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ARTICLE INFO ABSTRACT

Keywords: Block cracking is commonly observed in form of a series of interconnected cracks that divide the
Coating/substrate system surface of multilayered materials into approximately rectangular or square pieces. A three-di-
Stress analysis mensional (3D) elastic fracture model is developed to study the block cracking in thin film/

Energy release rate
Cracking
Cohesive zone model

substrate structures which consist of a thin protective metal oxide coating fully bonded to a
polymer substrate. Under a temperature change, fracture occurs in the coating due to the thermal
stress caused by the material mismatch. Using the plane assumption and non-shearing assump-
tions, the displacement and stress fields in this substrate-coating system under thermal loading
are explicitly solved and verified with the finite element (FE) simulation results. Therefore, the
energy release rate (ERR) can be calculated from the work done by the stress on the crack
opening before crack and has been used to study the fracture initiation, infilling and saturation.
Additionally, the theoretical fracture analysis results are verified by FE simulation using the
cohesive zone model (CZM) and experimental data from literature. The results show that the
fracture model presented in this study is able to capture the displacement and stress distributions
in the thin hard oxide film fully bonded to a polymer substrate accurately and predicts the
fracture initiation, infilling and saturation successfully.

1. Introduction

Due to its advanced mechanical and thermal properties, metal oxide thin film coating of soft structures has been widely used to
improve the mechanical and thermal properties of metallic or polymeric materials [1-4]. Such structures are of interest because a
light and flexible substrate allows for applications across a variety of form factors and can be more cost effective than with rigid
substrates [5-8]. An interesting application for metal oxide coatings on a compliant (polymer) substrate is in protective coatings for
silver-coated polymer film reflectors, which have found application in parabolic trough reflectors for concentrating solar power
[6,9-11] and in other applications for which a flexible reflector is desirable [12]. In these reflectors, multiple oxide layers may be
used both to impart abrasion resistance [6,9,11] or to improve the reflectance through thin-film interference [10]. A schematic
example of the construction of such a reflector as a coating/substrate system manufactured by depositing thin metal oxide and metal
films on the polymer substrates is shown in Fig. 1. Compared with traditional mirror designs which utilize silver painted on the back
of glass, this advanced front surface design attains higher reflectance and lower cost for both manufacture and installation [13].
However, under temperature changes, the brittle metal oxide coating layer on the polymer substrate may suffer premature failure, as
shown in Fig. 2 because of cracking due to the significant mismatch in the thermal expansion coefficients of the materials in the stack.
As a result, the cracking in the surface layer will cause the loss of its protectiveness and the reduction of its reflectance efficiency.
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Fig. 1. Schematic silvered polymer reflector designs, after [6,9,13].
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Fig. 2. Nano Metal Crack Initiation on Polymer [14].

Therefore, it is essential to understand the fracture mechanism in this advanced polymeric solar reflector.

Typically, the cracking behaviors of a coating are commonly studied by applying uniaxial tension and bending, owing to their
relatively simple testing configurations and well-controlled crack patterns [15-19]. Under tensile loading, opening-mode fractures
(OMFs) perpendicular to the applied loading would initiate in the coating [20,21]. In 1992, Nakamura and Kamath [22] presented
the results of a three dimensional (3D) finite element (FE) analysis of the mechanics of crack growth and de-cohesion in a highly
compliant thin film bonded to a rigid substrate. The computational analysis showed that, in the absence of de-cohesion, the stress
intensity factor along the leading edge of the crack reaches a steady state value when the crack length is about twice the film
thickness. In addition, the computed results confirmed the existence of high interface stress that may cause de-cohesion. Even though
the cracking process itself is 3D, the elastic fields of a steady-state channeling crack in the thin film due to an OMF have been often
solved by a two-dimensional (2D) plane strain analysis [20]. Initially, studies of the coating cracking behaviors have focused on the
local elastic solution in the neighborhood of the singular point that exists at the crack tip, which is located at the interface between
the fractured and intact layers [23-27,15,28-30,17,31]. Although the local solutions are useful in the study of fracture propagation,
they cannot be directly used to predict fracture initiation, fracture spacing, or to study the interaction between fractures [32].
According to the studies of Bai and his coworkers [33-35], an overall elastic field in the thin film that is based on the complete set of
governing equations for the elastic boundary value problems should be used to completely understand fracture spacing. Later on, Yin
and his coworkers proposed a plane strain elastic model [36,37,32,38], where the closed-form elastic solutions in the coating/
substrate structure were obtained and used to interpret fracture initiation, infilling, and saturation caused by tension in the layered
materials successfully.

Instead of uniaxial loading, one can consider the case of thermal loading applied to the coating/substrate structures. Here in-
terconnected cracks along both longitudinal and transversal direction would form in the brittle coating driven by the residual stress
caused by temperature change dividing the structural component into approximately rectangular pieces. In this case, the 2D plain
strain or stress assumptions would not be applicable, therefore, a full 3D analysis is essential. Based on the literature, most studies on
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residual stress and 3D fracture analysis of coating/substrate structures under thermal loading are limited experimental measurements
[39-42,14], while very seldom theoretical models can be found [43,44,28,45-47]. The details about existing testing methods and
theoretical models are summarized as follows.

