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Simultaneous Sparse Recovery and
Blind Demodulation

Youye Xie
and Gongguo Tang

Abstract—The task of finding a sparse signal decomposition in
an overcomplete dictionary is made more complicated when the
signal undergoes an unknown modulation (or convolution in the
complementary Fourier domain). Such simultaneous sparse recov-
ery and blind demodulation problems appear in many applications
including medical imaging, super resolution, self-calibration, etc.
In this paper, we consider a more general sparse recovery and blind
demodulation problem in which each atom comprising the signal
undergoes a distinct modulation process. Under the assumption
that the modulating waveforms live in a known common subspace,
we employ the lifting technique and recast this problem as the
recovery of a column-wise sparse matrix from structured linear
measurements. In this framework, we accomplish sparse recovery
and blind demodulation simultaneously by minimizing the induced
atomic norm, which in this problem corresponds to the block £;
norm minimization. For perfect recovery in the noiseless case,
we derive near optimal sample complexity bounds for Gaussian
and random Fourier overcomplete dictionaries. We also provide
bounds on recovering the column-wise sparse matrix in the noisy
case. Numerical simulations illustrate and support our theoretical
results.

Index Terms—Sparse recovery, blind demodulation, atomic
norm minimization, sparse matrix recovery.

I. INTRODUCTION
A. Overview

N CLASSICAL sparse recovery and compressive sensing
problems, a system observes y = DAc € CV where D, A,
and c are the sensing matrix, dictionary matrix, and sparse signal
coefficient vector, respectively. The goal is to recover the sparse
vector ¢ from the measurements y. Usually D and A are known,
but the whole system is under-determined. This model arises
naturally in a wide range of applications such as medical imaging
[2], seismic imaging [3], video coding [4], and network traffic
monitoring [5].
In the special case where D is diagonal and contains a carrier
signal or the Fourier coefficients of a known source signal along
in its diagonal entries, y can be viewed as a modulated version
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of the signal Ac [6] or the Fourier transform of the convolution
between two source signals [7]. Recovering c can thus be viewed
as a demodulation (or deconvolution) problem. Unfortunately,
in problems like super resolution [8] and self-calibration [9],
the modulation matrix D is unknown a priori, as it incorporates
the unknown point spread functions or calibration parameters.
Recovering D and ¢ jointly is a simultaneous sparse recovery
and blind demodulation problem.

In this paper, we consider a more general sparse recovery and
blind demodulation problem in which each atom comprising
the signal undergoes a distinct modulation process. Under the
assumption that the modulating waveforms live in a known
common subspace, we employ the lifting technique and recast
this problem as the recovery of a column-wise sparse matrix
from structured linear measurements. In this framework, we
recover the sparse coefficient vector ¢ and all of the modulating
waveforms simultaneously by minimizing the induced atomic
norm [10], [11], which in this problem corresponds to the block
£1 norm minimization and we also refer to it as the /3 ; norm
minimization.

B. Setup and Notation

To better illustrate our main contributions and compare to
related work, we first define our signal model and the corre-
sponding atomic norm minimization problem.

Throughout this paper, we use bold uppercase, X, bold low-
ercase, &, and non-bold letters, x, to represent matrices, vectors,
and scalars. We use -, -/ and -7 to denote respectively complex
conjugate, matrix Hermitian, and matrix transpose. The symbol
C denotes a constant. X7 (a7, resp.) is a matrix (vector, resp.)
that zeros out the columns (entries, resp.) not in 7. We call T’
the support of the matrix X (and vector ), and we use X to
denote the sub-matrix after removing the zero rows or columns
in X. sign(xz) = x/||z||2 when ||z|]2 # 0 and O otherwise.
sign(X) = [sign(xy), ..., sign(ayr)]. We use || - || to indicate
the spectral norm, which returns the maximum singular value
of a matrix. The {5 ; norm of a matrix X = [z ],
denoted by ||X]|2,1, is defined to be Zjle ||z ;||2. The inner
product between vectors and matrices are defined as (x,y) =
y7xand (X,Y) = Tr (Y7X) respectively.

