket (1.2). Then
we have the following:

Proposition 3.1. The map $ :
(
su(2) nC2

)∗ → se(3)∗ is Poisson with respect to the (−)-Lie–
Poisson brackets (2.4) and (3.3), i.e., for any smooth f, h : se(3)∗ → R,

{f ◦$,h ◦$}(su(2)nC2)∗ = {f, h}se(3)∗ ◦$.

Proof. See Appendix B. �

Corollary 3.2. The map M := $ ◦ L : T ∗C2 → se(3)∗ is Poisson with respect to the Poisson
brackets (2.2) and (3.3), i.e., for any smooth f, h : se(3)∗ → R,

{f ◦M, h ◦M}T ∗C2 = {f, h}se(3)∗ ◦M.

4 Collective heavy top dynamics

4.1 Collective dynamics

Concrete expressions of the map M defined above in (3.2) are the following

M(χ, ψ) =

1

2

− Im
(
χ1ψ̄2 + χ2ψ̄1

)
Re
(
χ2ψ̄1 − χ1ψ̄2

)
Im
(
χ2ψ̄2 − χ1ψ̄1

)
 ,
 2 Re(ψ̄1ψ2)

2 Im(ψ̄1ψ2)

|ψ1|2 − |ψ2|2




=

1

2

q1p4 − q4p1 − q2p3 + q3p2

q3p1 − q1p3 − q2p4 + q4p2

q1p2 − q2p1 − q3p4 + q4p3

 ,
 2(p1p3 − p2p4)
−2(p1p4 + p2p3)
p2

1 + p2
2 − p2

3 − p2
4

 . (4.1)

Now define a Hamiltonian H : T ∗C2 ∼= T ∗R4 → R as

H := h ◦M,

where h : se(3)∗ → R is the heavy top Hamiltonian defined in (1.3). Then we have

H(χ, ψ) =
1

8

((
Im
(
χ1ψ̄2 + χ2ψ̄1

))2
I1

+

(
Re
(
χ2ψ̄1 − χ1ψ̄2

))2
I2

+

(
Im
(
χ2ψ̄2 − χ1ψ̄1

))2
I3

)
+mgl

(
2 Re(ψ̄1ψ2)c1 + 2 Im(ψ̄1ψ2)c2 + (|ψ1|2 − |ψ2|2)c3

)
. (4.2)

Define a Hamiltonian vector XH ∈ X(T ∗C2) by setting

iXH
Ω = dH, (4.3)

or equivalently, using the Poisson bracket (2.2),

χ̇ = {χ,H}T ∗C2 , ψ̇ = {ψ,H}T ∗C2 ,
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which yield

χ̇ = 2
∂H

∂ψ̄
, ψ̇ = −2

∂H

∂χ̄
. (4.4a)

In terms of the real coordinate (q, p) for T ∗R4, the symplectic form Ω is canonical, and so we
have the canonical Hamiltonian system

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
. (4.4b)

We are now ready to state our main result:

Theorem 4.1 (collective heavy top dynamics).

(i) For any (Π,Γ) ∈ R3×
(
R3\{0}

)
, there exists a corresponding element (χ, ψ) ∈ T ∗C2 such

that M(χ, ψ) = (Π,Γ).

(ii) Let I ⊂ R be a time interval, and let Φ: I × T ∗C2 → T ∗C2 and ϕ : I × se(3)∗ → se(3)∗ be
the flows of the canonical Hamiltonian system (4.4) and of the heavy top equations (1.1),
respectively. Then, for any t ∈ I,

ϕt ◦M = M ◦ Φt.

Proof. (i) From Proposition 2.2, we have su(2)×
(
C2\{0}

)
⊂ L

(
T ∗C2

)
, and so

$
(
su(2)×

(
C2\{0}

))
⊂M

(
T ∗C2

)
.

However, from the definition of $ in (3.1), we have

$
(
su(2)×

(
C2\{0}

))
= so(3)×

(
R3\{0}

)
,

because the second part $2 maps S3√
R
⊂ C2 to S2

R ⊂ R3 for any R > 0; note also that

we identified so(3)∗ with so(3) here. Therefore, the assertion follows upon the identification
of so(3) with R3.

