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“Why are the tin isotopes soft?” has remained, for the past decade, an open problem in nuclear structure
physics: models which reproduce the isoscalar giant monopole resonance (ISGMR) in the “doubly-closed
shell” nuclei, 9°Zr and 208Pb, overestimate the ISGMR energies of the open-shell tin and cadmium nuclei,
by as much as 1 MeV. In an effort to shed some light onto this problem, we present results of detailed
studies of the ISGMR in the molybdenum nuclei, with the goal of elucidating where-and how-the
softness manifests itself between 9Zr and the cadmium and tin isotopes. The experiment was conducted
using the 94969810\ o(q, @) reaction at E, = 386 MeV. A comparison of the results with relativistic,
self-consistent Random-Phase Approximation calculations indicates that the ISGMR response begins to
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show softness in the molybdenum isotopes beginning with A =92.
© 2020 Published by Elsevier B.V. This is an open access article under the CC BY license
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The compressional-mode isoscalar giant monopole resonance
(ISGMR) has long been regarded as an optimal experimental probe
for constraining the equation of state (EoS) of nuclear matter close
to saturation density [1-4]. In particular, the nuclear incompress-
ibility, K~o, has been shown to be strongly correlated with proper-
ties of ISGMR so that measurements of the excitation energies of
the ISGMR in finite nuclei can be used to infer directly the value
of Koo [3-7]. The mechanism through which this occurs is detailed
in Refs. [1,3,4,6] and is predicated on the assumption that close
to 100% of the energy-weighted sum rule (EWSR) is exhausted
within a single collective peak in the experimentally extracted IS-
GMR strength distribution [1]. One builds a class of interactions —
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calibrated to the ground-state properties of finite nuclei — which
span a wide range of possible K, values and, correspondingly,
makes predictions for the ISGMR energies for a given nucleus.
Within this framework, one takes the experimentally extracted IS-
GMR and finds which value of K+ best reproduces the measured
excitation energies. This procedure is generally understood to be
insensitive to the choice of the nucleus made in determining the
true value for K4 for bulk nuclear matter [1]. With this prescrip-
tion applied to the “doubly-closed” nuclei, 2%Pb and 9°Zr, a value
of Koo =240+ 20 MeV has been established using a myriad of rel-
ativistic and non-relativistic interactions [7-11].

It was, therefore, very puzzling when a series of ISGMR mea-
surements in the tin isotopes [12,13] appeared to be inconsistent
with this adopted value for K. It was found that in the 112-1245p
isotopic chain, the predicted ISGMR energies were systematically
overestimated by several hundred keV; the interpretation of this
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phenomenon is, quite simply, that the tin isotopes appear to be
“soft” in relation to 2%8Pb and °Zr insofar as the ISGMR energies
are concerned [14,15]. Indeed, the values of K., which would be
extracted using the tin isotopes as the benchmark, would be well
below the suggested range of K., =240+ 20 MeV [14]. The cad-
mium nuclei were also found to exhibit the same behavior [16].

A number of possible solutions were proposed to explain
this incomprehensible softness, such as the notion of mutually-
enhanced magicity (MEM) in doubly-closed shell nuclei [17], as
well as contributions due to superfluid pairing interactions [18-
20]. The MEM effect was refuted by experimental observations by
Patel et al. [21], and the exact effects of pairing on the ISGMR are
still somewhat uncertain [19], but nonetheless have been deter-
mined to be insufficient for accounting for this softening.

This puzzle is deemed a fundamental open problem in nuclear
structure physics and remains unresolved to this day [3,12-16,20,
22,23]. This question can naturally be extended to the molybde-
num (Z=42) isotopic chain: put simply, if the tin and cadmium
isotopes (Z =50 and 48, respectively) are soft relative to 2°Zr
(Z =40), where the ISGMR response in zirconium is consistent
with that in 2°Pb, then what changes occur between zirconium
and cadmium (and tin) and where does this softening emerge? In
this Letter, we report on a systematic study of the molybdenum
isotopes with the goal of elucidating whether the excitation ener-
gies of the ISGMR soften in moving away from the “doubly-magic”
nucleus 9°Zr. The results provide clear evidence that this softening
develops as nucleons are added to %°Zr, and that %?$Mo are sim-
ilar to the cadmium and tin isotopes as far as an extraction of K
from the corresponding ISGMR energies is concerned.