C. Problem Formulation

In this paper, we study a generalized sparse recovery and
blind demodulation problem in which the coefficient vector is
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unknown and each atom (column) of the dictionary undergoes
an unknown modulation process. Specifically, we assume the
system receives a composite signal

M

Yy = ZCijaj S cV (D
J=1

where ¢; € Cisanunknownscalar,D; € CN*N igan unknown
diagonal modulation matrix, and a; € CV is the j-th atom
from a known dictionary A = [a1 as -+ ap] € CN*M with
N < M. Our goal is to recover both ¢; and D; for all j from
the measurement y.

To make this problem well-posed, among the M over-
complete atoms, we assume only JJ < M of them contribute to
the observed signal; that is, at most .J coefficients ¢; are nonzero.
We furthermore assume that each modulation matrix obeys a
subspace constraint:

D; = diag(Bh), )

where B € CV*K (N > K) is a known basis for the K-
dimensional subspace of possible modulating waveforms, and
hj € CX is an unknown coefficient vector. Similar subspace
assumptions have been made in deconvolution and demix-
ing papers [12], [13]. With this assumption, recovering c;
and D; equals to recovering c¢; and h;. Since c¢;Dja; =
c;diag(Bh;)a; = (kc;)diag(B(+h;))a; for any k # 0, with-
out loss of generality, we assume h; has unit norm and ¢; > 0
with its complex phase and sign absorbed by h ;.

Define B = [b] ¥, by] € CE*N and note that the
n-th entry of the observed signal can be expressed as

M M
_ =H ‘Hyp 'H B ~H
y(n) = g cja;j e b, hy =Tr | eyb;, g cjhja;
i=1 j=1

M
= <chhja5’ b ell > = (G, belly,
j=1

3)

where G = Zjle cjhjde, and e,, is the n-th column of the
N x N identity matrix. From (3), we see that the measurement
vector y depends linearly on the matrix G which encodes all
of the unknown parameters of interest. We denote this linear
sensing process as y = £'(G) and recast the recovery problem
as that of recovering G (and its components) from the linear
measurements.

The unknown matrix G can be viewed as a linear combination
of J rank-1 matrices from the atomic set A := {hal : a ¢
{@1,...,anm},||h||2 = 1} and thus we propose to recover G
using the corresponding atomic norm minimization:

e G b ¢t :[:/G.
miiize||Glla subjectioy =£1(@).

The atomic norm appearing in (4) is defined as ||G||4 =
inf{>", |¢x| : G =) &Ik, I € A}. Moreover, the follow-
ing result establishes its equivalence with the 5 ; norm.
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Proposition 1: The atomic norm optimization problem (4)
can be equivalently expressed as the following ¢ ; norm opti-
mization problem

minimize || X subjecttoy = L(X

minimize ||X|[2,1  subj y = L(X) (5)
where X = [c1h; czho carhyy] € CE*M and L rep-
resents the following linear sensing process

y(n) = (X, b, e’A) = b'Xa/,. (6)

in which b/, and a!, are the n-th column of B and AT
Proof: We first note that the atomic norm can be
equivalently expressed as ||G|l4 = inf{Zj-Vil lej|: G =
ij\il cihjall ||h;ll2 =1}. To see this, consider any
decomposition of G of the form G =), ¢J; with
Jp € A. Define N, ={k:J, = hkdf} and write G =
ij\i1(2ke/\/j &chi)all. This is equivalent to writing G =
M 1 =H o Zke.vj Eki‘k o
ijl cjhja; where hj = 7”dej T and ¢; = || ZkeNj
&rhy||2. Finally, note that |¢;| < >ken; 1Cl-
Next, to establish the equivalence with the l3,1 norm, for
any ¢; and h; with ||h;||2 = 1, define x; = ¢;h; and X =
[X]_ X9 X]w].Thel’l

M M
IG[la=inf <> ejl: G =D ¢jh;all,[|hyll =1
j=1 j=1

M M
inf ZHwJHQ G = ij(_l;]
j=1 j=1

inf {||X[]2,1 : G = XA},

Finally, to establish the equivalence of the linear sensing process,
(3) indicates that for G = XA,

y(n) = (G, ble) = (X, be,/A) = b"Xal,.
|

The above optimization focuses on recovering the structured
matrix X from linear measurements. Once the optimization is
solved, the unknown parameters can be easily extracted from
the solution X as follows:

;
[1251]2
forz; #0and 1 < j < M.