(ii) It follows easily from Corollary 3.2: The fact that M is Poisson implies that the map M
pushes the flow Φ to ϕ (see, e.g., [11, Proposition 10.3.2]). �

Remark 4.2. The first assertion is the result alluded in Remark 2.3. It shows that any solution
of the heavy top equations (1.1) can be realized as the image by M of a corresponding solution
of the canonical Hamiltonian system (4.4).

4.2 Symmetry and conserved quantities of general heavy top

Suppose that F : T ∗C2 → R is a conserved quantity of the (canonical) Hamiltonian system (4.3)
or (4.4), and that F is collective, i.e., there exists f : se(3)∗ → R such that f ◦M = F . Then
one easily sees that f is a conserved quantity of the heavy top dynamics.

There are two conserved quantities of the Hamiltonian system (4.3) associated with its sym-
metries. For the first one, consider the following R-action on T ∗C2:

R× T ∗C2 → T ∗C2, (b, (χ, ψ)) 7→ (χ+ bψ, ψ).

We easily see that the alternative one-form Θ2 defined in (2.3) is invariant under this action,
and hence so is Ω, i.e., this action is symplectic. It is also easy to see that the Hamiltonian (4.2)
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is invariant under this action as well, i.e., H(χ+ bψ, ψ) = H(χ, ψ) for any b ∈ R. Let v ∈ R be
an the element of the Lie algebra T0R ∼= R of R. Its infinitesimal generator is then

vT ∗C2(χ, ψ) = v

(
ψi

∂

∂χi
+ ψ̄i

∂

∂χ̄i

)
= v pj

∂

∂qj
.

Let J1 : T ∗C2 → R be the associated momentum map. Then, it satisfies

J1(χ, ψ) · v = Θ1(χ, ψ) · vT ∗C2(χ, ψ) =
1

2
Re
(
v‖ψ‖2

)
=

1

2
‖ψ‖2 · v.

Hence we obtain J1(χ, ψ) = ‖ψ‖2/2. Therefore,

F1 : T ∗C2 → R, F1(χ, ψ) := 4J1(χ, ψ)2 = ‖ψ‖4

is a conserved quantity of the Hamiltonian system (4.3) by Noether’s theorem; see, e.g., [11,
Theorem 11.4.1, p. 372]. One easily sees that f1 ◦M = F1 with

f1 : se(3)∗ → R, f1(Π,Γ) := ‖Γ‖2.

In fact, this is a well-known Casimir of the heavy top bracket (1.2) or (3.3).

For the second one, consider the following SO(2) ∼= S1-action on C2:

S1 × C2 → C2,
(
eiθ, χ

)
7→ eiθχ.

Its cotangent lift is

S1 × T ∗C2 → T ∗C2,
(
eiθ, (χ, ψ)

)
7→
(
eiθχ, eiθψ

)
,

and the Hamiltonian (4.2) is invariant under this action, i.e., H
(
eiθχ, eiθψ

)
= H(χ, ψ) for any

eiθ ∈ S1. Its associated momentum map is

J2 : T ∗C2 → so(2)∗ ∼= R, J2(χ, ψ) := − Im(ψ∗χ),

and again by Noether’s theorem this is a conserved quantity of the Hamiltonian system (4.3).
However, because ‖ψ‖2 is conserved, we may define an alternative conserved quantity

F2 : T ∗C2 → so(2)∗ ∼= R, F2(χ, ψ) := −‖ψ‖
2

2
Im(ψ∗χ).

Then we see that f2 ◦M = F2 with

f2 : se(3)∗ → R, f2(Π,Γ) := Π · Γ.

This is the other well-known Casimir of the heavy top bracket (1.2) or (3.3).

4.3 Symmetry and conserved quantity of the Lagrange top

Now consider the Lagrange top, i.e., I2 = I1 and c = (0, 0, 1). Note that we have(
Im
(
χ1ψ̄2 + χ2ψ̄1

))2
+
(
Re
(
χ2ψ̄1 − χ1ψ̄2

))2
=
∣∣χ1ψ̄2

∣∣2 +
∣∣χ2ψ̄1

∣∣2 − 2
(
Re
(
χ1ψ̄2

)
Re
(
χ2ψ̄1

)
− Im

(
χ1ψ̄2

)
Im
(
χ2ψ̄1

))
=
∣∣χ1ψ̄2

∣∣2 +
∣∣χ2ψ̄1

∣∣2 − 2 Re
(
χ1ψ̄2χ2ψ̄1

)
,
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and so the Hamiltonian (4.2) becomes

