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We consider the problem of learning the weighted edges of a graph by observing the noisy times of infection
for multiple epidemic cascades on this graph. Past work has considered this problem when the cascade
information, i.e., infection times, are known exactly. Though the noisy setting is well motivated by many
epidemic processes (e.g., most human epidemics), to the best of our knowledge, very little is known about
when it is solvable. Previous work on the no-noise setting critically uses the ordering information. If noise
can reverse this — a node’s reported (noisy) infection time comes after the reported infection time of some
node it infected — then we are unable to see how previous results can be extended. We therefore tackle two
versions of the noisy setting: the limited-noise setting, where we know noisy times of infections, and the
extreme-noise setting, in which we only know whether or not a node was infected. We provide a polynomial
time algorithm for recovering the structure of bidirectional trees in the extreme-noise setting, and show our
algorithm matches lower bounds established in the no-noise setting, and hence is optimal. We extend our
results for general degree-bounded graphs, where again we show that our (poly-time) algorithm can recover
the structure of the graph with optimal sample complexity. We also provide the first efficient algorithm to learn
the weights of the bidirectional tree in the limited-noise setting. Finally, we give a polynomial time algorithm
for learning the weights of general bounded-degree graphs in the limited-noise setting. This algorithm extends
to general graphs (at the price of exponential running time), proving the problem is solvable in the general
case. All our algorithms work for any noise distribution, without any restriction on the variance.
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1 INTRODUCTION

Epidemic models accurately represent (among other processes) the spread of diseases, information
(rumors, viral videos, news stories, etc.), the spread of malevolent agents in a network (computer
viruses, malicious apps, etc.), or even biological processes (pathways in cell signaling networks,
chains of activation in the gene regulatory network, etc.). We focus on epidemics that spread on an
underlying graph [31], as opposed to the fully mixed models introduced in the early literature [4].
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Most settings assume we know the underlying graph and aim to study properties of the spread.
Much work has been done in detection [2, 3, 21, 25-28], where the goal is to decide whether or not
there is indeed an infection. This problem is of importance in deciding whether or not a computer
network is under attack, for instance, or whether a product gets sold through word-of-mouth or
thanks to the advertisement campaign (or both [29]). More specifically, the problem of source
detection [32-36] or obfuscation [11-13] has been extensively studied. On the other side of the
spectrum, both experimental and theoretical work has tackled the problem of modeling [7, 17, 37],
predicting the growth [6, 39], and controlling the spread of epidemics [9, 10, 14, 18].

In this work, we take the opposite approach: assuming we know some properties of the spread,
can we recover the underlying graph? The early works on this subject proposed a few heuristics
and experimentally proved their effectiveness [16, 19]. Netrapalli et al. [30] established the first
theoretical guarantees for this problem for discrete-time infections. They proved one can recover
the edges of any graph with correlation decay, with access to the times of infection for multiple
cascades spreading on the graph. They introduced a likelihood, proved it decouples into convex
subproblems, and demonstrated that the edges of the graph can therefore be obtained efficiently.
They also proved a sample complexity lower bound and showed their method is within a log factor
of it. Abrahao et al. [1] also introduced a method of solving this problem, this time for a more
realistic, continuous-time infection model, through learning only the first edge of each cascade.
Zarezade et al. [38] proposed a first experimental attempt to tackle the case of correlated cascades
using Hawkes processes. Khim et al. [22] extended the theoretical results to the case where the the
cascades spreading on the graph are not independent, which required completely new machinery
involving martingales and weighted Pdlya urns.

All the results above assume we have perfect knowledge of the properties of the spread we use
to reconstruct the graph. For most of the literature, those are the times of infection for all nodes for
each cascade. This assumption may hold for online epidemics, as information is usually dated (for
instance, posts or retweets on social networks have time stamps). For human networks, however,
this assumption is often unrealistic: official diagnosis (and hence recording by any tracking entity
such as the CDC) may come days, weeks, or in important examples such as HIV, years after the
actual moment of infection. Moreover, this can be highly variable from person to person, hence
the infector is often diagnosed after the infectee. Similar issues arise with biological networks: we
only know the expression of a gene when a measure is taken, which can happen after a typically
arbitrary delay.

We therefore develop a method for learning the graph of epidemics with noisy times of infection.
We demonstrate that past approaches are unusable, due to the fact that even small levels of noise
are typically enough to cause order-of-diagnosis to differ from order-of-infection. We develop new
techniques to deal with this setting, and prove our algorithm can reliably learn the edges of a tree
in the limited-noise setting, for any noise distribution. We also show we can learn the structure
of any bounded degree graph from a very weak observation model, in a sample-optimal fashion.
We finally provide an algorithm which learns the weights of any bounded-degree graph in the
limited-noise setting.

1.1 Model

We observe epidemics spreading on a graph, and aim to reconstruct the graph structure from noisy
estimates of the times of infection. In this section, we specify the exact propagation model, the
noisy observation model, and the two learning tasks this work tackles.

Propagation model: We consider a particular variant of the independent cascade model, close to
the one-step model introduced by [15] and further studied by [20]. The epidemic spreads in discrete
time on a weighted directed graph G = (V, E), where parents can infect their children with probability
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Table 1. Notations

G=(V,E) Graph G, V set of nodes, E set of edges.

N Number of nodes in the graph.
" Random variable for the actual time of infection of node i during cascade m.
ni Noise of node i during cascade m.
Ti’ ™ =T +n" Random variable for the noisy time of infection of node i during cascade m.
I Random boolean variable for infection status of the nodes during cascade m:
I;’" = True & node i was infected during cascade m.
Dij Weight of edge (i, j), corresponding to the probability that i infects j.

If(l,]) € E, 0 <pmin SPij < pmax <1

2 2 2 2
1@3 1ﬁ3 1ﬁ3 1%3
4 5 4 5 4 5 4 5

(a) At t=0, node 1 is the (b) At t=1, nodes 3 and (c) At t=2, node 2 is (d) At t=3, the cascade

source, in the infected 4 are infected. Node 3 infected. All its neigh- stops, even if node 5 re-
state. It can possibly in- can infect node 5, in bors are in the removed mains in the suscepti-
fect node 2, 3 and 4, all the susceptible state. state, so new node can ble state.

in the susceptible state. Node 4 can infect node be infected.

2, in the susceptible
state, but not node 1,
since node 1 is now re-
moved.

Fig. 1. A complete cascade.

equal to the weight of the edge between them, but children cannot infect their parents. We allow
bidirectional edges: it is possible that both (i, j) € E and (j, i) € E, possibly with different weights.
For each edge (i, j) € E, the corresponding weight p;; is such that 0 < pin < pij < pmax < 1.

This process is an instance of a Susceptible — Infected — Removed (SIR) process. Only
Susceptible nodes can become Infected. Infected nodes transition to the Removed state exactly one
time step after they have become Infected. Once a node is in the Removed state, it does not interact
with the epidemic anymore (the propagation of the epidemic proceeds as though this node were no
longer on the graph).

Each node starts out in the Susceptible state. As in [1], each cascade m starts at a positive time'
on a unique Infected source node, picked uniformly among the nodes of the graph. Once a node
becomes infected, it is removed from the graph, and if it has children, each is infected at the next
time step independently according to a probability specified by the weight of the edge shared
between the infected parent node and its susceptible child. The process ends when there are no

TMost of the literature considers the initial time of infection to be 0. This is because when we have access to the exact times

of infection, we can make this assumption without loss of generality. In our case, it would imply we know exactly when an
outbreak started, which is usually not the case.
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newly infected nodes (either because no infection happened during the previous time step, in which
case some nodes may never be infected, or because all the nodes of the graph are removed). One
realization of this process from start to finish is called a cascade. The number of Removed nodes at
the end of a cascade is called the size of this cascade. If two nodes are infected during the same
cascade, we say that they are co-infected for this cascade. This process is illustrated in Figure 1.

Observation model: Let 7" be a random variable corresponding to the time of infection of
node i during cascade m, and let t[* be its realization (if i stays in the susceptible state during
cascade m, we have th = o0). We introduce three observation models.

In the no-noise setting, we have access to the exact times of infection T;™.

In the limited-noise setting, we never get to observe the exact times of infection T,", but only
a noisy version Tl.' ™ =T + nl" (with realization t;m), where all the n]" are ii.d., and represent the
noise added to the T,". We assume n" follows a known distribution 9. The only restriction we put
on D is that it cannot have infinite value (i.e., t;.’" =00 & t[" = o0, and we know for a fact when
nodes have been infected or not).

In the extreme-noise setting, we take the previous setting to the extreme, and we assume that
instead of having access to the noisy times of infection T; ™ we only have access to the infection
status of the nodes I/". We know I" = True if i was infected during cascade m, and I|" = False
otherwise. Note that Tl.'m < 00 & I = True, so we can always deduce the infection status from the
noisy times of infection. However, we cannot guess the noisy times of infection from the infection
status: the (noisy) times of infections contain strictly more information than the infection status.

