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A Mathematical Model of Bivalent Binding Suggests
Physical Trapping of Thrombin within Fibrin Fibers
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ABSTRACT Thrombin is an enzyme that plays many important roles in the blood clotting process; it activates platelets, cleaves
coagulation proteins within feedback loops, and cleaves fibrinogen into fibrin, which polymerizes into fibers to form a stabilizing
gel matrix in and around growing clots. Thrombin also binds to the formed fibrin matrix, but this interaction is not well understood.
Thrombin-fibrin binding is often described as two independent, single-step binding events, one high-affinity and one low-affinity.
However, kinetic schemes describing these single-step binding events do not explain experimentally-observed residency times
of fibrin-bound thrombin. In this work, we study a bivalent, sequential-step binding scheme as an alternative to the high-affinity
event and, in addition to the low-affinity one. We developed mathematical models for the single- and sequential-step schemes
consisting of reaction-diffusion equations to compare to each other and to experimental data. We then used Bayesian inference,
in the form of Markov chain Monte Carlo, to learn model parameter distributions from previously published experimental data.
For the model to best fit the data, we made an additional assumption that thrombin was irreversibly sequestered; we hypothe-
sized that this could be due to thrombin becoming physically trapped within fibrin fibers as they formed. We further estimated that
!30% of thrombin in the experiments to which we compare our model output became physically trapped. The notion of phys-
ically trapped thrombin may provide new insights into conflicting observations regarding the speed of fibrinolysis. Finally, we
show that our new model can be used to further probe scenarios dealing with thrombin allostery.

INTRODUCTION

In response to an injury, blood will clot to prevent
bleeding from the body. The clotting process is comprised
of two intertwined subprocesses: platelet aggregation and
blood coagulation. Platelet aggregation includes platelets
adhering to the injured vessel and cohering with one
another to form a plug that initially slows blood leakage.
Blood coagulation is a biochemical system whereby
dozens of enzymatic reactions occur in the blood and on
the platelet surfaces and culminate in the generation of
the enzyme thrombin. Thrombin then cleaves fibrinogen,

yielding fibrin monomers, which then polymerize into fi-
bers to form a stabilizing mesh in and around the platelet
plug. The most well-known role for thrombin is its
cleaving of fibrinogen to fibrin but it has other roles as
well; it is involved in multiple positive and negative feed-
back loops whereby it cleaves different substrates that
lead to the production and inhibition of itself, and it is
also a potent activator of platelets. Another role that has
recently gained attention is its binding directly to already
cleaved fibrin in clots, where it has been observed to stay
bound for extended periods of time (1–3). Fibrin-bound
thrombin may have important clinical implications
because of allosteric interactions between thrombin,
fibrin, and anticoagulants (2,4,5); however, the underlying
thrombin-fibrin binding mechanism(s) remain poorly
characterized.
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SIGNIFICANCE It has been observed that thrombin, the major enzyme produced during blood clot formation, binds to
fibrin in clots and remains stably bound for extended periods of time. The binding scheme and rate constants currently
found in the literature do not explain these observations. Here, we use a bivalent binding scheme with a corresponding
mathematical model and use Bayesian inference to learn parameters from previously published experimental data. To
acquire the best fit with the data, we had to assume that some thrombin was irreversibly sequestered, which led to the
hypothesis that thrombin can become physically trapped inside fibrin fibers during their formation. Additionally, our bivalent
model allows for the study of thrombin allostery, which is important for the development of anticoagulant drugs.
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Several potential functions of clot-bound thrombin have
been proposed: 1) an inhibitory one, localizing thrombin
to an injury site and limiting downstream clotting (6); 2) a
stabilizing one, slowing fibrinolysis (the breakdown of the
fibrin mesh) (7); or 3) a pathological one, leading to un-
wanted thrombosis if the thrombin is released because of
mechanical failure or fibrinolytic breakdown of a
clot (8,9). Further, gA/g

0 fibrin(ogen), the specific type of
fibrin(ogen) thought to be primarily associated with clot-
bound thrombin, has recently been implicated as a potential
clinical biomarker for myocardial infarctions (10), coronary
artery disease (11), and deep vein thrombosis (12).

Thrombin is a serine protease with a catalytic active site
flanked by two exosites, exosite 1 and exosite 2. These exo-
sites serve to localize thrombin by binding it to various sub-
strates and to platelet surfaces, which aids in coagulation
and platelet activation (13–17). Fibrinogen is an insoluble
plasma protein that, upon enzymatic cleavage by thrombin,
becomes soluble fibrin (18). Fibrin has a dimeric structure
with a central E domain flanked by two D domains; each
D domain has a g chain associated with it (19), typically
found in the form of a gA chain but with roughly 15% in
what is known as the minority conformation, or g0 chains.
Because of its dimeric structure, fibrin can be classified by
the amount of g0 chains that it possesses: gA/gA fibrin(ogen)
has no g0 chains, and gA/g

0 fibrin(ogen) has one g0 chain
(19). Several experimental preparations of fibrin will be dis-
cussed in this work: wild-type fibrin, in which 15% of all g
chains are in the form of g0; fractionated gA/gA fibrin with
no g0 chains; and fractionated gA/g

0 fibrin in which every
fibrin monomer has one gA and one g0 chain (1,20).

Thrombin binds at two locations on fibrin and does so
with distinct exosites; it binds to sites on the central E
domain via exosite 1, and it binds to sites on the g0 chain
of fibrin via exosite 2 (19,21). Thrombin binds either fibrin
binding site individually but can also be bivalently bound to
both sites (1,22,23); it is interesting to note that when
thrombin is bivalently bound, one molecule is bound to
fibrin binding sites found on adjacent fibrin monomers
(23). This can occur because of the half-staggered nature
of the fibrin protofibrils (see Fig. 1 A). After the enzymatic
cleavage of fibrinogen monomers into fibrin monomers,
they begin to polymerize. First, protofibrils form that are
two monomer-thick chains of fibrin monomers, then the pro-
tofibrils aggregate laterally (see Fig. 1 A), and finally, they
form thicker fibers of bundled protofibrils (see Fig. 1 B;
(18,24)).

There are a series of previously-published experiments
that investigated the bivalent binding of thrombin in which
radiolabeled thrombin was bound to fibrin clots, and its
dissociation was monitored in time with radioactivity. Fre-
denburgh and colleagues developed this experimental setup
to study bivalent binding, allostery, and anticoagulants
(1,5,20). In the study focused on bivalency, they demon-
strated that radiolabeled thrombin bound to a preformed
fibrin clot remained stably bound for upwards of 24 h (1).
Additionally, they reported that gA/g

0 provided thrombin
with five times greater protection than the inhibitors hepa-
rin-mediated antithrombin and heparin cofactor II.