HL(χ, ψ) :=
1

8

(∣∣χ1ψ̄2

∣∣2 +
∣∣χ2ψ̄1

∣∣2 − 2 Re
(
χ1ψ̄2χ2ψ̄1

)
I1

+

(
Im
(
χ2ψ̄2 − χ1ψ̄1

))2
I3

)
+mgl

(
|ψ1|2 − |ψ2|2

)
. (4.5)

Consider the following SO(2) ∼= S1-action on C2:

S1 × C2 → C2,

(
eiθ,

[
χ1

χ2

])
7→
[

eiθχ1

e−iθχ2

]
=

[
eiθ 0
0 e−iθ

]
χ.

Its cotangent lift is

S1 × T ∗C2 → T ∗C2,
(
eiθ, (χ, ψ)

)
7→
([

eiθ 0
0 e−iθ

]
χ,

[
eiθ 0
0 e−iθ

]
ψ

)
,

and we see that the Hamiltonian (4.5) is invariant under this action.
What is the associated momentum map J3 : T ∗C2 → so(2)∗ ∼= R? Let any ω ∈ so(2) ∼= R be

arbitrary. Its infinitesimal generator is then

ωC2(χ) =
d

ds

[
eisω 0
0 e−isω

]
χ

∣∣∣∣
s=0

= iω

[
1 0
0 −1

]
χ.

Then we have

J3(χ, ψ) · ω = Θ1(χ, ψ) · ωC2(χ) = Re

(
ψ∗iω

[
1 0
0 −1

]
χ

)
= − Im

(
ψ∗
[
1 0
0 −1

]
χ

)
· ω

= Im
(
χ2ψ̄2 − χ1ψ̄1

)
· ω.

Therefore, we obtain

J3(χ, ψ) = Im
(
χ2ψ̄2 − χ1ψ̄1

)
,

and hence

F3 : T ∗C2 → R, F3(χ, ψ) :=
1

2
J3(χ, ψ) =

1

2
Im
(
χ2ψ̄2 − χ1ψ̄1

)
is a conserved quantity of (4.3). Then we see that f3 ◦M = F3 with

f3 : se(3)∗ → R, f3(Π,Γ) := Π3.

Again, f3 is a well-known conserved quantity of the Lagrange top.

Remark 4.3. It is well known that h (with I2 = I1 and c = (0, 0, 1)), f1, f2, and f3 are in
involution with respect to the heavy top bracket (1.2). Since M : T ∗C2 → se(3)∗ is Poisson,
this implies that HL, F1, F2, and F3 are in involution with respect to the canonical Poisson
bracket (2.2) as well.

5 Collective Lie–Poisson integrator for heavy top dynamics

5.1 Collective Lie–Poisson integrator

The collective formulation suggests that any symplectic integrator for the canonical Hamiltonian
system (4.4) on T ∗C2 ∼= T ∗R4 gives rise to a Lie–Poisson integrator for the heavy top dynamics
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via the map M. Specifically, let ∆t be the time step, and Φd
∆t : T

∗C2 → T ∗C2 be the discrete
flow defined by the symplectic integrator. Then, φd

∆t := M ◦ Φd
∆t : se(3)∗ → se(3)∗ is clearly

Poisson. This is the basic idea of the collective Lie–Poisson integrator of [14]; it is implemented
for the free rigid body in [15].

In our case, the symplecticity of the integrator implies that the momentum maps J1 and J2

from Section 4.2 are conserved exactly along the flow Φd
∆t. This implies that the corresponding

Casimirs f1 and f2 are exactly conserved along the flow φd
∆t of the collective integrator as

well. Furthermore, since the Hamiltonian H is nearly conserved without drifts with symplectic
integrators, the Hamiltonian h for the heavy top behaves in a similar manner as well.

We note in passing that [16] showed that the spherical midpoint method [17] on
(
S2
)n

is
a collective integrator corresponding to the midpoint rule applied to a canonical Hamiltonian
system on T ∗R2n. That is, for this special case, the collective integrator gives rise to an integrator
intrinsically defined on the symplectic leaves of a Poisson manifold. It is an interesting future
work to look into an extension of this property to our setting. In our case, each non-trivial
coadjoint orbit (symplectic leaf) in se(3)∗ is known to be diffeomorphic to either S2 or its
tangent bundle [11, Section 14.7].