For these three settings, we call a sample the vector of all observations for the cascade m.
In the no-noise setting, this is the extended-integer vector {t/"};cy. In the limited-noise setting,
this is the extended-integer vector {t;’"}iev. In the extreme-noise setting, this is the boolean

vector corresponding to the realization of {I/"};cy. We also use the notation T’ = {T; mym=1...M

iev
(respectively t" = {t;m}lf’g,l“'M ) for the matrix representing the random variable (respectively the
realizations) of all the samples.

Learning tasks: We focus on two different learning tasks. When we learn the structure of a
graph, it means that for any two nodes i and j, we can decide whether or not there exists an edge
between these two nodes (whatever its direction). When we learn the weights of the graph, it
means that for every two nodes i and j, we learn the exact value? of both p;; and pj; up to any

given precision €.

1.2 Why is it a hard problem?

1.2.1  Counting approaches. Most approaches in the no-noise setting relate to counting. In our
setting, for instance, a natural (and consistent) estimator for p;; is to count how often an infection
occurred along an edge, and divide it by how often such an infection could have happened:

. Number of times j becomes infected one time step after i
pij =

Number of times i was infected before j
In the no-noise setting, j could only have been infected by a node signaling exactly one time

step before j. However, in the limited-noise setting, j signaling its infection one time step after i
could stem from a variety of scenarios:

o i could have indeed infected j: cases a), b) and c) of Figure 3 below.

e j could have infected i, but the noise flipped the order of signaling: cases d), e) and f).

e No infection happen between i and j, and the probability of infection depends mainly on

another node k: cases g), e) and f). This could happen for any other node k in the graph.

“When (i, j) ¢ E, we have p;; = 0.

Proc. ACM Meas. Anal. Comput. Syst., Vol. 3, No. 2, Article 40. Publication date: June 2019.



Learning Graphs from Noisy Epidemic Cascades 40:5

k

Fig. 2. Possible scenarios which could have led to T; =2,T, =3and T;c = 4. In the no-noise setting, this
implies T; = 2,T; = 3, Ty = 4, and there is only one possible infection pattern.

The natural estimator introduced earlier is therefore not consistent anymore; instead, it tends to a
quantity which depends on p;;, but also pj;, and pjx, pki, pjk, px; as well, for all the other nodes k in
the graph. By counting the number of times j became infected one time step after i, we are not
counting the number of infections along the edge (i, j) anymore, but instead a mixture of all the
scenarios described above, which not only include the cases where j infected i, but also events in
which the cascade spread through another node k, and the edge (i, j) was irrelevant to the process.
Using this estimator, or any obvious (to us) extension of it, would not only imply learning the wrong
weights for the edges, but also learning edges when there are no edges. Our first contribution is
therefore to design a new set of estimators, from which we can deduce the value of p;; (Sections
2.3 and 3.2).

Adding noise in the time of infection not only reverses the cascade chronology, it also exponen-
tially increased the number of possible infection patterns that could have happened. Bounding the
realm of possibilities is therefore our second step towards solving the problem (Section 2.1).

1.2.2  Max-likelihood approaches. Another common approach is to use likelihood-based methods.
For instance, in [30], the authors develop a max-likelihood-based approach to learn the edges
of the graph. They prove the log-likelihood has desirable properties: it decouples into only one
local problem for each node, and this local problem is convex (up to the change of variable 6;; =

—log(1 - pij)):

L(t,P;j) = log % 1_[ 1_[ A=-pi)]|-|1- 1_[ (1-pji)

1<i<N j;tj<t,’—1 j;tj=t,’—l

Probability that i was not Probability that i was

infected before ¢;. infected at #].
1 N
L(t, Py) = log (ﬁ) £, Dy logt—p+ > log(i—py)
i=1 jitj<t;—1 j;tj’.:t;—l

In our setting, the log-likelihood has none of these properties. It is not convex, and it is unclear
any method other than brute force could find its maximum. Moreover, it does not decouple anymore,
and even computing the log-likelihood itself takes exponential time.
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i[0]2 i|1]1 i[2]0
jl2]1 J| 112 J101]3
k|13 k|0]4 k|13

Fig. 3. Possible scenarios which could have led to T; =2, TJ/ =3 and T]; = 4. We have T; =T; + ny. In the
limited-noise setting, there are nine possible infection patterns (many more scenarios with the same infection
pattern, but different noise values, are not shown).
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’ 1 ’
L(t'Pyj) = log| - > 11 (n(ti—t,-))
(tl,...,tN)g(t{—l,...,t;\]—l) 1<i<N
————

This is the root N(l)llsse tat n?de
of the difficulty. i

l_[ A=pi)|-1- 1_[ (1-pji)

j;tj<t,‘—1 j;tj=ti—1

Probability that i was not Probability that i was

infected before ¢;. infected at #].
1
zlog(ﬁ)uog S [l ewl [T a-po{i= [] o
tN)< 1<i<N Jitj<ti—1 Jstj=ti—1

(tl_ - )

When dealing with hidden variables, a common technique would be to use the Expectation-

N
Maximization algorithm [8]. However, in our setting, the number of hidden states is l_[ t!, which
i=1
can be as large as (N — 1)V, This prohibits any realistic use of the Expectation-Maximization
algorithm for networks with more than twelve nodes. Moreover, except for the recent contributions
[24], very little is known about the theoretical convergence of the Expectation-Maximization
algorithm.

1.3 Contributions

The contributions of this article are multiple:

o To the best of our knowledge, we are the first to tackle the problem of learning the edges of a
graph from noisy times of infection, a simple but natural extension of a well-known problem.

e We provide the first efficient algorithm for learning the structure and weights of a bidirectional
tree in this setting. We also establish a tree-specific lower bound which shows that our
algorithm is sample-optimal for learning the structure of the tree (Section 2).

e We prove it is possible to learn the structure of any bounded-degree graph in the extreme
setting for which we only have access to the infection status (i.e., whether or not a node was
infected). Moreover, we can do so with optimal sample complexity, according to the bound
established in [30].

e We provide polynomial algorithms for learning the weights of bounded degree graphs.

e Finally, we extend the results from bounded-degree graphs to general graphs. This proves the
problem is solvable under any noise distribution, although the exponential sample complexity
and running time prohibits any use of this algorithm in practice (Section 3.2).
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2 LEARNING BIDIRECTIONAL TREES

The bidirectional tree is the simplest example which illustrates some of the difficulties of the noisy
setting. Indeed, for a directed tree, the true sequence of infections can be reconstructed, and we
can use techniques from the no-noise setting. For a bidirectional tree, those techniques cannot
be extended. However, the uniqueness of paths in the bidirectional tree still makes this problem
considerably easier than the general setting. We therefore start by presenting a solution for the
bidirectional tree. The key ideas here generalize to the neighborhood-based decomposition we
introduce below, which forms our key conceptual approach for the general problem.

This section contains three contributions. First, we show how to learn the structure of a tree
using only the infection status, i.e., what we call the extreme-noise setting (Section 2.1). For each
cascade, we only know which nodes were infected. We show this contains enough information
to learn the structure of bidirectional tree. Second, we establish a lower bound for the no-noise
setting, and show our algorithm has the same dependency in the number of nodes N as this lower
bound. In other words, for the task of learning the structure of any tree, an optimal algorithm in
the no-noise setting would need as many cascades as our algorithm needs in the extreme-noise
setting (up to constants).

Finally, we show how we can leverage this learned structure to learn the weights of the tree, this
time when we have noisy access to the times of infection, i.e., the limited-noise setting (Section
2.3). We provide sample complexity for this task.

2.1 Tree structure

As illustrated in Section 1.2, the number of edges that could exist is much higher in the limited-noise
setting than the number of actual edges in the tree. Our first key contribution is therefore to
introduce a new estimator, fli j» which keeps track of the fraction of cascades for which i and j
were both infected. This estimator can therefore be computed in the extreme-noise setting, with
the information contained in the infection status alone. Using this estimator, we show that in the
specific case where the graph is a tree, we learn the structure of this tree, i.e. whether or not both
pij = pij = 0.

Our algorithm for learning the edges of the tree relies on one central observation: h; ; achieves a
kind of local maximum if there is an edge between i and j (Lemma 2.2). This observation relies
heavily on the fact that there is uniqueness of paths on a tree. Let us now dive into the proof.

Definition 2.1. Let ]’Ali,j be the fraction of cascades in which both i and j became infected. We
have:
hi,j — M- P(Ilm & Ijm) = hi,j-

We now show that the limit h; ; of the estimator fli, ; satisfies a local maximum property on the
edges of the tree:

LEmMA 2.2. Ifi and j are not neighbors, let (ug, uy, . . ., ur) be the path between them, with uy = i,
ur = j, andd > 1. Then:
Vr e {O,. ., L— 1}, hi,j < hur,

Ur+1®

Proor. We consider the case in which both i and j have been infected. There is a unique source
of infection and a unique path between i and j. Therefore, all the nodes on the path from i to
j must have been infected as well. In particular, both u, and u,,; were infected. This shows
&I =17 &I, s0 PU™ & I;") <P & I, ), and therefore h; j < hy,

What’s more, every time u, and u,,; became infected, at least one more infection along an edge

must have occurred in order for j to become infected as well. This occurred with probability at

Ursr
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most prax < 1. Therefore, h; ; = P(I" & I]T") < Pmax P & I, ) = Pmax * hu,.u,,,- We conclude
hi’j < hur’urﬂ‘

]

This simple lemma allows us to design Algorithm 1. Indeed, suppose we have access to all the
limits h; ;. By ordering them in decreasing order, we can deduce the structure of the tree by greedily
adding every edge unless it forms a cycle’.