In order to study the fracture behavior of the coating under thermal loading, the residual stress, which acts as driving force, needs
to be measured or analyzed. The most commonly used approach to measure the residual stress in coating is based on the curvature of
the elastically deformed coated substrate. When the thickness of the film is small compared to that of the substrate, the following
formula proposed by Stoney [39] can be used to predict the residual stress in coating:
h2

f s
ol ~ —E;
= T 6heR €8]

where Ej is the Young’s modulus of substrate, R is the radius of curvature, hy is the thickness of substrate while h; is the thickness of
coating. The index xx denotes the stress component in direction of the length side of the beam. It was argued by Berry [40] that such a
substrate rather curls into an approximately cylindrical shape instead of bowl or cap-like deformation. In this case, the plate modulus
should be used to replace E;. Later, Ohring [41] found that when measuring thin films deposited on plate-like substrate, the cor-
responding biaxial deformation has to be taken into account by using the biaxial modulus. In 2006, Schwarzer [42] examined
different forms of Stoney’s equation by applying a correct 3D FE model and found the biaxial modulus would yield an accurate result
while the plate modulus would deliver a bigger stress by 20-30 percent.

In 1995, Evans and Hutchinson [43] presented several models for mechanisms which give rise to tensile stresses in thin film
deposition, and gave the expression of residual stress in thin film which is attached to a infinite substrate. Later, Hutchinson [44]
proposed a form for residual stress in thin coating for the case where the substrate can expand or shrink freely based on the
assumption that the substrate is effectively uninfluenced by the film and the substrate imposes its in-plane strains on the film, which
means the shear strain in the film is equal to that in substrate at the area away from the edge. This model can be used to predict the
stress in the center area, however, more accurate displacement and stress distributions at the edge are required for cracking analysis.
In 2003, Hsueh and Yanaka [28] derived a closed-form analytical solution to predict the stress distribution in a film segment when
the film/substrate system was subjected to both residual stresses and tensile loading. In this model, the effects of external loading was
incorporated into the shear lag model. Based on the solved stress and displacement, the cracking in coating was predicted by adopting
both strength and energy threshold criteria for cracking onset. However, this model only considered the stress along the same
direction as external loading while other stresses are ignored. Following the developed theoretical solutions in [28], another study
was done by Hsueh and Wereszcazk [48] to calculate the residual stress in the coating based on the multiple coating crack spacing.
Based on the force and moment balances, another analytical model was proposed by Zhang et al. [45] to predict the thermal residual
stress in multi-layered coating systems. In this model, the total strains of the coating layer and the substrate were decomposed into an
in-plane strain and a bending strain, following this a closed-form solution of thermal stresses was obtained, which posses the merit of
independence of the number of coating layers. In 2011, Ahmed et al.[46] used the Micro-Raman spectroscopy to access the residual
stress in a diamond coating as a function of the strain applied to the ductile substrate. In order to verify the experimental results, a
new shear lag model was developed by considering the effect of the substrate plasticity based on Hsueh and Yanaka’s work [28].
Recently, Roy and Ghosh [47] proposed another model to predict the residual stress in the free expanded Galvannealed coating/
substrate structure based on the method of superposition. The normal stress in both coating and substrate were obtained. The results
showed that the initial thermal residual stress generated in coating is independent of the coating thickness but depends on the
temperature difference, inherent mechanical properties of the coating, and thermal properties of the coating and the substrate. Based
on the residual stress, the fracture ERRs in the coating along both longitudinal and transversal directions were obtained and used to
predict the crack spacing. The experimental verification showed that the predicted crack spacings were quite different from the
observed results and the proposed model underestimated the crack spacing. The draw back of this proposed model is that the solved
normal strains in coating are constant, which depend on the material properties only. Therefore, it can not capture the strain and
stress spacial distribution accurately.

In order to study the residual stress and fracture behavior of the multilayered advanced polymeric reflectors more accurately than
with previously applied methods [28,45-47], a 3D elastic fracture model is proposed based on the work done by Yin and his
coworkers [38]. As an initial study, we consider a two-layer structure with a metal oxide protective coating and a polymer substrate
as the silver and bonding layers are much thinner. Specifically, we limit the problem to be solving the elastic field and analyzing the
fracture behavior of the titanium oxide coating with thickness hy, Young’s modulus E/, Poisson’s ratio »/, and thermal expansion
coefficient « fully bonded to a polyethylene terephthalate (PET) substrate with thickness h;, Young’s modulus E*, Poisson’s ratio v,
and thermal expansion coefficient o under a temperature change of AT. The boundary conditions are set as follows: the displacement
along the thickness direction at the bottom of the substrate is fixed while it’s free to expand along the length and width direction.
Once the temperature change reaches the critical value, OMFs would initiate in the coating layer and propagate toward the interface
between the coating layer and the substrate. To simplify things, the length and width of the model are set to be coincident and equal
to 24 as the coating would be cracked into square pieces eventually if the temperature change is high enough. Considering a section
between two adjacent OMFs, a simplified model is built and shown in Fig. 3.

The remainder of this paper is organized as follows: Section 2 will develop the general formulation and provide explicit solution of
the 3D elastic field in the coating/substrate system. Section 3 will then verify the elastic field predicted by the theoretical model given
in Section 2 through comparison to a FE analysis. The fracture analysis based on the obtained elastic field will be presented in Section
4 while the verification of fracture analysis using FE simulation results and experimental data from literature will be provided in
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Fig. 3. Schematic illustration of the simplified structures.
Section 5. Finally, some concluding remarks will be given in Section 6.

