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Abstract— In this work, an optimal power sharing controller
for a three-phase Inverter-based Generator (IG) in a
synchronous d-g reference frame is presented. The optimization
of this controller is computed using a Linear-Quadratic (LQ)
tracking index that measures the tracking error. This approach
has many advantages regarding to stability and robustness over
classical Proportional-Integral (PI) or Proportional-Resonant
(PR) controllers that use droop functions for power sharing. In
addition, a comprehensive model that represents a grid-
connected IG sharing power to the main grid is developed using
the superposition principle. This model integrates the Voltage-
Current (V-I) and power sharing dynamics in a single state
space expression. To the best of our knowledge, although there
have been approaches in V-1 and power sharing control that
improve microgrid stability and transient response, there are no
formal methods that integrate both controllers as a single entity.
The results of this method were compared against a known
Proportional-Resonant controller that use droop functions for
power sharing. Results show that the optimal power sharing
controller improves transient response, improves power
decoupling, and also reduces the quadratic cost associated with
microgrid states and inputs.

Keywords—LQR controller, Voltage Source Inverters (VSI),
microgrids (MG), optimal tracking, d-q frame.

1. INTRODUCTION

Conventional energy sources such as petroleum, coal, gas,
and hydroelectric are facing challenges related to
sustainability, reliability, and penetration. Renewable Energy
Sources (RES) are emerging as an effective solution to
address these challenges. Microgrids emerge as an organized
form of integrating RES in local communities or industrial
clusters. Recent advances in power electronics devices,
control theory, distribution systems, and government policies
make microgrids a suitable solution for generating electricity
in a decentralized form. However, the intermittent nature of
the RES obligates engineers to address multiple challenges
regarding to microgrid implementation, penetration, and
formalization.

Microgrid challenges include lack of standardization
policies, power quality issues, control issues related to
stability and robustness, and others [1]. From these
challenges, control issues represent an important challenge to
improve microgrid penetration and standardization. With the
implementation of optimal control theory, microgrids’
technical characteristics such as stability, performance, and
efficiency may be maximized.
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Fig. 1. Hierarchical Control levels in microgrids [2].

Microgrid control is typically separated into different
hierarchical levels. One of the most relevant proposals of a
standardized hierarchical control structure for AC and DC
microgrids is presented in [2]. The author sets a baseline of
all the control levels involved in a microgrid as shown in Fig.
1. V-1 control level regulates inverter’s output signal
waveform in order to meet power quality requirements such
as amplitude, frequency, and harmonic distortion. Primary
control regulates power sharing between generators and the
main grid. Secondary control regulates microgrid power
quality that is regularly distorted by Primary control level.
Finally, tertiary control manages issues related to energy
markets such as microgrid power sharing to the main grid,
battery managing, energy generation prediction, demand
response against sudden generator changes, etc.

The microgrid control bandwidth decreases with each
control level implementation. It means that V-1 control has
the largest bandwidth and tertiary control has the lowest
bandwidth. A large bandwidth implies faster dynamics, low
noise attenuation, and highly negative poles. On the other
hand, a small bandwidth implies slower dynamics, high noise
attenuation, and microgrid closed-loop poles near to the
imaginary axis. Typically, each of these control levels is
designed separately due to the apparent difference in their
dynamics [3].

To regulate active and reactive power sharing of an IG to
the main grid, the most common control method is to use a
Proportional-Integral (PI) compensator in the d-g frame or a
Proportional-Resonant (PR) compensator in the ¢ — 8 frame
with a droop controller for the primary control level [4], [5].
This method has become popular because it does not require
the plant model to adjust the control gains. Also, this method
allows to design each control level almost independently
because V-I and power sharing dynamics are separated by the
low-pass filter of the power calculation block shown in
Fig. 2.
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Fig. 2. Single phase inverter connected to the main grid with
V-I control and power sharing droop control.

The use of droop controllers with PI or PR controllers
have some drawbacks that need to be addressed such as
controllability issues [6]-[8], voltage and frequency
deviations [4], and line impedance sensitivity [2], [4], [9].

One of the first approaches on power sharing was
developed in [10]. The author explains that active and
reactive power are approximately proportional to the phase
shift and voltage amplitude difference between generators.
Then, a droop controller that emulated the characteristics of
the synchronous generators was implemented.

