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ABSTRACT
Professional development for teachers is regarded as one of the
principal pathways through which we can understand and cultivate
effective teaching and improve student outcomes. A critical compo-
nent of studies that seek to improve teaching through professional
development is the detailed assessment of the intermediate teacher
development processes that scaffold program content through three
key types of outcomes—teacher knowledge, instruction, and student
learning. Cross-level and sequential mediation strategies that probe
and connect these processes and outcomes emerge as an important
design consideration in these studies. We derive formulas that track
the power with which school-randomized designs can detect profes-
sional development effects as they operate through a sequence of
teacher-level mediators to affect student outcomes (e.g., school-
randomized professional development studies). The results suggest
that the sample sizes typically seen in well-planned experiments tar-
geting total effects (e.g., 30–100 schools) can produce comparably
high or disparately low levels of power for mediation effects—the
similarity depends heavily on context and concomitant parameter
values. The results are implemented in the PowerUpR package and in
the PowerUpR Shiny application.
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Professional development for teachers has been increasingly regarded as one of the prin-
cipal pathways through which the field can understand and cultivate effective teaching
and improve student outcomes (Correnti & Rowan, 2007). Recognition of professional
development as a critical lever for change has spurred research and investments into
teacher development programs (e.g., Institute of Education Sciences, 2019; Yoon,
Duncan, Lee, Scarloss, & Shapley, 2007). A prominent issue in advancing teacher devel-
opment at scale, however, has been developing theoretical and empirical models of
effective professional development and delineating the channels and variables through
which it operates (e.g., Scher & O’Reilly, 2009).

To address these limitations, recent literature has converged on a common theoretical
infrastructure from which to systematically study teacher development processes
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(e.g., Desimone, 2009). Within this framework, teacher development is frequently con-
ceptualized and tracked using three key types of outcomes: teacher knowledge, teaching
quality, and student learning (Desimone, 2009). Systematic evaluation of each of these
outcomes in succession formally develops and assesses theories of teacher change (e.g.,
how professional development improves knowledge, beliefs) and theories of instruction
(e.g., how changes in knowledge or beliefs influence teacher instructional practice in
ways that promote student outcomes; Desimone, 2009). In turn, these assessments pro-
vide a more comprehensive examination of professional development programs because
they identify the impact of a program on student outcomes while detailing how and
why the coordinated system of teacher development components comes to (or fails to)
scaffold these effects through core intermediate teacher outcomes (i.e., indirect or medi-
ation effect).

Recent efforts by scholars and funding agencies have invested widely in these types of
studies that develop and delineate effective teaching and professional development strat-
egies (Borko, 2004; Institute of Education Sciences, 2019). For instance, numerous stud-
ies have developed and examined programs that focus on teacher development,
knowledge or instruction as it relates to student outcomes (e.g., Correnti & Rowan,
2007; Hill & Chin, 2018; Roth, Wilson, Taylor, Stuhlsatz, & Hvidsten, 2019). Moreover,
funding agencies have commissioned scores of studies to develop, assess, and replicate
the effects of programs operating through teachers.

Across many of these studies, one common design has been to assign schools rather
than teachers to professional development and control conditions to accommodate the
collaborative nature of many contemporary professional development programs and fur-
ther minimize the potential for treatment diffusion (e.g., Rhoads, 2011; Roth et al.,
2019; Spybrook, Shi, & Kelcey, 2016). The intersection of these design considerations
and research objectives (i.e., school-level assignment, teacher-level intermediate outcome
variables, and student-level outcomes) often gives rise to a cross-level mediation
design—that is, designs that target how a school-level program (level three intervention)
influences a teacher-level variable (level two mediator) in ways that improve a student-
level outcome (level one outcome; Pituch, Murphy, & Tate, 2009). In this way, designing
studies that delineate the teacher development processes that connect professional devel-
opment with student learning emerge as an important consideration.

Although there is ample literature on the design of school-randomized studies for main
and moderator effects, there is very less literature available to guide the design of profes-
sional development studies that seek to critically examine the coordinated system of relation-
ships underpinning teacher development as it relates to student outcomes (e.g., Dong,
Kelcey, & Spybrook, 2018; Raudenbush, 1997). In this study, we develop expressions to guide
the design of cross-level mediation studies of school-wide professional development. We
derive formulas that approximate the statistical power with which school-randomized
designs can detect the indirect effects of professional development that pass through teacher-
level mediators. We first consider 3-2-1 cross-level mediation designs that examine how pro-
fessional development works through only one primary teacher variable such as teacher
knowledge or instruction (Figure 1a). We then consider a more complete teacher develop-
ment model by examining a 3-2-2-1 sequential mediation design in order to test both
theories of teacher change (e.g., knowledge, beliefs) and theories of instruction
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(e.g., improvements in instruction because of changes in knowledge or beliefs) that are com-
monly drawn on in research on teachers (Figure 1b; Desimone, 2009). The 3-2-2-1 design
considers a sequence of teacher mediators—for example, how professional development
(level three intervention) first improves teacher knowledge (level two proximal mediator),
which then translates into changes in instruction (level two distal mediator), and ultimately
results in improved student outcomes (level one outcome).

We first outline the indirect effects of professional development under the potential
outcomes framework. We then develop expressions to address statistical power and sam-
ple size considerations in the 3-2-1 design and follow with the case of 3-2-2-1 design. In
each of these sections, we probe the expressions governing power to get a sense of the
relative influence of parameters and develop design strategies, assess the accuracy of our
approximations with simulation and provide an example using PowerUpR. We end with
a discussion.

Framework

Consider a 3-2-1 study in which researchers intend to track the indirect effect of a
school-level professional development program on a student-level outcome as it works
through a teacher-level intermediate variable such as teacher knowledge (Figure 1a;
Roth et al., 2019). Our analyses track the difference between the potential student out-
comes associated with the potential mediator values under the treatment condition and
the control condition under the assumption that students are nested within only one
primary teacher (e.g., no multiple membership or cross-classified structures). To track
these differences, we begin with YijkðtkÞ as the potential outcome for student i served by
teacher j in school k when the school-level treatment (Tk) is set tk (e.g., participation in
professional development program or control condition) and MjkðtkÞ as the potential
mediator response for teacher j in school k when the school-level treatment (Tk) is set tk
(VanderWeele, Hong, Jones, & Brown, 2013). Within this context, the effects of partici-
pating in the professional development program (relative to a control condition) on a
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Figure 1. Conceptual diagrams of (a) 3-2-1 and (b) 3-2-2-1 mediation.
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teacher mediator (e.g., knowledge) and student outcome (e.g., achievement) can be
expressed as E½Mjkð1Þ�Mjkð0Þ� and E½Yijkð1Þ�Yijkð0Þ� (VanderWeele et al., 2013).

Similarly, to examine mediation effects we describe the potential outcomes as a func-
tion of the treatment and mediator values. We use Yijkðtk,mjkÞ as the potential outcome
for student i served by teacher j in school k when the school-level treatment (Tk) is set
tk and the (Mjk) is set mjk (VanderWeele et al., 2013). The natural or total indirect effect
is then (Muth�en, 2011; VanderWeele, 2010; VanderWeele et al., 2013)

E Yijkð1,Mjkð1ÞÞ�Yijkð1,Mjkð0ÞÞ
h i

(1)

The contrast of the above potential outcomes in Equation (1) describes, for example,
the effect of a professional development program on student achievement that is due to
changes in teacher knowledge (e.g., Carlisle, Kelcey, Rowan, & Phelps, 2011; Kelcey,
2011; Kelcey, Hill, & Chin, 2019).1

When individuals are the unit of assignment, the potential outcomes framework
tracks effects by leaning on the single-level stable unit treatment value assumption
(SUTVA). Individual-level SUTVA requires that the potential outcomes of a student do
not depend on the program assigned to other students. The routine interactions among
teachers within the same school and students served by the same teacher or school cre-
ate a high propensity for this assumption to be violated (e.g., Hong & Raudenbush,
2008; Kelcey, 2011; VanderWeele et al., 2013). For this reason, educational research has
regularly called upon on the assignment of intervention conditions to schools rather
than individuals or teachers (e.g., Spybrook, Shi, & Kelcey, 2016). When the assignment
to a program does not bring about the reassignment of students to new teachers or
schools, designs using school-level assignment can adopt a weaker school-level version
of SUTVA that requires only that the potential outcomes do not depend on the inter-
vention condition assigned to other schools (i.e., school-level SUTVA; VanderWeele,
2008). In many studies in education, a reasonable approximation of this assumption is
plausible because, for instance, schools are geographically disconnected and teachers can
often be instructed to constrain relevant interactions during the study (Hong &
Raudenbush, 2006).

The introduction of a teacher-level mediator (e.g., teacher knowledge), however, can
complicate inferences because mediator values still vary among teachers within schools
(VanderWeele, 2010). To help track indirect effects, we can further propose a teacher-
level version of SUTVA that assumes the potential outcomes are not contingent upon
the mediator values of other teachers inside or outside of a teacher’s school (i.e., no
interference among teachers/classrooms). However, even the teacher-level SUTVA may
be unsustainable in some education situations because of, for example, the possibility of
treatment diffusion—teachers within the same school intentionally or incidentally shar-
ing key components of a program. For instance, contemporary professional development
programs frequently encourage and leverage collaboration among teachers at the same
school to promote/support the coordinated integration of the innovative methods into
practice to achieve common aims (e.g., Desimone, 2009).

1More completely, this effect also incorporates changes in the relationship between teacher knowledge and student
achievement produced by participation in the professional development program (see Kelcey, Dong, Spybrook, &
Cox, 2017).
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We can partially adapt SUTVA here by identifying the routes through which the
teacher-level mediator values potentially contribute to the potential outcomes (e.g.,
Hong & Raudenbush, 2006; VanderWeele, 2010; VanderWeele et al., 2013). If schools
are sufficiently independent such that potential outcomes plausibly depend on only the
mediator values of teachers inside the same school but not on the mediator values of
teachers from other schools, then we can re-express the potential outcomes in light of
the mediator values of other teachers in the same school. Let m.k be fmjkg

n2k
j¼1, the vector

of mediator values of the n2k teachers inside school k and m2jk identify the vector of
mediator values for all teachers other than teacher j in school k.

To simplify inferences in this situation, prior research has constrained the additional
role of the mediator on the potential outcomes to work through a scalar function of the
mediator values of other teachers in a school (Hong & Raudenbush, 2006;
VanderWeele, 2010; VanderWeele et al., 2013). Let f(m2jk) be a scalar function of the
other teachers’ mediator values in a school (e.g., school-level mean) with realization f.
We can re-state the potential outcome for student i served by teacher j in school k as a
function of the treatment (tk), the mediator mjk, and a scalar function(s) of the mediator
values of other teachers at a school f ðm�jkÞ as follows:

Yijkðtk,mjk,m�jkÞ ¼ Yijkðtk,mjk, f ðm�jkÞÞ (2)

Within this framework, we use the potential outcomes to describe the movement of
effects from the school-level program to the student-level outcome via a teacher-level
mediator (e.g., Pituch & Stapleton, 2012; VanderWeele, 2010; VanderWeele et al., 2013).
More specifically, our analyses target the natural or total indirect effect (TIE) as
described through the contrast of the following potential outcomes (VanderWeele et al.,
2013)

TIE ¼ E Yijkð1,Mjkð1Þ, f ðM�jkð1ÞÞÞ�Yijkð1,Mjkð0Þ, f ðM�jkð0ÞÞÞ
h i

(3)

The first potential outcome details the response of student i served by teacher j in
school k when the mediator values of all teachers in a school correspond to the value
they would take when assigned to the professional development program. The second
potential outcome then corresponds to a student’s response under the treatment condi-
tion but when the mediator values of all teachers in a school are set to the value they
would take under the control condition. Because the differences between these potential
outcomes simultaneously modulate the mediator values of all teachers in a school, it
captures how the indirect effects flow through changes in the value of an individual
teacher mediator (e.g., knowledge of individual teachers) and through a scalar function
(e.g., average) of other teachers’ mediator values at a school (e.g., the collective know-
ledge base of all teachers; contextual effects).