2. Formulation for 3D elastic field analysis

Assume the displacement is u, along x-direction, u, along y-direction, and u, along z-direction. For the elastic coating and
substrate structure, using the small displacement assumption, the stress under a temperature change of AT can be written as follows:

. Ei . o o AT E!
o, =—-———[(1 = Yu., +viu,, + vu.,] — Lt

T4 0)Aa - 22 ¢ Ysx »y el 1 — 20 @)

; E! o o o ATo;E!
o =———“J[@1Q =v)ul, + vul +vu.,|— Ll

@4+ = 2 € Yy o 22l 1 -2 3)

; E! o . o ATa;E!
o, =—-————[1Q —=vHul, + vu., +vu |- Gt

A +vHa - ) ¢ Yz o v 1 -2 (&)
2= Ei(u,’;,y + u}",,x)

v 2(1 + ) (5)
G Bty

"z 2(1 4+ ) 6)
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where the subscript and superscript i = (f, s) denote the coating (f) and substrate (s) layers, respectively. The equilibrium equations
expressed in displacement read,

21 =) ; ; 1 . .
BTy Uy o + u;,yy + Uy, + T (u}l,,xy +U;,,) =0 8)
2(1 —vh) ) ) 1 ) .

1oyt Gy F e Ty + T G (g ) = 0 ©)
2(1 —vh) ; ; 1 ; ;

1=l e+ e e+ T (e ¥ tyy) = 0 (10)

By following the same principle as in the 2D problem [38,20,21], we assume that the top surface of the coating will stay flat after
deformation (plane assumption) and that all lines which were parallel to y-axis or x-axis before deformation will stay parallel to the
corresponding axis after deformation. More specifically, the top surface of the structure will remain square after deformation (non-
shearing assumption). Mathematically, these assumptions can be expressed as

i

Ugy = Ugy =0 (an

and
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Ugy = Uy, =0 (12)

Substituting Egs. (11) and (12) into Egs. (8)—(10), the equilibrium equations simplify to,

21 —v) i

1oy et e =0 (13)
2(1 —vh) ;

1 B T e =0 (14)
21 =) 1 i iy _

1 -y 2=t T (e + Uyye) = 0. (15)

2.1. General solution of the displacement in x-direction

2.1.1. Displacement in the coating (u){ )
Eq. (13) is a decoupled partial differential equation of u,. By applying the method of separation of variables, the general solution
of u, in the coating can be written as,

ul =f(0)gk) + eux (16)

where f (x) is a function of x while g(z) is a function of z, ¢, is used to account for the uniform strain, and the superscript f stands for
coating or thin film.
Substituting Eq. (16) into Eq. (13) produces:
_ f " "

M‘f_ + g_ =0

1-2f f g a7
Both fand f” are functions of x and g and g” are functions of z, so the two terms in Eq. (17) can be linked by an independent constant
c?,

oo 1= g

f 21 -0) g (18)
From Eq. (18), the general solution of u/ can be obtained as

uf = [aysinh (Cx) + axcosh(Cx)][assin (§sz) + aycos (§f Cz2)] + eux (19)

. 2(1 —vf)
TN 11— 20f (20)

and a;(i = 1, 2, 3, 4) are constants to be determined.
The symmetry of u at x = 0 implies

where

uf(x=0)=0 21
and the free shearing boundary condition at the top surface, r,{z (z = h) = 0 yields
wlz=h)=0 (22)

in which the assumption Eq. (11) has been used.
Applying Egs. (21) and (22) to Eq. (19) gives

a=0 (23)

ascos (§f Ch) = ausin (§fCh) (24)
So the displacement along x-direction in coating is reduced to

uf = Asinh(Cx)cos (§fCh — §f Cz) + g,x (25)
where A, C and ¢, are unknowns to be determined using the boundary conditions.
2.1.2. Displacement in the substrate (u;)

By repeating the same derivation as in Section 2.1.1, the general solution of displacement along x-direction in the substrate, u},
can be written as

uy = [bysinh (Cx) + bacosh (Cx)][bssin(§,Cz) + bacos(§,Cz)] + eux (26)

where:
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£ = 2(1 — v%)
ST 1208 27)

and b;(i = 1, 2, 3, 4) are constants to be determined.
Similarly, by applying the plane assumption (Eq. (12)), the free shearing stress boundary condition at the bottom, 7;,(z = 0) = 0,
can be simplified as

Uy, (2=0)=0 (28)
and the symmetry of uj at x = 0 is

uj(x=0)=0 29
Combining Egs. (28), and (26), the constants b, and b; reduce to

b,=0 (30)

b;=0 (€3D)]
so that the general solution of u; becomes

u$ = Bsinh(Cx)cos (§,Cz) + g,x (32)

Again, B, C and ¢, are unknowns to be determined using the boundary conditions.
2.2. General Solution of Displacement in y-direction

For this special case where the length and width of the structure are the same, the displacement in y-direction can be obtained in
the same fashion. Therefore, by replacing x with y and y with x in u; and u$, the displacement along y-direction in the coating and
substrate can be obtained:

u}{‘ = Asinh (Cy)cos(§fCh - §sz) + &,y (33)

u; = Bsinh(Cy)cos (§,C2) + &y (34)

Notice that here the block cracking exhibits a square pattern, so Egs. (33) and (34) share the same form as Egs. (25) and (32),
respectively.