Algorithm 1 Learn the undirected edges of the tree.

1: procedure LEARNTREE({h; ;}i jev) > h; j limit ofle-,j.
2 sorted_h « SORT({h; j}i jev) by decreasing order

3 edges_tree «— []

4 for h; ; € sorted_h do

5 if Adding corresponding edge (i, j) to edges_tree does not create a cycle then

6

Add (i, j) to edges_tree
return edges_tree

We show that if we have access to the limits h; ; of the estimators fli, j» the algorithm above
correctly find the structure of the tree.

LeEMMA 2.3. Algorithm 1 correctly finds all the N — 1 pairs (i, j) such that there exists at least one
directed edge between i and j.

Proor. We show that in the for-loop at line 4, we add an edge to edges_tree if and only if this
edge was a real edge in the original tree. We prove it by induction on the elements of the sorted list
pairs_h_edge.

When no element has been selected, the proposition is trivially true.

Suppose now that t elements of pairs_h_edge have been examined so far. Let (~, (i, j)) be the t + 1"
element. Two cases arise:

(1) i and j are not neighbors. Let (u, . . . , uy) be the path between them, with uy = i and uy = j.
In this case, using Lemma 2.2, Vr, hy, 4, > h; ;. In other words, all the pairs (u,, u,+1)
have already been considered by the algorithm. By induction, we have kept all of them
in edges_tree. Therefore, adding the pair (i, j) would form a cycle. This pair is not kept in
edges_tree, which is what we wanted since it is not an edge in the original tree.

(2) i and j are neighbors. Suppose that adding this pair forms a cycle. Then there is a sequence
(vo = i,...,vp = j) of nodes such that h,, .,,, were all bigger than h; ;, and the pairs
(vk, vk+1) Were kept by the algorithm for all k. However, by uniqueness of paths in a tree,
there exists a pair (v, vg+1) such that the path connecting v, and v,44; in the original tree
goes through (i, j). Using Lemma 2.2, this means h; ; > hy,, o,,,, Which is a contradiction.
Therefore, adding this pair in edges_tree does not form a cycle. This pair is kept in edges_tree.

Therefore, this algorithm keeps all the edges, and only the edges of the tree, so it recovers the tree
structure.
m]

We next quantify how many cascades M are needed for Algorithm 1 to be correct if we replace
the {h; j}; jev by their estimates {h; ;}; jev. We note that we do not require h; ; to be close to their

3This algorithm is very similar in spirit to Kruskal’s algorithm for finding a maximum spanning tree [23].
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limit, but only need the order of the h;, ;j to be the same as the order of the h; ;. We identify events
which guarantee that the order is the same (Corollary 2.6):

Definition 2.4. Let Hs := {(i,j.k) € {1,....N}?,pij + pji > 0 & pjx + pr; > 0} be the set of
triplets of nodes such that at least one directed edge exists between the first and the second node,
as well as between the second and the third node.

ProrosITION 2.5. If:
V(i,j, k) € 7’(3, hi’j > hi,k and hj,k > hi,k»
then for all paths (uy, . . ., ur) in the tree, with L > 1, we have:

Vre{0,...,L—=1}, hy, u,,, > hugu;-

Proor. For r € {0,...,L — 2}, we have by hypothesis flur,um > flur,u”z. Now, we recall that
Pug.u, is the number of cascades for which both 1 and u; were infected. By uniqueness of paths in
the tree, every time both ) and u; were infected, both u, and u, ., must have been infected as well.
This shows that huo u < hu, rz- Notice that this is a deterministic property, not an asymptotic
property. Therefore, hu, > hur > huo ur-

For r = L — 1, we follow an identical reasoning, but with flur

Ur+1 sUr+2

s Ur+1 > hur—lvur-ﬂ'

COROLLARY 2.6. If:
V(i,j, k) € Hs, hij > hir andhj; > h; i,
then the correctness of Algorithm 1 is preserved when given h as input instead of h.

In other words, Algorithm 1 outputs a correct set of undirected edges with finite samples.

ProOF. According to Proposition 2.5, for all paths (uy, . . ., ur) in the tree, with L > 1, we have
that Vr € {0,...,L — 1}, hy, u,,, > hy,u, - As shown in the proof of Lemma 2.3, this is the only
property of the input needed in order to yield the correct output.

N(log(%)+2log(N))
pmin(l_Pmax)

V(l,],k) S 7'{3, fll‘,j > ﬁi,k al’ldflj,k > fli’k.

ProPoSITION 2.7. WithM = cascades, with probability at least 1 — &, we have:

PRrOOF. Let us consider one triplet (i, j, k) in H3. We recall that fll & is the number of cascades
for which both i and k were infected. Since the only path from i to k is through j, we always have
that hl > hl r and h] P hl . We notice that to obtain h, > hl k> we only need one cascade for
which both i and j got infected, but not k. We lower bound the probability Pyiplet identified Of this
cascade happening. For each cascade m, we have:

Ptriplet identified = P(Ilm & Ijm & NOT(I]T))
> P(i was a source, i infected j, j did not infect k)

+ P(j was a source, j infected i, j did not infect k)

[\

1 1
N pij - (1 =pjr) + N ~pji - (1= pjx)

1
2z = minl_ max)-
2 5 Pmin(1 = Pmax)

The probability that this event never occurs during the M cascades is upper bounded by:
. . 1 M
P(hi,j = hi,k) <|1- Npmin(l _pmax)
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S e‘%ﬁmiﬂ(l_])max)

)
< —.
<Nz
Now, there are N — 1 edges in a tree, therefore |#;| < (N — 1)2 < N2, By union bound:

P U fzi,j = fl,-,k < Z P(ﬁi,j = fli,k)

(i, j,k) € Hs (i,),k) € Hs)
1
<N?. —
N2
<94.
Notice that Hj; contains both (i, j, k) and (k, j, i). We have therefore proven that with probability
N(Iog(%)+210g(N)) ~

at least 1 — §, when considering M = cascades, we have V(i, j,k) € Hs, h;; >

A N ~ pmin(lfpmax)
hi,k and hj,k > hi,k~
Putting together Proposition 2.7 and Corollary 2.6, we obtain our first theorem for learning the

undirected edges with finite samples:

log(1)+21
THEOREM 2.8. WithM = % cascades, with probability at least 1 — §, we can learn

the structure of a any bidirectional tree in the extreme-noise setting, i.e., when we only have access to
the infection status of the nodes.

2.2 Lower bound
In this section, we prove an information-theoretical lower bound for trees in the no-noise setting.
With very minor adjustments, we adapt the lower bound of [30]. Since for a general tree, the
colorred maximum degree can be up to N — 1, we design a lower bound which is independent
from the max-degree. Let G be a tree drawn uniformly from G, the set of all possible trees on N
nodes, and G be the reconstructed graph from the times of infection. G <> T < G therefore forms
a Markov chain. If we denote by H(A) the entropy of the random variable A, we have:
H(G) = I(G;G) + H(G|G)
(data processing inequality) < I(G;T) + H(G|G)

(independent cascades) < M - I(T%; T,l) + H(G|G)

N
(I(X,Y) < H(X)) <M - Z H(T}) + H(G|G)

i=1
N
(Fano’s inequality) < M - Z H(T}) + (1 + P, log(|G]))
i=1
Since G is drawn uniformly from G, H(G) = log(|G|). There are NN =2 trees on N nodes, according
to Cayley’s formula [5], so H(G) = (N — 2) - log(N).

In conclusion:
1ps LZ PN =2)logN) =1 _ (logav))
N - H(Til) H(Til)

Using the same kind of techniques as in [30], we can assume H (Tl.l) ~ ﬁ Therefore:

THEOREM 2.9. In the no-noise setting, we need M = Q (N log(N)) cascades to learn the tree structure.
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In our extreme-noise setting, when we have only access to the infection status of the nodes, we
can learn the tree structure with the same sample complexity as the no-noise setting!

2.3 Tree weights

In this section, we assume we are in the limited-noise setting, and we have access to the times of
infection. We also assume we have already learned the structure of the tree.

Once we have reduced the set of possible edges by learning the structure of the bidirectional tree,
learning the weights of the edges is still non-trivial. Indeed, from Tl./ ™ and Tj’” it is still impossible
to know whether this sample is useful for estimating p;; (case when i infected j), or whether we
should use this sample for estimating p;; instead (case when j infected i). What is more, we only get
one sample per node and per cascade, so it is impossible to know what really happened during that
cascade. However, knowing the distribution of the noise, it is possible to compute the probability
that the noise maintained the order of infections. Using this information and the reduced set of
known undirected edges, we can compute two sets of N(N — 1) estimators, from which it is possible
to infer the weights of all edges in the tree.