5.2 Numerical results

As a test case, we consider the Kovalevskaya top [9] – the case with I1 = I2 = 2I3 and
c = (1, 0, 0) – with the parameters m = g = l = I3 = 1 and initial condition Π(0) = (2, 3, 4)
and Γ(0) =

(
1/2, 0,

√
3/2
)
. By solving M(χ(0), ψ(0)) = (Π(0),Γ(0)) with the constraint

Re(χ1(0)) = 1, we have

χ(0) =

(
1− i

(√
2 + 3

√
6
)
,
−1 + 12

√
2 +
√

3− i 2
√

6

1 +
√

3

)
, ψ(0) =

1

2
√

2

(√
3 + 1,

√
3− 1

)
as a corresponding initial condition for (4.3) or (4.4).

The system has four conserved quantities: the Hamiltonian h, the Casimirs f1 and f2, and
the Kovalevskaya invariant

K(Π,Γ) :=
∣∣(Π1 + iΠ2)2 − 4mglI3(Γ1 + iΓ2)

∣∣2,
and is known to be integrable [9]; see also [1]. Our focus here is to compare the behaviors of
these four conserved quantities for several heavy top integrators.

Fig. 1 shows the time evolutions of the four conserved quantities along the numerical solutions
obtained by applying the explicit and implicit midpoint rules to the canonical Hamiltonian
system (4.3) as well as that obtained by applying the explicit midpoint rule directly to the heavy
top equations (1.1). The time step ∆t is 1/50 in all the cases. We note that the implicit midpoint
rule is a symplectic integrator for canonical Hamiltonian systems (see, e.g., [6, Theorem VI.3.5]
and [10, Section 4.1]). So the implicit midpoint rule applied to (4.3) gives a collective Lie–Poisson
integrator for the heavy top equations (1.1) via the map M, and is our main focus here.

The explicit midpoint rule applied to either (1.1) or (4.3) suffers from fairly significant drifts
and/or oscillations in all the four conserved quantities. On the other hand, the collective Lie–
Poisson integrator conserves the Casimirs f1 and f2 exactly because it is a symplectic integrator
for canonical Hamiltonian systems; note that we identified these Casimirs as Noether conserved
quantities, i.e., the momentum maps associated with the symmetries of the canonical Hamil-
tonian system (4.3). One can observe this in Fig. 1(b) and (c) as well. Furthermore, as is
well known (see, e.g., [6, Section IX.8] and [10, Section 5.2.2]), symplectic integrators exhibit
near-conservation of the Hamiltonian, and one observes this in Fig. 1(a).

Interestingly, the collective Lie–Poisson integrator exhibits a similar near-conservation of the
Kovalevskaya invariant as well, performing better than the non-symplectic ones; see Fig. 1(d).
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(d) Kovalevskaya invariant K

Figure 1. Behaviors of the Hamiltonian and the Casimirs of the Kovalevskaya top with m = g = l = 1,

I1 = 2, I2 = 2, I3 = 1, c = (1, 0, 0) for three integrators. Blue: explicit midpoint rule (non-symplectic)

applied to (4.4). Green: explicit midpoint rule (non-Poisson) applied to (1.1). Red: implicit midpoint

rule (symplectic) applied to (4.4). ∆t = 1/50, Π(0) = (2, 3, 4), Γ(0) =
(
1/2, 0,

√
3/2
)
.

It is not clear if the Kovalevskaya invariant K corresponds to any symmetry of the canonical
Hamiltonian system (4.3), but the oscillation in K with amplitudes way beyond the machine
precision suggests that K is not a Noether conserved quantity of (4.3).

We also applied the implicit midpoint rule directly to the heavy top equations (1.1) and
compared the results with those of the collective Lie–Poisson integrator as well. The former
integrator is known to conserve the Hamiltonian h and the Casimirs f1 and f2 exactly but is not
Poisson; see [2]. Fig. 2 shows the behaviors of h and K for the implicit midpoint rule applied
to (1.1) or (4.3).