2.3. General solution of displacement in z-direction

Once u, and u, in both coating and substrate are obtained, the general solution of u, can be solved based on the equilibrium
equation in z-direction,

ul =— ! (Ul o+ ul)
: 5 — o .y (35)

2.3.1. Displacement in the coating (uzf )
Integrating the equilibrium equation along z-direction in coating twice, the general solution of displacement along z-direction in
the coating can be obtained as,

1

f_
w = —
< 2 —20f

j; ul, +uf,dz + f,(x, »)z + g (x, ) 36)

where f,(x, y) and g (x, y) are functions of x and y. Substituting Eq. (25) and (33) into Eq. (36) yields,

&ul
e+ [+ gk, y) =0

f= #sin (fj-Ch - @Cz)[cosh (Cx) + cosh(Cy)] — 7
1—v (37)

“ T e
The free normal stress boundary condition at the top surface of coating is

olz=h) =0 (38)
Combining Egs. (4), (25), (33), (37), and (38), f,(x, y) can be determined as

fiG,y) =

v/ 1+ vf
[ACcosh(Cx) + ACcosh(Cy) + 2&,] + ———a;AT.
wf 1—vf

1 —_
. (39)

2.3.2. Displacement in the substrate (u})
Similarly to Section 2.3.1, the displacement along z-direction in substrate can be written as,
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u = —@_;;W)ésin(gs Cz)[cosh(Cx) + cosh(Cy)] — 1 E_"ZVS + L0602+ g, y)=0 40)
where f,(x, y) and g, (x, y) are functions of x and y.
Applying the fixed bottom boundary condition,
u;(z=0)=0 (41)
g,(x, y) can be determined,
&0 y)=0 (42)

Next by considering the continuity of u, and o, at the interface,

/@ =hs) =ul(z=hy), (43)
and

ol (z=hy) = o(z = hy) (44)

the unknown functions g (x, y) and f, (x, y) are found to be,

_ Efa+vha-%) _ 1408
L&, y)= PP 2US)AC [1 — cos (’g’f Chy)][cosh (Cx) + cosh(Cy)] + 5% AT

1-28 BC(1—2v5)
+ T E T T o8 (&,Chy)[cosh (Cx) + cosh(Cy)] (45)
and
__ cosh(Cx) + cosh(Cy) Asin(§yChy) 1-20/ Bsin (§;Chs)
&0, y)= 2 [ g —vf) + 1-2f ACh; A =v9¥
1+vf auhs 2/ hg
— TP AThy — 755 + S 4+ (% )k (46)

2.4. Explicit displacement field

The general solutions for u,, u,, and u, have been obtained for both coating and substrate. However, there are still four unknowns
(A, B, C, and ¢,) that need to be determined. In the following section, we apply the continuity and boundary conditions to solve for
all the unknowns.

2.4.1. Continuity at the Interface ‘
The continuity of displacement u, and u, at the interface, uf (z = hg) = u(z = hy) and uyf (z=hy) = u{ (z = hy), yields,
Acos(nghf) = Bcos (&,Chy) 47)

and the continuity of shearing stress at the interface, T,{Z (z = hs) = 7,(z = hy) and ‘L'}',fz (z = hy) = 75,(z = hy), yields

f]j—fiisin (& Chy) = - lesiSS sin (§,Chy) (48)
By combining Egs. (47) and (48), we find a function of only the single unknown, C,

Msin(&'-c}z )cos (§,Chy) + sin(§,Chy)cos(&,Chy) = 0.

BEQ +v) ST s e (49)

By solving this nonlinear equation numerically, the unknown C which is a function of material properties and thickness but in-
dependent of crack spacing can be determined.

According to [38], many solutions exist for constant C because of the periodicity of the sin() and cos() functions, which suggests
the need for a series-form solution. In general, the roots of C in Eq. (49) are not periodic, which implies that the basis functions in the
series-form solution are not orthonormal to each other. Therefore, the derivation of the coefficient of each basis function will be
complicated and the convergence of the solution will still be open. For simplicity, this study uses the first root to demonstrate this
theory. Also according to our previous works [38,20,21], the first root can provide sufficient accuracy. As the coating is much thinner
than the substrate (h; < hy) and the thermal expansion coefficient of the substrate is larger than the coating(c; > «;), the shearing
stress at the interface should be negative which gives the constraints sin (§,Ch;) > 0, cos(§,Ch;) < 0, B> 0, and A < 0.

2.4.2. Free normal stress at the side faces

After solving C, there are three more unknowns left, A, B, and ¢,, requiring three boundary conditions. Recall that in the pro-
cedure to solve C, only the combination of Eq. (47) and (48) was used, which means that either Eq. (47) or Eq. (48) can be further
used to solve other unknowns. Therefore two more boundary conditions are sufficient to solve all unknowns.
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The normal stress at every point on the side faces for both the coating and substrate should be zero as there is no external load
applied at the side faces. However, this condition can not be satisfied exactly due to the simplifying assumptions in Egs. (11) and (12).
Instead, relaxed boundary conditions are used,

‘/M‘/‘haf(le)dzdyzo
o Jng (50)
and

S [ ot = 2dedy = 0

o Jo T <y = (51)

By substituting Egs. (2), (25), (32), (33), (34), (37), and (40) into Egs. (50), (51) combine with Eq. (47), all of the remaining
unknowns can be determined:

A = Mhy(apAT — &) (52)
Acos (§f Chy)
cos (&,Chy) (53)
o ashsN — aghy M
‘T mN-WM (54)
where

M= A8=2D0D (1 1) 2cosh (CA)sin(E, Chy)/€; + v/sinh (CA)sin (€, Chy) &,/ C

vlsin (é’f Chy)

. -1
+ [vfl‘z“f Chy — 1[cosh (CA)A + sinh (C/l)/C]]

22— T g2-20) (55)
N= 23 =205 +v5) [ (1 = v$)Acos (& Chy)sin (& Chy)cosh (CA)
T-vs £cos (&,Chs)
OGO _ GO ey iy it
+ 122 Chyvcos (& Chy)[cosh (CA)A + 2P
+ Cvihy 7?8:58:2; [1 = cos (¢ Chy)1[cosh(CIIA + W]r 56)

Now, the displacement field in both the coating and substrate have been solved explicitly. Then the stress field in the coating/
substrate system can be determined by substituting the obtained displacement into the constitutive law as shown in Egs. (2)-(7).