Within this structure, the indirect effect is identified under three primary conditions
(for more details, see VanderWeele et al., 2013). The first assumption is the consistency
of the observed responses such that they correspond to the potential responses. The
second assumption is that there are no downstream variables that are influenced by pro-
gram participation and subsequently confound the outcome-mediator relationship (e.g.,
Avin, Shpitser, & Pearl, 2005). The third assumption is that the potential mediator and
outcome responses are independent once we condition on additional covariates (i.e.,
sequential ignorability). That is when we condition on additional variables such as
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student-level covariates Xijk, their teacher-/class- (gðX:jkÞ), and school-level functions
(hðX:kÞ), teacher-/class-level covariates Wjk, their school-level functions (qðW:kÞ), and
school-level covariates Zk, this assumption necessitates the following equations:

fMjkðtÞ, f ðM�jkðtÞÞg
a

TkjXijk,Wjk,Zk, gðX:jkÞ, hðX:kÞ, qðW:kÞ (4)

Yijkðt,m, f Þ
a

fMjkðtÞ, f ðM�jkðtÞÞgjTk,Xijk,Wjk,Zk, gðX:jkÞ, hðX:kÞ, qðW:kÞ (5)

with
‘

denoting conditional independence. In our setting, Equation (4) is supported by
the random assignment of schools to conditions. However, Equation (5) becomes rea-
sonable if and only if we are able to control for all variables that confound the medi-
ator-outcome pathway. Further embedded in this framework is that sequential
ignorability is supported only when (a) the teacher potential mediator responses and
functions of those responses are conditionally independent of the program assignment
and when (b) the potential student outcomes are conditionally independent of both the
teacher mediators and functions of those responses given treatment condition, student-,
teacher-/class-, and school-level covariates and their functions. Below we condition on
covariates to approximate these assumptions and develop power analysis formulas; how-
ever, we caution that sequential ignorability is a critical assumption that should be care-
fully considered in practice.

3-2-1 Mediation

Prior literature has proposed and investigated multiple approaches to estimate multi-
level mediation effects under a variety of different designs and assumptions (e.g.,
Bauer, Preacher, & Gil, 2006; Hong & Nomi, 2012; Krull & MacKinnon, 2001; Qin
& Hong, 2017). One common approach has been to approximate the indirect effect
using multilevel models (Pituch et al., 2009; Pituch & Stapleton, 2012; VanderWeele
et al., 2013; VanderWeele & Vanseteelandt, 2009; Zhang, Zyphur, & Preacher, 2009).

Drawing on prior literature, we structure the mediation model as a three-level ran-
dom intercept model that conditions on school-, teacher-/class-, and student-level cova-
riates, and their respective cluster means (Pituch & Stapleton, 2012; Raudenbush &
Bryk, 2002; VanderWeele, 2010; VanderWeele et al., 2013; Zhang et al., 2009). Because
the most common cluster-level scalar function of lower-level variables is the mean, we
detail our analyses principally within this purview (Pituch & Stapleton, 2012;
Raudenbush & Bryk, 2002; VanderWeele et al., 2013). We use group-mean centered var-
iables because this is common in the literature and is convenient for separating out
indirect effects across levels (e.g., Brincks et al., 2017; Pituch & Stapleton, 2012; Zhang
et al., 2009). Alternative approaches such as using the original data (no centering) or
grand-mean centering can be transformed to yield the same parameter estimates under
random intercept formulations (Brincks et al., 2017; Enders & Tofighi, 2007; Kreft, De
Leeuw, & Aiken, 1995).

Assuming additivity and constant effects, we specify the mediator model as follows:

Mjk ¼ p0k þ p1ð�Xjk��XkÞ þ p2ðWjk� �WkÞ þ p3Qjk þ eMjk eMjk ~Nð0, r2MjÞ
p0k ¼ f00 þ aTk þ f01�Xk þ f02 �Wk þ f03Zk þ uM0k uM0k ~Nð0, s2MjÞ

(7)
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For this mediator model, Mjk is used as the original mediator value for teacher j in
school k, �Xjk as a teacher-level mean of a student-level covariate (with p1 as its path
coefficient) and �Xk as its school-level mean aggregate (with f01 as its path coefficient),
Wjk as a teacher-level covariate (p2 as its path coefficient) and �Wk as its school-level
mean aggregate (f02 as its path coefficient), Qjk as a teacher-level variable that varies
only among teachers within schools (no variation among schools) with p3 as its path
coefficient,Tk as the intervention assignment coded as ±1=2 with associated path coeffi-
cient a, Zk as a school-level covariate (f03 as its path coefficient), and eMjk as the teacher-
level error term, and uM0k as the school-level random effects. If we constrain the model
so that there are no intervention-by-mediator interactions, the outcome model is as fol-
lows:

Yijk ¼ b0jk þ b1ðXijk��XjkÞ þ b2Vijk þ eYijk eYijk ~Nð0,r2YjÞ
b0jk ¼ c00k þ b2ðMjk� �MkÞ þ c01ð�Xjk��XkÞ þ c02ðWjk� �WkÞ þ c03Qjk þ uY0jk uY0jk ~Nð0, s2YjÞ

c00k ¼ f0 þ B �Mk þ c0Tk þ n1�Xk þ n2 �Wk þ n3Zk þ vY00k vY00k ~Nð0, t2YjÞ
(8)

We additionally use Yijk as the outcome for student i served by teacher j in school k,
Xijk as a student-level covariate (with b1 as its path coefficient), Vijk as a student-level
covariate that only varies among students within teachers/classrooms (no variation
among teachers or schools) with b2 as its path coefficient, Mjk� �Mk as the school-
centered teacher-level mediator with coefficient b2, �Mk as the mean of the mediator in
school k with path coefficient B, c0 as the intervention-outcome conditional path coeffi-
cient, c as coefficients for teacher-level covariates, n as coefficients for school-level cova-
riates, and tY00k, uY0jk and eYijk as the school, teacher, and student error terms.
Alternatively, we could additionally consider the potential for an interaction between
the intervention and mediator in our model (e.g., adding a T �Mk term). For simplicity,
we outline the derivations and results under the assumption that researchers do not
anticipate an interaction. However, including such an interaction in the design phase is
a straightforward extension (Kelcey et al., 2017).

Using group-mean centering, the coefficient (B) attached to the school-level mediator
mean captures the total conditional association between the mediator and the outcome.
In this representation, b2 captures the association between the teacher-level mediator
and the outcome while the difference of the coefficients (B� b2) captures the unique
additional association between the school-level mediator (aggregate) and the outcome
(Kreft et al., 1995; Raudenbush & Bryk, 2002). As a result, past literature has leveraged
the B coefficient to summarize the total (teacher plus school) conditional association of
the mediator and outcome.

Given this formulation, past research (Pituch & Stapleton, 2012; VanderWeele, 2008,
2010; VanderWeele & Vansteelandt, 2009) has demonstrated that the total indirect effect
(TIE) can be estimated using TIE ¼ aB. In terms of our professional development
example, the indirect effect describes the total improvement in student achievement that
accumulates as a result of improvements in both individual teacher knowledge and in
the school-wide improvement in teacher knowledge produced through participation in
the professional development program.
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Error Variance

To develop expressions to guide the planning of three-level school-randomized stud-
ies probing mediation, we first develop approximations to the error variance of each
path coefficient and then the total indirect effect under maximum likelihood estima-
tion. Under the assumption of sequential ignorability and unrelated errors across the
mediator and outcome models, the covariance of the parameters comprising the
indirect effect is asymptotically zero under linear models (i.e., ra,B ¼ 0; Allison,
1995). As a result, the variance of the indirect effect is (Allison, 1995; Bollen, 1987;
MacKinnon, Lockwood, Brown, Wang, & Hoffman, 2007):

r2aB ¼ r2aB
2 þ a2r2B þ r2ar

2
B (9)

where r2a and r2B are the error variances of the respective path coefficients.
The asymptotic distribution of each path coefficient under maximum likelihood esti-

mation is normal with a mean as the true coefficient value and covariance equal to the
inverse of the information matrix. When data has been collected, the covariance matrix
of the coefficients is often estimated by the inverse of the observed information matrix
(Raudenbush & Bryk, 2002). However, this matrix is unavailable when planning a study.
To overcome this constraint, we draw on the expected information matrix based on the
functions of model parameters and common summary statistics.

Our mediator model above allows for individual-level covariates (Vijk, Xijk), teacher-
level averages (�Xjk) and school-level averages (�Xk), teacher-level covariates (Qjk, Wjk)
and school-level averages ( �Wk), and a school-level covariate (Zk). We standardize the
variables (save intervention) to have a mean of zero and variance of one. In matrix
form, the mediation model is as follows:

Mk ¼ Wkpkþek ek ~Nð0, r2MjIÞ
pk ¼ Zkfþuk uk ~Nð0,TMjÞ (10)

with k in 1 to n3 and Wk capturing all teacher-level variables and Zk capturing all
school-level variables (Raudenbush & Bryk, 2002). The first expression of Equation (10)
captures the differences among teachers such that Mk is an n2k by one vector of medi-
ator values, Wk is an n2k by four matrix consisting of a column of a unit vector, Q val-
ues, and centered X and W values, pk is a four by one vector of unknown path
coefficients, I is an n2 by n2 identity matrix, and ek is an n2k by one vector of errors
with mean vector zero and a variance-covariance matrix with variances as r2Mj and cova-
riances of zero. At the school-level, Zk can take the form of a four by four matrix of
school predictors (T, �Xk, �Wk, and Zk) but it is reduced to a one by four matrix under
a random intercept model. Similarly, uk can be reduced to a one by one matrix consist-
ing of only the random intercept with TMj as the covariance matrix. Last, f is a four by
one vector of fixed effects (representing a, f01, f02, f03 in Equation (7)).

With maximum likelihood estimation and an equal number of teachers per school
and an equal number of students per teacher, the conditional dispersion of pk given Zk
is Varðp̂kÞ ¼ T þ Vk ¼ Dk with Vk the error variance matrix such that Vk ¼
r2MjðWT

k WkÞ�1: With an equal number of teachers inside each school, the dispersions of
the p̂k

0s are constant such that Dk ¼ D ¼ TMj þ r2MjðWTWÞ�1: Matrix algebra reduces
the second element pertaining to the intercept r2MjðWTWÞ�1

11 ¼ r2Mj=n2 (Kelcey et al.,
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2017). TMj can also be reduced to a scalar, s2Mj, in our model because the elements
beyond the first in the uk matrix are zero for each school. As a result, we get the follow-
ing equation:

Dk ¼ D ¼ TMj þ r2MjðWTWÞ�1
11 ¼ s2Mj þ r2Mj=n2 (11)

Using maximum-likelihood, the dispersion matrix of the school-level coefficients on
the random intercept is Vf̂ ¼ Varðf̂Þ ¼ DðPZT

k ZkÞ�1: Evaluating this expression shows
that the diagonal element representing the intervention path coefficient can be obtained
as follows:

r2a ¼ D
1

n3pð1� pÞ ¼
s2Mj þ r2Mj=n2
n3pð1� pÞ ¼

s2Mð1�R2
ML3Þ þ ð1�R2

ML2Þr2M=n2
n3pð1� pÞ (12)

Here, s2M and r2M represent the unconditional school- and teacher-level variances of
the mediator, p represents the proportion of schools exposed to the program, R2

ML3 and
R2
ML2 represent the school- and teacher-level mediator variance explained by predictors

in the mediator model (Equations (7)) and n3 and n2 represent the school- and teacher-
level sample sizes.