The measurements were carried out at the Research Center
for Nuclear Physics (RCNP) at Osaka University. A high-quality
“halo-free” beam of 386-MeV «-particles impinged onto en-
riched (90-95% isotopic purity), self-supporting 94-96.98.100\jg tar-
gets with areal densities ~1-5 mg/cm?. Inelastically-scattered -
particles were momentum-analyzed in the high-resolution spec-
trometer Grand Raiden, and transported to the focal-plane de-
tection system in vertical-focusing mode [24-26]. The detection
system consisted of a pair of multiwire drift chambers with both
vertical and horizontal position sensitivity, as well as a pair of
plastic scintillators that provided the particle identification. A de-
tailed description of the data reduction process is provided in
Refs. [27,28]. Here, we will only reiterate the major benefit pro-
vided by the ion-optics of Grand Raiden in vertical focusing mode:
this arrangement renders it possible to subtract out the contribu-
tions from the instrumental background events, which underlie the
true inelastic scattering spectra, based on their detected vertical
positions. This feature is unique to measurements of the ISGMR at
RCNP, as otherwise one is forced to account for the instrumental
background and physical continuum in a phenomenological way,
often with ill effect on the extracted ISGMR strength [27,29-33].

Inelastic-scattering data were extracted over broad angular
(0°-10° in the laboratory frame) and excitation-energy (10-32
MeV) ranges. The horizontal positions were calibrated using high-
quality reference 2*Mg(w, &) spectra at each angular and mag-
netic field setting of the spectrometer. The angular distributions
were extracted for each 500-keV energy bin using the background-
subtracted spectra. Typical forward-angle spectra are presented in
Fig. 1.

To extract the giant resonance strength distributions from the
experimentally measured angular distributions, one needs optical-
model parameters to use in performing the Distorted-Wave Born
Approximation (DWBA) calculations for various multipoles, which
contribute to the measured inelastic scattering spectra. To con-
strain these optical-model parameters, angular distributions were
measured for elastic scattering off %Mo. These distributions were
then fitted using the nuclear reactions code PTOLEMY. The single-
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Fig. 1. Measured double-differential cross-section spectra from 94:96:98.100no(qr, ")

at an average scattering angle of 0.7° (i.e. averaging over the opening angle of the
spectrometer set at 0°), after particle identification and subtraction of the instru-
mental background.

folding optical model employed in the current work is adopted
from Ref. [35], while the target nuclear densities were taken from
the empirical distributions presented in Ref. [36]. The predictive
power of the optical-model-parameter set can be assessed via
comparison of the corresponding DWBA output with the experi-
mentally extracted angular distributions for O;r — 21+ and OT —
3] transitions. Results of these calculations with the optical-model
parameters have been provided in Ref. [27,28].

With these optical-model parameters, DWBA calculations were
carried out for use in a multipole decomposition analysis (MDA)
of the spectra. In this procedure, the experimental angular distri-
butions are decomposed into a linear combination of the DWBA
calculations of various multipolarities [12,13,27,28,37,38]:
dtexD'(gcm,Ex) A (F dzUDWBA(GcnhEX) 1
dQdE, _; HE) 40 L, M

If the DWBA calculations presume that the full EWSR is exhausted,
then the coefficients A, (Ey) correspond to the distribution of the
EWSR over the excitation energy range; the corresponding strength
distributions are readily calculated therefrom using the known ex-
pressions for the EWSRs [1]. Further details on the implementation
of the MDA for these experimental data are given in Refs. [27,28].
Representative MDA results for **Mo were presented in Fig. 5 of
Ref. [27], and the full compilation of all angular distributions and
associated decompositions is available in Ref. [28].

The extracted ISGMR strength distributions for 24:96:98.100p1q
are given in Fig. 2, in addition to ISGMR strength extracted in
907r [39], 92Mo [39], 1'2cd [16], '16Sn [12,13], and 208Pb [21]; all
of these have been measured at RCNP, using identical experimen-
tal and analytical methodologies as presented here. Also shown are
results from RPA calculations using the relativistic FSUGarnet in-
teraction [40] for each nucleus in question. FSUGarnet belongs to
a class of covariant energy density functionals that are informed
by the properties of both finite nuclei and neutron stars. In par-
ticular, the model parameters of FSUGarnet were calibrated to the
binding energies and charge radii of magic and semi-magic nu-
clei, ISGMR centroid energies in °Zr and 208Pb, and current limits
on the maximum mass of neutron stars. As such, FSUGarnet aims
to describe within a unified framework nuclear phenomena that
happen at length scales that vary by more than 18 orders of mag-
nitude. It should be noted that FSUGarnet has K., =229.6+2.5
MeV.