The experimental setup designed by Fredenburgh and
colleagues is ideal for mathematical modeling because the
thrombin-fibrin binding is isolated by type of fibrin(ogen)

FIGURE 1 Fibrin structure and thrombin binding
diagram. (A) A diagram shows the half-staggered
formation of a fibrin protofibril and the possible
binding interactions between thrombin and fibrin.
Fibrin monomers form half-staggered chains, proto-
fibrils. Thrombin binds via exosite 1 to the E
domain, via exosite 2 to g0 chains, and bivalently
via both exosites to both the E domain and g0 bind-
ing sites, which are localized because of the half-
staggered protofibril structure. Protofibrils then
aggregate laterally into bundled fibers. (B) A dia-
gram of the cross section of a fibrin fiber is shown.
Thrombin becomes trapped in the more dense core
of the fiber but can diffuse freely and bind on the
less dense periphery of the fiber. The binding sites
associated with the dense core are inaccessible to
thrombin binding. (C) Shown is a diagram of the dis-
tance between protofibrils in a fibrin fiber; the dark
purple circles represent a cross section of a protofi-
bril, and the black dotted circle represents space
around each protofibril within a fiber, where de is
the edge-to-edge distance between protofibrils. (D)
A diagram shows the radius of a protofibril, rp, and
the radius of the cylinder of space around each

protofibril, rs. (E) Shown is a diagram of how the percentage of accessible binding sites is determined. The shaded light purple ring, A2, consists of approx-
imately two protofibrils and represents the region with available, accessible binding sites. The shaded light gray circle, A1, is the region with no accessible
binding sites. To see this figure in color, go online.
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and is without the added complexity of flow. Briefly, the
setup is as follows. In three separate experiments, 3 mM of
three distinct types of fibrin(ogen), fractionated gA/gA, frac-
tionated gA/g

0, and wild-type, were incubated with 100 nM
thrombin and 16 nM active site-blocked, radiolabeled
thrombin, to form a fibrin clot around small loops of wire
in centrifuge tubes. Once the fibrin clots were formed,
they were removed from the centrifuge tubes and submerged
in larger tubes of buffer where the thrombin could dissociate
and diffuse out of the clots into the buffer solution. The frac-
tion of thrombin remaining in the clot was monitored by
removing the clot periodically over 24 h and measuring
the radioactivity. A control experiment was performed for
each of the three cases wherein 2 M NaCl was initially
included with the thrombin to block all specific binding ac-
tivity. In all the control experiments, the radioactivity (re-
maining thrombin) curves were nearly identical, with
almost no thrombin remaining after 12 h. The types of
fibrin(ogen) used in the experiments consisted of two frac-
tionated types and wild-type. Fractionated gA/gA fibrin
had no g0 chains, so all thrombin binding in this situation oc-
curs solely between the fibrin E domain and thrombin exo-
site 1; fractionated gA/g

0 fibrin(ogen) had a g0 chain on
every monomer, and wild-type fibrin(ogen) monomers
have two g chains with 15% of them being g0 chains, so
there is binding between thrombin and fibrin E domains as
well as g0 chain. The experimental results showed that, after
24 h, the fractionated gA/gA fibrin retained nearly 20% of all
thrombin, the wild-type fibrin retained around 60% of its
thrombin, and the fractionated gA/g

0 case retained around
80% of its thrombin (1; Fig. 3).

Another study from the same group focused on the allo-
steric nature of thrombin using a similar experimental setup
but included exosite 1- and exosite 2-directed ligands, HD1
and HD22 (20). The major difference in the experimental
procedures between these two studies were that each clot
was formed with 10 mM of fractionated gA/gA fibrin(ogen)
only and 15 nM FXIII, and then, each clot was submerged
in buffer or buffer plus 20 mM HD22, 5 mM HD1, or 2 M
NaCl, which was the control. The authors reported that
whereas HD1 fully disrupted the binding to gA/gA fibrin
via exosite 1, which was intuitive, the HD22 partially dis-
rupted the thrombin binding because of allostery between
the two exosites—this had to be due to HD22 interaction
with exosite 2, which is not directly involved with gA/gA

fibrin-thrombin binding.
Fibrin-thrombin binding has been previously described as

low- and high-affinity binding interactions (25), in which
the low-affinity binding is associated with the fibrin E
domain sites and thrombin exosite 1 interactions, and the
high-affinity binding is associated with g0 fibrin and
thrombin exosite 2 interactions (14). Here, both the
low- and high-affinity binding could be described as ‘‘one-
step’’ binding (OSB); for example, even though high-affin-
ity binding has been shown to be bivalent where thrombin

binds to fibrin via both exosites (1,22), it is essentially
assumed to become bivalently bound, through both exosites,
at the same time and in one single step. It is interesting to
note, however, that the dissociation constants for low-affin-
ity exosite 1 to E domain binding have been reported be-
tween 1.5 and 4.9 mM and for exosite 2 to g0 binding have
been reported to be !9 mM, which is not ‘‘high’’ affinity
in comparison to the aforementioned low-affinity constants.
Under the high- and low-affinity, OSB assumption, a disso-
ciation constant for the high-affinity binding, was reported
to be between 0.01 and 0.29 mM (1,14,22,29), with the ma-
jority of the values near 0.1 mM. Mathematical models
based on OSB schemes with dissociation constants near
0.1 mM have not been able to explain experimental data
showing thrombin bound to fibrin for long periods of time
(2,3).

Bivalent binding is unlikely to occur in a single step and is
much more likely to occur in multiple, sequential steps,
which we will denote as sequential-step binding (SSB); to
our knowledge, this notion of sequential binding steps has
been absent from the mathematical models and kinetic de-
scriptions of the thrombin-fibrin binding process (2,3).
There is a clear discrepancy that had arisen in the literature
in regards to the measured rate constants, the kinetic
schemes, and what models can explain the experimental
data. Thus, the objective of this study was to determine if
an OSB scheme with modified dissociation constants or an
SSB scheme is able to describe experimental thrombin-
fibrin binding data. In particular, we wanted to explain the
dissociation data from Fredenburgh and colleagues, previ-
ously described (1). Thus, we considered both an OSB
and SSB scheme for thrombin-fibrin binding and translated
these schemes into appropriate mathematical models that
described the binding dynamics and diffusive motion of
thrombin within fibrin clots. The novel aspect of our SSB
model is how we incorporate the adjacent fibrin monomer
binding into the kinetic scheme, which allows us to account
for the physical proximity of the available binding sites. We
used Bayesian inference to estimate distributions for model
parameters that best fit the previously published experi-
mental data. We found that the OSB and SSB models can
both accurately describe the experimental data. With the
OSB model, we found that our estimated dissociation con-
stant had to be much smaller than what has been previously
reported in the literature. However, for either model to accu-
rately describe the data, we had to make an additional
assumption that some thrombin was, somehow, irreversibly
sequestered by the clot. We hypothesized that thrombin used
to cleave the fibrinogen and polymerize the fibrin could
become physically trapped within the fibrin fibers during
the polymerization phase. Using Bayesian inference with
our model, we estimated that roughly 30% of the thrombin
becomes trapped inside fibrin fibers during polymerization
for the prescribed concentrations of thrombin and
fibrin(ogen), in the experiments without FXIII (1). Although
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both models were able to reasonably explain the experi-
mental data, we found strong statistical support for the
SSB scheme using model selection. Finally, because only
the SSB model was able to account for and distinguish
both thrombin exosites, we applied it to the situation with
exosite-directed ligands and found that it could accurately
describe the experimental data.

MATERIALS AND METHODS

OSB and SSB to describe thrombin-fibrin
interactions

We consider two scenarios that each contain the same description for
low-affinity thrombin-fibrin binding but differ in their kinetic schemes
that describe the high-affinity, thrombin-fibrin binding interactions: the
OSB scheme and the SSB scheme. In both scenarios, free thrombin (T)
binds to low-affinity binding sites (L) within the E domain and transitions
to the low-affinity bound state (BL); these events are assumed to occur via
exosite 1 on thrombin. The OSB scheme also includes direct binding be-
tween free thrombin (T) and high-affinity binding sites (H). The OSB
schemes work under a simplified assumption whereby thrombin binds
to the g0 chain on fibrin, via both exosite 1 and 2, but in one binding re-
action step; thrombin in this reaction transitions to the high-affinity
bound state (BH). The kinetic schemes and associated constants are listed
in Table 1.

The SSB scheme describes combinations of possible binding interactions
between free thrombin (T), low-affinity binding sites on the E domain, and
the g0 chains of fibrin. When a thrombin molecule is bivalently bound to
fibrin, it is actually straddled between two distinct fibrin monomers, to
the E domain on one monomer via exosite 1 and to the g0 chain on the other
monomer via exosite 2; this is possible because of the half-staggered nature
of protofibrils within the fibrin fibers (see Fig. 1). However, only a fraction
of the fibrin monomers contain a g0 chain, and thus, the model must be able
to distinguish between low-affinity binding sites on E domains that are in
proximity to g0 chains and those that are not. Consider L to be the low-af-
finity binding sites on the E domain that are not in proximity to a g0 chain
and L0 to be the sites that are in proximity to a g0 chain. Let G represent g0

binding sites, and BL, BL0, and BG represent the corresponding bound states
of thrombin. Thrombin bivalently bound to both an E domain site and a g0

site is represented by B. The kinetic schemes and associated constants are
listed in Table 2.