B Path
We apply a similar analysis to trace to the error variance of the B path in the outcome
model. The results demonstrate that the error variance of the B path can be tracked as:

r2B ¼
t2Yj þ s2Yj=n2 þ r2Yj=ðn2n1Þ

n3ðs2Mj þ r2Mj=n2Þ
¼ t2Yð1�R2

YL3Þ þ s2Yð1�R2
YL2Þ=n2 þ ð1�R2

YL1Þr2Y=ðn2n1Þ
n3ðs2Mð1� R2

ML3Þ þ ð1� R2
ML2Þr2M=n2Þ

(13)

Our result further introduces t2Y , s2Y , and r2Y as the unconditional variances for the
outcome at the school-, teacher- and student-levels. We summarize the contribution of
the predictors using R2

YL3 , R2
YL2 and R2

YL1 as the school-, teacher-, and student-level out-
come variances explained by other predictors in the outcome model (Equation (8)).

Literature developing similar expressions has typically used a first-order approxima-
tion of the variance by dropping the final product of the path error variances term in
Equation (9) because it is comparatively small (e.g., r2ar

2
B�0; Sobel, 1982). Under the

first-order approximation, the resulting error variance of the indirect effect becomes:

r2aB ¼
s2Mð1�R2

ML3Þ þ r2Mð1�R2
ML2Þ=n2

n3pð1� pÞ

 !
B2

þ a2
t2Yð1�R2

YL3Þ þ s2Yð1�R2
YL2Þ=n2 þ r2Yð1�R2

YL1Þ=ðn2n1Þ
n3ðs2Mð1� R2

ML3Þ þ r2Mð1� R2
ML2Þ=n2Þ

 !
(14)

We can also standardize this expression by fixing the total outcome and mediator varian-
ces to be one such that s2M þ r2M ¼ qM þ ð1�qMÞ ¼ 1 and t2Y þ s2Y þ r2Y ¼ qY3

þ qY2
þ

ð1�qY3
�qY2

Þ ¼ 1: As a result, the error variance can be expressed as follows:

r2aB ¼
qMð1�R2

ML3Þ þ ð1�R2
ML2Þð1�qMÞ=n2

n3pð1� pÞ

 !
B2

þ a2
qY3

ð1�R2
YL3Þ þ qY2

ð1�R2
YL2Þ=n2 þ ð1�R2

YL1Þð1�qY3
�qY2

Þ=ðn2n1Þ
n3ðqMð1� R2

ML3Þ þ ð1� R2
ML2Þð1� qMÞ=n2Þ

 !
(15)
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With such standardization the path coefficients can also be interpreted alongside conven-
tional scales—for example, the a and c0 paths can be interpreted along a standardized mean
difference scale and the B path can be interpreted along a standardized regression coeffi-
cient scale.

Error Variance Properties

A longstanding challenge for education studies has been that school-randomized designs
typically demand larger sample sizes to achieve reasonable levels of power (e.g.,
Raudenbush, Martinez, & Spybrook, 2007). For this reason, prior literature has devel-
oped design principles and strategies to understand and potentially improve the effi-
ciency of studies (e.g., Raudenbush et al., 2007). To uncover potential design principles
and strategies for mediation, we probed the properties of the error variance with respect
to its governing parameters. Similar investigations of, for example, the main effect error
variance have suggested a range of design principles and strategies that can be used to
guide design and improve efficiency (e.g., Kelcey & Shen, 2019; Raudenbush, 1997).
Prior research on study design with regard to main effects has uncovered simple princi-
ples such as the dominant role of the cluster relative to the individual sample size in
determining the error variance and strategies such as covariance adjustment to improve
efficiency (e.g., Raudenbush et al., 2007). For this reason, we probed the behavior of the
error variance expressions by examining how the error variance of the indirect effect
changes with modulations of each parameter holding other parameters constant (e.g.,
Usami, 2019). Using derivatives of the error variance, we organized our analysis along
three types of parameters: (a) the sample size (n3, n2, n1), (b) parameters associated with
outcome variance (qY3

, qY2
,R2

YL3 ,R2
YL2 ,R2

YL1 ), and (c) parameters associated with the medi-
ator variance (qM,R

2
ML3 ,R2

ML2 ).

Sample Size
Consistent with other types of multilevel analyses, the error variance had an inverse
relationship with sample size at each level with the school-level sample size playing the
most important role, followed by the teacher-level sample size and then the student-level
sample size (see example below for illustration).

Outcome Intraclass Correlation Coefficients
Next, we considered the intraclass correlation coefficients for the outcome (qY3

andqY2
).

The first derivative of the error variance of the indirect effect in terms of the school-
level intraclass correlation coefficient (qY3

) was:

@r2aB
@qY3

¼ a2ð ð1�R2
YL3Þ�ð1�R2

YL1Þ=n1n2
n3ðqMð1� R2

ML3Þ þ ð1� qMÞð1� R2
ML2Þ=n2ÞÞ (16)

Analysis of this derivative indicates that the relationship between the school-level
intraclass correlation coefficient and the error variance of the indirect effect will typic-
ally be positive—that is, larger values of the school-level intraclass correlation coefficient
will produce larger error variances. Analysis of the teacher-level intraclass correlation
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coefficient (qY2
) returns a similar pattern. The positive nature of the relationship paral-

lels a well-known finding in power analyses for main effects—larger intraclass correl-
ation coefficients will typically increase the uncertainty of the estimate and reduce the
power of a study holding other factors equal. However, this relationship is slightly more
complicated than with total effects. The potential exception to the positive relationship
for indirect effects arises when both the number of students per school (n1n2) is very
small (e.g., n1 ¼ 2, n2 ¼ 2, n1n2 ¼ 4) and when the outcome variance explained at the
school-level substantially exceeds that of the student-level. In such scenarios, the error
variance is materially unaffected by increases in the school-level intraclass correlation
coefficient because that clustering is explained by covariates while concurrently implying
smaller individual-level variance. The implication is that by and large increases in the
school-level outcome variance will yield larger standard errors for estimates of the indir-
ect effect.

We also considered the relative influence of the school and teacher intraclass correl-
ation coefficients. Taking the difference of the respective derivatives demonstrates once
again that the school-level intraclass correlation coefficient will typically be more influ-
ential in shaping the error variance (and power) than that of the teacher-level. However,
in atypical situations when the number of teachers is small (e.g., n2 ¼ 2) and when R2

YL2

is very small relative to R2
YL3 , qY2

can be occasionally more influential than qY3
because

increases in school-level clustering are effectively explained away by a covariate so that
clustering at the class-level dominates the error variance.

Outcome Variance Explained
We next examined the contributions of the variance in the outcome explained by
predictors at each level. At the school level, the resulting first derivative was always
negative:

dr2aB
dR2

YL3

¼ a2ð� qYL3

n3ðqMð1� R2
ML3Þ þ ð1� R2

ML2Þð1� qMÞ=n2Þ
Þ � 0 (17)

Intuitively, increases in the variance explained at the school-level produce decreases
in the error variance of estimates of the indirect effect. These results further extend to
the outcome variance explained at other levels—increases in the variance explained at
the teacher-level and student-level also returned smaller standard errors holding other
values constant. Overall, the relationships between the error variance and the parameters
associated with the outcome were intuitive and paralleled the relationships typically seen
in the analysis of the main effects.

Mediator Intraclass Correlation Coefficients
Analysis of parameters associated with the mediator demonstrated much more complex rela-
tionships. We first examined the error variance in terms of the mediator intraclass correl-
ation coefficient. The results demonstrated the relationship was heavily contingent upon the
values other parameters took. For instance, when the proportion of variance explained in the
mediator by predictors was smaller than that explained in the outcome, there tended to be a
positive relationship—increases in the mediator intraclass correlation coefficient were paired
with increases in the error variance of the indirect effect. However, when the proportion of
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variance explained in the mediator by predictors was similar or higher than that explained in
the outcome, there tended to be a negative relationship—increases in the mediator intraclass
correlation were paired with decreases in the error variance.

Mediator Variance Explained
Similarly complicated results were obtained for the relationship between the error vari-
ance and the variance explained in the mediator by predictors. Increases in the mediator
variance explained by predictors can yield smaller or larger standard errors depending
on the values of other parameters. Conceptually, although explaining variation in the
mediator decreases the error variance associated with the a path coefficient, it can
inflate the error variance associated with the B path coefficient. As a result, the relative
value of explaining variance in the mediator depends on two competing forces within
the error variance expression—the reduction in the contribution of the uncertainty in
the a path against the inflation of uncertainty in the B path. Prior literature in single-
level studies has documented this complex relationship (e.g., Beasley, 2014). We further
probe these complexities by unpacking it as a function of the path coefficients below.

Path coefficient formulation

Although the error variance expressions developed above outline how the uncertainty of
the estimated indirect effect changes as a function of parameters, the variance explained
components (e.g., R2

YL3 ) conflate the contributions of the focal variables (e.g., treatment,
mediator) with those of the covariates. For instance, the R2

YL3 term in Equation (13) rep-
resents the collective variance explained by the mediator, treatment, and covariates.
When planning a study, however, researchers often conceptually segregate the contribu-
tions of variables such that they describe the focal paths (i.e., a, B, c0) using the antici-
pated effect sizes but the contribution of the covariates using their collective variance
explained (R2). In order to accommodate this approach, we restructure the error varian-
ces by decomposing them in terms of the focal path coefficients and the variance
explained by covariates. In doing so, we can potentially draw on prior empirical litera-
ture to specify plausible values of the variance explained by covariates (e.g., Hedges &
Hedberg, 2007; Konstantopoulos, 2012) while specifying the anticipated effect sizes for
the focal paths. For the school-level variance explained in the outcome (R2

YL3 ) we have:

R2
YL3 ¼ R2

YL3
~Z

þ pð1�pÞðaBþ c0Þ2
t2Y

þ s2M þ r2M=n2
t2Y

B2ð1� pð1�pÞa2
s2M

�R2
ML3

~Z

Þ (18)

Here, we use~Z to represent the vector of covariates presented in the outcome model. The
first term on the right-hand side (R2

YL3
~Z

) describes the school-level squared multiple correla-

tions between the outcome and the covariates (R2
YL3
~Z

) whereas the last term (R2
ML3

~Z

) describes

the same but for the mediator at the school level. In contrast to the previous expressions
(e.g., in Equation (13), the R2

YL3
~Z

parameter align with the variance explained often reported

in empirical studies of design parameter values (e.g., Kelcey & Phelps, 2013a).
For the outcome variance explained by predictors at the teacher-level (R2

YL2 ), we have
the following equation:
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R2
YL2 ¼ R2

YL2
~Z

þ r2M
s2Y

 !
b22ð1�R2

ML2
~Z

Þ (19)

with R2
YL2
~Z

and R2
ML2

~Z

capturing the total teacher-level outcome and mediator variance

explained by covariates. For the outcome variance explained at the student-level (R2
YL1 ),

we simply have R2
YL1 ¼ R2

YL1
~Z

, with R2
YL1
~Z

as the variance explained by student-

level covariates.
We can take a parallel approach for the mediator. The total teacher-level variance

explained for the mediator (R2
ML2 ) is simply the variance explained by the covariates (i.e.,

R2
ML2 ¼ R2

ML2
~Z

) whereas the total school-level variance explained (R2
ML3 ) can be expanded as

R2
ML3 ¼ R2

ML3
~Z

þ pð1�pÞa2
s2M

(20)

Hypothesis Tests & Power

We next extended three test statistics and their associated power functions using the
previous developments. We considered two different asymptotic-based tests and one
resampling-based test–each of which can be employed in the planning stages before
data collection has begun: (a) Sobel test, (b) the joint test, and (c) the Monte Carlo
interval test.