The adjoint of the linear operator £ is L*(y)=
SN yibja}f . The linear operator £ also has a matrix-vector

multiplication form. Note that £(X) = ® - vec(X), where ® €
CN x KM is

h; = , and D; = diag(Bh;) (7)

¢ = [1Z;]l2,

P = [¢1,1 ¢K,1 ¢K,M] (3)

in which ¢, ; = diag(b;)a; € CN*1 and b; is the i-th column
of B. Furthermore,

" =1[¢) ¢

where ¢} = a ® b; € CKMx1,

d1,Mm

o] € CEIN ©)
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Finally, we note that the observed signal could be contami-
nated with noise. In this case, our measurement model becomes

M
Y= chDjaj +n

Jj=1

(10)

for some unknown noise vector n € CV*! which we suppose

satisfies ||n||2 < 7. In this case, we can write y = L(X) + n,
where Xy is the ground truth solution. As an alternative to
equality-constrained /5 ; norm minimization (5), we then con-
sider the following relaxation:

minimize [|X[|2,1  subject to ||y — L(X)[|2 <.

D

D. Applications of the Proposed Signal Model

The proposed signal model encompasses a wide range of
applications. We briefly introduce some of them as follows.

1) Direction of Arrival Estimation for Antenna Array: We
first consider the direction of arrival (DOA) estimation prob-
lem in antenna array. Assume we have a linear array antenna
consisting of N elements, and we want to estimate the DOAs
of several sources from a snapshot of the received signal. In
addition, we consider the narrowband scenario and confine
the the array and the far-field sources to a common plane as
described in [14]. In this case, the DOA is determined by the
azimuth angle, 6, of the source, which ranges from 0 to 180
degrees. Mathematically, after discretizing the azimuth angle
into M grids, the observervation of the array can be represented
as [15]

y=DA(f)c+necCV!

where D € CV*V is the diagonal matrix capturing the un-
known calibration of the array elements [9]. Particularly, the
calibration issue may arise from gain discrepancies caused by
the change of temperatures and humidity of the environment
[9]. Namely, the channel is not ideal. One can simulate different
scenarios and collect many possible calibration vectors. By
applying the singular value decomposition (SVD) on the matrix
formed by those calibration vectors, we can then extract the
subspace matrix, B, with desired dimensions to approximate
the calibration using D = diag(Bh) where h is the unknown
coefficient vector. A() € CVN*M is the known array manifold
matrix whose columns a(6;) for j € {1,2,..., M} are the
steering vectors. For uniformly spaced linear array antenna
(ULA), a(0;) = [1, e "3 cos05)  ¢i(N=1)%5% cos(0))] where
d is the distance between array elements and A is the radar
operating wavelength [16]. Moreover, the entries of ¢ indicate
the strength of the impinging signals and if there exists J(< M)
sources, only J entries of ¢ are nonzero. m consists of the
discretization error, approximation error, and additive noise.
Furthermore, let us consider a more severe while realistic
situation, where the calibration is sensitive to the direction of
arrival which implies that the channel responses from different
angles are slightly different. So that the calibration matrix, D,
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are different for different ¢;. In this case, we can write
M
y=Y ¢;Dja(0;) +mnecCV .
=1