Note that the kinetic constants for the sequential steps are unique in that
bKd;G2 and bKd;L2 are dimensionless because kon,G2, koff,G, kon,L2, and koff,L all
have units of inverse time.

The populations of each species described in the kinetic schemes can be
tracked by transforming the schemes into systems of differential equations
using the law of mass action. For example, the ordinary differential equa-
tion that tracks BL0 is as follows:

dBL0

dt
¼ kon;LTL

0 # koff ;LBL0 # kon;G2BL0 þ koff ;GB: (1)

The first two terms represent free thrombin binding and unbinding from
the low-affinity, E domain binding sites; the second two terms represent the
sequential binding event in which thrombin bound to the low-affinity bind-

ing site via exosite 1 transitions to being bivalently bound by binding to the
g0 chain via exosite 2.

Reaction-diffusion model

We model the experiments carried out by Fredenburgh and colleagues (1)
by considering thrombin that diffuses and reacts with various binding sites
within a spherical fibrin clot. We assume that the clots are radially and
axially symmetric so that the three-dimensional reaction-diffusion partial
differential equations that describe this process will simplify to one dimen-
sion. The independent variables, time and space, are denoted t and r with
r ¼ 0 being the center of the spherical clot and r ¼ R being the outer
edge. To enforce symmetry at the center, we apply a reflective boundary
condition at r ¼ 0. In the experiments, the clot filled with bound thrombin
is submerged in a large bath of buffer in which there is no thrombin, and so
we assume an absorbing boundary condition at r ¼ R. The reaction-diffu-
sion equation and corresponding boundary conditions for thrombin in the
SSB scenario are as follows:

vT

vt
¼ D

r2
v

vr

 

r2
vT

vr

!

þ RðT; L; L0;G;BL;BL0 ;BGÞ; (2)

vT

vr
jr¼ 0 ¼ 0; (3)

Tjr¼R ¼ 0; (4)

where D is the diffusion coefficient, and R(T, L, L0, G, BL, BL0, and BG) rep-
resents the reactions defined for the SSB scenario. Note that a similar equa-
tion exists for the OSB scenario and only differs by reaction terms. For all
bound, immobile species, we have that D ¼ 0 because they are fixed within
the structure of the clot—only free thrombin can diffuse out of the clot. Full
model equations for both the SSB and OSB scheme appear in Supporting
Materials and Methods, Sections S1 and S2, respectively.

Exosite-directed ligands

The SSB scheme, but not the OSB scheme, allows for modeling the dy-
namics of thrombin exosite-specific interactions with fibrin. Petrera and
colleagues performed experiments to study the allosteric behavior of
thrombin; they performed similar thrombin dissociation experiments but
with additional ligands that bound specifically to exosite 1 (ligand HD1)
and to exosite 2 (ligand HD22) (20). The ligands were introduced into
the system in the buffer in which the clot with bound thrombin was sub-
merged. Thus, the ligands in this experiment could diffuse into the clot
from the buffer after the thrombin-fibrin system had come to equilibrium.

To investigate specific binding motifs, we devised a model of these ex-
periments to see how it would perform. Here, we denote HD22 as the
HD22 ligand, T22 as thrombin bound to HD22 via exosite 2, and C as a
short-lived intermediary complex of thrombin bound to the ligand via exo-
site 2 and also to the low-affinity E domain sites (L) on fibrin via exosite 1.

TABLE 1 OSB Reactions and Kinetic Constants

Number Reaction
Dissociation Constant
and Literature Values Kinetic Rates

1 Tþ L#BL Kd,L 1.1–3.4 mM (1,14,22,29) kon,L, koff,L
2 Tþ H#BH Kd,H 0.01–0.15 mM (1,14,22,29) kon,H, koff,H

TABLE 2 SSB Reactions and Kinetic Constants

Number Reaction
Dissociation Constant
and Literature Values Kinetic Rates

1 Tþ L#BL Kd,L 1.1–3.4 mM (1,14,22,29) kon,L, koff,L
2 Tþ L0#BL0 Kd,L 1.1–3.4 mM (1,14,22,29) kon,L, koff,L
3 Tþ G#BG Kd,G 9 mM (1) kon,G, koff,G
4 BL0#B bKd;G2 Unknown kon,G2, koff,G
5 BG#B bKd;L2 Unknown kon,L2, koff,L

A Mathematical Model of Bivalent Binding
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Similarly, HD1 and T1 represent the ligand HD1, specific to exosite 1, and
thrombin bound to HD1, respectively.

To adapt our SSB reaction-diffusion model to model these experiments
and include these new ligands, we included the differential equations that
arise from transforming the kinetic schemes in Table 3 and adjusted the
outer-edge boundary conditions to be set to the corresponding concentra-
tion in the buffer solution.

Numerical simulations

We simulated the experiments by Fredenburgh and colleagues (1) using two
algorithms, one with and one without the assumption that a fraction of
thrombin becomes physically trapped within the fibrin fibers. The simula-
tions with these two assumptions were carried out as follows:

Without trapped thrombin

1) Equilibration phase is as follows. All available thrombin and fibrinogen
are incubated as the fibrin fibers form. Model equations are evolved for-
ward in time until they reach an equilibrium, using values for initial con-
centrations of thrombin and fibrin reported in the experiments. During
this phase, thrombin is not allowed to diffuse out of the clot, so in this
step, we set the outer-edge boundary condition to be reflective.

2) Dynamic simulation of thrombin dissociation is as follows. The outer-
edge boundary conditions are switched to absorbing, the initial condi-
tions are set to those computed in the equilibration phase, and the model
equations for all species are evolved forward in time.

3) Calculate the fraction of thrombin remaining in the clot. Concentrations
of all thrombin species in the spherical clot are summed, normalized by
the initial thrombin, and reported.

With trapped thrombin

1) Equilibration phase I is as follows. All available thrombin and fibrin-
ogen are incubated as the fibrin fibers form. Model equations are
evolved forward in time until they reach an equilibrium, using values
for initial concentrations of thrombin and fibrin reported in the exper-
iments. During this phase, thrombin is not allowed to diffuse out of the
clot, so in this step, we set the outer-edge boundary condition to be
reflective.

2) Adjust for the fraction of trapped thrombin. If X% of thrombin is
assumed to be trapped within the fibrin fibers, then X% of the bound
thrombin computed in the initial equilibration phase is calculated and
subtracted from the total amount of thrombin.

3) Equilibration phase II is as follows. The total amount of fibrin is reduced
proportionally to the percentage of accessible binding sites. The total
free thrombin is reduced to the amount adjusted in the previous step.
Model equations are evolved forward in time until they reach an equilib-
rium; boundary conditions are still assumed reflective.

4) Dynamic simulation of thrombin dissociation is as follows. The outer-
edge boundary conditions are switched to absorbing, the initial condi-
tions are set to those computed in the second equilibration phase, and
the model equations for all species are evolved forward in time.

5) Calculate the fraction of thrombin remaining in the clot. Concentrations
of all thrombin species in the spherical clot are summed with the trapped
thrombin computed in step two; this total amount is normalized by the
initial thrombin and reported.

The evolution of all model equations was performed numerically using
the MATLAB (The MathWorks, Natick, MA) internal partial differential
equation (PDE) solver, PDEPE.