Sobel Test
The Sobel test statistic contrasts the ratio of the estimated indirect effect on its standard
error outlined before (Sobel, 1982):

zSobelaB ¼ aB=raB (21)

with raB as the square root of the before-referenced error variance of the indirect effect.
Inferences under the Sobel test are typically drawn by contrasting the test statistic with a
normal distribution on the basis that the maximum likelihood estimates are asymptotically
normal with mean equal to the true indirect effect and variance equal to Equation (14)
before (Sobel, 1982). The corresponding power of the test can be approximated using:

PðjzSobelaB j>zcriticalÞ ¼ 1�Uðzcritical�zSobelaB Þ þ Uð�zcritical�zSobelaB Þ (22)

where zSobelaB is the Sobel test statistic outlined above, U represents the cumulative normal
density function, and with zcritical is the critical value (e.g., 1.96) from the normal distri-
bution corresponding to a particular type one error rate.

The comparison of the Sobel test statistic to a normal distribution can be reasonable
under-sample sizes that are large. With small to moderate sample sizes, however, the normal
distribution can serve as a poor referent distribution because the sampling distribution of
the indirect effect can be heavily skewed (Kisbu-Sakarya, MacKinnon, & Mio�cevi�c, 2014).
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Joint Test
A simple but high-powered alternative to the Sobel test is the joint test (MacKinnon,
Lockwood, Hoffman, West, & Sheets, 2002). The joint test develops inferences using
sub-tests that target the path coefficients that compose an indirect effect—a sub-test for
the intervention-mediator path coefficient and, separately, a sub-test for the mediator-
outcome path coefficient. Under the joint test, the null hypothesis of no indirect effect
is rejected only when both sub-tests are rejected. Although the joint test is limited in
that it does not provide confidence intervals, past research has shown that the joint test
performs well and returns results similar to resampling-based tests including those based
on bootstrap methods in single-level contexts (Hayes & Scharkow, 2013).

For the program-mediator (a) and mediator-outcome (B) paths, we use the
test statistics:

ta ¼ a=ra and tB ¼ B=rB(23) where ra and ra are the standard errors above. For
each of these sub-tests we use a referent t-distribution with degrees of freedom equal to
n3 – C� 1 where C is the number of school-level predictors in the mediator model for
the a path and the outcome model for the B path (Raudenbush & Bryk, 2002; Kenny &
Judd, 2014).

The power of two-sided tests to detect the indirect effect (i.e., both paths concurrently
nonzero) is the product of the power to detect the intervention-mediator path and the
power to detect the corresponding mediator-outcome path:

Pðjtaj>tcritical&jtBj>tcriticalÞ ¼ ð1�tðtcritical�taÞ þ tð�tcritical�taÞÞ
� ð1�tðtcritical�tBÞ þ tð�tcritical�tBÞÞ (24)

where t is the appropriate cumulative t density function and tcritical is the corresponding
critical value for the appropriate n3 – C� 1 degrees of freedom.

Monte Carlo Interval Test
Last, we consider the resampling-based Monte Carlo interval test (Preacher & Selig,
2012). In this test, plausible values are drawn for the intervention-mediator and the
mediator-outcome path coefficients from normal distributions centered at their esti-
mated values (â, B̂) with variances set to their expected error variances based on the for-
mulas developed above. By drawing plausible values, we can approximate the sampling
distribution of the indirect effect using the product of a� and B� (Preacher & Selig,
2012):

a�

B�

� �
�tn3�C�1

â
B̂

� �
,

r̂2
â r̂â , B̂

r̂ â , B̂ r̂2
B̂

 !" #
(25)

Inferences regarding the indirect effect are then made on the basis of whether the
simulated asymmetric confidence intervals exclude zero. The statistical power of the test
can then be evaluated using the proportion of asymmetric confidence intervals (e.g.,
95%) that exclude zero. Like the joint test, literature has demonstrated that the Monte
Carlo interval test performs comparable to bootstrap-based methods with the advantages
of being much less computationally intensive and being feasible in the design phase
when data has not yet been collected.
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Simulation

To probe the accuracy and utility of our expressions, we used Monte Carlo simulations
to contrast the simulated type one error and power rates for detecting the indirect effect
with our formula-based power predictions across 1000 simulated data sets for each con-
dition. We generated data using the mediation models detailed in Equations (7) and (8)
and considered school sample sizes spanning 30–200 along with a variety of conditions
for other parameters that are outlined in Table 1.

The results of the simulation are detailed in Tables 1 and 2 under the following column
labels: (a) dSobel (predicted power or type one error rate based on Sobel expressions above),
(b) Sobel (simulated power or type one error rate for Sobel test), (c) dJoint (predicted power
or type one error rate based on Joint expressions above), (d) Joint (simulated power or type
one error rate based on Joint test), (e)dMC (predicted power or type one error rate based on
the Monte Carlo interval test developed above), (f) MC (simulated power or type one error
rate based on the Monte Carlo interval test). There were consistently close correspondences
between the simulated power level and our predicted power level for the joint test and
Monte Carlo interval test and to a lesser extent the Sobel test (Table 1). The most powerful
test was the Monte Carlo interval test and across conditions the average absolute difference

Table 1. Simulated and predicted power for 3-2-1 mediation.
n3 n2 n1 a B qL3Y qL2Y qM

R2YL3z R2YL2z R2YL1z R2ML3
z

R2ML2
z

dSobel Sobel dJoint Joint cMC MC

1 30 4 20 0.49 0.30 0.20 0.15 0.26 0.38 0.41 0.02 0.17 0.07 0.31 0.19 0.30 0.35 0.31 0.33
2 40 4 20 0.50 0.30 0.20 0.15 0.27 0.38 0.41 0.02 0.16 0.07 0.43 0.35 0.51 0.55 0.53 0.53
3 50 4 20 0.50 0.30 0.19 0.15 0.27 0.38 0.41 0.02 0.16 0.07 0.52 0.49 0.66 0.67 0.67 0.66
4 60 4 20 0.51 0.30 0.19 0.15 0.27 0.38 0.41 0.02 0.16 0.07 0.62 0.67 0.79 0.81 0.82 0.79
5 80 4 20 0.50 0.30 0.19 0.15 0.27 0.38 0.41 0.02 0.15 0.07 0.76 0.85 0.91 0.92 0.92 0.91
6 100 4 20 0.50 0.30 0.19 0.15 0.27 0.38 0.41 0.02 0.16 0.07 0.85 0.94 0.97 0.96 0.98 0.96
7 200 4 20 0.50 0.30 0.20 0.15 0.27 0.38 0.41 0.02 0.16 0.07 0.99 1.00 1.00 1.00 1.00 1.00
8 30 2 20 0.49 0.30 0.11 0.10 0.13 0.27 0.26 0.01 0.07 0.03 0.14 0.06 0.13 0.10 0.15 0.12
9 40 2 20 0.51 0.30 0.11 0.10 0.12 0.28 0.24 0.01 0.10 0.03 0.19 0.10 0.19 0.13 0.21 0.16
10 50 2 20 0.49 0.30 0.11 0.10 0.12 0.27 0.25 0.01 0.10 0.02 0.22 0.18 0.22 0.17 0.25 0.24
11 60 2 20 0.52 0.30 0.11 0.10 0.11 0.28 0.25 0.01 0.10 0.03 0.28 0.21 0.29 0.24 0.31 0.26
12 80 2 20 0.51 0.30 0.11 0.10 0.11 0.28 0.24 0.01 0.13 0.02 0.36 0.30 0.38 0.33 0.39 0.37
13 100 2 20 0.50 0.30 0.11 0.10 0.10 0.28 0.25 0.01 0.11 0.02 0.42 0.44 0.44 0.44 0.44 0.46
14 200 2 20 0.49 0.30 0.11 0.10 0.10 0.28 0.25 0.01 0.14 0.02 0.71 0.70 0.74 0.71 0.75 0.71
15 30 4 10 0.50 0.30 0.28 0.23 0.31 0.70 0.74 0.09 0.42 0.24 0.31 0.16 0.30 0.34 0.30 0.31
16 50 4 10 0.50 0.30 0.29 0.23 0.30 0.71 0.74 0.09 0.43 0.25 0.52 0.49 0.66 0.69 0.67 0.67
17 80 4 10 0.49 0.30 0.29 0.23 0.31 0.71 0.74 0.09 0.43 0.24 0.74 0.84 0.90 0.91 0.92 0.91
18 100 4 10 0.50 0.30 0.29 0.23 0.31 0.71 0.74 0.09 0.43 0.24 0.84 0.95 0.97 0.98 0.96 0.97
19 150 4 10 0.50 0.30 0.29 0.23 0.30 0.71 0.74 0.09 0.43 0.24 0.96 1.00 1.00 1.00 1.00 1.00
20 30 10 20 0.52 0.29 0.08 0.10 0.09 0.36 0.24 0.01 0.16 0.02 0.30 0.18 0.30 0.32 0.32 0.30
21 40 10 20 0.50 0.30 0.08 0.10 0.09 0.36 0.25 0.01 0.17 0.02 0.41 0.30 0.48 0.50 0.51 0.50
22 50 10 20 0.50 0.30 0.08 0.10 0.09 0.36 0.24 0.01 0.16 0.02 0.50 0.48 0.62 0.65 0.62 0.64
23 70 10 20 0.50 0.30 0.08 0.10 0.09 0.35 0.24 0.01 0.16 0.02 0.66 0.73 0.80 0.81 0.81 0.81
24 80 10 20 0.50 0.30 0.08 0.10 0.09 0.36 0.24 0.01 0.16 0.02 0.72 0.81 0.85 0.87 0.86 0.87
25 30 10 20 0.30 0.20 0.07 0.10 0.08 0.34 0.24 0.01 0.18 0.02 0.14 0.03 0.07 0.09 0.06 0.07
26 50 10 20 0.29 0.20 0.07 0.10 0.08 0.36 0.25 0.01 0.18 0.02 0.21 0.08 0.19 0.21 0.19 0.19
27 70 10 20 0.30 0.20 0.07 0.10 0.08 0.35 0.24 0.01 0.18 0.02 0.30 0.19 0.34 0.36 0.34 0.36
28 100 10 20 0.29 0.20 0.07 0.10 0.08 0.35 0.24 0.01 0.19 0.02 0.41 0.34 0.49 0.50 0.47 0.49
29 200 10 20 0.30 0.20 0.07 0.10 0.08 0.35 0.24 0.01 0.18 0.02 0.73 0.79 0.84 0.84 0.84 0.84
30 30 10 20 0.81 0.50 0.13 0.09 0.12 0.29 0.25 0.01 0.12 0.02 0.64 0.65 0.76 0.77 0.79 0.77
31 50 10 20 0.81 0.50 0.13 0.09 0.12 0.29 0.25 0.01 0.12 0.02 0.88 0.96 0.96 0.97 0.97 0.97
32 70 10 20 0.80 0.50 0.13 0.09 0.12 0.30 0.24 0.01 0.13 0.02 0.97 0.99 0.99 0.99 0.99 0.99
33 30 10 20 0.79 0.30 0.08 0.10 0.12 0.33 0.24 0.01 0.12 0.02 0.48 0.42 0.58 0.61 0.60 0.59
34 50 10 20 0.80 0.30 0.08 0.10 0.12 0.33 0.25 0.01 0.11 0.02 0.74 0.84 0.91 0.92 0.93 0.91
35 100 10 20 0.81 0.30 0.08 0.10 0.12 0.34 0.24 0.01 0.12 0.02 0.97 1.00 1.00 1.00 1.00 1.00
36 30 10 20 0.31 0.50 0.11 0.10 0.08 0.33 0.24 0.01 0.17 0.02 0.18 0.11 0.17 0.16 0.19 0.17
37 50 10 20 0.30 0.50 0.11 0.10 0.08 0.33 0.25 0.01 0.18 0.02 0.28 0.27 0.28 0.30 0.31 0.32
38 80 10 20 0.31 0.50 0.11 0.10 0.08 0.34 0.24 0.01 0.19 0.02 0.44 0.44 0.46 0.46 0.46 0.48
39 100 10 20 0.30 0.50 0.11 0.10 0.08 0.33 0.25 0.01 0.17 0.02 0.53 0.54 0.54 0.56 0.57 0.56