2) Super-Resolution for Single Molecule Imaging: Another
application is the single molecule imaging [17] via stochastic
optical reconstruction microscopy (STORM) [18]. In this ap-
plication, the cellular structure of the object of interest is dyed
with fluorophores, and STORM divides the imaging process into
thousands of cycles. Within each cycle or observation, only a
portion of the fluorophores are activated and imaged. Therefore,
a typical observation is a low-resolution frame with its activated
fluorophores convolved with the non-stationary point spread
functions of the microscope, which can be represented as

M
y = Sample ch(B'hj) ®e;+n'| e RV

Jj=1

where y € RV*! is a vectorized, imaged frame downsampled
from its super-resolution image with M (>N pixels, ¢; rep-
resents the intensity of the activated fluorophores, and B’ is
the subspace that the point spread functions live in. e; € RM,
which indicates the location of the activated flurophores, is the
j-th column of the identity matrix and n’ denotes the noise.
Moreover, y can also be represented equivalently as

M
y = Sample { IDFT chDjaj +n

j=1

Nx1
e RV,

where I DFT] is the inverse discrete Fourier transform (DFT)
operator, D; = diag(Bh;) with B = DFT[B'], and a; s are
the DFT of spikes containing the location information. n =
DFT[n']. The goal of this application is to recover the super-
resolution image from its low-resolution frame y, or mathemat-
ically, locating the nonzero c;.

Other applications that fit into the model investigated in this
work include frequency estimation with damping that appears
in nuclear magnetic resonance spectroscopy [19] with damping
signals approximately living in a common subspace [8] and the
CDMA system with spreading sequence sensitive channel as
described in Section 6.4 of [9].

E. Main Contributions

Our contributions are twofold. First, we employ f5 ; norm
minimization to achieve sparse recovery and blind demodula-
tion simultaneously given the generalized signal model from
equation (1). Second, for perfect recovery of all parameters in
the noiseless case, we derive near optimal sample complexity
bounds for the cases where A is a random Gaussian and a
random subsampled Fourier dictionary. Both of bounds require
the number of measurements N to be proportional to the number
of degrees of freedom, O(J K), up to log factors. We also provide
bounds on recovering the column-wise sparse matrix in the noisy
case; these bounds show that the recovery error scales linearly
with respect to the strength of the noise.
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F. Related Work

The £5; norm has been widely used to promote sparse re-
covery in multiple measurement vector (MMYV) problems [20],
[21]. The MMV problem involves a collection of sparse signal
vectors that are stacked as the rows of a matrix X. These
signals have a common sparsity pattern, which results in a
column-wise sparse structure for X. As in our setup, the 5 ;
norm is used to recover X from linear measurements of the form
y = ® v - vee(XT). However, @ 7571 has ablock diagonal
structure where all diagonal sub-matrices are the same which is
the dictionary matrix. This is different from the structure of the
linear measurements in our problem; see for example (8).

Our work is also closely related to certain recent works
in model-based deconvolution, self-calibration, and demixing.
When all D in (1) are the same, our signal model coincides with
the self-calibration problem in [9], although that work employs
¢, norm minimization rather than f5 ; norm minimization to
recover X. A more recent paper [22] does apply the /> ; norm
for the self-calibration problem but again assumes a common
modulation matrix D. The paper [12] generalizes the work of
[9] and considers a blind deconvolution and demixing prob-
lem which can be interpreted as the self-calibration scenario
with multiple sensors whose calibration parameters might be
different. However, the signal model in that paper is not directly
comparable to our model, and the recovery approach studied
in that paper involves nuclear norm minimization and requires
knowledge of the number of sensors. A blind sparse spike de-
convolution is studied in [13], wherein the dictionary consists of
sampled complex sinusoids over a continuous frequency range
and all atoms undergo the same modulation. Inspired by [13],
[8] generalizes the model to the case of different modulating
waveforms. Like [13], however, [8] also considers a sampled
sinusoid dictionary over a continuous frequency range, and it
employs a random sign assumption on the coefficient vectors h;
which makes it difficult to derive recovery guarantees with noisy
measurements. More works considering a common modulation
process can be found in [7], [23], [24].