In [11], a control strategy for power sharing using the
classical droop method combined with the average power
control method is proposed. This combination makes the
system less sensitive to instantaneous voltage and current
variations. In [12], a supplementary droop control loop for
active power sharing is proposed. The purpose of this
supplementary control loop is to address stability issues
caused by the selection of high droop gains. However, the
insertion of the supplementary control loop generates some
nonminimum phase zeros which may affect the stability when
using with higher control levels such as secondary or tertiary
control. To improve transient response, a droop controller
based on a small signal analysis and an extra phase shift
control action was developed in [13]. The interesting
contribution in this approach is the use of a small-signal
model to develop a droop controller that may be used with
optimal control strategies to improve transient response and
guarantee robustness.

Optimal droop control methods are aimed to guarantee the
best performance and/or stability margins by selecting the
optimal droop gain values for active and reactive power. The
main limitation that this kind of controllers have is the need
of a complete open-loop mathematical model of the system.
References [3], [12]-[17] provide a useful knowledge base to
develop a mathematical model of an IG connected to a
microgrid considering V-I and power sharing dynamics.
However, these works merge inverter and controller
dynamics in a single state-space model, which makes difficult
to express a control law that may be optimized. In [18], The
author used partial derivatives to find the optimal values of
the components and constants to obtain the highest possible
range of proportional droop constants. However, this
approach was not aimed to improve controller performance.
In [19], a virtual impedance controller [20] is used to optimize
load sharing using an optimal servo LQG approach similar to
[21]. However, this approach considers resonant filters that

affect gain and phase margins. In [22], an optimal control
approach based on Particle Swarm Optimization was
developed to minimize frequency deviations in a droop
controller. This method reduces active power losses but does
not consider any robustness margin. In [23], an optimal
controller was developed to minimize the tracking error in the
output voltage of an IG. Although simulation results
demonstrate to minimize tracking error and to improve
harmonic distortion, this controller has limitations to be
implemented in discrete-time.

This work presents an optimal power sharing controller
for IG in grid-connected mode that minimizes a LQ tracking
index. This tracking index measures the active and reactive
power deviations and also measures the energy in the control
inputs. The proposed state-space model integrates V-1 and
power sharing dynamics by assuming a known external input
that represents the main grid. The active and reactive power
are calculated at the output equation of the state-space model
and an optimal tracking reference is pre-computed to
minimize tracking error at the output. This approach has
many advantages over other approaches found in literature:
First, this approach is intended to minimize the energy in the
states and inputs, which means better transient response and
reduced tracking error. Second, the use of a Linear Quadratic
Regulator (LQR) guarantees an infinite gain margin and a
minimum phase margin of 60°, which ensures robustness
under disturbances in the process or sensors[24]. Third, the
controller is effective on reducing active and reactive power
coupling. Finally, this approach does not use resonant filters
that may affect sensitivity and robustness under parameter
variations.

The following section presents the mathematical model
that represents the V-I and power sharing dynamics of an IG
connected to the main grid using an LCL output filter. In
Section III, the proposed solution for optimal power sharing
tracking problem is shown. Section IV presents an example of
an IG sharing power to the main grid using hardware-in-the-
loop tools (HIL). Finally, the conclusion and future work are
presented in Section V.

II. MATHEMATICAL MODEL

The schematic considered in this work is shown in Fig. 3.
This system contains a three-phase inverter connected to the
main grid using an LCL filter to attenuate switching noise.
Input current, capacitor voltage and output current are
symbolized by I;, V., and I, respectively.

This system has a controlled input E represented by the
PWM signals that will activate each of the IGBT transistors
and also has a non-controlled input V represented by the main
grid. This non-controlled input is always known, and it is
assumed as a three-phase signal with an amplitude of
120Vgys and a frequency of 60Hz. The state-space model of
the grid-connected inverter in the ABC frame is given by (1).
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Fig. 3. Three-phase inverter connected to the main grid.




Singular Values
.

Singular Values (dB)

10 10°

Frequency (rad/s)

Fig. 4. Frequency response of the state-space system in ABC and
d-q frame.
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Where the subscript * represents phases A, B, or C. As
main grid signal V is known, it is desired to transform the
entire system to the d-g frame. This way, V may be assumed
as a constant vector. To transform the entire state-space
system to the d — g frame, the transformation shown in (2)
should be computed for any vector z in the ABC frame.