It is qualitatively evident from the direct comparison of the pre-
sented experimental and theoretical strength distributions that the
FSUGarnet interaction is able to reproduce quite precisely the ex-
citation energy of the ISGMR in 2%8Pb. In contrast, the analogous
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Fig. 2. ISGMR strength distributions extracted within the MDA framework for nuclei in the present work, as well as for %°Zr and °2Mo [34], ''2Cd [16], ''®Sn [12,13], and
208pp [21]. RPA calculations using the FSUGarnet interaction are displayed, as also the one- or two-peak Lorentzian distributions fitted to the experimental data.

Table 1

Fit parameters for the ISGMR response in the molybdenum nuclei along with the integrated %EWSR values associated with the fitted peaks
up to an excitation energy of 35 MeV. One-peak Lorentzian fit parameters are also provided for the observed ISGMR strength distributions in

90.927r 92Mo [39], ''2Cd [16], 1'®Sn [12,13], and 2°%Pb [21].

Low peak High peak Total

Eg r mp Ep r my m

[MeV] [MeV] [%] [MeV] [MeV] [%] (%]
94Mo 127405 24404 2t3 16.4+0.2 24404 86+3 88 +4
%Mo 12.74+05 23+03 4t 16.4+0.2 2.4+0.3 89+3 93+4
9BMo 133405 28405 164 16.7+0.4 28404 85+4 102£6
100Mo 132404 26406 3244 16.8+0.4 25405 60+3 9346
07r - - - 16.8+0.2 24404 84+2 84+2
R27r - - - 16.4+0.1 22403 9142 9142
Mo - - - 16.5+0.1 23401 73+2 73+2
H2cg - - - 15.8+0.2 28403 137+8 137+8
16sp - - - 15.6+0.1 24402 90 +3 90+3
208ppy - - - 13.7+0.1 17+0.1 140+ 3 140+ 4

calculations for '"Cd and ''®Sn overestimate the ISGMR energies
in a manner that is consistent with the premise that these isotopes
are soft, as has been previously discussed. Furthermore, the ISGMR
strengths in the molybdenum nuclei — in particular, %Mo — ap-
pear to be manifesting exactly the same behavior inasmuch that
the RPA calculations tend to peak at the high-energy shoulders
of the experimentally extracted strength distributions. Indeed, one
finds that the difference between the peak positions as predicted
by using the FSUGarnet interaction relative to the experimental
values is nearly identical in the case of 94%Mo, 112Cd, and !165n.
This provides clear evidence that one cannot simultaneously re-
produce the ISGMR in the molybdenum nuclei and 298Pb, which is
precisely the same predicament that had plagued the description
of the ISGMR in the tin and cadmium chains [22,41].

To quantify this effect further, Table 1 lists the fit parameters,
which model the ISGMR strength distributions of the molybdenum
nuclei using a Lorentzian line-shape:

Sol’

S(Ex, S0, E0. ) =————F+——.
s ko )= T

(2)

As is suggested by the experimental strengths presented in
Fig. 2, the ISGMR response of ?8:190)\o is best modeled by a two-
peak shape that is conjectured to arise from the effects of de-
formation. This low-energy peak arises due to coupling between
the K =0 component of the ISGQR and the main ISGMR [42-44];

the strength of this coupling is generally understood to increase
with larger ground-state deformation. This structure effect is well-
documented in various regions of the nuclear chart [38,37,42-46],
and it is unrelated to the question of softness that is the focus of
the present work.

The RPA calculations with the FSUGarnet interaction are spheri-
cal in nature and do not allow for the aforementioned deformation
degrees of freedom. In the experimental analysis of the strengths,
however, the possibility of a low-energy peak arising due to de-
formation was included in the extraction of the fit parameters
presented in Table 1." In the cases of **9Mo, it was determined
that the amounts of the EWSR exhausted in the low-energy peak
due to deformation were consistent with 0% and therefore the de-
formation effects on the “main” ISGMR peaks are negligible as far
as comparisons with other spherical nuclei are concerned [27].