Parameter estimation and model selection

Our general strategy in this study was to estimate the least number of pa-
rameters possible per set of experimental data. The experiments per-
formed by Fredenburgh and colleagues (1) served as our main resource
for model validation and parameter estimation. Their experiments were
performed in such a way that we were able to independently estimate
the diffusion coefficient for thrombin and the kinetic rate constants for
thrombin binding to various types of fibrin. The first set of experiments,
which we call the ‘‘control’’ experiments, was designed to determine if
thrombin was binding nonspecifically to fibrin in the clot; specific bind-
ing to fibrin was blocked so that thrombin would only diffuse through the
clot. The authors concluded there was negligible nonspecific binding
from the data, and it is with these data that we estimated the diffusion
coefficient. The second set of experiments they performed were with
gA/gA fibrin, which means that the only specific binding that occurred
was the low-affinity binding between exosite 1 of thrombin and the E
domain binding sites of fibrin. Thus, using the estimated diffusion coef-
ficient from the previous experiments, the dissociation constant, Kd,L was
estimated from these data. The final two experiments include gA/g

0 fibrin
(i.e., both low- and high-affinity binding was occurring), and using the
previously estimated diffusion coefficient and Kd,L, we used these data
to estimate the high-affinity Kd,H (OSB) and the corresponding sequential
binding rates (SSB). To extract the experimental data points from the pre-
viously published studies, we used the online data extraction tool,
WebPlotDigitizer (https://automeris.io/WebPlotDigitizer/). This process
involved visually marking the axes and all data points in both the figure
and extraction tool and then computing the numerical values for where
those data points lie.

We used a Bayesian inference approach whereby we treat model param-
eters as random variables with associated distributions; we construct these
distributions, rather than point values, using Markov chain Monte Carlo
(MCMC) methods (26). The foundation of this methodology is Bayes the-
orem as follows:

PðqjvÞfPðv j qÞPðqÞ;

where q is a vector of parameter realizations, and v is a vector of
observed data. The theorem essentially states that the probability of
the parameters given a set of data ðPðq j vÞÞ, the posterior distribution)
is proportional to the probability of the data given a set of parameters
(Pðv j qÞ, which quantifies the likelihood) times the probability of the pa-
rameters themselves (PðqÞ, the prior distribution) (26,27). We assume
that the error in the experimental data is normally distributed and use
this assumption to estimate the likelihood, which is an approximation
of how likely the model output is, given that the data is normally distrib-
uted about an experimentally determined mean. If there is known infor-
mation about the parameters (e.g., a range of experimentally measured
values), this information could be incorporated into the prior distribu-
tion. If there is no such information, it is suggested to use noninforma-
tive, or uniform, distributions for the priors (26). We assumed normal
distributions for prior distributions of most estimated parameters, with
the means computed with an ordinary least-squares (OLS) estimator.
We assumed uniform priors for several parameters that were completely
unknown. For model output ~x ¼ fx1;.:; xng and experimental data ~d ¼
fd1;.:;dng, the goal is to minimize the least-squares error, LSE, which

TABLE 3 Reactions Included in the Model of Exosite-Directed
Ligand Experiments

Reaction
Dissociation Constant
and Literature Values

Tþ L#BL Kd,L 2.6 mM (Previously estimated)
Tþ HD22#T22 Kd,22 0.67 mM (20)
BL þ HD22#C Kd,B22 3.9 mM (20)
Lþ T22#C Kd,L 2.6 mM (Previously estimated)
Tþ HD1#T1 Kd,1 0.03 mM (20)
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is the Euclidean distance between each data point and its corresponding
model output:

LSE ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX

i

ðxi # diÞ2
r

:

We used the MCMC technique with the Metropolis algorithm (26,28) to
construct the posterior distributions of all parameters that we estimated. We
used a log likelihood formulation, L, as follows:

Lðx; dÞ ¼
X

i

logðpðdi j qÞÞ;

which is the sum of the probability of each data point, given a particular set
of data. Using a log likelihood lets us turn what would otherwise be a prod-
uct over the individual probabilities into a sum. Under the assumption of
normally distributed data, the likelihood becomes as follows:

Lðx; dÞ ¼
X

i

log

 
1

s
ffiffiffiffiffiffiffiffi
2'p

p e
#ðxi#diÞ2

2's2

!

:

The next step is to maximize the sum of the likelihood and the probability
of a given set of parameters.

This methodology was employed to estimate distributions for koff,L,
koff,H, and koff,G; in each case, we fixed the associations rates kon,L, kon,H,
and kon,G to be 1/mM s and report the distributions for Kd,L, Kd,H, and
Kd,G. For the sequential kinetic constants, bKd;G2 and bKd;L2, we estimate
each with a joint probability distribution of the corresponding on and
off rates, kon,G2 and koff,G2 and kon,L2 and koff,L2, respectively. The steps
for each parameter estimation can be generalized as follows: randomly
sample parameter space to choose a set of parameters, simulate the math-
ematical model with that set of parameters, compute the log likelihood of
the model output and compare it to the log likelihood of the previous
model output, choose to accept or reject based on this difference, iterate,
and repeat; the posterior distribution is then constructed from the accepted
values in the chain. The Markov part of MCMC is an assumption of sta-
tistical independence between chain values. Because of this assumption, a
single long chain is equivalent to several smaller chains that sum to the
same length. Because the MCMC process involves hundreds of thousands
of evaluations of the mathematical model with proposed parameters, we
leverage the independence by performing many batches of MCMC runs
of 20,000 iterations each, simultaneously. Upon inspection of the chains,
we assumed the first 5000 iterations to comprise the ‘‘burn in’’ period
and thus neglected these values; once the chains settle into their distribu-
tion, we then merge the multiple shorter chains to form one larger poste-
rior distribution.

To evaluate which kinetic scheme and resulting model output provides a
better overall description of the data, we use two model selection metrics:
the Akaike Information Criteria (AICc, which is AIC corrected for small
sample size) and the Bayesian Information Criteria (BIC) (26). If bL is the
maximized log likelihood, then the AICc and BIC are as follows:

AICc ¼ 2k # 2bL # 2k2 þ 2k

n# k # 1
;

BIC ¼ logðnÞk # 2bL;

where k is the number of parameters estimated using MCMC, and n is the
number of data used. This metric can be used to compare two models where
the 2k and log(n)k penalize for additional parameters, and the 2bL rewards
for being a good fit. The model that produces the smallest information cri-
terion value is considered the superior model.

RESULTS

Below, we describe the numerical results for validating our
mathematical models with the thrombin dissociation exper-
iments performed by Fredenburgh and colleagues (1). We
used our diffusion-reaction model to simulate various ex-
periments to independently estimate the diffusion coeffi-
cient, D, dissociation constant for low-affinity binding,
Kd,L, and the kinetic rates associated with high-affinity
binding for the OSB and SSB schemes, Kd,H, kon,G2, and
kon,L2. In all cases, we employed a Bayesian approach to
infer a distribution for uncertain parameters with associated
prior distributions; upon propagation of each prior distribu-
tion through the mathematical model and using the likeli-
hood of the experimental data, we learned the posterior
distributions for the parameters. Additionally, we describe
model results from simulating experiments with exosite-
directed ligands using the SSB model. Because the binding
dynamics depend on the structure of the clot itself (29), we
begin with estimations of some physical characteristics of
the fibrin fibers within the experimental system we are
modeling.

Estimated physical characteristics of fibrin fibers

When fibrin polymerizes, it first forms half-staggered
chains of fibrin monomers called protofibrils, which
then aggregate laterally to form fibers that then comprise
the fibrin mesh of a clot (24,30). The quality, thickness,
and density of fibers varies as the amounts of fibrinogen
and thrombin change (18,29). In the experiments per-
formed by Fredenburgh and colleagues, !3 mM fibrinogen
was polymerized into fibrin with 100 nM thrombin; these
conditions yield thin fibrin fibers that are !100 nm in
diameter (29), in line with approximations from
other studies, suggesting thin fiber diameters to be
!97.5 nm (31).