3. FE Simulation and Verification of the Theoretical Solution

To verify the proposed analytical model, a comparison will be made between the elastic field obtained in Section 2 and the FE
simulations conducted using the commercial software ABAQUS 6.13. The material properties, which were extracted from literature
[13], and geometric constants of the coating/substrate system used in this FE analysis are provided in Table 1 and the temperature
change is set to be 40 °C.

Considering the symmetry, one quarter of the structure was simulated as shown in Fig. 4(a). The boundary conditions were set as
follows: the symmetric boundary conditions were applied at both the left side face and the front side face, while the displacement
along the z-direction at the bottom was fixed as shown in Fig. 4(a). Fig. 4(b) shows the mesh of the FE model where 3D stress 8-node
linear brick elements were used to simulate both the coating and the substrate material. In order to improve the computational
efficiency and accuracy, a gradient mesh was applied along the length, width, and thickness directions. From the plane of symmetry
to the end faces, the mesh size increased from 0.21 mm to 1.05 mm. Four layers of elements with uniform thickness were used to
mesh the coating while the thickness of elements in the substrate increased from 0.21 mm to 1.05 mm from the top to the bottom. In
total, 19200 elements were used for the whole model.

In order to simulate the fully bonded interface between coating and substrate, a constraint was applied to tie the coating layer and
substrate together. Therefore, no slipping or debonding was allowed. The displacement fields u, and u, after deformation under a

Table 1
Material properties and geometric constants used in the FE model.
Modulus (GPa) Poisson’s Ratio Thermal expansion coefficient (1076/°C) Geometry (mm)
Ef 230 I 0.27 ar 9 21 42
E* 3.8 s 0.3 as 59.4 hy 0.1
hs 4.2
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(b)

Fig. 4. FE simulation: (a) FE model and boundary conditions; and (b) mesh of the FE model.

temperature change of 40 °C are presented in Fig. 5(a) and (b) respectively. Based on the FE results, one can find that u, is almost
constant throughout the width of the structure while u, varies in a very small range.
Fig. 6(a) shows the distribution of u/ across the thickness of coating with different y-coordinates. Recalling our assumption as

U, Ut
+1.709e-02
+1.424e-02

+2.848¢-03
+0.000e+00

z

ODB: sifjlakdjf.odb Abaqus/Standard 3DEXPERIENCE R201I8x Mon Nov 18 11:57:05 M
Y Step: Step-1
X Increment 1: Step Time = 1,000
Primary Var: U, U1

(a)

us
+2.361e-02

+1771e-02
¥1.574e-02
+1.378e-02

(b)

Fig. 5. Displacement field in the FE model after temperature change of 40 °C: (a) u,. The units of displacement fields in these figures are mm.
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yIA
(b)

Fig. 6. Comparison between theoretical solutions and FE analysis results for uxf (AT = 40 °C): (a) across thickness of coating at different y; and (b)
along width direction at different depths.

shown in Eq. (12), the theoretical prediction of u{ is independent of y. Therefore, only one distribution of u; is obtained from the
theoretical model for different y-coordinates. Both the theoretical solutions and the FE analysis results show that u; will decrease
from the interface to the top surface of the coating because the thermal expansion coefficient of coating is much smaller than that of
substrate and the effect of substrate on the deformation of the coating will reduce from the interface to the top surface of coating.
Although the FE analysis results show that u;/ will have minor changes with the change of y-coordinates, the theoretical model can
still capture the distribution of u; across the thickness of the coating at different ycoordinates with a maximum difference smaller
than 2.5%. The distribution of u;/ along the width direction at different depths is presented in Fig. 6(b), both theoretical solutions and
FE analysis results show that uJ would keep constant with the change of y approximately, which means our assumption in Eq. (12) is
reasonable.

Fig. 7 presents the distribution of normal stress along the x-direction in the coating (¢;,). Fig. 7(a) shows that the normal stress ¢,
will not change with depth except at the very edge and that the theoretical solutions agree well with the FE simulation results. The
maximum difference between the theoretical solutions and the FE simulation results, which is reached at the edge where y = 4, is
smaller than 3%. The distribution of o}/, along the width direction is presented in Fig. 7(b), both theoretical solution and FE simulation
results show that the normal stress would decrease from the center to the edge. The difference between the simulation results and the
theoretical prediction is within 2%, which denotes the accuracy of our theoretical model.

4. Fracture analysis
Consider the square section within four OMFs. When the temperature change increases to a critical value, two steady-state
channeling straight cracks will initiate at the middle edge of the section. After cracking, the section is broken into four quarters, and

the displacement field in each quarter can also be solved by replacing 4 with 1/2 in the new local coordinate system. Therefore, the
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Fig. 7. Comparison between the theoretical solutions and the FE simulation results for normal stress o’,& (AT = 40 °C): (a) across thickness of coating
at different y; and (b) along width direction at different depths.

crack opening displacement is solved. To recover this OMF, the normal stress along the central line just before the fracture initiates
needs to be applied along the cracking surface. Therefore, the ERR can be obtained as the work done to close the crack opening
displacement as shown in Eq. (57) [23].