As mentioned above, the former conserves h exactly, whereas the collective Lie–Poisson in-
tegrator exhibits a near-conservation of it with oscillations of very small amplitudes. On the
other hand, one observes near-conservation of K in both integrators, but the non-Poisson inte-
grator exhibits an oscillation with a larger amplitude than the collective Lie–Poisson integrator
does.
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(a) Hamiltonian h
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(b) Kovalevskaya invariant K

Figure 2. Behaviors of the Hamiltonian h and the Kovalevskaya invariant K. Gray: implicit midpoint

rule (non-Poisson) applied to (1.1); see [2]. Red: implicit midpoint rule (symplectic) applied to (4.4).

The parameters and the time step are the same as in Fig. 1.

A Identification of su(2) with so(3) and R3

This section gives a brief description of the well-known identification of su(2) with so(3) and R3.
The purpose is to introduce the notation used throughout the paper.

A.1 Isomorphisms between su(2), so(3), and R3

Let {ei}3i=1 be the standard basis for R3, and define a basis {ei}3i=1 for su(2) as

e1 := − i

2

[
0 1
1 0

]
, e2 := − i

2

[
0 −i
i 0

]
, e3 := − i

2

[
1 0
0 −1

]
,

as well as a basis {êi}3i=1 for so(3) as

ê1 :=

0 0 0
0 0 −1
0 1 0

 , ê2 :=

 0 0 1
0 0 0
−1 0 0

 , ê3 :=

0 −1 0
1 0 0
0 0 0

 .
So we have the isomorphisms

su(2)←→ so(3)←→ R3

defined by

ei ←→ êi ←→ ei.

It is well known that these are Lie algebra isomorphisms in the sense that [ei, ej ], [êi, êj ], and
ei × ej with i, j ∈ {1, 2, 3} are all the same under the identification.

As a result, we may identify su(2) with R3 via the map

R3 → su(2), ξ = (ξ1, ξ2, ξ3) 7→ ξ :=

3∑
j=1

ξjej = − i

2

[
ξ3 ξ1 − iξ2

ξ1 + iξ2 −ξ3

]
,

and also so(3) with R3 via the following “hat map”

ˆ( · ) : R3 → so(3), ξ = (ξ1, ξ2, ξ3) 7→ ξ̂ :=
3∑
j=1

ξj êj =

 0 −ξ3 ξ2

ξ3 0 −ξ1

−ξ2 ξ1 0

 .
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A.2 Inner products

Let us define inner products on su(2) and so(3) as follows. For any ξ,η ∈ R3, using the notation
from above,

〈ξ, η〉su(2) := 2 tr(ξ∗η) (A.1)

as well as〈
ξ̂, η̂
〉
so(3)

:=
1

2
tr
(
ξ̂T η̂

)
. (A.2)

It is easy to check that these are compatible with the standard dot product in R3 under the
above identification, i.e.,

〈ξ, η〉su(2) =
〈
ξ̂, η̂
〉
so(3)

= ξ · η.

Using these inner products we may identify the duals su(2)∗ and so(3)∗ with su(2) and so(3)
respectively, and in turn, with R3 as well.

B Proof of Proposition 3.1

Let us first decompose the Poisson bracket (2.4) into two to define, for any smooth f̃ , h̃ :
(
su(2)n

C2
)∗ → R,

{
f̃ , h̃

}
su(2)∗

(µ, α) := −

〈
µ,

[
δf̃

δµ
,
δh̃

δµ

]〉
su(2)

,

{
f̃ , h̃

}
(C2)∗

(µ, α) := −

〈
α,
δf̃

δµ

δh̃

δα
− δh̃

δµ

δf̃

δα

〉
C2

.

Likewise, we decompose (3.3) to define, for any smooth f, h : se(3)∗ → R,

{f, h}so(3)∗ := −
〈

Π̂,

[
δf

δΠ̂
,
δh

δΠ̂

]〉
so(3)

, {f, h}(R3)∗ := −Γ ·
(
δf

δΠ̂

∂h

∂Γ
− δh

δΠ̂

∂f

∂Γ

)
.