Distance between protofibrils within a single fiber

Here, we provide two separate calculations to get an esti-
mate of the mean distance between protofibrils within a
fibrin fiber. First, we consider a single cylindrical fibrin fiber
with radius 48.75 nm (31,32), in which the fibrin concentra-
tion within the fiber is 824mM (32,33). Next, we examine a
small cylindrical slice of a fibrin fiber with cross-sectional
area A ¼ p48.752 nm2 and length, l, of 45 nm, the length
of a single monomer of fibrin (18,34,35). The estimate of
the number of protofibrils (two monomers thick) and their
edge-to-edge distance in the slice can be estimated as
follows:

824 mmoles

L
( 1L

1024 nm3
( 6:022 ( 1023 molecules

106 mmoles
( l

( A nm3 ¼ 166:8 monomers ¼ 83:4 protofibrils:
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For simplicity, we will assume that the fibrin fiber is !83
protofibrils thick and then estimate their edge-to-edge
distance. To do this, we used a circle-packing algorithm
that placed 83 cylinders into the fiber slice and output
the radius of each cylinder (http://web.archive.org/web/
20080207010024/http://www.80multimedia.com/winnt/
kernel.htm). We determined that each smaller cylinder has a
radius of rs z 4.65 nm; these cylinders are considered to be
occupied by a single protofibril plus additional edge-to-edge
space between protofibrils (see Fig. 1, C and D). If we as-
sume that a protofibril radius, rp, ranges between 2.5 and
5 nm (36), then the estimated range of edge-to-edge distance
is de ¼ 2(rs # rp) ¼ 0.0 # 4.3 nm (see Fig. 1 D).

Other estimates of fibrin fiber diameters exist in the liter-
ature, and we have used these values to estimate the edge-to-
edge distance for comparison with the one above. For
example, Ferri et al. reported a single fibrin fiber to have a
radius of 45.5 nm and a mass-to-length ratio of 1.68 (
106 Da/nm (37). Assuming that a single monomer has an
effective length of !45 nm (18,34,35), then the estimate
of the number of monomers in a cylindrical slice of length
45 nm is as follows:

1:68( 106Da=nm ( 1 monomer

0:34 ( 106Da
( 45 nm

¼ 222 monomers ¼ 111protofibrils:

If each cylindrical fiber with cross-sectional area
A ¼ p45.52 nm2 is roughly divided into 111 smaller cylin-
ders of equal volume, we utilize a circle-packing algorithm
(http://web.archive.org/web/20080207010024/http://www.
80multimedia.com/winnt/kernel.htm) to determine that
each smaller cylinder has a radius of rs ¼!3.75 nm. These
cylinders are considered to be occupied by a single proto-
fibril plus additional edge-to-edge space between protofi-
brils (see Fig. 1 C). If we assume that a protofibril
radius, rp, ranges between 2.5 and 5 nm (36), then the
estimated possible range of edge-to-edge distance is de ¼
2(rs # rp) ¼ 0 # 2.5 nm (see Fig. 1 D).

These estimates of edge-to-edge distances between proto-
fibrils in a fibrin fiber are either on the same order or less
than the effective size of a thrombin molecule, which is
4.5 ( 4.5 ( 5 nm3 (35).

Inaccessible binding sites within fibrin fibers

Given the estimates above for the spacing between protofi-
brils, it is unlikely that a thrombin molecule would be able
to diffuse into or out of an already formed fibrin fiber. How-
ever, it was recently shown that fibrin fibers are less dense at
the outer edges than in the core, so that the protofibrils are
arranged in a spoke-like manner (36) and that only the pe-
ripheral layers of fibrin fibers dynamically remodel (38).
Taken together with our small edge-to-edge distance esti-
mates, this suggests that only the outer most protofibrils
are accessible to thrombin on the exterior of the formed

fibrin fibers. To estimate the percentage of total binding sites
that are physically inaccessible to thrombin, we assume the
following: 1) protofibrils are arranged in circular layers
within the fiber (see Fig. 1), 2) only the two outer most
layers of protofibrils are accessible for binding, and 3) the
protofibrils have edge-to-edge distances estimated above.
Next, we consider a ring on the outer edge of a fibrin fiber
that is two protofibrils thick (purple shaded region in
Fig. 1 E) to define the region where protofibrils have acces-
sible binding sites. Conversely, the gray shaded region in
Fig. 1 E is representative of protofibrils with inaccessible
binding sites. Assuming that the outside ring has a width
of 4 ( rs (Fig. 1 E), we take the ratio of the areas,
A1=ð A1 þ A2ð ÞÞ to be the percentage of total binding sites
within a fibrin fiber that are likely to be inaccessible to
thrombin. With our two estimates of rs, we found that be-
tween 38 and 44% of the binding sites are inaccessible. In
the relevant simulations below, we assume that 41% of all
fibrin binding sites (average of the two estimates above)
are inaccessible to free thrombin. This translates to a reduc-
tion of the initial condition for fibrin in the model.

Estimating the diffusion coefficient for thrombin

The goal was to estimate the diffusion coefficient for
thrombin by utilizing data from the control experiment in
which thrombin diffuses through and out of the clot into
buffer but does not bind fibrin with any specific interactions.
To achieve this, we used a diffusion equation in spherical
coordinates to model thrombin moving through a spherical
clot. With this setup, the only parameter that was uncertain
was the diffusion coefficient for thrombin (see Supporting
Materials and Methods, Section S3 for a description of
why we estimate only the diffusion coefficient here).

As described in the Materials and Methods, we simulated
the thrombin dissociation experiments and reported the total
amount of thrombin remaining in the clot, normalized by the
initial amount of thrombin. We assumed a normal prior dis-
tribution with a mean and SD of 5 ( 10#7 and 2.5 ( 10#8

cm2/s, respectively. Fig. 2 A shows the experimental data
(black circles) and the model output distribution of the
thrombin remaining in the clot as a function of time; we
plot the mean (solid line) along with a 95% credibility inter-
val, represented by the gray shaded region. The thrombin
output distribution appears to be only a single curve because
the posterior parameter distribution was very tight around
the mean (see Fig. 2 A, inset for histogram of posterior
distribution).

The data can be described with an approximately normal
posterior distribution for the diffusion coefficient with a
mean of 1.4268 ( 10#8 cm2/s (see Fig. 2 A, inset). Because
of the tight distribution around the mean, the diffusion coef-
ficient will be fixed to a point value set to the mean of this
distribution for all future simulations in this study. Based
on the value of the estimated diffusion coefficient, which
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is within a reasonable range for a small particle diffusing in
water, this is in line with the experimental findings that that
there was little to no nonspecific binding.

Estimating the low-affinity dissociation constant I

The experimental data using gA/gA fibrin was used to esti-
mate the low-affinity binding constant, Kd,L. To model these
experiments, we used coupled reaction-diffusion equations
that described the diffusion of thrombin (with diffusion
coefficient fixed to the estimated mean in the previous sec-
tion), the reaction for low-affinity binding between exosite 1
of thrombin, and the E domain sites on fibrin (reaction 1,
Tables 1 and 2), with the assumption that 41% of the fibrin
binding sites were inaccessible to thrombin. We fixed the
kon,L to be 1/mM s and used Bayesian inference to estimate
koff,L; we report a posterior distribution for Kd,L¼ koff,L/kon,L.
We assumed a normal prior distribution for koff,L, with mean
1.7 mM, estimated from OLS. Fig. 2 B shows the experi-
mental data (black circles) and the model output distribution
of the thrombin remaining in the clot as a function of time;
we plot the mean (solid line) along with a 95% credibility
interval, represented by the gray shaded region. The inset
of Fig. 2 B shows the histogram of the posterior distribution
for Kd,L. The constant, Kd,L, was estimated to be approxi-
mately uniformly distributed between 0.6680 and
1.7062 mM with a mean of 1.1791 mM, which seems to be
within the range of experimental measurements
(1,14,22,29). We can see that the variation in this constant
resulted in a much wider credibility interval than in the
case of estimating the diffusion coefficient. Only the early
time points of the experimental data (less than 10 min) are
described well with this model and estimated parameter dis-

tribution; the last two data points are not falling within the
credibility intervals. This model results in thrombin leaving
the clot faster than it does in the experiments, and thus, we
concluded that this model does not quantitatively or qualita-
tively represent the experimental results.