Ave 0.53 0.51 0.59 0.59 0.60 0.60
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between the predicted and simulated power was just 0.01. The joint test was nearly as power-
ful as the Monte Carlo interval test and the discrepancy between the simulated and predicted
power averaged only 0.02. The Sobel test was the least powerful and averaged discrepancies
of about 0.06—however, the predicted power of the Sobel test tended to experience larger
discrepancies for smaller school-level sample sizes than larger school-level sample sizes (see
Table 1). For type one error rates (Table 2), the results suggested that all tests maintained
rates lower than the adopted 5% level—our formulations accurately predicted these less than
nominal rates for the Monte Carlo interval test and the joint test but the predictions were
less precise for the Sobel test because of its reliance on the normal distribution for the indir-
ect effect as its reference point.

Recent research probing indirect effects has emphasized the stringent assumptions
required to causally identify indirect effects (e.g., VanderWeele et al., 2013). As noted
earlier, two key assumptions supporting the interpretation of indirect effects are sequen-
tial ignorability and no treatment by mediator interaction. Our simulations additionally
probed the sensitivity of our results to violations of no mediator-outcome confounding
variable assumption and the no treatment-by-mediator interaction assumption we
invoked in our formulation. We generated two additional types of simulations: (a) a
mediator and outcome that was a function of an unobserved variable u (with coefficient
U for both responses ranging from 0.1 to 0.5) and (b) an outcome that was a function
of an interaction between the mediator and treatment (with coefficient D ranging from
0.1 to 0.3). We then predicted the power rates using the aforementioned expressions
that omit the consideration of the unobserved variable and interaction. The results are
outlined in Supplementary Tables A1 and A2 by the magnitude of the coefficients. The
results suggest that discrepancies between the predicted and true power were propor-
tional to the magnitude of the coefficients. Under most instances, the formulas still pro-
vide a reasonable approximation of power (e.g., within 5% of the true value). However,
when the magnitude of the coefficient for the unobserved variable or for the interaction
is large (e.g., 0.5) the discrepancies can rise to 10% or 15%. Collectively, the results sug-
gest that consideration of the assumptions for a given study is critical because violations
have the potential to undermine the validity and utility of the formulas and present mis-
leading estimates of power.

Table 2. Simulated and predicted type one error rates for 3-2-1 mediation.

n3 n2 n1 a B qL3Y qL2Y qM R2YL3z R2YL2z R2YL1z R2ML3
z

R2ML2
z

dSobel Sobel dJoint Joint cMC MC

40 30 4 20 0 0.3 0.29 0.23 0.29 0.73 0.73 0.09 0.51 0.24 0.05 0 0.03 0.01 0.01 0.01
41 50 4 20 0 0.3 0.28 0.23 0.28 0.73 0.74 0.09 0.5 0.24 0.05 0.01 0.05 0.02 0.02 0.02
42 60 4 20 0 0.3 0.28 0.23 0.28 0.73 0.73 0.09 0.5 0.24 0.05 0.01 0.05 0.02 0.02 0.02
43 80 4 20 0 0.3 0.28 0.23 0.28 0.73 0.73 0.09 0.5 0.23 0.05 0.01 0.05 0.03 0.03 0.03
44 100 4 20 0 0.3 0.28 0.23 0.27 0.73 0.73 0.09 0.5 0.24 0.05 0.02 0.05 0.02 0.03 0.03
45 200 4 20 0 0.3 0.28 0.23 0.28 0.73 0.73 0.09 0.5 0.24 0.05 0.02 0.05 0.03 0.03 0.03
46 30 4 20 0.5 0 0.2 0.23 0.31 0.67 0.71 0.09 0.43 0.24 0.05 0.01 0.02 0.02 0.01 0.02
47 50 4 20 0.5 0 0.2 0.23 0.31 0.66 0.71 0.09 0.42 0.23 0.05 0.01 0.04 0.02 0.01 0.02
48 70 4 20 0.5 0 0.2 0.23 0.3 0.66 0.71 0.09 0.42 0.24 0.05 0.01 0.04 0.02 0.03 0.02
49 100 4 20 0.5 0 0.2 0.23 0.31 0.66 0.71 0.09 0.44 0.24 0.05 0.01 0.05 0.03 0.02 0.03
50 200 4 20 0.5 0 0.2 0.23 0.31 0.66 0.71 0.09 0.43 0.24 0.05 0.01 0.05 0.02 0.03 0.02
51 30 4 20 0 0 0.2 0.22 0.27 0.67 0.71 0.09 0.5 0.24 0.05 0 0 0 0 0
52 50 4 20 0 0 0.19 0.23 0.28 0.65 0.71 0.09 0.49 0.23 0.05 0 0 0 0 0
53 100 4 20 0 0 0.2 0.23 0.28 0.66 0.71 0.09 0.5 0.24 0.05 0 0 0 0 0

Ave 0.05 0.01 0.03 0.02 0.02 0.02
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Example

Consider an example study that intends to use a school-randomized design to probe the
impact of an early elementary professional development program in reading (intervention)
on student reading achievement (outcome) as it operates through improvements in teacher
knowledge (mediator). Based on prior literature, presume that we anticipate that the out-
come (achievement) variance attributable to schools is 0.15, to teachers is 0.15 and to stu-
dents is 0.70 while the mediator (teacher knowledge) variance attributable to schools is 0.20
and teachers is 0.80 (e.g., Hedges & Hedberg, 2007; Kelcey & Phelps, 2013a; Kelcey, Shen, &
Spybrook, 2016; Westine et al., in review). Further, assume that we intend to secure several
covariates in our data collection efforts including pretests for students and teachers. We
anticipate that together the covariates will predict roughly 25% of the variance at each level
for the mediator and outcome (e.g., Hedges & Hedberg, 2007; Kelcey & Phelps, 2013b;
Westine et al., in review). Based on previous research and pilot studies, presume we would
like to design a study to detect a total or main effect as small as 0.25 (standardized difference
between conditions) with the impact of the professional development program on teacher
knowledge (mediator) as 0.50 (standardized difference between conditions) and the condi-
tional association between teacher knowledge and student achievement (standardized regres-
sion coefficient scale) as 0.30 such that the indirect effect is 0.5� 0.3¼ 0.15 (e.g., Kowalski
et al., 2019; Phelps, Kelcey, Jones, & Liu, 2016; Scher & O’Reilly, 2009). Further, assume that
the direct effect of the program on student achievement is c0 ¼ 0.10 such that a simple
decomposition of the total effect (c) is 0.25¼ 0.5� 0.3þ 0.1 (c¼ aBþ c0). That is, let a¼ 0.5,
B¼ 0.30 b2 ¼ 0.1, c0¼0.10 R2

YL3
z
¼ R2

YL2
z
¼ R2

YL1
z
¼ R2

ML3
z
¼ R2

ML2
z
¼ 0:25: If we plan to sample

20 students per teacher (n1), four teachers per school (n2), how many schools do we need to
yield approximately 80% power?

To identify the requisite school-level sample size, we carry out the analyses using the
R package PowerUpR and the corresponding Shiny application PowerUpR Shiny (https://
poweruprshiny.shinyapps.io/v104). Figure 2a outlines the resulting power functions for
the example by detailing the power for the Sobel (long-dash curve), joint (short-dash
curve), and Monte Carlo interval tests (solid line curve) for the indirect effect as a func-
tion of school-level sample size (n3). Our application indicates that under the Monte
Carlo interval and joint tests roughly 54 schools would yield a power level close to 0.80.
For the Sobel test we would need nearly 80 schools. Although not shown here, power
analysis for the main effect under the same conditions indicated that 80 schools would
be needed to achieve power of approximately 0.80. Hence if the study was adequately
powered to detect the main effect of treatment, it would also be powered to detect the
indirect effect, particularly under the Monte Carlo and joint tests.

Careful design practice suggests the consideration of a plausible range of parameter
values to gauge the sensitivity of the results to fallible estimates (e.g., Cox & Kelcey,
2019). For instance, prior research has suggested that statistical power can be sensitive
to the assumed values of the intraclass correlation and variance explained coefficients
(e.g., Hedges & Hedberg, 2007). In Supplementary Figure A1, we probe this sensitivity
for our illustrative analysis by considering a plausible range of values for these parame-
ters (i.e., intraclass correlation coefficient values between 0.10 and 0.25 and variance
explained values between 0.10 and 0.50). The results suggested that the requisite school
sample size was fairly insensitive to errors in the variance explained parameters but
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sensitive to errors in the intraclass correlation coefficient parameters (see Supplementary
Figure A1). In the extreme case, intraclass correlation coefficients of about 0.25 would
drive the requisite sample size to 76 schools.

3-2-2-1 Sequential Mediation

We next extend our analyses to the case of a 3-2-2-1 sequential mediation design to
probe the progression of teacher development using a sequence of intermediate teacher
variables. As outlined earlier, a key application of this design arises when schools are
assigned to participate in a professional development program or comparison condition
and the program is expected to first change teacher knowledge, which in turn is
expected to improve the type or quality of instruction teachers offer, which then is
expected to advance student outcomes (e.g., Desimone, 2009). One recent example of
this type of study was a cluster-randomized trial designed to assess the impact of a
Content-Focused Coaching professional development program on reading achievement
for fourth and fifth grade students (Matsumura, Garnier, & Spybrook, 2013). The
Content-Focused Coaching program drew on instructional coaches to provide teachers
training to improve their literacy content knowledge. The expectation was that the new
content knowledge for teachers would increase teachers’ capacity to facilitate high-
quality text discussions during their instruction which would lead to increased reading
achievement for students. The resulting study can be described as a type of 3-2-2-1
sequential mediation design (Figure 1b).