We introduce these two sets of N(N — 1) estimators, or, in other words, two estimators for each
directed edge. These estimators tend to multivariate polynomials of the weights of most edges
of the tree. Thus in general these polynomials have exponentially many terms; however, when i
and j are neighbors, it is possible to express them concisely using a quantity Py (— i), which we
define formally below. This succinct representation is the key idea we exploit to solve the resulting
system of equations. Once we know the structure of the bidirectional tree, we can consider the four
estimators for each undirected edge (two estimators for each directed edge). They form a system of
four equations and four unknowns, which we solve to obtain the weights of the edges.

Definition 2.10. We define two new notations:
o P.(— j) is the probability that j became infected before any node on the path from j to i,
including i, became infected
e p;_,; is the probability that there exists a path (uo, ..., ur), with uy = i and u; = j, such that
forallr € {0,...,L — 1}, u, infected u, 1.

To simplify the following notations, let us introduce si, which is the probability that the noise
on j has delay at least k relative to the noise on i. Since the noise is i.i.d., this value is independent
from i and j: sy = P(n; —n; > k)*. For instance, if i infected j during cascade m, the probability that
the noise did not flip the order of infection (i.e. T; m < Tj'”) is P(nj = n;) = so. In the reverse case,
the probability that the noise flipped the order of infection is P(T;” + n; < T;m +n;)=P(1+n; <
ni) = P(Tli —nj > 2) = $o.

We now introduce the estimators:

Definition 2.11. We introduce 2 sets of N(N — 1) estimators:

ﬁ< ; = Fraction of infections for which i and j got infected,
and i reported before j.

gAlx = Fraction of infections for which i got infected,

) tj-k
4For instance, for geometric noise of parameter g, we have: sp = Z Z(l - @bt = (1 -
tj:max(O, k) ti=0
1-min(0, k
q)max(O,k) 1_(1_‘]) min(0, k)
2-q ’
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but j did not.

By the law of large numbers, as the number of cascades scales, ﬁ-< ; tends to fi.; and .‘?;)\ to 9iy
where

fici = PI,"< ij < o),
gix = P(T;m < oo,TJim = 00).
We now compute the exact values of these two quantities. Let us assume the (unique) path between

i and j has length L. We call (u, . . ., ur) the set of nodes on the path from i to j, with uy = i and
ur = j. We then have:

LEMMA 2.12. Recall fij and g are the expectation of the estimators defined above. We have:
fi<j = SD)((—> i) pimsj - S-L41 + PX(—> J)* Pj—i - S
L-1

+ Z 7)\)&(* Up) - Puy—i *Puj—j * S21-L+1-
I=1

L-1
Gy =Py D (L=pimy) + ZZ Py 1) i+ (1= pu).
=1
What’s more, when i and j are neighbors (which implies d = 1), the expressions simplify to:
fi<j = 7))((—> i) pij-so+ Px(—’ 7 - pji - s2
9y = 7))((—> i) (1= pij)-
Proor.
fiej =P(I™ < T;™ < o)
= P(i got infected before any nodes on the path from i to j,
then infected j, and the noise did not flip the times of infection)
+ P(j got infected before any nodes on the path from i to j,
then infected i, and the noise flipped the times of infection)
+ P(One node on the path from i to j got infected before i and j,
then infected both i and j, but i reported before j)
= 7))((—> i) pisj - S-L+1
+ PX(—’ 7)* Pjmi* SL41
L-1
+ Z (PX’)((—) Up) * Puy—i - Puy—j * S2l-L+1-
I=1

This expression is involved in general. However, if i and j are neighbors, then there are no nodes
u; on the path between i and j, other than i and j themselves. What’s more, p;_,; = p;j,and L = 1.
Therefore:

fici =Py 1) pij s+ P> J) - pji - 52
Let us now focus on 9y
9iy = P(Tl-/m < oo,TJtm = 00)
= P(i got infected before any nodes on the path from i to j,
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but j did not get infected)
+ P(One node on the path from i to j got infected before i and j,
then infected i but not j)

= PX(—> i)-(1=pisj)
L-1
+ Z 5DS(,)((—> up)  puy—i - (1= pu; ).
I1=1

As before, this expression is complex in general, but simplifies if i and j are neighbors, in which
case:

9i§ = PX(—) i) (1-pij)-

Using the simplified expression only for when i and j are neighbors, we obtain:

ProposITION 2.13. If we know (i, j) is an edge in the original tree, then the probability of infection
along this edge is given by:
_ fi<j'30—fj<i'82

9,-,)( : (33 —35) + fi<j 50— fi<i "5y

Pij

Proor. According to Lemma 2.12, we had four second-order equations, with 4 unknowns: p;;,
Djis Px(—> i) and P\(—> J). We solve it, and obtain the wanted result. See Appendix A for details.
[m}

Now that we have proven the problem is solvable, we establish the number of samples needed to
learn the weights with the method above.

, 2
((sgfs§+so+sz)pmax+so+sz)
(sg—szz)2

LEMMA 2.14. WithM = f—;log (%)

we have:

samples, with probability at least 1-9,

|bij = pijl < e.
Proor. Using Hoeffding’s inequality:
B(lfi<j = fis > @) < 2¢72M6,
P(|fj<i — fi<il > &) < 2¢ M€l
B(lg,y — 9.y > @) < 2¢72Mef
Choosing M = elf log (%), we have that with probability at least 1 — §, all the following hold:

|ﬁ‘<j - fi<jl L e,
I]?j<i _fj<i| < €1,
|gAl)k - gi’x| < ¢.
Hence, with probability at least 1 — §, we have (see Appendix A for details):

]3 p <e (Sg - S% + S0 + sZ)pmax
ij —pij S €
9iy (5o =53+ ficj 50 = fi<i- 2
So+s
+ 0 "2 + o(€y).

€1
9iy - (55 =53+ ficj 50 = fi<i - 32
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2_ 2
We use the results from Lemma 2.12 to bound the denominator by % In the end, we obtain:

. (s2 = 52+ S0 + S2)Pmax + So + 52
pij — pijl < &N > + o(€1).
So ~ 52

5355
N (s2—s3+s0+S2)Pmax+So+S2”
.. 2 .
Noticing ((s; — 32 + 80 + S2)Pmax + So + 82) < 3:

We choose ¢ =

With M = f—; log (1233\72) = e o samples, with probability at least 1 — §, we have |p;; — p;j| < e.
[m]

By a union bound on all the weights of the tree, knowing there are at most 2N(N — 1) < 2N?
directed edges in a directed tree, we obtain the following sample complexity:

THEOREM 2.15. With M = 1;1_22 log (12(1;12) e cascades, with probability 1 — §, we can learn all

the weights of the edges of a bidirectional tree within precision € in the limited-noise setting, i.e., when
we only have access to the noisy times of infection.

Remarks:

e The sample complexity depends on the noise only through the quantities s, and s;. This
means that if we do not know the distribution of the noise, but we do know it is i.i.d., and
know the two quantities sy and sz, we can still compute all the weights of the tree with the
sample bound given above.

e For certain natural classes of distributions, the key quantity (s? — s%)? (which appears in
the denominator of our bounds) decreases as variance grows, and hence the impact of the
variance is captured here. We note that in general, there is no monotonic relationship between
the variance of the noise and the quantity (s5 — s3)%.

o If we relax the i.i.d. assumption for the noise, there are cases for which our method might
not succeed. Specifically, if we can compute P(n; — n; > 0) and P(n; — n; > 2) for all pairs
of nodes (i, j), and there exists a pair such that P(n; — n; > 0) < P(n; — n; > 2), our method
fails. If we can guarantee P(n; — n; > 0) > P(n; — n; > 2) for all pairs (i, j), then the iid.
assumption is not needed, and we can get a similar (albeit slightly more complex) expression
as above for the sample complexity.

3 BOUNDED-DEGREE GRAPHS

In the previous section, the algorithm presented relies heavily on the uniqueness of paths. This
property implies that we can deduce the edges from the nodes which are co-infected the most often.
However, this is not true for a general bounded-degree graph. In Figure 4, we can see that the two
nodes i and j would be co-infected frequently despite not sharing an edge. This makes the task of
finding the structure much more challenging than for the bidirectional tree.

In this section, we show how the main ideas for learning the structure of the bidirectional tree
can be extended for learning the structure of general bounded-degree graphs, in the extreme-noise
setting, with optimal sample complexity. The framework for learning the weights of the edges in the
limited-noise setting is - to the best of our knowledge - not extendable to general bounded-degree
graphs; we therefore develop a new algorithm to learn the weights for general bounded-degree
graphs.