Our work can be viewed as a generalization of the self-
calibration [9] and blind deconvolution problems [7]. Moreover,
our analysis is quite different from the works considering the
continuous sinusoid dictionary [8], [13], since the tools in those
papers are specialized to the continuous sinusoids dictionary and
we consider discrete Gaussian and random Fourier dictionaries
in both noiseless and noisy settings.

The rest of the paper is organized as follows. In Section II,
we present our main theorems regarding perfect parameter re-
covery in the noiseless setting and matrix denoising in the noisy
setting. Sections III and IV contain the detailed proofs of the
main theorems. Several numerical simulations are provided in
Section V to illustrate the critical scaling relationships, and we
conclude in Section VI.

II. MAIN RESULTS

We present our main theorems in this section. In each of
the noisless and noisy cases, we consider two models for
the dictionary matrix A. In the first model, A € RV*M is a
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real-valued random Gaussian matrix, with each entry sampled
independently from the standard normal distribution. In the
secondmodel, A € CV*M isacomplex-valued random Fourier
matrix, with each of its N(< M) rows chosen uniformly with
replacement from the M x M discrete Fourier transform matrix
F where FZF = M1I,,. Our first theorem concerns perfect
parameter recovery in the noiseless setting.

Theorem I1.1: (Noiseless case) Consider the measurement
model in equation (1), assume that at most J (< M) coefficients
c¢;j are nonzero, and furthermore assume that the nonzero co-
efficients c; are real-valued and positive. Suppose that each
modulation matrix D; satisfies the subspace constraint (2),
where B¥B = I ¢ and each h; has unit norm !.

Then the solution X to problem (5) is the ground truth solution
Xo—which means that c;, h;, and D; can all be successfully
recovered for each j using (7)—with probability at least 1 —
O( N—a+1)

o if A € RV*M i5 a random Gaussian matrix and

— > 2 KJ(og(M — J) +log(N)). (12
10g2(N) = Mrnax (Og( )+ Og( )) ( )

o if A € CN*M {5 a random Fourier matrix and
N > Oouu’ilaxKJ 10g(4 v 2‘]7)
<(log(M — J) + log(K + 1) + log(NV))

(13)

where v = \/2M log(2K M) + 2M + 1.
In both cases, C, is a constant defined for o > 1 and the
coherence parameter

[max = Max \/JV|BZ-j |
i,

We note that both of the sample complexity bounds in
Theorem II.1 require the number of measurements N to be
proportional to the number of degrees of freedom, O(KJ),
up to log factors. We also note that the sample complex-
ity bounds scale with the square of the coherence parame-
ter fimax = MAX; j VN IB,;|. Under the assumption BB =
Ix which requires the columns of B to be orthonormal,
max € [1,V/N]. Specifically, given the system parameters
with large enough N, (12) is satisfied when 1 < piax <

N .
\/CQ Toa? (N) K J (log (M —7) Floa(N)) - The valid range of fiyax for

(13) and the noisy case can be easily derived in the same manner.
And fimax 1s minimized when the energy of each column of B
is not concentrated on a few entries but spread across the whole
column.

Our second theorem provides bounds on recovering the
column-wise sparse matrix in the noisy case; these bounds show
that the recovery error scales linearly with respect to the strength
of the noise.

Theorem I1.2: (Noisy case) Consider the measurement
model in equation (10), assume that at most .J (< M) coefficients
c; are nonzero, and furthermore assume that the norm of the

"Theorem 11.1 actually works for h; with arbitrary norms as long as the
relative scale between c¢; and hj is known.
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noise is bounded, ||n||2 < n. Suppose also that each modu-
lation matrix D satisfies the subspace constraint (2), where
BB = 1.