2
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Where Ty, is given by the well-known Clarke transformation:

2 2m
cos(wt) cos (a)t - ?) cos (wt + —)

3
2 2 2
Tyq = 31 sin(wt) —sin (wt - ?T[) —sin (a)t + ?T[) 3)
1 1 1
V2 V2 V2

Term w is defined as the angular frequency of the rotating
reference frame. Applying (2) in (1), the state-space system
in the d-¢ frame (6) is obtained. Where the state vector is
represented by x = [Vea Veq lia T loa  Iog]". When
the reference frame is aligned with d axis, the main grid signal
may be assumed as Vg, = [Vq  0]". Where V,; represents the
peak amplitude of the main grid signal. A comparison of the
eigenvalue frequency response between the state-space
system in the ABC frame and the d-q frame using the Matlab

To integrate the power sharing dynamics, the main grid
signal is assumed as a constant vector. Using the active and
reactive power definition:

P =Vyly + Vi, @)
Q =Vylg — V4l

The power received by the main grid may be represented

in the output equation of the state-space system as follows:

P Va0 1[oa
r=ce=[o] =[5 i) ®)

It is important to remark that the system shown in (6) and
(5) must be discretized in order to be implement it in a real
experiment using Matlab command ss. In this case, a delay or
integrator transfer function must be used to consider the delay
caused by the PWM switching [25].

III. CONTROLLER DESIGN
To track the output Y[k], a discrete LQR with Optimal
Reference Tracking (LQR-ORT) design method is used. The
LQR-ORT control problem defines a linear-quadratic cost
function that measures the system controllable input Eg4q[k]
and the tracking error e[k] = Y[k] — r[k] [23][24]. The
discrete LQR-ORT cost function is given by:

Jlko] = %(Cx[T] = r[TDTSITI(Cx[T] - r[TD +

L (7)
3 z [(Y[K] = r[kD"Q, (Y [K] = r[K]) + Egq[KIRy EqqK]]

k=ko

Where S[T] and @, are both symmetric and positive semi-
definite matrices, and R, is a symmetric positive definite
matrix. The restriction is described by the discrete-time state-

Space system:
x[k + 1] = Aggx[k] + B1gqEaqlk] ®
Y = Cx[k]

Where Ay, and By, are the discrete-time state and
controllable input matrices respectively. The sub-optimal
state-feedback controller matrix K is given by [24]:

— — -1 — —
Kq = (Bl4qSBiaq + Ry) Bl4,SAqq ©)

Where S is the solution to the Discrete Algebraic Ricatti
Equation (DARE):
S = A5, S(Aaqg — BragKa) + CTQ,C (10)

To compute the optimal reference, the following auxiliary
difference equation must be solved [24]:

vk +1] = (Agq — BragK) vIK] + Ch,Qur[k] (1D

Solving (11) when it reaches steady-state, the following
matrix v is obtained:

function sigma is shown in Fig. 4. It can be noticed that there _[; i B K 71-1 cT (12)
is a phase shift of +w rad /s in the system with the d-g frame. v= [ - ( dq — Pldq ) ] Qp
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The steady state matrix v results in the sub-optimal
reference that will be added to the controller output as follows:

Eqq = —Kgx[k] + K,vr[k] (13)

Where K, = (B14SB14q + Rp) 1§1qu is associated with
the closed-loop system dynamics. According to the
superposition principle, the power shared to the grid is equal
to the sum of the power generated by the controllable input
E44 and the noncontrollable input V.

To analyze the power generated by Vg, the closed-loop
system with the LQR-ORT must be simulated offline with
E4q =[00]" by solving the following difference equation
with infinite horizon:

x[k + 1] = (Agq — BragKa) x[k] + BaagVaq (14)

Then, the power contribution of Vg, is computed using the
following expression:
Py I ]

o] Il

Where I,,; and I=0q are the output current values when (14)
reaches steady state. The reference signal r[k] is then defined as
P ref

follows:
P
Qref] B [Q‘I//]

Where P, and Q.. represent the desired active and reactive
power shared to the main grid. The complete control scheme
is shown in Fig. 6. The process of computing the LQR-ORT
controller can be described by the following algorithm:
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Fig. 5. Complete LQRT-ORT testing scheme using HIL.
IV. EXAMPLE

In this example, a three-phase inverter connected to the
main grid with an LCL filter as described in Section II was
used. The LQR-ORT controller was tested using a Hardware-
in-the-loop approach with a dSPACE 1006 simulator. The
complete scheme for this example is shown in Fig. 5. The
main grid three-phase signal V(t) is acquired using the
dSPACE digital-to-analog converter. The acquired signal
V[k] is used as a reference for a simulated controlled AC
source that is connected to the output of a simulated IG that
is running in real time. This way, the actual grid voltage is
included in the simulation in real time to evaluate controller
performance under real grid conditions. In addition, this
controller was compared under the same conditions against a
known PR controller with droop control presented in [26].
Parameters used in this work are the same used in [26] and
are presented in Table 1.