1 A ph
G=— L0, y, Duf{ @, hy) — u{ A, z)]dzd
T o S, Oy DL k) — 1l G, 9)ldzdy -

The ERR in the coating layer will increase as the temperature change increases. Once the ERR is equal to or larger than the critical
fracture ERR, a new crack will nucleate. Therefore, the following criterion is used to predict whether new fractures will infill:

G2 Gy (58)

where G,, is the critical fracture ERR of the thin film.

Using the stress and displacement presented in Section 2, the ERR can be obtained through Eq. (57). Fig. 8(a) shows that when the
coating thickness is constant (h; = 100 um), the ERR increases rapidly as the crack spacing increases to 6h,. Beyond this point, the
ERR does not change any more even as the crack spacing increases. This indicates that under the temperature change (AT = 40 °C),
the potential crack spacing of the given thin film (h; = 100 um, hy = 4.2 mm) will be smaller than six times the thickness of substrate.
Fig. 8(b) shows the variance of the ERR with respect to the coating thickness with constant crack spacing 2 = 21 mm under a
temperature change of 40 °C and reveals that the ERR increases linearly as the coating thickness increases until it reaches a convex
point. After this point, the ERR decreases as the coating thickness increases. At this convex point (h; = 120 um), fracture saturation is
reached, therefore, no more new crack will be developed.

Recalling Eq. (58), when the temperature change reaches a critical value, a new OMF will nucleate. Fig. 9 illustrates the variance
of required temperature changes to form a new crack in the thin film. In this study, the critical fracture ERR of the thin titania film is
taken to be 0.277 J/m? [13]. Fig. 9(a) presents the required temperature change to crack the coating when the coating thickness is
constant (h; = 100 um) and shows that the temperature change increases as the crack spacing decreases. When A/h, approaches 0.5,
the temperature change turns to infinity which means no new fractures will infill and the fracture saturation is achieved. For this
specified film thickness of h; = 100 um and substrate thickness of 4.2 mm, the saturated crack spacing can be approximately eval-
uated as 4. = 0.5h; = 2.1 mm. Fig. 9(b) shows the variance of the temperature change with respect to the coating thickness at a
constant crack spacing (4 = 21 mm) and indicates that the required temperature change to initiate a new crack in the coating will
reduce as the coating thickness decreases until a critical thickness hy, is reached. Under this critical coating thickness, the required
temperature change to crack the coating increases to be infinite and the fracture saturation would be reached. For this study, the
critical coating thickness is about 5 um when the crack spacing is 21 mm.

The variance of saturated crack spacing with respect to the coating thickness under the temperature change, AT = 40 °C, is
presented in Fig. 10 which shows that the crack spacing decreases as the thin film thickness decreases until a critical film thickness is
reached. Below this thickness the crack spacing quickly increases to infinite and no new cracks will be developed, which means the
fracture saturation is reached. For this case where the thickness of the substrate is 4.2 mm, the critical thickness is corresponds to
about 70 pm under the temperature change of 40 °C.

5. Verification of Fracture Analysis
5.1. FE simulation of cracking in coating

In order to verify the theoretical fracture analysis, the required temperature changes to crack the coating/substrate structures
with different length but same coating thickness are validated by the FE simulations using ABAQUS. As we already know the path of
cracks, the CZM is used to enable the cracking simulation. In order to reduce the effect of the cohesive element on the overall

mechanical property, cohesive elements with zero thickness are inserted at the center of the coating. Fig. 11 presents the FE model
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Fig. 8. Variance of ERR with respect to: (a) crack spacing; and (b) coating thickness.

and mesh, where the red dot lines indicate the locations where cohesive elements were inserted (or position where crack will be
developed). The boundary conditions used in the simulation are that the lower surface of substrate is fixed along z-direction
(u3 (z = 0) = 0) while the center point of the bottom of substrate is fixed to get rid of any rigid body motion.

During the FE simulations, C3D8R elements are used to simulate the solid material, while 3D cohesive elements, COH3D8, are
used to simulate the cracking process. In order to increase the computational efficiency and improve the accuracy of the simulation,
gradient mesh is used in the substrate across the thickness direction, while uniform sized elements are used to simulate the coating.
Initially, cohesive elements with specific thickness are inserted at the center of the coating in the original part then a mesh part is
created and the nodes of the cohesive elements at the two sides are edited to have the same coordinates. Thus, the zero thickness
cohesive elements are created. Recall that the theoretically predicted fracture ERR is an average across the thickness of the crack
surface; therefore, in order to be consistent with the theoretical model, the coating is meshed by one layer of elements.

Similarly to the solid elements, the constitutive behavior of the cohesive elements should be defined during the FE simulations. In
this study, the bilinear traction-separation law is used for the cohesive element. For this bilinear traction-separation law, the initial
response of the cohesive element is assumed to be linear until the damage initiation criterion is met. After that point, the stress in the
cohesive elements would be released linearly until the damage evolution property is reached and the cohesive element would be
damaged as shown in Fig. 12. In this constitutive model, three parameters need to be specified: the initial strength (T), the stiffness
(K), and the critical fracture ERR (G.). The initial strength defines the critical stress at which the cracking would initiate. Once the
stress in the cohesive element reaches the initial strength, the stress would be released and the cracking would propagate once the
fracture ERR reaches the critical value.