Then with probability at least 1 — O(N 1), the solution X
to problem (11) satisfies

o if A € RV*M ig g random Gaussian matrix,

X =Xollr < (CL4CVT)n (4
when
- > 2 axV
log?(N) ~ Catiimax ST (log(Cude KJ)C+ 1)
- (log(M — J) +log(MK) + log(N))
(15)
where C is a constant.
o if A € CV*M {5 a random Fourier matrix,
X = Xollr < (Cr+CoVPT) 5 (16)
when
N 2 Copia K T log(4V27) an
- (log(M — J) + log(MK) + log(N))
where = ./2Mlog2KM)+2M +1 and P>

log(4v/'2.J7)/ log 2.

Inboth cases, C., is defined for o > 1. C'; and Cs are constant.

Although Theorem II.2 focuses exclusively on bounding the
recovery error of the matrix X, one can also attempt to estimate
the parameters c;, h;, and D; from X using (7). And according
to Theorem I1.2, for any &; = éjilj and xg ; = cg, jho ; where
& and zx ; are the j-th columns of the solution X and the ground
truth X respectively, we would have ||¢;D; — ¢o ;Do j||r =
||éjﬁj — co,jhoj|l2 < (C1 + C2V/J)n with random Gaussian
dictionary and ||é]DJ — CO,jDO,jHF = Héjh] — C()’jh(]’j||2 <
(C1+ Cy VPJ )n for random Fourier dictionary. In addition, as
results on structured matrix recovery from (possibly noisy) linear
measurements, we believe that Theorems II.1 and II.2 may be
of independent interest outside of the sparse recovery and blind
demodulation problem.

III. PROOF OF THEOREM II.1

To begin our proof of the main theorem in the noiseless case,
we first derive sufficient conditions for exact recovery.

A. Sufficient Conditions for Exact Recovery

Sufficient conditions for exact recovery are the null space
property and an alternative sufficient condition derived from the
null space property. Similar sufficient conditions with complete
proofs are available for minimization problems using other types
of norms [9], [25]-[27]. However, since we cannot find sufficient
conditions that suit our purpose and in order to be self-contained,
we provide a short proof for the ones specific to the 5 ; norm
minimization problem in this section.

Proposition 2: (The null space property) The matrix X =
[cthy coho carhar]) € CE*M with support T is the
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unique solution to the inverse problem (5) if
—[(Hz, sign(Xo))| + [[Hre |21 > 0

for any H # O in the nullspace of L.

Proof: Let X = X + H be a solution to problem (5), with
L(H) = 0. To prove X, is the unique solution, it is sufficient to
show that ||X||2.1 > ||Xo||2.1 if H # 0. We start by observing
that

[[Xo + Hl|2,1 = [|Xo,r +Hrl|2,1 + [[Hrel|2,1
> |(Xo,r + Hr,sign(Xo,7))| + ||[Hpe||2,1
= [(Xo,r, sign(Xo,r)) + (Hr, sign(Xo,r))| + [[Hre |21
> [|Xo,rll2,1 = [(Hr, sign(Xo,))| + [[Hrpe|[2,1

where sign(Xg r) = sign(Xp) and the first inequality comes
from the fact that

X010+ Hrlla1 =Y [0, + hilla][sign(zo,) |2
€T

> o, + hi,sign(zo,:))| > [(Xo,r + Hy, sign(Xo,r)|.

ie€T
(18)
Therefore, as long as —|(Hr, sign(Xyo))| + ||Hrc|]2,1 > 0 for
any H # 0 in the nullspace of £, X is the unique solution. H
Proposition 3: The matrix X € CK*M with support 7T is
the unique solution to the inverse problem (5) if there exists
~v > 0 and a matrix Y in the range space of £* such that

1

Y7 —sign(Xo,r)||lr < and [[Yre|lz0 < 5

1
42y
and the operator £ satisfies (L7 (X) = {b/1 Xa’n’T}iV:l)

1
1£7Lr —1Ir|| < 5 and |I£]] <. (19)

Proof: Proposition 2 shows that to establish uniqueness, it
is sufficient to prove that —|(Hr, sign(Xo))| + ||[Hzpc |21 > 0
for any H # 0 in the nullspace of L. Note that

— [(Hr,sign(Xo))| + |[Hre||2,1
—[(Hr,sign(Xo) — Y7) + (Hp, Y7)| + [[Hrc|l21
> —[(Hr,sign(Xo) — Yr)| — [(Hpe, Yre)| + [[Hpe||21

since (Hp,Yy)=—(Hpc,Yrc). By applying the Holder
inequality, we get a stronger condition

—[lsign(Xo) = Yr||[r|[Hz|[r + (1 = [[Yrol2,00)[[Hre 2,1
> 0.