SFor instance, if the noise is Gaussian, increasing the variance will indeed decrease the quantity (sg - sg)2 and increase the
sample complexity. However, when the noise is Bernoulli, taking two values vy and v, increasing |v; — v, | increases the
variance, but decreases the value (s - 32)2 so the sample complexity decreases.
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Fig. 4. Two nodes can be co-infected frequently without sharing an edge.

3.1 Bounded-degree structure

In the previous section, we introduced the estimator I’AlL j» which records the fraction of cascades for
which both i and j are infected. From a local maximum property of this estimator, we deduced the
structure of the tree, in a sample efficient fashion. Indeed, if there exists a path between i and k,
and the first edge on this path is (i, j), then if i and k are infected, j must have been infected as well.

We want to build on this idea for a bounded-degree graph of maximum degree d. However, for
such a graph, there may be multiple paths leading from i to j, and we cannot guarantee a single
node will be infected each time. However, if i is a node, N; is its neighborhood, and k ¢ N; is
another node of the graph, we can guarantee that if both i and k are infected, there exists a node in
N; which is infected. Moreover, N; is the set of smallest size for which at least one node is infected
at the same time as i the most frequently. This leads us to a new set of estimators:

Definition 3.1. Let i be a node of the graph, and let S be a set such that |S| < d and i ¢ S. We
define a new set of estimators:

N

h; s = fraction of cascades for which i is infected,

and at least one node of S is infected.
Let us assume that for each pair (i, S), we have access to the limit h; s of f:i, s. We now introduce
an algorithm showing how to leverage these limits to learn the structure of any bounded-degree

graph.
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Algorithm 2 Learn the undirected edges of any graph of maximum degree d.

Sl<d

procedure LEARNGRAPH({h;, 5}1! v

1:
2 edges «— []
3 fori=1...n,04es do
4: S_max_i « setsuchthat h; s max ; is maximal, and such that S1ze(S_max_i) is minimal.
5 for njin S_max_i do
6 Add edge (i, nj) to edges

return edges

We show this algorithm is correct.

LEMMA 3.2. Algorithm 2 correctly finds the neighborhood of each node.

ProoF. Let us recall that h; s is the probability that node i and at least one node of S are co-
infected. To prove the correctness of this algorithm, it suffices to prove:

ViGV,VSS.t.|S|Sd, hi,szhi’Ni - N,QS

Let pick a set S such that N; \ S # 0, and let k be a node in N; \ S. We know h; su(xy = his +
P(i and k are the only infected nodes). Since i and k are neighbors, P(i and k are the only infected nodes) >
0, and therefore h; sy(x} > hi s. Following this line of reasoning, if N; \ S # 0, S we can always
increase the value of h; s by adding a node of N;.
However, it is impossible to increase the value of h; y,, because if i and any other node of the
graph are co-infected, we know one node of N; is also infected. Therefore, the algorithm is correct.
O

Unfortunately, we do not have direct access to h; 5. We therefore study how many samples are
needed to replace h; s by its estimate fzi, s while preserving the correctness of the algorithm. Just
like in Section 2.1, we notice that we do not need the {flL S}I!‘ZIVSd to be close to their limit, we only
need the indexes of their ordering to be the same. We notice that the neighborhood N; of i is one

of the sets which are the most often infected at the same time as i is (N; € arg max h; r). Therefore,
|R|<d

we must have that for every set S, fli, s < fli’ ~;- However, some other sets might achieve the same
value if we do not observe enough cascades. This could happen in two cases:

e Not all the nodes of the neighborhood were infected, and therefore a subset T; € A; of the
neighborhood is such that hl T = iAzi, N;- Since |Ty| < |MV;], the algorithm would return Ty and
not N;, which would be a failure case.

e Some other node k is always infected every time a specific node j € N; is infected. The set
T, = N; \ {j} U {k} will therefore be such that fli,Tz = h, N;» and the algorithm would not
know which maximum to pick. This is a failure case as well.

We identify events which guarantee that the failure cases above cannot arise. Let E"; be the event

that i and j were the only infected nodes during cascade m. E; ; = U E"; is therefore the event
1<m<M
that there exists a cascade for which only i and j were infected. If such a cascade exists, the set

Smax = arg max ﬁi, r must contain j. If the event E; ; happens for every node j in the neighborhood
|R|<d

of i, we can therefore guarantee Algorithm 2 is correct. We characterize the sample complexity

needed for this below.
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PROPOSITION 3.3. Let i be a node, and let j be one of its neighbors. Let S be a set of size S| < d,

. d
such thati ¢ S and j ¢ S. With probability at least 1 — — N'M , (d+;>2;:(lfi:lij)\;f§§5)

cascades, there exists a cascade in which i and j are infected, but no nodes of S are infected.

among M =

Proor. We notice that if, during cascade m, the only infected nodes are i and j, no nodes of S
are infected. This is exactly the event E;"j defined above.

P(E") = — * pmin * (1 ~ Pmax )20,
The probability that this never happens during M cascade is exactly the complement of the event
E; ; defined above:
1 M
P(NotT(E; ;) < |1 - N pmin - (1 _Pmax)z(dA)
< e_M'mein'(l_pmax)z(dil)
1

d-Nd+2

]

. 4
LEMMA 3.4. With probability at least 1 — 8, if we observe M = (dj’l:j(lfiz):;(?i()é)

Algorithm 2 is correct, and has running time O(M - N9+?) = O(d - N%+3 1og(N)).

cascades,

Proor. Let S = {S € P(V),|S| < d} be the set of sets of nodes of size at most d, let S, =
{S € S,i ¢ S} be the set of sets of S which do not contain i, and let N; = {j, (i,j) € E} be the
neighborhood of i. We pick a set S € S, such that S # N;.

We first prove that h; s < h; y,. Since the neighborhood of i separates i from the rest of the
graph, and infected nodes are connected, we can conclude that every time i and another node of S
are infected, one node in the neighborhood N; of i is infected as well. Therefore, we cannot increase
h, s without also i 1ncreasmg h, N;- In particular, this means that even if [S| > |V;| (for instance if
N; € S), we have hl s < hl N;- We therefore know that N; € arg max hl R-

ReS,
We now prove that with probability at least 1 — §, V; is the set of arg max ﬁi, g of minimal size.
ReS

To do so, we notice that if there exists a cascade such that i and j € N; are infected, but no node of
S is infected, then this implies fzi, s < fzi, N;- Indeed, as shown above, every time we increase fzi, S5
we also increase h;_ v, and we know there exists one cascade for which we increased h;_y, without
increasing fl,” s. We now calculate the probability Pg,jjyre that such a cascade does not exist for all
nodes i in the graph, all nodes j in their neighborhood, and all sets S which do not include i or j.

Prailure < P(Fi € V,3j e N;,3S € SXX’ every time i and j are

infected, a node of S is also infected)

< Z Z Z P(every time i and j are infected,

i€V jeN; SES\X

a node of S is also infected).
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We use Proposition 3.3 to bound this quantity:

Pfailure < Z Z Z ﬁ
i€V jeN; SES\’X
)

d+1
gN'd'N ’m
<é

We now know that with probability at least 1 — §:

VR € U SX’X’ fli,R < ’;i,Nr
JEN;

This implies that no set of |, SX j can belong in arg max ]’Ali’ r- However, we have:
’ ReS
\

S\ USx,Xz{SeS,N,-QS}

JEN;
In particular, this means that N; is the only set of SX \ Ujen, S\X of minimal size. This shows

that with probability at least 1 — §, N; is the set of arg max h; g of minimal size. This proves
ReS,

Algorithm 2 is correct, and that we can learn the structure of any graph of maximum degree d with
M= (d+2)-N log(N)+N log(£)
Pmin(l_Pmax)2<d71)

Since we do at most one operation by pair of (node, set) and by cascade, the running time is
O(N - N1 . M), which is what we wanted to prove.

cascades.

]

This leads to our theorem for learning the structure of any bounded-degree graph.

THEOREM 3.5. With probability at least 1 -8, in the extreme-noise setting, we can learn the structure
d-Nlog(&)

P CEr— )zd) cascades in polynomial time.
min max

of any graph of maximum degree d with M = O (

Let us now assume that pygx ~ é. This assumption is reasonable when you expect a constant
number of infections by time step. For instance, it makes sense for real diseases, for which carriers
have to meet to transmit it (we can only meet a constant number of people each day). It would not
make sense for social networks, in which it is possible to reach many followers with each post.

COROLLARY 3.6. With probability at least 1 — §, in the extreme-noise setting, if we assume pmax ~
% and ppin constant, we can learn the structure of any graph of maximum degree d with M =

O (d - Nlog (¥)). This sample complexity is optimal, and matches the lower bound established in the
no-noise setting.

Proor. We need at least O (d - N log (N)) samples to learn the structure of a bounded-degree
graph with maximum degree d, according to the lower bound in [30].

3.2 Bounded-degree weights

For the remainder of this paper, we state results in the limited-noise setting.
If we consider cascades of size k, the exact probability of infection between two nodes is a
multivariate polynomial of degree N on N(N — 1) variables (the variables here would be the weights
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(N —2)!
(N - k)!
resulting polynomial is of degree more than five.