Our first attempt at modeling the gA/gA experiments
failed as the resulting thrombin was leaving the clot too
soon, even with an independently estimated diffusion coef-
ficient and optimizing for the best fit kinetic rate constants.
The reaction-diffusion model will eventually lead to all
thrombin leaving the system, whereas the experimental
data seem to show thrombin remaining at a nonzero level
for extended periods of time—what is holding the thrombin
inside the clot? We considered the following possibility:
what if the fibrin fibers are somehow physically trapping
the thrombin from leaving the clot?

Physical trapping of thrombin

We previously estimated that the average distance between
protofibrils was small enough to prevent thrombin from
diffusing into the fibers and then estimated the fraction of
binding sites that would be inaccessible because of this
physical barrier. This seems reasonable when considering
fully formed fibrin fibers. However, in the experiments per-
formed by Fredenburgh and colleagues (1), the measured
thrombin remaining in the clots includes the thrombin that
was used to form the clots and is thus present during forma-
tion of fibers. Additionally, other researchers previously
suggested that thrombin molecules become trapped within
bundles of fibrin fibers during polymerization (29). Expand-
ing on this idea, we hypothesize that thrombin becomes
trapped within individual fibers while they are forming,

FIGURE 2 Modeling diffusion and low-affinity
binding experiments: posterior distributions of key
parameters and resulting model output. (A) Shown
are the estimated posterior distribution (inset) for
the diffusion coefficient, the resulting model output
(solid line) with 95% credibility intervals (shaded
region), and the data (dotted line) for the control ex-
periments. (B) Shown are the estimated posterior
distribution for the dissociation constant for low-af-
finity binding (inset) in the absence of physically
trapped thrombin, the resulting model output (solid
line) with 95% credibility intervals (shaded region),
and the data used to estimate the Kd (dotted line). (C)
Shown are the estimated posterior distribution for
the dissociation constant for low-affinity binding
(solid line) under the assumption of physically trap-
ped thrombin, the resulting model output (solid line)
with 95% credibility intervals (shaded region), and
the data used to estimate the Kd and trapped
thrombin percentage. (D) Shown is the posterior
distribution of the percentage of thrombin that is
physically trapped within the fibrin fibers. Experi-
mental data points were extracted numerically
from the article by Fredenburgh et al. as described
in Materials and Methods (1).
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and because the thrombin is radiolabeled, the radioactivity
is still measurable, even though the thrombin molecules
are trapped within the fiber.

Estimating the low-affinity dissociation
constant II

The fraction of total thrombin that becomes physically
trapped within fibers is difficult to estimate, and thus,
we assumed this fraction to be an uncertain parameter,
incorporated in the model as described in the model algo-
rithm section of the Materials and Methods. The trapped
fraction parameter was estimated simultaneously with
Kd,L. We assumed the trapped fraction had a normal prior
distribution with a mean and SD of 20 and 1, respectively.
Fig. 2 C shows the experimental data (black circles) and
the model output distribution of the thrombin remaining
in the clot as a function of time; we plot the mean (solid
line) along with a 95% credibility interval, represented by
the gray shaded region. The inset of Fig. 2 C shows the
histogram of posterior distribution for Kd,L, considering
that a fraction of thrombin can be physically trapped.
The constant, Kd,L, was estimated to be approximately
normally distributed between with a mean of 2.6 mM
and SD 0.84 mM, which encompasses the range of exper-
imental measurements (1,14,22). Fig. 2 D shows the his-
togram of the posterior distribution for the trapped
thrombin fraction, which was estimated to be approxi-
mately normally distributed with a mean of 31% and
SD 14%. Fig. 2 C clearly shows good qualitative and
quantitative agreement of the model output and the exper-
imental data; all data points lie within the 95% credibility
intervals, and the remaining fraction of thrombin no
longer tends to zero. These results are in much better
agreement than those considered without trapped
thrombin. To quantify this, we computed a model selec-
tion test with the AICc (see Materials and Methods for
description) and found it to be 922 for the case
without trapped thrombin and #3.55 with trapped
thrombin. The difference between the criteria for each
model gives evidence for statistical support, not the
absolute numerical value, in which the model with the
lower value is preferred. Observing a difference greater
than 10 indicates a very strong statistical preference for
the model with the lower value (39). The differences be-
tween the models were computed as AICcNoTrappedThrombin
# AICcWithTrappedThrombin ¼ 925.55. Thus, we find strong
statistical support for the model with the trapped thrombin
assumption over the model without it.

Two potential kinetic schemes to explain
thrombin dissociation experiments

We have estimated all parameters describing the physical
characteristics of fibrin fibers, the diffusion coefficient of

thrombin, the trapped thrombin percentage, and the low-af-
finity dissociation constant, Kd,L. These estimates encom-
pass the control and fractionated gA/gA experiments. We
now will continue to use Bayesian inference along with
the two remaining sets of data from the wild-type and frac-
tionated gA/g

0 experiments to estimate the rates associated
with high-affinity binding. For the OSB-derived model,
we estimate Kd,H, and for the SSB-derived model, we esti-
mate kon,L2 and kon,G2. The estimation of the posterior distri-
butions was slightly different than the previously described
ones because, here, we sampled from distributions for the
previously estimated parameters; for each instance of
the MCMC chains, we took 50 independent samples from
the previously estimated parameter distributions and
computed 50 time courses for the remaining thrombin,
and then the mean of these 50 time courses was computed
and used in the likelihood calculation.

OSB model

To model these experiments, we use a reaction-diffusion
equation with the reactions described in Table 1. We
assumed the diffusion coefficient, the parameters for low-af-
finity binding, and the percentage of trapped thrombin were
known (estimated above) and used the experimental data
and Bayesian inference to learn the parameters for the
high-affinity binding reaction. More specifically, we fixed
the kon,H to be 1/mM s and estimated koff,H; we report a pos-
terior distribution for Kd,H ¼ koff,H/kon,H. We assumed a
normal prior distribution for koff,H, with mean 0.01 s#1

and SD 0.0005 s#1, estimated from OLS. Fig. 3 shows the
experimental data (black circles) and the model output dis-
tribution of the thrombin remaining in the clot as a function
of time; we plot the mean (solid line) along with a 95% cred-
ibility interval, represented by the gray shaded regions. We
can see that all but one data point lie within the 95%

FIGURE 3 Modeling the high-affinity binding experiments: posterior
distributions of key parameters and resulting model output for the OSB
scheme. Shown are the estimated posterior distribution (inset) for the
high-affinityKd, the resulting model output (solid line) with 95% credibility
intervals (shaded region), and the data (dotted line) for the wild-type
thrombin and fractionated gA/g

0 fibrin. Experimental data points were ex-
tracted numerically from the study by Fredenburgh et al. as described in
Materials and Methods (1).
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credibility intervals, indicating good agreement between
model and data. The inset of Fig. 3 shows the histogram
of posterior distribution for Kd,H, estimated to be approxi-
mately uniformly distributed between 0.0217 and 0.0303
mM, which is in line with one of the experimental measure-
ments (1) but not others (14,22).