Ideally, the stiffness of the cohesive element should be infinite in order to reduce the effect of the cohesive element on the stiffness
of the whole model. However, too large of a cohesive element stiffness introduces the numerical problem that the simulation can not
converge. Turon et al. [50] proposed a relationship for determining the value of the stiffness for cohesive elements based on the
properties of the surrounding materials as:
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Fig. 9. Variance of required temperature change to create new cracks with respect to: (a) crack length (i =constant); and (b) Coating thickness
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Fig. 10. Crack spacing at different coating thickness.

t (59)
where E is the Young’s modulus of the surrounding material, t is the initial thickness of the cohesive zone which is typically set to be
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Fig. 11. FE model and mesh for cracking analysis.
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Fig. 12. Bilinear traction-separation response of the cohesive element [49].

1, and « is a parameter much larger than 1. As stated before, the stiffness of the cohesive elements should be large enough to avoid
any effect on the overall compliance and should be small enough to get rid of the spurious oscillations in the tractions. Therefore, the
parameter « should provide a reasonable stiffness value and a value of 50 or larger was recommended [50]. For our case, « is set to be
100, yielding a stiffness of 2.3 x 107$. The critical fracture ERR G, = 0.277 J/m?, predicted by using the cracking saturation in [13],
was used in the FE simulation. The initial strength of the cohesive elements was calculated as 250 MPa by setting A as half of A®! in
Fig. 12 based on [50].

Fig. 13(a) shows the stress field (Von Mises 75% average [51]) in the coating/substrate system before the cracking initiation.
Compared with the simulation results where non-cohesive elements were used, the difference is less than 1% which means the chosen
stiffness of cohesive elements is reasonable. The stress field after cracking is presented in Fig. 13(b). It indicates that the stress is
periodically distributed in each cracked piece. In the cracking simulation, the cohesive element deletion is enabled. Once the fracture
ERR reaches the critical value, the cohesive element would be damaged and vanish, providing a way to monitor the cracking process.
Based on the simulation, the cracks would initiate at the center and propagate to the edge of the coating. This is consistent with our
theoretical prediction as the stress would decrease from the center to edge.

The simulated required temperature change to crack the coating with constant thickness is summarized in Table 2 and compared
with the theoretical predictions in Fig. 9(a). Overall the temperature changes from the theoretical predictions agree with the si-
mulation results well with a maximum difference of 5% at A = 0.8hy. In addition, the difference between the theoretical predictions
and the simulation results increases as the crack spacing decreases. One potential reason is that with the decrease of crack spacing,
edge effects treated approximately in our theoretical analysis would become significant. The proposed theoretical model cannot
capture the stress and displacement distributions in this edge area effectively because of the application of plane and non-shearing
assumptions. This problem has also been stated in [38].

5.2. Comparison with the experimental data

Recently, Roy and her colleague [47] proposed a simple model to predict the residual stress in the free expanded Galvannealed
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+7.250e+02 +7.250e+02
+6.6460+02 +7.2500+02
+6:04ze 102 46468402
454386103 +6.0426+02
+48330+02 +5.4380+02
+4.239e+02 - +4.8330402
+3:625¢+02 +4.229¢+02
430210402 +3.6250+02
+2.417e+02 +3.021e+02
+1:813e+02 +2.417e401
$12080+02 +1.813¢+02
+6.0420+01 +11208e+02
+0.000e+00 +6.042e+01
+0.000¢+00
vz vz
N X . X

(a) (b)

Fig. 13. Simulated stress field in the cracking model: (a) before cracking; and (b) after cracking.
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Table 2
Simulated temperature changes for different crack spacings.
Crack Spacing Required Temperature Change (°C)
Theoretical Predictions Simulation Results
0.8hy 118 112
hy 94 90
1.5h; 61 58
2hg 49 46
3hy 40 38
4hg 37 37
5hy 36 36

coating/substrate structure based on Eshelby’s approach for inclusion method [52]. In this model the normal strain and normal stress
caused by thermal loading were assumed to be uniformly distributed in the structure. The material properties used in this study are
summarized in Table 3. Based on the obtained residual stress, the ERR in the coating along both longitudinal and transversal
directions were obtained and used to predict the crack spacing. Then the crack spacing in samples with different coating thicknesses
created by different thermal loadings were measured and compared with the theoretical predictions of their simplified model as
shown in Table 4. Note that the predicted crack spacings from [47] all differ from the measured spacings by 50% or more. In addition,
we point out that there appears to be large uncertainty in the experimentally produced crack spacings, as indicated by the fact that
under almost identical conditions (e.g., samples 6 and 7), the measured spacings are about 14 and 25 um, respectively. Hence, our
comparisons to experiment necessarily must be made only semi-quantitatively.

In the following, we use the same material properties to calculate the ERR based on the model developed here and compare the
predicted crack spacing for different samples to the experimental results [47]. Note that, the Young’s modulus of coating is smaller
than that of substrate in this analysis. This means the coefficient of the first term in Eq. (49) is smaller than the second term, therefore,
the solution of unknown C is searched near ﬁ which make the second term of Eq. (49) be zero. Also based on the computational

results, the value of the left part in Eq. (49) and the predicted crack spacing are sensitive to the vale of C. For example, when C
increases by 2%, the predicted crack spacing would increase by 1.5% while the value of the left part in Eq. (49) would increase by
10% for this specific case whose material properties is shown in Table 3. Therefore, in order to predict the crack spacing accurately, C
should be solved with a very high accuracy. However, as Eq. (49) is a nonlinear equation in terms of C and can only be solved
numerically with some numerical errors, the presented predicted crack spacing may differ from the actual crack spacing by 1-2%.