For our algorithm, we therefore only use cascades of size 1 or 2. This is a waste of the data, since
we simply discard cascades of larger size. However, we are not aware of techniques on how to
utilize larger cascades in the limited-noise setting. Cascades of size 1 or 2 are simple enough that
we can write explicitly their probability. This allows use to:

k
of the graph), with a sum of up to 2 - Z terms. If the graph has more than five nodes, the
I=1

(1) Design estimators for which we can calculate the exact limit.

(2) Combine these estimators to transform a polynomial system of degree N to a polynomial
system of degree 2.

(3) Solve this system exactly and obtain the probabilities of infection.

3.3 Estimators

We start by designing a few estimators:

Definition 3.7. We introduce two sets of N(N — 1) estimators and one set of N estimators. These
estimators can be computed even if we only have access to the noisy times of infection.

l;f ; = Fraction of cascades for which only i and j are infected.
f2 ; = Fraction of cascades for which only i and j are infected,
and t] < t.
¢! = Fraction of cascades for which only i is infected.
Using the definition of s from Section 2.3, we now compute the limits of those estimators.

PROPOSITION 3.8. As the number of cascades M goes to infinity, the estimators introduced above
tend to the following limit:

A 1
h?’j = Moo N(Pij +pji) l_[ (1= pi)(1 = pji)

ki, j
A 1
f = Mo N(Pij “ 80 + pji * S2) l_[ (1= pir)1 = pjk)
K#i,j
. 1
éi Moo N(l = pij) l_[ (1-pix)
ki, )

Proor. The proof is very similar to 2.12. See details in Appendix B.2.

3.4 Solving the system

The limit of these estimators, as seen as a function of the probabilities of infection, is a complex
polynomial on up to 2(N — 1) variables. The crux of our algorithm is to combine those estimators
in order to cancel out most of these variables, and create N — 1 systems of two equations of degree
2 and two unknowns, which we then solve.

£2
ProprosITION 3.9. LetVj; = % Then the limit of Vi as the number of cascades M goes to
infinity only depends on the variables p;; and p;; :
. Dij - So + Pji - S2
Vij > Moo ———

L+ pij - pji
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Proor. Since all the estimators converge towards a constant, we can use Slutsky’s lemma to find
the limit of V}] Let V;; be the limit of‘;}j as M goes to infinity. We notice that the 1_[ (1=pir)1=pjk)
k#i,j
parts cancel each other out:

2
i<j

i 7
h?j-i-N-e}-e}

~(pij - so + pji - 52) 1_[ (1= pu)(1 = pjk)

k#i,j

(s + pio) + NELREL) | ] (1= pia)(1 = pje)

k#i,j
_ (pij - s0 + pji - s2)
L+ pij - pji

We can therefore use this equality to deduce the weights of all the edges of the graph:

THEOREM 3.10. For any graph, for any noise distribution having finite values, we can learn the
weights of all the edges of the graph. In particular, we can compute a quantity which converges to the
true weight of each edge:

2(Vjisa = Vijso)
(s5—s3) + \/(35 = 52)" = 4(Vjisy = Vijso)(Vijs2 = Vyiso)

Proor. We present a sketch of the proof here. The details can be found in Appendix B.1. We

pij =

know V;; tends to V;; = W Using both V;; and Vj;, we can establish this second-degree
PijPji
equation:

Viisa = Vijso + (s = 53) pij + (Vijsz = Vyiso) pi; = 0

We recall that by definition, sy > s;. We also notice that if p;; = ¢, and pj; = g3 is a pair of solutions
of this system, then p;; = é and pj; = il forms the other pair of solution, which implies there is
uniqueness of solutions in [0, P4 |- Since the real probabilities of infection satisfy this system, we
also know the solution exists. Let A = (sg - sg)2 — 4(Vjisz — Vijso)(Vijsz — Vjiso). The only solution
of this system in [0, pyax] is then:

o 2(Vjisy — Vijso)

SR

3.5 Sample complexity

We establish the sample complexity needed to estimate p;; with precision €. To do so, we start by
estimating V;;. Note that we only consider the pair of nodes i and j if, among the M samples, there
exists a cascade of size 2 in which i and j are the only infected nodes (i.e. h? ;> 0). Otherwise, we
set p;; = pj; = 0 as our estimate for p;;.

S
N2
samples, we can estimate V;; with precision ey .

ProrosITION 3.11. With probability 1 — with
_ 1 16N?2 21log(3N)—log(5)
2

- 2z 72 2 4d
€y Pminsz(l_Pmax)
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Proor. We present a sketch of the proof; the details can be found in Appendix B.2. As in
Proposition 2.14, we use Hoeffding’s inequality:

P(fL; - fil > en) < 2e7M,
P(IR?; - b2 )| > er) < 2¢72M€,
P(lé] —e}| > €1) < 2¢72Mel
P(|é} - e}| > ¢€p) < 2¢72Me}

We use this to bound above Vj;:

R € 1+ N(ej +¢))
VvUSVvL 1+T+61ﬁ+0(61)
fiss i T Neje;

By bounding below the denominators and bounding above the numerator, we finally obtain:
4N

|f/“ —Vij| < e
Y Y pminSZ(l _pmax)Zd

+ 0(61).

Therefore, by union bound, and by choosing ¢; ;#A;)Zd = ey, and setting 2e~2Me} = 3%12’
min-2\1"Pmax

we obtain:

With M = =+ LA Zlog(%]z)_bg(&) samples, we can guarantee |sz — Vij| < ey with proba-

€V Prin®;(1-Pmax)*?
bility at least 1 — %.
O

Once we have estimated V;; with precision ey, estimating p;; is unfortunately still not an easy

2 —(s2-s2)+Va .
task. Indeed, let A = (sg - s%) — 4(Vjisa — Vijso)(Vijsz — Vjiso). We have p;; = %, which
means that A has to be positive for this quantity to be defined. However, for general values of V;;
and Vj;, A can be negative. We therefore use the framework of constrained optimization to bound

A away from 0.
LEMMA 3.12. LetA = (sg - sg)2 — 4(Vjisy — Vijso)(Vijsa — Vjiso). We have:

1_ 2
Az (- shp Lo Pma)
1+pmax

Proor. We find the lower bound on A by reformulating the problem as a constrained optimization
problem, and introducing the corresponding Lagrangian multipliers. The details can be found in
Appendix B.1.

O

Now that we have established this bound on A, we can give the sample complexity needed to
estimate p;;.

PROPOSITION 3.13. Assuming we can estimate V;; within precision ey, then we can estimate p;;
bev (14 ax)

within precision € = ——5max>
p (33*55)1(1*Pmax)z

Proor. This is a simple derivation which can be found in Appendix B.2.
(]

We finally piece everything together, and use a union bound on all the p;; to obtain the final
sample complexity of our algorithm for learning the weights of general bounded-degree graphs.
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THEOREM 3.14. In the limited-noise setting, with probability at least 1 — 8, with
M=0 (M N Jog (%)) samples, we can learn the weights of any bounded-degree graph up

p’fninsﬁ(sgisg)q e
to precision €.
Proor. We obtain the desired bound by combining Proposition 3.11 and Proposition 3.13. See

details in Appendix B.2.
]

Once again, if we assume p, g ~ % and pp,;, constant, we obtain the following sample complex-
ity:
COROLLARY 3.15. In the limited-noise setting, with probability at least 1 — 6, if pmax ~ % and
Pmin constant, we can learn the weights of any bounded-degree graph up to precision epsilon with
2
M=0 (m% log (%)) samples.
4 GENERAL GRAPHS

In the limited-noise setting, we notice that nothing prevents us from using the algorithm for
learning bounded-degree weights for general graph. This proves this problem is solvable for any
graph, and any noise distribution. As explained in Section 1.2, this is not an obvious result. However,
if we do not assume ppqx ~ %, the sample complexity is now exponential.

COROLLARY 4.1. In the limited-noise setting, with probability at least 1 — &, it is possible to learn
all the weights of any graph within any given precision, for any noise distribution, with finite (but
potentially exponential) sample complexity.

5 DISCUSSION AND FUTURE WORK

In this paper, we presented the first results to learn the edges of a graph from noisy times of
infection. We showed we learn the structure of any bidirectional tree or any bounded-degree graph
(note that not all trees are bounded-degree graphs) with optimal sample complexity.

However, our results are not tight for learning the weights of bidirectional trees or bounded-
degree graphs. In the no-noise setting, [30] proves this can be achieved with O(d*N log(N))
for graphs of maximum degree d with correlation decay. Our results have sample complexity
O(N?1og(N)) without any assumption of correlation decay. It is an open problem to understand
whether it is possible to achieve a sample complexity of O(d?N log(N)) in the limited-noise setting,
and whether assuming correlation decay is necessary to obtain such a result.

Moreover, for learning the weights of a general bounded-degree graph, we only use cascades
of size 1 or 2. If we are given an infinite number of cascades of size bigger than 2, our current
algorithm cannot learn the weights of the graph. Future work could develop an algorithm without
such a weakness.