The conventional moment ratios (/y/m_q, mq/mg, and
/M3/my), calculated over the excitation-energy range 0 - 35 MeV
from the fitted experimental strength distributions, are presented
in Table 2. A comparison of these moment ratios with those ex-
tracted in the same manner from the FSUGarnet calculations is
made in Fig. 3.

' N.B. The development of deformation in %%'%°Mo causes a modest decrease in
the experimentally extracted ISGMR centroid energies, which remains unaccounted
for in the presented spherical RPA calculations,
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Table 2

Experimentally extracted moment ratios for **~1%Mo calculated between 0-35
MeV from the fit distributions of Table 1. Also presented are the corresponding mo-
ment ratios from the ISGMR data of ?%-927Zr, 92Mo [39], ''2Cd [16], ''5Sn [12,13],
and 2°8Pb [21] which have been re-evaluated using the distributions of Table 1 over
this energy range.

Nucleus Jmym—y mq/my /mzjmy
[MeV] [MeV] [MeV]

%Mo 152403 16.44+0.2 185405
%Mo 152403 16.3+02 184404
9%BMo 148+0.3 16.2+02 18.7+0.7
100Mo 143404 15.64+0.2 18.140.7
W07y 157+0.1 16.9+0.1 189402
927y 152+0.1 16.5+0.1 18.7+0.1
92Mo 155+0.1 16.6+0.1 18.6 0.1
2cq 146+0.1 15.9+0.1 184+0.1
116gp 146+0.1 15.8+0.1 179+0.1
208pp 13.1+0.1 13.94+0.1 15.8+0.2
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Fig. 3. Top: experimentally measured and theoretically calculated centroid energies
(my/mg) for the molybdenum isotopes studied here, relative to those of 2Zr, [39],
927r, 139], Mo [39], "'2Cd [16], "1%Sn [12,13], and 2°8Pb [21]. Bottom: relative dif-
ference between the centroid energies predicted by using the FSUGarnet interaction
and those extracted from experiment for each of the nuclei (theoretical uncertain-
ties are included in the presented error bars and are of the order ~ 100 keV) [47].

It is important to note here that while the predicted ISGMR
centroid energy of 2%8Pb is consistent within experimental uncer-
tainties, the amounts by which the centroid energies of ''2Cd and
1165y are overestimated by using the FSUGarnet interaction are
consistent with the corresponding overestimation of the ISGMR in
9496\ o. One can, therefore, conclude that the molybdenum nuclei
are also “soft” in precisely the same way as has been documented
in the tin and cadmium nuclei and this “softness” begins as early
as moving just two nucleons away from the “doubly-magic” nu-
cleus 207r.

Results of a detailed theoretical analysis of the ISGMR and IS-
GQR strength distributions in the molybdenum isotopes investi-
gated in this work within the quasiparticle-RPA framework, taking
into account the pairing correlations and the effects of axial defor-
mation, have recently become available [48]. The authors discuss at
length the effects of four Skyrme interactions (SkM*, SLy6, SVbas,
and SkPa) on the modeling of the ISGMR and the nuclear incom-
pressibility within the well-accepted microscopic methodology of
Ref. [6]. The analysis concludes that the deformation-induced cou-
pling between the ISGMR and ISGQR plays a critical role in repro-
ducing the observed ISGMR strengths. Their results are, neverthe-
less, not inconsistent with the onset of “softness” in the molyb-
denum isotopes discussed in the present work: they find that the
best reproduction of the ISGMR data in the molybdenum nuclei
comes from the SKP? interaction, which has Koo = 202 MeV, a
value that is significantly lower than the currently acceptable value
for this quantity (Kso = 240 + 20 MeV).

In summary, we have measured the ISGMR strength distribu-
tions in the even-A molybdenum isotopes (A = 94-100). The IS-
GMR responses of these nuclei appear to suggest a value for K.
significantly lower than the currently accepted value of Ky =
240 £ 20 MeV, similar to what has previously been documented
in the isotopic chains of tin and cadmium. The softness appears
to gradually increase with the addition of nucleons to %0Zr, be-
fore manifesting fully in the case of **Mo. Calculations with a
modern relativistic interaction, FSUGarnet, which reproduces the
ISGMR energy of 298Pb well, are unable to reproduce the cen-
troids of the ISGMR strengths for these molybdenum nuclei, clearly
pointing to their “softness”. The question: “Why are the tin isotopes
soft?” remains unresolved and makes further exploration of this
phenomenon most imperative.
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