TABLE 1. CONTROL PARAMETERS FOR P-R CONTROLLER
WITH DROOP CONTROL PRESENTED IN [26]

1. Defjlr}e a pos?tlve serm-deﬁmte matrix Q, anq a | Parameter | Symbol | Value | Units |
positive definite matrix R, that meets the desired Power Stage
performance. Grid Voltage v 120 Vs
2. Solve the ARE in (10) to obtain the solution matrix S. Grid Frequency f 60 Hz
3. Define a desired reference signal [Pref  Qref]” . Output Inductance Lo 1.8 mi
Input Inductance L; 1.8 mH
4. Solve the difference equation (12) to find the matrices Filter Capacitance C 3.8 uF
vand K,,. Sampling Period T, 10 us
5. Evaluate the performance of the LQR-ORT controller V-1 PR Control
simulatin, e diagram shown in Fig. 6. oltage Loo ) .35,
by lating the diag h Fig. 6 Voltage Loop kv, kry 0.35, 400
Per.forl.*nance.requiremer.lts include tracking error, Current Loop Kypi, ki 0.7, 100
switching noise attenuation, transient response, and Droop Control
cost function value.
Frequency droop kip, kyp 0.0015, 0.0003
Amplitude Droop ko 0.27
Vea 0432 0016 9.085 0342 —9.113 —0.343 0283 0.006][ Vea 00 0.2837  0.007
Veq —0.016 0432 —0342 9.085 0343 —9.113 —0.006 0.283| %a 00 -0.007 0.2837
ﬁld —-0.044 —0.001 0711 0.026 0283 0011 0049 0.008 ;zd 00 -0.005 —0.001
lq _| 0001 -0.044 -0.026 0711 -0.011 0283 —0.008 0.049| Iq 0 Of[Ed], | 0.001 —0.005|[Va
Lo ¥ =] 0044 0001 0283 0011 07157 0027 0005 0001 La | T %0 o Eq]+ -0.051 —0.008 Vq] 7
Ioq —-0.001 0.044 -0011 0283 —0.027 07157 —0.001 0.005|| log 0 0 0.008 —0.051
Einea 0 0 0 0 0 0 1 0 ||Einea 10 0 0
Eintg 0 0 0 0 0 0 0 1 NEpy, 0 1 0 0



To include the delay of one sampling period caused by the
PWM switching and to reduce tracking error, a discrete-time
integrator in series with the plant model was included as
follows:

x[k + 1] [/qu Eldq” x[k] ] [0]

= + Elk
et 1l =5 Pl gl bl e g

Where T; is the sampling period. Substituting the
parameters from Table 1 in (6) and discretizing using Matlab
ss function, the complete state-space linear system (17) is
obtained. The values of Q = 10°I,,, and R = 0.21,,, were
used for the objective function (7). After solving (10) using
Matlab dare function and substituting S in (9), the following
value of K; is obtained:

K, = [—0.430 —0.027 5035 0334 3.751 0.254 1.150 0.017]
4 =] 0027 -0.430 —0.334 5035 —0.254 3.751 —0.017 1.150] (19)

The desired refence was selected to be a constant vector
[Pref  Qres]. Solving (11) as a difference equation yields to
the optimal tracking matrix K, v:

_[349.4712  26.6092 1"
26.6092 —349.4712 (20)

To compare the results obtained in this work against a
known PR-droop controller, the V-1 and droop controller
parameters used in [26] were used. These parameters are
summarized in Table 1. Parameters k,; and k,; are referred
to the resonant and proportional control constants for the
inner current control loop. Parameters k,, and k; are
referred to the resonant and proportional control constants for
the outer voltage control loop. Also, parameters K;p, kpp, and
kyo are the frequency integral, frequency proportional, and
amplitude proportional gains for the droop controller
respectively.

Results from this example are presented in Fig. 7. To
evaluate performances of both controllers, the same squared
reference signals represented by RefP and RefQ were used on
the LQR-ORT and the PR-droop controllers. Both signals
vary from 0 to 200W and have a period of 10s. To analyze
decoupling between active and reactive power, the Q.r
signal has a time delay of 2.5s from the P,..; signal.