SSB model

To model these experiments, we use a reaction-diffusion
equation with the reactions described in Table 2.
We assumed the diffusion coefficient, the parameters for
low-affinity and the g0 binding (reactions 1–3, Table 2),
and the percentage of trapped thrombin were known (esti-
mated above); we used the experimental data and Bayesian
inference to learn the parameters for the high-affinity bind-
ing reactions. More specifically, because the rates for the
sequential binding steps both have units of inverse time,
we fixed the koff,G to be 9/s and used the previously esti-
mated distribution for koff,L and estimated the corresponding
distributions for kon,G2 and kon,L2; we report the two-dimen-
sional joint distributions for these rates and not the dissoci-
ation constants as we have done in the previous sections. For
the prior distributions for both of these rates, we assumed a
uniform distribution between 0/s and 5000/s, a noninforma-
tive prior.

Fig. 4 A shows the experimental data (black circles) and
the model output distribution of the thrombin remaining in

the clot as a function of time; we plot the mean (solid
line) along with 95% credibility intervals computed by
assuming the two rates kon,G2 and kon,L2, are jointly distrib-
uted. This means that for each output, the values of kon,G2
and kon,L2 are chosen from the same instance of the
MCMC chain rather than independently sampled from their
own MCMC chain. We originally computed credibility in-
tervals assuming that the parameters were independently
distributed, but we found that the credibility intervals
were wide, and the posterior distributions were flat with
high SD; this suggested that the parameters were not inde-
pendent of one another. Thus, we consider them as jointly
distributed, and in Fig. 4 B, we show the two-dimensional
histogram of the joint posterior distribution of the two rates,
kon,G2 and kon,L2. When comparing the model output to data,
we can see that most of the data points lie within the 95%
credibility intervals, indicating good agreement between
model and data.

Model selection test

Both the OSB and SSB models were in good qualitative and
quantitative agreement with the experimental data, but the
SSB had an additional parameter. We wanted a way to
choose among different models, with statistical support, al-
lowing for the penalization of the likelihood of the data
because the complexity of the model. We calculated the cor-
rected Akaike Information Criterion (AICc) and the
Bayesian Information Criterion (BIC) for the remaining
thrombin, output from both the OSB and SSB model, eval-
uated at the mean of the posterior distributions. Both metrics
penalize the likelihood of the data with the complexity of
the model, which results in the SSB model and its extra
parameter having a greater penalty. The difference between
the criteria for each model gives evidence for statistical sup-
port, not the absolute numerical value, where the model with
the lower value is preferred. Observing a difference greater
than 10 indicates very strong statistical preference for the
model with the lower value (39). The differences between
the models were computed as AICcOSB # AICcSSB ¼ 23
and BICOSB # BICSSB ¼ 22. Thus, by either metric, we
find statistical support for neglecting the OSB model in
favor of the SSB model.

Exosite-directed ligands using the SSB model

The SSB model was previously selected as the preferred
model, over the OSB model, to represent data from radiola-
beled thrombin dissociation experiments (20). Here, we
show that, in addition to that model selection, the SSB
model but not the OSB model can be utilized to explore
the use of exosite-directed ligands, which are designed to
exploit the allosteric behavior of thrombin. This behavior
is becoming increasingly important in the development of
anticoagulants that target thrombin specifically (20). The
SSB model was adapted to include the binding of two exo-
site-directed ligands, HD1 (thrombin exosite 1) and HD22

FIGURE 4 Modeling the high-affinity binding experiments: posterior
distributions of key parameters and resulting model output for the SSB
scheme. (A) Shown are the resulting model output (solid line) with 95%
credibility intervals (shaded region) and the data (dotted line) for the
wild-type thrombin and fractionated gA/g

0 fibrin. (B) Shown is the esti-
mated joint posterior distribution for sequential rates from the SSB scheme.
Experimental data points were extracted numerically from the article by
Fredenburgh et al. as described in Materials and Methods (1). To see this
figure in color, go online.
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(thrombin exosite 2), and the model was evaluated to see if it
could reproduce the results of experiments performed by
Petrera and colleagues (20).

We have shown above that physical characteristics of the
fibrin clots (for example, the percentage of available fibrin
binding sites and physically trapped thrombin) are neces-
sary to incorporate into mathematical models. Moreover,
these characteristics vary with the ratio of fibrinogen to
thrombin that form the clot. Petrera and colleagues used
100 nM thrombin and 10 mM fibrinogen, which is a ratio
of fibrinogen to thrombin that is three times higher than
that in the experiments of Fredenburgh et al. This suggests
that the fibrin fibers that form in these experiments will be
larger in diameter and have less densely packed protofibrils
than those formed in the previous experiments. We sus-
pected that this would result in a decreased percentage of
trapped thrombin and an increased percentage of available
binding sites. Therefore, we adjusted these parameters in
the SSB model to best represent the directed-ligand data.
We found that 13% trapped thrombin and 75% available
fibrin binding sites gave good agreement with the data.
For the model simulations, we used the means of all param-
eter distributions estimated above for the SSB model. Fig. 5
shows the resulting model output for remaining thrombin in
the clot over the course of 5 h for four different experimental
setups: control case, in which thrombin only diffuses; buffer
case, in which only gA/gA binding is allowed; HD1 case, in
which HD1 binds thrombin exosite 1 and blocks it from
binding the E domain sites on fibrin; and the HD22 case,
in which HD22 binds the thrombin exosite 2 and modifies
the binding of exosite 1. The addition of HD22 reduced
the thrombin retention by half compared to the control
case, and the addition of HD1 restored the retention to the
levels of the control case. The model output was in excellent
agreement in all cases.

DISCUSSION

Thrombin is known to bind fibrin clots and remain stably
bound for extended periods of time. This sequestration of
thrombin is often described as two distinct binding events
between thrombin and fibrin, one of high affinity and one
of low affinity. The existing one-step kinetic schemes and
the measured dissociation constants found in the literature
cannot account for the experimental data obtained from
thrombin-fibrin binding experiments. There is a clear
discrepancy between the existing models, kinetic parame-
ters, and experimental data.

In this study, we wanted to determine if an OSB scheme
with modified kinetic parameters or our proposed SSB
scheme would describe experiments in which the dissocia-
tion of radiolabeled, fibrin-bound thrombin was monitored
over 24 h. We formulated two mathematical models, both
of the reaction-diffusion PDE type, one with the OSB
scheme and one with the SSB scheme to represent the
thrombin-fibrin binding dynamics. We found that both
models could accurately describe the data but with some ca-
veats. The SSB model does have an extra parameter that can
be adjusted, but even with this added complexity, the AICc
and BIC both give strong statistical support for choosing the
SSB model over the OSB model when comparing model
output to experimental data. Both models only showed
good agreement with the experimental data under the addi-
tional assumption that a portion of thrombin became physi-
cally trapped within the fibrin fibers during polymerization.

Two binding schemes: one step and
sequential step

The OSB model accurately described the data but only with
dissociation constants for high-affinity binding that we esti-
mated to be in the range 0.02–0.04 mM. Our estimate is
consistent with only one (1) of four separate values found
in the literature (1,14,22,29) for this high-affinity dissocia-
tion constant. We note that two different experimental pro-
tocols were used across these four studies, surface plasmon
resonance (1) and Scatchard analysis (40) of binding exper-
iments (14,22,29), and that these two protocols led to two
distinct ranges, differing by an order of magnitude in the
estimated rates. It was noted in Banninger et al. (29) that
because of the fact that some thrombin was irreversibly
bound to the fibrin (i.e., physically trapped), Scatchard anal-
ysis was not appropriate to quantify the binding parameters.