Our goal is to show that

{f ◦$,h ◦$}su(2)∗ = {f, h}so(3)∗ ◦$ (B.1)

as well as

{f ◦$,h ◦$}(C2)∗ = {f, h}(R3)∗ ◦$. (B.2)

Let us first show (B.1). Let (µ, α) ∈ (su(2) n C2)∗ and δµ ∈ su(2)∗ be arbitrary. Then,
setting a := $2(α), we have〈

δµ,
δ(f ◦$)

δµ

〉
su(2)

=
d

ds
f ◦$(µ+ sδµ, α)

∣∣∣∣
s=0

=
d

ds
f
(
µ̂+ sδ̂µ, a

)∣∣∣∣
s=0

=

〈
δ̂µ,

δf

δµ̂

〉
so(3)

.
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This implies that we may identify δ(f ◦ $)/δµ ∈ su(2)∗ and δf/δµ̂ ∈ so(3)∗; the same goes
with the derivatives of h. The compatibility of the inner products in su(2) and so(3) (see
Appendix A.2) then yields

{f ◦$,h ◦$}su(2)∗ (µ, α) = −
〈
µ,

[
δ(f ◦$)

δµ
,
δ(h ◦$)

δµ

]〉
su(2)

= −
〈
µ̂,

[
δf

δµ̂
,
δh

δµ̂

]〉
so(3)

= {f, h}so(3)∗ ◦$(µ, α).

So it remains to show (B.2). Writing ξ := δ(f ◦$)/δµ, η := δ(h ◦$)/δµ, β := δ(f ◦$)/δα,
and γ := δ(h ◦$)/δα for short,

{f ◦$,h ◦$}(C2)∗ (µ, α) = −Re (α∗(ξγ − ηβ)) = −1

2
(α∗ξγ + γ∗ξ∗α− α∗ηβ − β∗η∗α)

= −1

2
tr ((γα∗ − αγ∗)ξ) +

1

2
tr ((βα∗ − αβ∗)η)

= −
〈

1

4
(αγ∗ − γα∗), ξ

〉
su(2)

+

〈
1

4
(αβ∗ − βα∗), η

〉
su(2)

.

Let us find an expression for β = δ(f ◦$)/δα ∈ C2. For any δα ∈
(
C2
)∗

,〈
δα,

δ(f ◦$)

δα

〉
C2

=
d

ds
f ◦$(µ, α+ sδα)

∣∣∣∣
s=0

=
d

ds
f (µ̂,$2(α+ sδα))

∣∣∣∣
s=0

= ∇af(µ̂, a) · Tα$2(δα),

where ∇a stands for the gradient with respect to a. However, using the expression (3.1b) for $2,
we obtain the tangent map Tα$2 as follows

Tα$2(δα) = 2

Re
(
δα1α2

)
+ Re (α1δα2)

Im
(
δα1α2

)
− Im (α1δα2)

Re
(
α1δα1

)
− Re

(
α2δα2

)
 = 2

 Re
(
α2δα1

)
+ Re

(
α1δα2

)
−Re

(
iα2δα1

)
+ Re

(
iα1δα2

)
Re
(
α1δα1

)
− Re

(
α2δα2

)
 .

Therefore,〈
δα,

δ(f ◦$)

δα

〉
C2

= 2 Re

(
δα1

(
α2

∂f

∂a1
− iα2

∂f

∂a2
+ α1

∂f

∂a3

))
+ 2 Re

(
δα2

(
α1

∂f

∂a1
+ iα1

∂f

∂a2
− α2

∂f

∂a3

))
,

and so we have

δ(f ◦$)

δα
= 2

α2
∂f

∂a1
− iα2

∂f

∂a2
+ α1

∂f

∂a3

α1
∂f

∂a1
+ iα1

∂f

∂a2
− α2

∂f

∂a3

 .
Then a tedious but straightforward calculation yields

β =
1

4
(αβ∗ − βα∗) =

(
a3
∂f

∂a2
− a2

∂f

∂a3
, a1

∂f

∂a3
− a3

∂f

∂a1
, a2

∂f

∂a1
− a1

∂f

∂a2

)
= ∇af × a

under the identification su(2)∗ ∼= R3. Similarly,

1

4
(αγ∗ − γα∗) = ∇ah× a.
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Therefore, we obtain

{f ◦$,h ◦$}(C2)∗ (µ, α) = −(∇ah× a) · ξ + (∇af × a) · η = −a · (ξ ×∇ah− η ×∇af)

= −a ·
(
ξ̂∇ah− η̂∇af

)
= −a ·

(
δf

δµ̂

δh

δa
− δh

δµ̂

δf

δa

)
= {f, h}(R3)∗ ◦$(µ, α).
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