Given multiple mediators, there are multiple types of indirect effects that can be
of interest (Daniel, Stavola, Cousens, & Vansteelandt, 2015). Our focus on the pro-
gression of teacher development processes targets the three-path or sequential indir-
ect effect transmitted successively through the first (e.g., knowledge) and second
(e.g., instruction) mediators to the outcome (tracing the a1D21B

(2) paths in Figure
1b; Taylor, MacKinnon, & Tein, 2008). Using previous notation, our targeted
sequential indirect effect is:

Figure 2. Power as a function of the number of schools for (a) 3-2-1 and (b) 3-2-2-1 under the Sobel
test (long dash), Joint test (short dash) and Monte Carlo interval test (solid line).
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E½Yijkð1,Mð1Þ
jk ð1Þ, f ðMð1Þ

�jkð1ÞÞ,Mð2Þ
jk ð1,Mð1Þ

jk ð1ÞÞ, f ðMð2Þ
�jkð1, f ðMð1Þ

�jkð1ÞÞÞÞÞ
�Yijkð1,Mð1Þ

jk ð1Þ, f ðMð1Þ
�jkð1ÞÞ,Mð2Þ

jk ð1,Mð1Þ
jk ð0ÞÞ, f ðMð2Þ

�jkð1, f ðMð1Þ
�jkð0ÞÞÞÞÞ�

(26)

with Mð1Þ
jk and Mð2Þ

jk as the first (e.g., knowledge) and second (e.g., instruction) mediators
and f ðMð1Þ

�jkÞ and f ðMð2Þ
�jkÞ as scalar functions of the vector of other teachers’ first and

second mediator values within a school.
Causal interpretation of mediation analyses with multiple sequential mediators is

notoriously complex and identification of indirect effects and path-specific effects
requires a list of formidable assumptions that additionally require a set of parametric
modeling suppositions to make estimation tractable (e.g., Daniel et al., 2015; Steen,
Loeys, Moerkerke, & Vansteelandt, 2017; Taylor et al., 2008). For the indirect effect we
target, these assumptions include each of those in the 3-2-1 case along with their multi-
variate extensions. However, identification also requires more complex versions of
sequential ignorability and no interactions (e.g., between the treatment and either medi-
ator or between mediators). For a comprehensive analysis of the identifiability of effects
see, for example, Daniel et al. (2015) and Steen et al. (2017).

To make study planning tractable here, we accept these assumptions and operational-
ize them using parametric linear structural equation models to identify path–specific
effects (e.g., Taylor et al., 2008). However, we again caution that the veracity of this
approach and the causal interpretation of parameter estimates are deeply dependent on
the validity of assumptions and the assumed parametric form. Close scrutiny of each of
the assumptions and careful development of models is a critical precondition to the
planning and use of our subsequent developments regarding power and sample sizes.

Expanding our previous 3-2-1 models, we now consider a larger system of equations
to describe the relationships and theory of action among the treatment, mediators, and
outcome (Taylor et al., 2008). Assuming additivity and constant effects, we specify the
model for the first or proximal mediator (e.g., teacher knowledge) as:

Mð1Þ
jk ¼ pð1Þ0k þ pð1Þ1 ð�Xjk��XkÞ þ pð1Þ2 ðWjk� �WkÞ þ pð1Þ3 Qjk þ eM

ð1Þ
jk eM

ð1Þ
jk ~Nð0, r2

Mð1Þ
j
Þ

pð1Þ0k ¼ fð1Þ00 þ a1Tk þ fð1Þ01
�Xk þ fð1Þ02

�Wk þ fð1Þ03 Zk þ uM
ð1Þ

0k uM
ð1Þ

0k ~Nð0, s2
Mð1Þ

j
Þ (27)

Notation remains unchanged from the 3-2-1 analysis except that we now introduce super-
scripts to denote the model focus on the first or proximal mediator (e.g., knowledge) and a
subscript on the impact coefficient (a1) to quantify the direct effect of the program on the
first mediator.

For the second or distal mediator (e.g., instruction), we specify the model as follows:

Mð2Þ
jk ¼ pð2Þ0k þ d21ðMð1Þ

jk � �Mð1Þ
k Þ þ pð2Þ1 ð�Xjk��XkÞ þ pð2Þ2 ðWjk� �WkÞ þ pð2Þ3 Qjk þ eM

ð2Þ
jk eM

ð2Þ
jk ~Nð0, r2

Mð2Þ
j
Þ

pð2Þ0k ¼ fð2Þ00 þ D21 �M
ð1Þ
k þ a2Tk þ fð2Þ01

�Xk þ fð2Þ02
�Wk þ fð2Þ03 Zk þ uM

ð2Þ
0k uM

ð2Þ
0k ~Nð0, s2

Mð2Þ
j
Þ (28)

We expand previous notation to introduce Mð2Þ
jk as the value of the second mediator

(e.g., instruction) for teacher j in school k, D21 as the total association between the
mediators with d21 as the teacher-level component and a2 as the direct effect of the pro-
gram on the second mediator.
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Last, we specify the outcome model (e.g., student achievement) as:

Yijk ¼ b0jk þ b1ðXijk��XjkÞ þ b2Vijk þ eYijk eYijk ~Nð0, r2YjÞ
b0jk ¼ c00k þ bð2Þ2 ðMð2Þ

jk � �Mð2Þ
k Þ þ bð1Þ2 ðMð1Þ

jk � �Mð1Þ
k Þ þ c01ð�Xjk��XkÞ

þc02ðWjk� �WkÞ þ c03Qjk þ uY0jk uY0jk ~Nð0, s2YjÞ
c00k ¼ f0 þ Bð2Þ �Mð2Þ

k þ Bð1Þ �Mð1Þ
k þ c0Tk þ n1�Xk þ n2 �Wk þ n3Zk þ vY00k vY00k ~Nð0, t2YjÞ

(29)

Once again, we expand the previous notation and introduce Bð2Þ to capture the total
conditional association between the outcome and the second mediator with bð2Þ2 as the
teacher-level component of that relationship and Bð1Þ to capture the total conditional
association between the outcome and the first mediator with bð1Þ2 as the teacher-level
component of that relationship.

Under no interactions among the treatment, first, and second mediators, the sequen-
tial indirect effect can be estimated as a1D21Bð2Þ (Taylor et al., 2008). In terms of our
professional development example, this sequential indirect effect describes how partici-
pation in a professional development program induces a change in teachers’ knowledge
in ways that yield higher-quality instruction and subsequently manifest as improvements
in student achievement.

Error Variance

Similar to the 3-2-1 case, a good approximation to the variance of the sequential indir-
ect effect is (e.g., Taylor et al., 2008):

r2a1D21Bð2Þ ¼ a21D
2
21r

2
Bð2Þ þ a21ðBð2ÞÞ2r2D21

þ D2
21ðBð2ÞÞ2r2a1 (30)

where r2a1 , r2D21
and r2Bð2Þ are the error variances of the respective path coefficients. In

turn, analytic expressions approximating each of the path error variances can be
obtained using the expected information. For the a1 path, the error variance (r2a1 ) is:

r2a1 ¼
s2
Mð1Þ

j
þ r2

Mð1Þ
j
=n2

n3pð1� pÞ

0@ 1A ¼
s2Mð1Þ ð1�R2

Mð1Þ
L3

Þ þ 1�R2
Mð1Þ

L2

� �
r2Mð1Þ=n2

n3pð1� pÞ

0@ 1A
(31)

The notation is adapted from Equation (12) in a straightforward manner. The
variance explained in the first mediator at the school- (R2

Mð1Þ
L3

) and teacher-level
(R2

Mð1Þ
L2

) can be unpacked as follows:

R2
Mð1Þ

L3

¼ R2
Mð1Þ

L3~Z

þ pð1�pÞa21
s2
Mð1Þ

and R2
Mð1Þ

L2

¼ R2
Mð1Þ

L2~Z

(32)

with R2
Mð1Þ

L3~Z

and R2
Mð1Þ

L2~Z

as the variance explained by covariates at the respective level.

Similarly, the error variance for D21 path (r2D21
) reduces to:

r2D21
¼

s2
Mð2Þ

j
þ r2

Mð2Þ
j
=n2

n3r2Tð1� R2
TÞ

0@ 1A ¼
s2Mð2Þ ð1�R2

Mð2Þ
L3

Þ þ ð1�R2
Mð2Þ

L2

Þr2Mð2Þ=n2

n3ðs2Mð1Þ ð1� R2
Mð1Þ

L3

Þ þ ð1� R2
Mð1Þ

L2

Þr2
Mð1Þ=n2Þ

0@ 1A (33)

Here R2
Mð2Þ

L3

and R2
Mð2Þ

L2

describe the variance explained in the second mediator at the

school- and teacher-level by covariates, the treatment, and the first mediator. They can
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be further evaluated as:

R2
Mð2Þ

L3

¼ R2
Mð2Þ

L3~Z

þ pð1�pÞða1D21 þ a2Þ2
s2Mð2Þ

þ s2Mð1Þ þ r2Mð1Þ=n2
s2Mð2Þ

D2
21ð1�R2

Mð1Þ
L3

Þ

R2
Mð2Þ

L2

¼ R2
Mð2Þ

L2~Z

þ r2Mð1Þ

r2
Mð2Þ

 !
d221ð1�R2

Mð1Þ
L2~Z

Þ
(34ab)

Last, the error variance for B(2) path (r2D21
) is

r2Bð2Þ ¼
t2Yj þ s2Yj=n2 þ r2Yj=ðn2n1Þ

n3ðs2
Mð2Þ

j
þ r2

Mð2Þ
j
=n2Þ ¼ t2Yð1�R2

YL3Þ þ s2Yð1�R2
YL2Þ=n2 þ ð1�R2

YL1Þr2Y=ðn2n1Þ
n3ðs2Mð2Þ ð1� R2

M
ð2Þ
L3

Þ þ ð1� R2
M

ð2Þ
L2

Þr2
Mð2Þ=n2Þ

(35)

where the outcome variance explained terms (R2
Y) include the contributions of both

mediators (e.g., R2
YL3 includes the contributions of �Mð2Þ, �M ð1Þ, T, and covariates) and

the terms describing the variance explained in the second mediator (R2
Mð2Þ) include the

contributions of the first mediator (e.g., R2
Mð2Þ

L3

includes the contributions of �M ð1Þ, T, and
covariates). The variances explained can be approximated as follows:

R2
YL3 ¼ R2

YL3
~Z

þ R2
YL3
T
þ R2

YL3

Mð1Þ jT~z
þ R2

YL3

Mð2Þ jMð1ÞT~Z
(36)

with

R2
YL3
T
¼ pð1�pÞða1Bð1Þ þ a2B

ð2Þ þ a1D21Bð2Þ þ c0Þ2
t2Y

R2
YL3

Mð1Þ jTZ
¼ s2Mð1Þ þ r2Mð1Þ=n2

t2Y
ðD21B

ð2Þ þ Bð1ÞÞ2ð1�R2
Mð1Þ

L3

Þ

R2
YL3

Mð2Þ jMð1ÞTZ
¼ s2Mð2Þ þ r2Mð2Þ=n2

t2Y
ðBð2ÞÞ2 1�R2

Mð2Þ
L3

s2Mð2Þ

s2
Mð2Þ þ r2

Mð2Þ=n2

 ! ! (37)

At the teacher-level, the variance explained expands to:

R2
YL2 ¼ R2

YL2
~Z

þ r2Mð1Þ

s2Y
ðd21bð2Þ2 þ bð1Þ2 Þ2ð1�R2

Mð1Þ
L2

Þ þ r2Mð2Þ

s2Y
ðbð2Þ2 Þ2ð1�R2

Mð2Þ
L2

Þ (38)

Hypothesis Tests and Power

Sobel Test
The power of the Sobel test for the 3-2-2-1 indirect effect can be approximated using:

PðjzSobela1D21Bð2Þ j>zcriticalÞ ¼ 1�Uðzcritical�zSobela1D21Bð2Þ Þ þ Uð�zcritical�zSobela1D21Bð2Þ Þ (39)

with zSobela1D21Bð2Þ ¼ a1D21Bð2Þ=ra1D21Bð2Þ and ra1D21Bð2Þ as the square root of the error variance.