After studying the literature about the bivalent nature of
thrombin binding, we devised a new kinetic scheme to
represent bivalent thrombin-fibrin binding. To our knowl-
edge, this notion has not yet been incorporated into mathe-
matical models of thrombin-fibrin binding and thus is a new
way to model and probe these dynamics. However, the novel
part of the scheme is not the bivalent nature of thrombin it-
self but the fact that our scheme can capture the proximity of

FIGURE 5 The SSB model was modified to include the exosite directed
ligands, HD22 and HD1. The SSB was modified to include exosite-directed
ligands, HD22 and HD1. Here, all relevant parameters are taken to be the
mean of previously estimated parameters. The available number of binding
sites was fixed to 75%, and the percentage of trapped thrombin was fixed to
13% to account for the potential differences in clot structure arising from
initial molar ratios of fibrinogen to thrombin. Experimental data points
were extracted numerically from the article by Petrera et al. as described
in Materials and Methods (20). To see this figure in color, go online.
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binding sites on E domains to binding sites on g0 chains; by
accounting for two types of low-affinity sites on E domains,
ones that are and are not in proximity to g0 sites, our model
is uniquely able to model various fractionated forms of
fibrin(ogen).

Because the SSB model can explicitly represent both
thrombin exosites, we extended it to study exosite-directed
ligands and thrombin allostery (20). Using kinetic rates
estimated in this work in combination with kinetic rates re-
ported for the exosite-directed ligands, our model gave a
good qualitative match to the experimental data, with the
correct relative responses between the different ligands.
This set of experimental data was based on different
loading concentrations of fibrin(ogen) and had additional
FXIIIa, which could change the fibrin structure (18,29)
and the amount of trapped thrombin (29). Consequently,
we systematically varied the percentage of available bind-
ing sites and the percentage of trapped thrombin. We were
able to obtain very good qualitative fits for these exosite-
directed ligand experiments. Because multiple studies
have shown allosteric linkage between thrombin exosites
and between the exosites and the active site (5,20,41,42),
our SSB model could be used to simulate these scenarios
and further probe the thrombin binding dynamics. Our
model could also be used to study thrombin-specific ap-
tamers (43), thrombin inhibitors sensitive to the enzymes
of fibrinolysis enzymes (44,45), and bivalent direct
thrombin inhibitors, such as hirudin and bivalirudin (46).
To our knowledge, mathematical modeling tools have not
yet been applied to these situations.

Trapped thrombin hypothesis

We are proposing a physical mechanism for thrombin reten-
tion within fibrin clots. Based on plausible physical struc-
tures of fibrin fibers, we estimated that an average
distance between protofibrils in a fibrin fiber could be less
than the effective size of a single thrombin molecule. Addi-
tionally, fibrin fibers are suggested to be arranged in a
spoke-like manner with dense cores and less dense outer
edges (36). Thus, we further hypothesized that if thrombin
was bound to a protofibril and did not have time to disso-
ciate and diffuse away before protofibril aggregation into fi-
bers, the thrombin could become irreversibly, physically
trapped inside the fibrin fiber. As a consequence of this,
we also considered that not all fibrin binding sites within a
formed fiber would be accessible to mobile thrombin on
the exterior of the fiber. It has been suggested that thrombin
could be trapped within bundles of fibrin fibers (29), but to
our knowledge, the idea that thrombin could be irreversibly
trapped within single fibers has not yet been presented in the
literature.

This notion of physical trapping of thrombin may provide
some insight into paradoxical observations regarding fibri-
nolysis, the enzymatic degradation of fibrin clots. Thrombin

is known to affect the structure of fibrin clots; fine clots
composed of thin, but densely packed fibers result from
high concentrations of thrombin, whereas coarse clots
composed of thicker, less densely packed fibers with large
pores between them result from smaller thrombin concen-
trations (47,48). In the literature, however, one can find con-
flicting information regarding lysis speeds; fine clots
degrade more slowly than coarse clots (49–51) or the oppo-
site, or there is no difference (52–54), and thick fibers are
individually lysed more slowly than thin fibers (55). Com-
bined mathematical modeling and experiments by Bannish
and colleagues reconciled part of this story by adding an
additional metric; they showed that the number of tissue
plasminogen activator molecules in the system determines
what type of clot degrades faster (31,56). However, their
models did not include the inhbitor TAFIa. Our hypothesis
regarding trapped thrombin could provide another interpre-
tation of lysis speeds, pointing to trapped thrombin as play-
ing a significant role in the process. In particular, clots
formed in the presence of large amounts of thrombin would
yield fine clots with thin fibers that, in their dense core, have
smaller average distances between protofibrils; thus, these
thin fibers could potentially trap more thrombin on the in-
side of the fibers and lead to less availability of fibrin bind-
ing sites for thrombin to get in from the outside. The result
would be a local source of thrombin within the fibers, avail-
able to cleave thrombin activatable fibrinolysis inhibitor
(TAFI) into TAFIa, which would then be immediately avail-
able to inhibit plasmin, the enzyme that degrades fibrin. On
the other hand, thicker fibers would trap a smaller portion of
thrombin and would thus potentially have a smaller local
source of TAFIa. Even though thin fibers lyse faster individ-
ually, the thrombin being released from the fiber as it is be-
ing broken down could activate more TAFI and slow the
fibrinolytic front.

Thrombin-fibrin binding under flow

A few recent experimental studies have focused on clot-
bound thrombin under flow. Haynes and colleagues demon-
strated that thrombin allowed to bind a preformed fibrin
matrix remains stably bound under flow at venous shear
rates for upwards of 30 min (2). The fibrin-bound thrombin
was shown to be irreversibly inhibited by antithrombin and
heparin, reversibly inhibited by dabigatran, and only mini-
mally inhibited by antithrombin alone. Because of the large
size of antithrombin, the authors proposed that thrombin
was inhibited by the antithrombin-heparan complex because
it was constantly redistributing between different possible
bound states associated with fibrin, and in doing so, it was
exposed to the inhibitory complex. Muthard and colleagues
showed that g0 fibrin helped to localize and inhibit thrombin
generation at venous shear rates but had little to no effect on
thrombin generation at arterial and pathological shear rates
(57). In a subsequent study, the same group found that
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during clot formation under flow, fibrin concentrations in the
formed clots were much greater than plasma levels of fibrin-
ogen and that large amounts of thrombin were nearly irre-
versibly sequestered by that same fibrin; the authors
suggested that for this to occur, there must be a much higher
affinity of thrombin for fibrin than had been previously re-
ported in the literature (3). This suggestion is in line with
the idea of an OSB scheme—that a single-step model would
describe the binding but that the dissociation constant had to
be on the lowest end of the reported rates; however, it is
equally likely that the SSB scheme could describe these re-
sults as we have shown above. The high concentrations of
fibrin and bound thrombin reported in this study imply
that there were likely high concentrations of thrombin pre-
sent during polymerization. Thus, our hypothesis developed
under static conditions suggests that large amounts of
thrombin may also become trapped within fibrin fibers un-
der venous flow in more physiologically relevant scenarios.

CONCLUSIONS

In summary, we have demonstrated that mathematical for-
mulations of both an OSB scheme and an SSB scheme
can accurately reproduce results from thrombin disassocia-
tion experiments, with varying fibrin(ogen) types. These
quantitative results hold as long as the OSB model includes
dissociation constants at the lowest end of literature values
and if both models are considered under the assumption
that thrombin can be physically trapped within fibrin fibers
as they form. If one wanted to simply model thrombin-fibrin
binding with no consideration of thrombin’s bivalency, our
results suggest that the OSB model with trapped thrombin
and a small dissociation constant will work. However, the
SSB model is the only model that can be used to study biva-
lent reactions. We showed that the SSB model can be used to
study exosite-specific interactions that modulate thrombin
binding and function. Could the trapped thrombin assump-
tion, in part, help to explain the paradoxical speeds of fibri-
nolysis? This notion of trapped thrombin and TAFI
interactions could be tested in the models of Bannish and
colleagues, and this is a potential future direction for
research. It is not yet known if thrombin can actually
become physically trapped within fibrin fibers, but we
hope that our results will motivate an experimental study
to determine the plausibility of this idea. Other future
studies include incorporating the SSB scheme into spatial
models of flow-mediated coagulation and platelet aggrega-
tion (58–60) to better understand the role of thrombin
sequestration by fibrin in hemostasis and thrombosis.
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