All our results for learning the weights of the edges are in the limited-noise setting. Whether or
not it is possible to learn the noise in the extreme-noise setting is an other question of interest for
future work.

Finally, we have made no restriction on the distribution of the noise we add, other than it is
finite. It would be interesting to study whether stronger restrictions on the noise (for instance
Gaussian noise) would lead to stronger results. It would also be interesting to allow infinite noise,
and develop algorithms which are robust to errors in the infection status of a node (our current
algorithms can return wrong graph structure with only one adversarially chosen false positive).
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A BIDIRECTIONAL TREE

We include here the full calculations for learning the weights of the bidirectional tree.

ProposITION A.1. If we know (i, j) is an edge in the original tree, then the probability of infection
along this edge is given by:
Ji<j 0= fi<i- s

B 9i,)('(s§_s§)+fi<j’30—fj<i'32.

Pij
Proor. According to Lemma 2.12, we have:
ficy =Py D) pij - so + P (— J) - pji - 2
91y = PX(—’ i) (1-pij)
fi<i = 'P\(—> 7 pjitso+ 50)((—> i) - pij - $2
9y =R (=)@ -pjo).
We have 4 second-order equations, with 4 unknowns: p;;, pji, 7))((_> i) and ‘PX(—> Jj). We solve it:
fi<j + fi<i = (P);(—> i) pij + A= J) - pji) - (so + s2)
fi<j = fi<i = (PX(—’ i) pij = 7)\((—’ 7 - pji) - (so—s2)
1(fisi*fi<i | fi<j = fi<i

2 So + S2 So — S2
_ fi<j’50—fj<i'32
- 2 _ 2
So =S5

A= D =g,y + A= D) py

fi<j 'So—fj<i © 82

=dg.\ +
T
Y A=)
i fi<j © S0 — ﬁ'<i © 852

91’,)('(53 _s§)+ﬁ<j 50— fi<i “sy
O

2_ .2 2
LEmma A.2. With M = };,_22 log (%) (s tarts)bmaxtarsse) samples, with probability at least 1 -,

(sg—sg)z
we have:

pij — pijl < e.
Proor. Using Hoeffding’s inequality:
P(|fi<j - ficjl > €) < 2e72Mei,
P(lf}ﬂ' — fi<il > e1) £ ZG_ZMGIZ,
B(lg,y ~ g:y] > @) < 2¢7°M
Choosing M = eif log (%), we have that with probability at least 1 — §, all the following hold:

|fi<j = fi<jl < €1,

|fj<i _fj<i| < €1,
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|gAlx - gi,X| < €.
Hence, with probability at least 1 — §, we have:

5 ﬁ<j'30—fj<i‘$2

P gAzx : (33 —s3)+ fi<j S0 — fj<i - 82
(fi<j +€1) 50— (fi<i —€1) 52

- (gi,x —€1) - (s5—s2) + (ficj—€1) - s0— (fi<i +€1)- 52
fi<j 50— fij<i - s2 +e1(so + s2)
9iy- (s2—s2)+ ficj - S0 — fi<i - s2 — €1(st — s2 + 50 + 52)

1
= Dij

_ 51(53—522+so+sz)
giyx'(sgfszz)+f‘i<j'50*fj<i'32
So + S
+ €& T3 0= + o(€y)
gi,x : (30 - 32) + ﬁ<j © S0 — f}<i © 82

el(sg - sg + 50+ 52)
=pij |1+ 2_ 2
9y~ (s = $3) + ficj - 50— fi<i - 52
So + S2
+ € — + o(eq)
gi’x <(s5 —s5) + ficj S0 — fi<i 2
. (s2 =52 +s0+s2)
Pij _Pij <e 20 22 Pmax
g,,x : (30 —32) + fi<j S0 — fi<i - $2
So+s
+ € 0 2

1 + o(e).
gi,x : (Sg - 55) + fi<j ©So — fj<i 82
Using the results from Lemma 2.12, we have:

fi<j= 7))((—) i) pij-so+ Px(—’ J) - pji - s2,
9y = 7))((—> i) (1= pij)-
We use it to simplify the denominator:
denominator = 9iy- (sg - sg) + ficj = S0 — fi<i - $2
= (A= D (1 =pip) - = D)
+ (Px(—’ i) pij-So+ p\-\(—’ 7 pji 'Sz) * S
(P Db 50+ Py D pig - 52) 5
P D) (5 - 5D)

s2—sh
>
Plugging back above:
. (52 = s2 + 5o + $2)Pmax
bij—pij < & L
giy - (s5 = s5) + fi<j - S0 — fi<i - 2

So + S2

+ €1 +0(€1)
9iy (55 =) + fi<j 50 = fi<i - 52
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2 _ 2
(s5 — 5 + So + S2)Pmax So + S2
<N 2 — +aN—o—; + o(ey).
So — 52 So ~ 52
By symmetry, we obtain:
2_ 2
(s& — 85+ So + S2)Pmax + So + S2
A 0”52
|bij — pijl < N 2_ 2 + o).
So — 52
By ch ¢ i therefore have:
y choosing €, = T poar s, e therefore have:
. S2—524+50+52)Pmax+So+52 ) . -
With M = iz g(3$) (555 0(522_)':2)2 ki) samples, with probability at least 1 — §, we have
0 2

Ipij — pijl < e.

|
B BOUNDED-DEGREE GRAPHS
B.1 Solving the system

Lemma B.1. Let A = (s3 — Sz) — 4(Vjisp — Vijso)(Vijsz — Vjiso). We have:
g0 (1= Pmax)
$) ————

1 +pmax

Proor. Finding a lower bound for A can be achieved through minimizing A, or maximizing
(Viisz — Vijso)(Vijsa — Vjiso). We want to solve:

A > (s3 -

maximize (Vj;sy — Vijso)(Vijsz — Vjiso)
ij» Vi

DijSo + Pjis2

L+ pijpji
~_ Pji% + pijs2
T Tapupi

subjectto  Vj; =

pij 20
Pmax — Pij = 0,
pji 20,
Pmax — Pji = 0.
To do so, we introduce Lagrangian multipliers. By replacing V;; and V}; with their actual value,
the optimization problem above only has affine constraints, so it satisfies the linearity constraint
qualification for the Karush-Kuhn-Tucker conditions. In other words, all the partial derivatives of
the Lagrangian are equal to 0 for an optimal point.
L = L(Vij, Vi, pijs Pjir M Azs i1, Ha, 13, Ha)
= (Vjisz = Vijso)(Vijs2 = Vjiso)
— M(ij (1 + pijpji) — pijso + pjisz)
— A2(;i(1 + pijpji) — pjiso + pijsz)
= p1pij = p2(Pmax = Pij)
— H3pji — Ha(Pmax —Pji)-
We calculate the gradients of L.
0L

—— = Vji(s¢ + s5) — 2Vijsos2 — A(1 + pijpji)s
v,
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0L
o = Vig(sh + 83) = 2Vusosa = Aa(1 + i),
Jji
0L
o = =(Vigpji = s0) = Aa(Viipji = 52) = i + i
Ipij
oL
—— = ~M(Vijpij = s2) = o(Vjipij — So) = pi3 + 1s.
apji

From now on, we find the set X° of points for which all the partial derivatives are null. We know the
solution of the maximization problem is the point of X° which maximizes the objective function.
Let us assume an interior point solution exists. For this point, all the gradients of L are equal to
0. Since it is an interior point, we also have y; = p2 = p3 = gy = 0 by complementary slackness.
Solving this system, we obtain:
PjiSo — Pijs2
1+ pijpji)”
DijSo — Pjis2
(1 + pijpji)?®
Plugging this in above, the condition 6p£ = 0 becomes p;;p;i(1—p;j;) = 0. However, this is impossible
for an interior point, since 0 < p;j, pji < Pmax < 1. Therefore, the extrema of A are attained when
at least one constraint is active.
We notice that if the conditions p;; = 0 or pj; = 0 are active, then (Vj;sy — Vijs0)(Vijs2 — Vjiso) = 0.
Let us suppose (without loss of generality, by symmetry of the problem) that we have p;; = ppax.
The objective function is then increasing in p;;. Therefore, A is minimized when p;; = pji = pmax,

A= (st —s?)
Ao = (s = 57)

which implies v;; = Vj; = I% In this case:

A > (st—s3)* - 4V2(so —55)°
2
+
> (sé _ Sg)z 4 (Pmax(so2 52)) (50 — 52)°

l+pmax

> (2 — )2 |1 — g_Pmax }

= (0 52)[ 1+p?nax
1+pmax

This expression is always positive, which is what we wanted.
O

THEOREM B.2. For any graph, for any noise distribution having finite values, we can learn the
weights of all the edges of the graph. In particular, we can compute a quantity which converges to the
true weight of each edge:

2(‘71‘1‘32 - Vijso)

(s5—s3) + \/(SS = 53)° = 4(Vyisz = Vigso)(Vigs2 = Viso)

pij =

Proor.