Joint Test
We can similarly expand the joint test for the 3-2-2-1 indirect effect by testing each of
the constituent paths. The test statistics for each path are as follows:

ta1 ¼ a1=ra1 and tD21
¼ D21=rD21

and tBð2Þ ¼ Bð2Þ=rBð2Þ (40)
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For each of these sub-tests, we use a referent t-distribution with degrees of freedom
equal to n3-C-1 where C is the number of school-level predictors in the specific model
(Raudenbush & Bryk, 2002; Kenny & Judd, 2014). The power of two-sided tests to
detect the indirect effect (i.e., both paths concurrently nonzero) is the product of the
power to detect the intervention-mediator path and the power to detect the correspond-
ing mediator-outcome path:

Pðjta1 j>tcritical&jtD21
j>tcritical&jtBð2Þ j>tcriticalÞ

¼ ð1�tðtcritical�ta1Þ þ tð�tcritical�ta1ÞÞ � ð1�tðtcritical�tD21
Þ

þtð�tcritical�tD21
ÞÞ � ð1�tðtcritical�tBð2Þ Þ þ tð�tcritical�tBð2Þ ÞÞ

(41)

where t is the appropriate cumulative t density function and tcritical is the corresponding
critical value for the appropriate n3-C-1 degrees of freedom depending on the
path model.

Monte Carlo Interval Test
We can further expand the Monte Carlo interval test by drawing plausible values for
each path using:

a�1
D�

21
Bð2Þ�

0@ 1A�tn3�C�1

â1
D̂21

B̂
ð2Þ

0B@
1CA,

r̂2
â1 r̂â1D̂21

r̂
â1B̂

ð2Þ

r̂ â1D̂21
r̂2
D̂21

r̂
D̂21B̂

ð2Þ

r̂
â1B̂

ð2Þ r̂
D̂21B̂

ð2Þ r̂2

B̂
ð2Þ

0BBB@
1CCCA

26664
37775 (42)

Inferences regarding the sequential indirect effect are then made on the basis of
whether the simulated asymmetric confidence intervals exclude zero. The statistical
power of the test is the proportion of asymmetric confidence intervals (e.g., 95%) that
exclude zero.

Simulation

We evaluated our 3-2-2-1 power formulas via simulation using the same structure out-
lined in the 3-2-1 case. The results are summarized in Table 3 (power) and Table 4
(type one error). Similar to the 3-2-1 results, we consistently saw a good correspondence
between the predicted and simulated rates for the Monte Carlo and joint tests but only
moderate and at times uneven correspondence for the Sobel test. Overall, the Monte
Carlo interval test demonstrated the most consistent accuracy and robustness across
conditions and is recommended.

Example

Continuing with our earlier 3-2-1 example, let us now introduce instruction as the
second or distal mediator. That is, we would like to design a study that intends to use a
school-randomized design to probe the impact of an early elementary professional
development program in reading (intervention) by examining how it produces changes
in teacher knowledge (proximal mediator) which are then passed on to improve instruc-
tion (distal mediator), which in turn advances student reading achievement (outcome;
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Table 3. Power for 3-2-2-1 mediation.

n3 n2 n1 a1 a2 B1 B2 D21 qL3Y qL2Y qMð1Þ qMð2Þ R2YL3z R2YL2z R2YL1z R2
Mð1ÞL3

z
R2
Mð1ÞL2

z
R2
Mð2ÞL3

z
R2
Mð2ÞL2

z

dSobel Sobel dJoint Joint cMC MC

40 4 20 0.29 0.21 0.24 0.33 0.22 0.28 0.15 0.27 0.3 0.38 0.43 0.02 0.14 0.07 0.19 0.11 0.16 0 0.19 0.23 0.17 0.18
60 4 20 0.29 0.22 0.25 0.32 0.22 0.28 0.15 0.27 0.29 0.39 0.43 0.02 0.15 0.07 0.2 0.11 0.23 0.02 0.45 0.49 0.43 0.44
80 4 20 0.29 0.21 0.25 0.33 0.23 0.28 0.15 0.27 0.3 0.39 0.43 0.02 0.15 0.07 0.2 0.11 0.31 0.08 0.68 0.67 0.66 0.67
100 4 20 0.29 0.21 0.25 0.33 0.23 0.28 0.15 0.27 0.3 0.4 0.43 0.02 0.16 0.07 0.21 0.11 0.37 0.17 0.81 0.81 0.81 0.81
60 2 20 0.28 0.21 0.24 0.33 0.22 0.31 0.14 0.27 0.29 0.4 0.43 0.02 0.16 0.07 0.21 0.11 0.19 0.01 0.38 0.38 0.36 0.36
60 4 20 0.29 0.21 0.24 0.33 0.22 0.24 0.12 0.18 0.22 0.48 0.55 0.02 0.23 0.07 0.28 0.1 0.26 0.04 0.52 0.56 0.52 0.52
70 10 10 0.28 0.21 0.24 0.33 0.22 0.26 0.16 0.27 0.3 0.4 0.44 0.02 0.15 0.07 0.19 0.11 0.3 0.08 0.60 0.62 0.58 0.60
80 4 20 0.29 0.21 0.24 0.32 0.22 0.23 0.12 0.18 0.22 0.48 0.56 0.02 0.23 0.06 0.28 0.10 0.34 0.11 0.70 0.72 0.70 0.70
150 10 20 0.29 0.21 0.25 0.33 0.22 0.26 0.15 0.27 0.29 0.41 0.43 0.02 0.16 0.07 0.2 0.11 0.58 0.64 0.95 0.95 0.95 0.95
60 4 20 0.29 0.21 0.16 0.44 0.22 0.29 0.15 0.27 0.3 0.39 0.43 0.02 0.15 0.07 0.19 0.11 0.24 0.04 0.48 0.51 0.47 0.48
50 2 20 0.29 0.22 0.29 0.3 0.15 0.36 0.18 0.06 0.1 0.75 0.87 0.34 0 0.5 0.26 0.55 0.12 0 0.15 0.06 0.14 0.10
50 4 20 0.29 0.22 0.3 0.31 0.15 0.32 0.19 0.08 0.12 0.78 0.87 0.34 0.36 0.52 0.49 0.56 0.15 0 0.21 0.17 0.2 0.17
80 4 20 0.29 0.22 0.3 0.31 0.15 0.32 0.19 0.08 0.12 0.78 0.87 0.34 0.36 0.52 0.49 0.56 0.23 0.03 0.38 0.35 0.39 0.37
80 4 10 0.15 0.11 0.27 0.27 0.15 0.55 0.28 0.34 0.41 0.96 0.97 0.34 0.94 0.63 0.95 0.67 0.14 0 0.26 0.27 0.24 0.23
20 6 20 0.15 0.11 0.28 0.27 0.15 0.54 0.28 0.35 0.41 0.97 0.97 0.34 0.94 0.62 0.95 0.66 0.06 0 0.01 0.01 0.01 0
30 4 10 0.15 0.11 0.27 0.27 0.15 0.55 0.28 0.34 0.41 0.96 0.97 0.34 0.94 0.63 0.95 0.67 0.07 0 0.03 0.03 0.02 0.01
40 6 10 0.28 0.21 0.24 0.33 0.22 0.27 0.15 0.27 0.29 0.39 0.44 0.02 0.15 0.07 0.2 0.11 0.17 0 0.20 0.24 0.18 0.19
40 4 20 0.27 0.2 0.23 0.31 0.22 0.44 0.27 0.35 0.38 0.88 0.83 0.16 0.63 0.41 0.7 0.52 0.17 0.01 0.23 0.25 0.21 0.21
30 4 20 0.23 0.16 0.2 0.29 0.35 0.56 0.3 0.41 0.55 0.96 0.95 0.43 0.87 0.74 0.91 0.79 0.21 0.01 0.27 0.23 0.26 0.22
30 4 20 0.29 0.21 0.22 0.3 0.22 0.29 0.21 0.1 0.09 0.88 0.93 0.33 0.62 0.69 0.64 0.62 0.12 0 0.01 0.05 0.10 0.07
40 4 20 0.29 0.21 0.22 0.29 0.22 0.29 0.21 0.1 0.08 0.88 0.93 0.33 0.63 0.69 0.66 0.62 0.16 0.01 0.17 0.11 0.16 0.15
60 4 20 0.29 0.21 0.22 0.29 0.22 0.29 0.21 0.09 0.08 0.88 0.93 0.33 0.63 0.69 0.65 0.62 0.23 0.05 0.31 0.26 0.33 0.31
80 4 20 0.29 0.21 0.22 0.29 0.22 0.29 0.21 0.09 0.08 0.88 0.93 0.33 0.63 0.69 0.65 0.62 0.30 0.12 0.44 0.37 0.45 0.44
100 4 20 0.29 0.21 0.22 0.29 0.22 0.29 0.21 0.09 0.08 0.88 0.93 0.33 0.62 0.69 0.66 0.62 0.35 0.20 0.53 0.51 0.52 0.55
30 4 20 0.34 0.22 0.42 0.67 0.58 0.09 0.13 0.12 0.11 0.45 0.66 0.59 0.50 0.69 0.59 0.18 0.19 0.08 0.14 0.09 0.14 0.15
40 4 20 0.34 0.22 0.43 0.66 0.58 0.09 0.13 0.12 0.1 0.46 0.66 0.59 0.49 0.69 0.62 0.18 0.24 0.14 0.23 0.18 0.23 0.23
60 4 20 0.34 0.22 0.43 0.66 0.58 0.09 0.13 0.11 0.1 0.46 0.65 0.59 0.49 0.69 0.66 0.17 0.36 0.29 0.40 0.33 0.41 0.41
80 4 20 0.34 0.22 0.43 0.66 0.58 0.09 0.13 0.11 0.1 0.45 0.66 0.59 0.48 0.69 0.67 0.17 0.47 0.45 0.54 0.50 0.56 0.58
100 4 20 0.34 0.22 0.42 0.66 0.58 0.09 0.13 0.11 0.1 0.46 0.66 0.59 0.50 0.69 0.67 0.17 0.57 0.60 0.65 0.63 0.65 0.69
200 4 20 0.34 0.22 0.43 0.66 0.59 0.09 0.13 0.11 0.1 0.46 0.65 0.59 0.49 0.69 0.7 0.17 0.87 0.93 0.93 0.94 0.93 0.95
30 2 10 0.35 0.22 0.37 0.62 0.53 0.12 0.12 0.08 0.14 0.33 0.62 0.59 0.19 0.69 0.42 0.19 0.15 0.03 0.08 0.03 0.08 0.07
40 2 10 0.34 0.23 0.37 0.61 0.55 0.12 0.12 0.07 0.13 0.32 0.63 0.59 0.09 0.69 0.43 0.19 0.21 0.08 0.15 0.07 0.15 0.11
60 2 10 0.35 0.22 0.37 0.6 0.55 0.12 0.12 0.07 0.12 0.33 0.62 0.59 0.06 0.69 0.49 0.18 0.31 0.16 0.32 0.18 0.32 0.28
80 2 10 0.35 0.22 0.37 0.59 0.56 0.12 0.12 0.06 0.11 0.34 0.62 0.59 0.08 0.69 0.53 0.18 0.40 0.27 0.47 0.29 0.46 0.41
100 2 10 0.35 0.22 0.36 0.59 0.55 0.12 0.12 0.06 0.11 0.34 0.62 0.59 0.11 0.69 0.54 0.18 0.48 0.37 0.58 0.44 0.59 0.51
200 2 10 0.35 0.22 0.36 0.59 0.55 0.12 0.12 0.04 0.11 0.34 0.62 0.59 0.39 0.69 0.59 0.18 0.80 0.78 0.90 0.78 0.91 0.83
30 2 5 0.35 0.21 0.37 0.62 0.53 0.12 0.1 0.08 0.14 0.34 0.56 0.59 0.17 0.69 0.42 0.19 0.16 0.03 0.08 0.04 0.09 0.07
40 2 5 0.35 0.21 0.37 0.61 0.55 0.12 0.1 0.07 0.13 0.33 0.56 0.59 0.08 0.7 0.44 0.19 0.21 0.06 0.16 0.07 0.15 0.12
60 2 5 0.35 0.22 0.37 0.6 0.55 0.12 0.1 0.06 0.12 0.34 0.56 0.59 0.03 0.7 0.49 0.19 0.30 0.15 0.31 0.17 0.30 0.26
80 2 5 0.35 0.22 0.36 0.6 0.55 0.12 0.1 0.05 0.11 0.34 0.56 0.59 0.14 0.7 0.52 0.19 0.40 0.27 0.46 0.29 0.45 0.40
100 2 5 0.35 0.21 0.36 0.59 0.55 0.12 0.1 0.05 0.11 0.34 0.55 0.59 0.21 0.7 0.54 0.19 0.48 0.37 0.59 0.45 0.58 0.53
200 2 5 0.35 0.22 0.36 0.59 0.55 0.12 0.1 0.04 0.11 0.34 0.56 0.59 0.6 0.7 0.58 0.18 0.80 0.78 0.91 0.81 0.91 0.84
40 2 5 0.57 0.28 0.32 0.65 0.75 0.39 0.07 0.1 0.26 0.39 0.56 0.59 0.08 0.7 0.53 0.19 0.51 0.39 0.55 0.40 0.56 0.48
60 2 5 0.57 0.29 0.32 0.64 0.74 0.39 0.07 0.09 0.26 0.4 0.55 0.59 0.16 0.7 0.56 0.18 0.70 0.64 0.77 0.64 0.79 0.70
80 2 5 0.58 0.29 0.32 0.64 0.75 0.39 0.07 0.08 0.25 0.39 0.56 0.59 0.27 0.7 0.56 0.18 0.84 0.79 0.90 0.79 0.91 0.85
100 2 5 0.58 0.29 0.32 0.64 0.74 0.39 0.07 0.08 0.25 0.39 0.56 0.59 0.31 0.7 0.57 0.17 0.92 0.88 0.96 0.86 0.96 0.89
30 4 5 0.56 0.3 0.39 0.73 0.81 0.31 0.08 0.14 0.22 0.44 0.57 0.59 0.31 0.71 0.55 0.18 0.44 0.37 0.45 0.40 0.49 0.48
40 4 5 0.56 0.3 0.39 0.72 0.81 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.3 0.71 0.56 0.18 0.57 0.58 0.61 0.59 0.64 0.65
60 4 5 0.56 0.3 0.39 0.72 0.82 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.32 0.71 0.57 0.18 0.77 0.83 0.82 0.84 0.84 0.86
80 4 5 0.56 0.3 0.39 0.73 0.81 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.31 0.71 0.57 0.18 0.88 0.93 0.92 0.94 0.93 0.94
100 4 5 0.56 0.3 0.39 0.73 0.81 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.31 0.71 0.57 0.18 0.94 0.98 0.97 0.98 0.97 0.98
200 4 5 0.56 0.3 0.39 0.73 0.81 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.31 0.71 0.57 0.18 1 1 1 1 1 1
500 4 5 0.56 0.3 0.39 0.73 0.81 0.31 0.08 0.14 0.22 0.45 0.57 0.59 0.31 0.71 0.57 0.18 1 1 1 1 1 1