Fig. 14 presents the change of ERR with respect to the crack spacing in different samples. For these small crack spacings, the ERR
would increase with the increase of the crack spacing. Based on the literature [53], the critical fracture toughness of the § phase
Galvannealed coating is 2 MPa-m!/2, then the critical fracture ERR can be calculated based on Eq. (60), where K IZCV is the critical

fracture toughness. The horizontal line in Fig. 14 shows the calculated critical fracture ERR which is equal to 28.57%. Above this
horizontal line, the ERR is higher than the critical fracture ERR, therefore, more cracks would be introduced at the center of the
coating layer until the critical crack spacing, at which the ERR is smaller than or equal to the critical fracture ERR, is reached. The
crack spacing at each intersection points of the horizontal line with the ERR curve for each sample shows the saturated crack spacing.
These saturated crack spacing are extracted and compared with the experimental results in the literature [47], which is presented in
Table 4. Note, first, that the predicted crack spacings all are approximately the correct value of 20 or more um. The model derived
here predicts crack spacings within 10% of the measured values for most conditions and it predicts that the crack spacing would
decrease with the increase of temperature change or the decrease of coating thickness, which is coincident with the trends shown in
Fig. 9(a) and 10. Also from Table 4, the saturated crack spacing predicted by the presented model agrees well with the experimental

results, indicating that the presented model is more accurate than the model proposed by Roy [47].
Ki,
Gor = —+

Ef (60)

6. Summary and conclusions

In this study, a 3D elastic fracture model has been presented to simulate the block cracking in the advanced polymeric solar
reflectors, which is modeled by a simplified bilayer structure. The displacement field in the system under a specified temperature
change is obtained theoretically. The results show that the displacement along x-direction is nearly constant across the width which

Table 3
Material Properties and Geometric Constant [47].
Modulus (GPa) Poisson’s Ratio Thermal expansion coefficient (107°/°C) Geometry (mm)
Bf 140 of 0.3 ar 2.2 hs 1
ES 210 s 0.3 o 1.1
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Table 4
Verification of crack spacing.
Sample number 1 3 2 7 6 4 5 8
Coating thickness (um) 5.9 6.0 6.6 6.0 6.0 6.0 8.0 9.0
Temperature change (°C) —594 —594 —620 —591 —589 -576 —595 —512
Crack spacing [47] (um) 9.70 9.77 9.88 9.80 9.83 10.00 11.06 135
Observed crack spacing [47] (um) 20.40 25.68 33.03 24.89 14.45 34.22 19.21 24.78
Crack spacing (Presented model) (um) 21.80 21.99 22.05 22.11 22.19 22.75 25.50 31.02
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Fig. 14. Variance of ERR with respect to crack spacing for different samples.

supports our assumption that u, , = u, ,. The obtained elastic fields were verified with FE simulations. The good agreement between
theoretical predictions and simulation results (maximum difference within 3%, which is reached near the edge due to the singularity
or edge effect) reveals the accuracy of the present fracture model and highlights the effectiveness of this approach.

Based on the elastic solutions, the ERR is calculated and shows that the ERR would increase rapidly as the crack spacing increases
until a plateau stage is reached when the crack spacing approaches 6 times the substrate’s thickness. Therefore, under the tem-
perature change of 40 °C, coating thickness 100 um, and substrate thickness 4.2 mm, the potential crack spacing is smaller than 25.2
mm. When the crack spacing is constant, the ERR approximately increases linearly with the coating thickness until it reaches the
convex point, at which the fracture saturation is reached. In this case (AT = 40 °C, 1 = 21 mm, h; = 4.2 mm), the critical coating
thickness is 120 ym.

The fracture infilling and saturation of this specific coating/substrate system are studied based on the calculated ERR and show
that, when the coating thickness remains constant, the temperature change required to form a new crack would increase as the crack
spacing decreases and fracture saturation would be reached when the crack spacing approaches 0.5 times of the substrate thickness.
However, when the crack spacing is constant, the required temperature change to form a new crack would decrease as the coating
thickness decreases, until a critical coating thickness is reached. Under this critical thickness the required temperature change would
increase to be infinite which means the fracture saturation is obtained. For the crack spacing of 21 mm, the critical coating thickness
is about 5 um. Furthermore, the saturated crack spacing decreases linearly as the thin film thickness decreases until a critical film
thickness is reached, while below this critical thickness (70 um), no new cracks will be developed. This trend is consistent with our
previous studies [20,21]. In order to verify the theoretical fracture analysis, FE simulations based on CZM with bilinear traction-
separation constitutive behavior were conducted. The simulated temperature changes needed to initiate a new crack in the coating
with different crack spacing but constant coating thickness were compared with the theoretical predictions. The good agreement
between the simulation results and the theoretical solutions indicates the accuracy of the proposed fracture model. Furthermore, the
predicted crack spacing in samples with various coating thicknesses under different temperature changes are compared with the
experimental data from literature. The results show that the presented fracture model gives a more accurate prediction on the crack
spacing than the model proposed in the literature.

Overall, the presented model is able to capture the displacement and stress distributions in the coated structure accurately and
predict the fracture initiation, infilling, and saturation successfully. The present formulation is general and can be applied to other
types of coating/substrate systems.
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