Vij 2P Moo Vij
_ Pij S0+ pji- %2
L+ pij - pji
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Vij = pij - So
Pjii= v
s2 = Vij - pij
We can plug this in Vj;:
Pji * So + pij - $2
V=
L+ pij - pji
Vii—Dii-s Vii—pi: - s
Vi |1+ pij - — CORLY Rt 0'50+Pij'32

s2 = Vij-pij | s2—Vij - pij
After some shuffling around, we obtain the second-degree equation:
Viisz = Vijso + (sg = 53) pij + (Vigsz = Viiso) pi; = 0

We recall that by definition, sy > s;. We also notice that if p;; = q; and pj; = q3 is a pair of solutions
of this system, then p;; = é and p;; = é forms the other pair of solution, which implies there is
uniqueness of solutions in [0, P4y |- Since the real probabilities of infection satisfy this system, we
also know the solution exists. Let A = (s2 — sg)2 — 4(Vjisz — Vijso)(Vijsa — Vjiso). The only solution
of this system in [0, prax] is:

(o) + VB
2(Vijsa = Vjiso)
_ (55 - sg)z - (s§ - 53)2 = 4(Vjisy — Vijso)(Vijsa — Vjiso)
2(Vjiso — Vijsz) ((53 —s2) + \/Z>
_ 2(Vjisz — Vijso)

() + VA

pij =

B.2 Sample complexity

ProrosITION B.3. As the number of cascades M goes to infinity, the estimators below tend to the
following limit:

N 1
B s =i 5 i+ ) [ ] (1= pi)(1 = pj0)

ki,
A 1
fiz<j — Moo N(Pij “So + Pji + S2) 1—1 (1 =pir)A = pjx)
ki,
. 1
i D Mow N(l - pij) l_[ (1-pir)
k#i,j

Proor. Using the law of large numbers:

72 r2
f;'<j M- E[fz<j]
= P(i source, infects j, no other infections, delay 0)

+ P(j source, infects i, no other infections, delay 2)

= <o [ [a=pi) [T =p) -0

k#i,j k#i,j
1
+ iji 1_-[4(1 - Pjk) r[‘(l = Pik) * S2
k+#i,j k#i,j
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= %(Pij “So + pji + S2) 1—[ (1 =pir)(A = pjk).

k#i,j
In the same vein, we have:
r2 r2
hi’j =Moo E[hi’j]
= P(i source, infects j, no other infections)
+ IP(j source, infects i, no other infections)
1
= N(Pij + pji) 1_[ (1= pi)d = pjx)
k#i,j
é; Moo E[él-l]

= P(i source, no other infections)

1
=N l_[(l - Pik)
ki
1
= N(l - pij) l—[ (1= pir)-
k#i,j

O
ProrosITION B.4. With probability 1 — %, with M = samples, we can estimate V;; with precision
€y.
PRrooF. As in Proposition 2.14, we use Hoeffding’s inequality:
F2 2 —2Me?
P(fis; = fis;] > &) < 27271,
(2 2 -2Me?
P(|h; ; — hi ;| > €1) < 2e777€,
2
P(|é} —ej| > €1) < 2e 2Mer
P(le! - e!| > €) < 2e72Mei,

We use this to bound above Vj;:

£2

oo i<j
ij—A—
2 RSS!
hi,j+N € ¢
2

I St

i<j

- h?’j+61+N'(e}+€1)'(€Jl.+61)

1+ fi—l
= Vij l<]1 1
61+N61(ei+ej)
h?’j+Ne}e]1.
1+ N(e! +¢e})
€
ZVYl’j 1+—21 +€1—2 ! 1; +O(€1)
i< hi’j+Neiej
We bound below the denominators:
1
2 2d
fic;iz N(pijso + pjis2)(1 = Pmax)
PminS2 d
P %(1 _pmax)2
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1
hij + Neile} 2 N(l +Pijpji)(l _pmax)Zd
1
> N(l _pmax)Zd

We bound above the numerator:

N(e} +¢;) =N ( 1—sz)+—l_[(1—PJk)
(-+

k+j

Plugging in above:
. €1 1+N(e1+el.) )
Vii=Vij |1+ — +e;———————7" 4 0(e
TEOT TR TR+ Nele! '
€1 61(1 + 2)
<Vi1+ F—s a2t i +o(er)] .

T(l _Pmax) ﬁ(l _pmax)

Using V;; < 1, and by symmetry:
N
[Vij = Vil = e [ +3| +o(e1)
Y U (1 _pmax)Zd PminS2
N 1+ 3pminS
—<e 7| PR | oer)
(1 _Pmax)2 PminS2
4N
<€ + o(€y).
pminSZ(1 _pmax)Zd
Therefore, by union bound, and by choosing € 1#“ = ey, and setting 2p-2Me? _ %,
we obtain:
With M = _P = t?l\i i ZIOg(SNZ)_IOg(a) samples, we can guarantee |V; ;i — Vij| < ey with proba-
V min 2 max

bility at least 1 — NZ . O

ProrosITION B.5. Assuming we can estimate V;; within precision ey, then we can estimate p;;

6€V(1+p%nax)
(33*322)2(1*Pmax)2 :

within precision € =
Proor. If we know |f/,~j - Vijl < ey and |\7ji = Vil < ey:
2(Vjisz — Viso)
(s —s3) + \/(53 — 52)" = 4(Vyisp — Vijso)(Vijsz — Viso)
2(Vjisy — Vijso) + 2ey(so + s2)
C(s2- sg)z + A — ey (so + 52)2(Vij + Vji)'

Werecall sg + s, <1, V;; < 1,p;; < 1, and 1 + p2,,, < A < 1 (Lemma 3.12). Hence:

pij =

2(Vjiso = Vijso) + 2ey

(=) + VBI85

bij =
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4e 2€
<pij|1+ v + v + o(ey)

VE (2 -3)" + VB) | (5= 53)"+ VA

<pij+ T
By symmetry, and using the bound on A stated above, we conclude that if we know V;; and V}; up
t isi k up t ision e = —0V1+Pmax)
o precision ey, we know p;; up to precision € = =750 .

]

THEOREM B.6. In the limited-noise setting, with probability at least 1 — &, with
M=0 (84”’"2“—’((“” N Jog (%)) samples, we can learn the weights of any bounded-degree graph up

Plinsi(sj—sy)t €
to precision epsilon.

)

Proor. With probability at least 1 — <7,

using

2 2log(3N)—log(5 5 . s

M= %pf,ﬁ,,s;(?—Npmax)“d og( 2) °g(d) samples, we can guarantee |V;; — V;;| < ey with probability
R ine L = (0+Phay) is oi ; .
at least 1 — 7 samples, knowing - = - PR CEr— This gives us a sample complexity of:

S 18 Nz[ 4 ]Zlog(g—Nz)
62(33 - 35)4(1 _pmax)4(d+1) PminS2 1)
1152 - e4Pmax(d+1) N? 9N?

T PrinS3(sg — s P (T)

e4PMax(d+1) NZ N
Pranshst — D € ° (3))

C NUMERICAL EXPERIMENTS

In this section, we provide some numerical experiments on simulated data to investigate the sample
complexity of the method introduced in Section 3.2. While Theorem 3.14 guarantees polynomial
dependence on the key scaling parameters of the problem (except for the dependence on the degree,
which in many settings may be counteracted by the small value of pmay, as indicated by Corollary
2.6), the number of cascades required can still scale to numbers that would not be feasible in practice.
Our experiments here show two things. First, they indicate that our algorithm in fact outperforms
the theoretical guarantees of Theorem 3.14. Specifically illustrating this, we consider the following
setting: a graph of max-degree 10 on 1000 nodes, with Bernoulli noise taking values 0 or 2 with
probability % Then, if we want to learn the weights within precision € = 0.1, our bound guarantees
that 102° cascades, are sufficient. Our simulations show, however, that this is likely to be achieved
with about 108 cascades.

Next, we consider the impact of considering a different objective. Our results provide guarantees
on the maximum error. It may, however, be enough for practical applications, to have control of
the average absolute error. While our theoretical bounds do not give sample complexity bounds for
guarantees on this objective, our simulations demonstrate that it is possible to achieve control of
the average absolute error with far fewer samples. Figure 5 gives a plot of average absolute error
versus sample complexity, for the same numbers mentioned above. We see, in particular, that 0.1
average absolute error is achieved in about 3 * 10° cascades, thus representing a very significant
decrease.
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Error as a function of the number of cascades.
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Fig. 5. Average absolute error for a random graph of max-degree d on 1000 nodes, with Bernoulli noise taking
values 0 or 2 with probability % The average is taken only on the existing edges to demonstrate the efficiency
of the procedure.

We note that individually, the terms in our bound do not have much room for improvement in
theory. As we have speculated, it may be possible to improve N? to N log N. However, the message
from these experiments is that in order to transition these theoretical results to a practical setting,
it is in fact important to consider the specific dependence on each parameter. Moreover, it may be
important to consider obtaining guarantees for objectives like average absolute error, for which far
better results may be possible.
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