Ave 0.40 0.30 0.49 0.45 0.49 0.47

Table 4. Type one error rates for 3-2-2-1 mediation.
n3 n2 n1 a1 a2 B1 B2 D21 qL3Y qL2Y qMð1Þ qMð2Þ R2YL3z R2YL2z R2YL1z R2

Mð1ÞL3
z

R2
Mð1ÞL2

z
R2
Mð2ÞL3

z
R2
Mð2ÞL2

z

dSobel Sobel dJoint Joint cMC MC

60 4 20 0 0 0 0 0 0.09 0.1 0.13 0.13 0.48 0.55 0.02 0.33 0.07 0.33 0.07 0 0.01 0 0 0 0
40 6 10 0.29 0.21 0 0 0.22 0.13 0.14 0.27 0.3 0.31 0.39 0.02 0.15 0.07 0.19 0.11 0.05 0 0.01 0.01 0 0.01
40 6 10 0 0 0.24 0.33 0.22 0.24 0.16 0.22 0.24 0.47 0.44 0.02 0.2 0.07 0.28 0.11 0.05 0 0.02 0.01 0.01 0
60 6 20 0.29 0.21 0.25 0 0.22 0.18 0.17 0.27 0.29 0.37 0.43 0.02 0.15 0.07 0.2 0.11 0.03 0 0.03 0.02 0.01 0.01
60 4 20 0 0 0.24 0.33 0.22 0.26 0.15 0.22 0.24 0.45 0.43 0.02 0.2 0.07 0.28 0.11 0.05 0 0.03 0.01 0.01 0.01
60 4 20 0.27 0.21 0.23 0.31 0 0.41 0.27 0.34 0.35 0.89 0.83 0.16 0.63 0.41 0.63 0.41 0.02 0 0.04 0.02 0.02 0.02
80 4 20 0.27 0.21 0.23 0.3 0 0.41 0.27 0.34 0.34 0.89 0.83 0.16 0.63 0.41 0.63 0.41 0.02 0 0.05 0.02 0.02 0.02
60 2 10 0.35 0.24 0 0 0 0 0.04 0.07 0.05 0.12 0.26 0.59 0.03 0.69 0.01 0.11 0.05 0 0 0 0 0
60 2 10 0.35 0.24 0.44 0.63 0 0.08 0.11 0.07 0.05 0.11 0.61 0.59 0.04 0.69 0.02 0.11 0.02 0.01 0.04 0.01 0.02 0.01
60 2 10 0.35 0.21 0.71 0 0.55 0.01 0.07 0.07 0.12 0.28 0.56 0.59 0.04 0.69 0.49 0.19 0.02 0 0.02 0.01 0.01 0.01

Ave 0.03 0.00 0.02 0.01 0.001 0.01
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Figure 1b). Let us continue with the previous parameter values and further add that
we expect the path coefficients between the mediators to be D21 ¼ 0.5 while that of
instruction and achievement is B(2) ¼ 0.3. That is, let a1 ¼ 0.5, a2 ¼ 0.5, B1¼0.3,

bð2Þ1 ¼ 0:1, B2 ¼ 0.3, bð2Þ2 ¼ 0:1, D21 ¼ 0.3, d21 ¼ 0.1, c0 ¼ 0.1, t2Y ¼ s2Y ¼ 0:15,
r2Y ¼ 0:7, s2Mð1Þ ¼ s2Mð2Þ ¼ 0:2, r2Mð1Þ ¼ r2Mð2Þ ¼ 0:8,R2

YL3
z
¼ R2

YL2
z
¼ R2

YL1
z
¼ R2

Mð1Þ
L3z

¼ R2
Mð1Þ

L2z

¼
R2
Mð2Þ

L3z

¼ R2
Mð2Þ

L2z

¼ 0:50 (e.g., Westine et al., in review). If we sample 20 students per

teacher (n1), 4 teachers per school (n2), how many schools do we need to yield approxi-
mately 80% power to detect the indirect effect? Figure 2b outlines the resulting power
functions for the example by detailing the power for the Sobel (long-dash curve), joint
(short-dash curves), and Monte Carlo interval tests (solid line curve) for the indirect
effect as a function of school-level sample size (n3). Our application indicates that under
the Monte Carlo interval and joint tests roughly 74 schools would yield a power level
close to 0.80. For the Sobel test, we would need nearly 200. Under similar conditions,
we would need only about 28 schools to have a power level of 0.80 to detect the main
effect of 0.445. Supplementary Figure A2 expands these results for plausible ranges of
parameter values and suggests that, for example, the required sample size is likely to be
somewhat insensitive to misspecifications of the variance explained parameters and
somewhat sensitive to misspecifications of the intraclass correlation coeffi-
cient parameters.

Discussion

A common charge of many professional development studies is to establish the mechanisms
through which program content improves teacher preparation and instruction in ways that
advance student learning. This line of inquiry provides a more comprehensive base of evi-
dence because it establishes the extent to which a program shifts primary student outcomes
while detailing how the coordinated theory of teacher development comes to (or fails to)
scaffold the effects of the program through key intermediate teacher outcomes defining a
program’s theory of action (Kelcey et al., 2017; Raudenbush & Sadoff, 2008). In this study,
we advance this line of inquiry by developing tools to guide the design of such studies.

In education experiments, we often see school-level sample sizes of about 30–100 schools
(Spybrook, Shi, & Kelcey, 2016). Our results suggest that with samples of 2 to 4 teachers
per school and 10 to 20 students per teacher, school sample sizes within this range may
often be sufficient for mediation effects when the study is carefully designed. However, the
results also caution that the sample sizes needed to detect mediation effects are not necessar-
ily more or less than the sample size required for the total effect. Differences in the requisite
sample size between the mediation and total effects for a given power level are contingent
upon the values of other parameters—sometimes the mediation effect will require a larger
sample, and under other conditions, the total effect will require a larger sample.

The complex roles and interactions of the parameter values make it difficult to pro-
vide simple design strategies. Although parameters associated with the outcome (e.g.,
outcome variance decomposition, outcome variance explained by covariates) behave
intuitively and similar to their counterparts for the total effect, the roles and influence
of parameters associated with the mediator (e.g., mediator variance decomposition,
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mediator variance explained by covariates) on power were much more complicated and
contingent upon the values of concomitant parameters.

The complicated requirements for a causal interpretation of the indirect effects and
the complex relationships among parameters governing power emphasize the critical
importance of drawing on substantive theory and prior empirical results. A major chal-
lenge in researching indirect effects is that they can only be causally interpreted when
the design controls for variables that buttress sequential ignorability. For instance, our
simulation demonstrated that when a mediator-outcome confounding variable is omit-
ted, the utility of the proposed power analyses is subject to prediction error and is tech-
nically dubious. Even with sequential ignorability in place, the efficacy of the proposed
power analyses still depends on the maturity of the empirical literature surrounding the
targeted intervention, mediator and outcome. In particular, our analyses suggest that the
effective use of formulas will depend heavily on the availability of empirical estimates
of parameters.

Recent literature has developed an increasingly durable base of design parameter val-
ues for planning experiments (e.g., Hedges & Hedberg, 2007; Kelcey & Shen, 2016). To
a large extent, however, these studies have predominantly focused on student outcomes
and this is a limiting factor in the application of our results. Missing from this literature
is, for instance, whether and when we should expect treatment by mediator interaction
effects in teacher development studies and the values of design parameters that envelope
teacher outcomes. That is, while design parameter values associated with student out-
comes are necessary and critical for study design, design parameter values associated
with the teacher and other intermediate outcomes become vital if we are to develop
effective and efficient studies that systematically build a science of teaching
and learning.

Recent research has begun to expand in this direction both in terms of theoretical
frameworks detailing key intermediate teacher outcomes (e.g., teacher knowledge,
instruction; Desimone, 2009; Phelps et al., 2016) and in terms of empirical estimates
(Kelcey & Carlisle, 2013; Kelcey, McGinn, & Hill, 2014; Kelcey & Phelps, 2013b).
However, care is needed in the use of the power expressions and subsequent research is
needed to expand the scope and scale of these initial efforts. More generally, delineating
the sensitivity of power formulas to violations of the assumptions and misspecified par-
ameter values are important areas of research.

To make the results accessible, we have implemented the results in the PowerUpR
package and in a corresponding Shiny application (https://poweruprshiny.shinyapps.io/
v104). The Shiny application draws on a simple web-based user-interface that requires
the user to input prospective parameter values and returns power and sample size esti-
mates for total, mediation, and moderation effects for a wide range of experimental and
quasi-experimental study designs.
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