In [26], a first-order low-pass filter at 1.25 rad /s is used
to calculate the mean value of P and Q as shown in Fig. 2.
This is done to reduce oscillating behavior on the droop
controller and to reduce closed-loop bandwidth so that the
entire converter emulates the slow dynamics of a synchronous
generator. However, the small bandwidth of this filter makes
difficult to analyze power transient response. The filtered
values of P and Q at 1.25 rad /s for the PR-droop controller
are shown in Fig. 7. To have an accurate comparison on the
transient response of both controllers, a low-pass filter at
10 rad/s is used at the output of the power calculation
blocks. This low-pass filter does not affect closed-loop
dynamics and is only used for visualizing the mean value of
P and Q. The PR-droop dynamics are not affected since the
low-pass filter at 1.25 rad /s is not removed or changed.

The filtered values of P and Q at 10 rad/s for both
controllers are shown in Fig. 7. It may be noticed that both
controllers have a similar settling time of approximately 0.4s.
However, the PR-droop controller has an overshoot with a
peak value of approximately 1550W for the active power and
1550V Ar for the reactive power. To address this, the PR-
droop controller requires an additional low-pass filter for the
reference value. This eliminates power peaks under sudden

K,v

changes in reference values but makes the closed-loop system
even slower. Alternatively, the LQR-ORT controller has an
over-damped response with no overshoot peaks. Also, the
LQR-ORT does not require the use of a low-pass filter neither
inside the control loop nor in the reference signal. Finally, it
can be noticed that step changes in P generate peak values on
Q and vice versa for the PR-droop controller. On the other
hand, the active and reactive powers are almost decoupled
with the LQR-ORT controller as evidenced in blocks B and
C from Fig. 7. This decoupling is caused by the d-g
synchronization, which makes the ¢ component of the main
grid signal to become zero.

1500 Actirve Power (l")
RefP (200W)
L
PR-droop (LP=1.25rad/s)
500
. — ]

00 280
500 12 ‘ B
500 240
100
A Nty ——
1000 + © 180

1.2 14 ‘I,(\ \‘ﬁ - | I
0 2 4 6 8 10
1500 | ! Reactive Power (Q) ! ]
a Ref(Q (200VAr)
f LQRORT (LP=10rad/s)

1000 - ¢ PR-droop (LP=10rad/s)

PR-droop (LP=1.25rad/s)

500

i
[

i
200
=500 + 100 1
0
1000 1
0 2 4 6 8 10
1 : , : ,
LQ Cost —6— LQRORT
PR-droop
%0.75 .
O
S 05 "] /
Z£0.25 1
2 3

0 1 4 5

" Time(s)

Fig. 7. Experimental results comparing the LQR-ORT controller
performance with the PR-droop controller using the same reference
signals. TOP: Active power. MIDDLE: Reactive Power. BOTTOM:
LQ-cost values. An expanded view under reference step changes is
shown in graph blocks A, B, C, and D.



The LQ cost function (7) is a dimensionless representation
of the energy in the input signal and the quadratic value of the
tracking error. This cost function was computed for both
controllers using the same reference signals and the unfiltered
P and Q values. The cost function is reset when any of the
reference values RefP or RefQ have a rising or falling step.
Results of this measurement are shown in the bottom section
of Fig. 7. For visualization purposes, the computed values of
the LQ cost are normalized to a value of 2 X 105. It can be
noticed that the PR-droop controller reaches a maximum value
0f 0.9345 when RefP has a rising step and a maximum value
of 0.66 when RefQ has a rising step. On the other hand, the
LQR-ORT controller reaches a maximum value of 0.065 when
RefP or RefQ have a rising step. Results from the LQ cost
demonstrate that the LQR-ORT controller reduces the energy
in the input signal and the quadratic value of the tracking error
by almost 10 times compared to the PR-droop controller.

V. CONCLUSION

This paper presents an optimal power sharing controller
for a three-phase Inverter-based Generator (IG) in a
synchronous d-q reference frame. The optimal controller is
computed using a Linear-Quadratic cost function that
measures the quadratic error and the energy in the input
signal. In addition, the model for this work uses the d-¢ frame
to transform the sinusoidal signal from the main grid into a
constant vector with the g component set to zero. This allows
to assume a linear system that may be used with different
optimal control methods. Results demonstrate that the LQR-
ORT controller does not require a low-pass filter, which
improves transient response compared to a known PR-droop
controller from literature. In addition, the LQR-ORT
controller in the d-g frame improves decoupling between
active and reactive powers. Finally, the LQR-ORT controller
demonstrates to reduce the cost function, which means less
quadratic error and less input energy losses. Future works
include testing of the LQR-ORT in a real experiment, stability
and robustness analysis, and implementation of this controller
in islanded mode.
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