Since |[L3Lr —Ir||< i and |[|£][<~, we have

IL(H7)||F > Z|Hr||p, [|L(Hre)|lr < v][Hrel|r and

1
EHHTHF <|[£H7)|[r = [|£(Hze)||F

<AMHze|lr <~|Hzell2,1-
(20
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Plugging (20) into the stronger condition above yields

(1=1Yre 2.0~ V21 Isign(Xo) = Yrllr ) [[Hrell2, > 0.

Therefore, if || Y — sign(Xo,7)||r < ﬁ, Y 7ell2,00 < %,
and Hpce # 0, the left hand side is positive. On the other hand,
if Hrc = 0, from (20), Hr = 0and H = 0. |

B. Bounding the Isometry Constant and Operator Norm

In this section, we bound the isometry constant and operator
norm < appearing in (19) based on the randomness in the
matrix A. The isometry bound for the linear operator £ can
be found in Lemma 4.3 in [9].

Lemma I11.1: [9, Lemma 4.3] (Isometry) For the linear op-
erator £ defined in (5) with BFB = I, and § > 0,

|7 @1 —Ip|| = [|C7 Ly — Ip|| < 6

with probability at least 1 — N~®*! where I is the identity
operator on the support 7" such that I (X) = X,
e if A is a random Gaussian matrix and N > C,pu2,,.
KJ max{log(N)/5%,log*(N)/6}.
e if A is a random Fourier matrix and N > Cypu2,,.
KJlog(N)/&2.
Here C, is a constant that grows linearly with av > 1.

L1(X) = ®r - vec(X) and ®r can be viewed as P con-
structed using A, whose i-th column is zero if i € TC, fol-
lowing (8). Therefore, &7 € CV*KM has many zero columns
and removing those zero columns results in & € CNXKJ,
If ||[@F®p —1Ip|| = || PL®r — 17| <6 < 1, 8Py is in-
vertible and ||(®# &) ~!|| < (1 — 6)~" according to Lemma
A.12 in [26]. This property will be applied in (22) and
Theorem III.1. To bound the operator norm of £, we use results
from [7] and [9].

Lemma I11.2: [7], [9] For the linear operator £ defined in (5)
with BYB = Iy and a > 1,

e if A is a random Gaussian matrix,

2]l < /A Tog(MN/2) + alog(™V)

with probability at least 1 — N ~.
¢ if A is a random Fourier matrix,

1£]| < \/2M log(2K M) +2M + 1

with probability at least 1—N"“ when N >

Ofiax K 1og (V).

C. Constructing the Dual Certificate for the Gaussian Case

In the case where A is a random Gaussian matrix, we con-
struct a certificate matrix Y that satisfies the conditions in

Proposition 3. When ||®% &, — Ir|| < 5, we can set

vec(Y) = ®fp = vec(L(p)) € CHEMx1 21

where
p= &7 (®L®1) tvec(sign(Xo.r)) € CV*L (22)

By construction, Y7 = sign(Xg 7 ), and we need only to verify
that || Yrc||2.00 < 1/2.
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Theorem IIL1: 1f || @ ®7 — Ip|| < 3, there exists Y in the
range space of £* such that

. 1
Y =sign(Xor) and ||Yrel|2.00 < 5

with probability at least 1— (M — J)e ™ when N >
4002, K J for a > log(M — J).

Proof: To simplify the notation, without loss of generality,
we assume the support of Xy is the first J columns. Let Y
be the dual certificate matrix defined in (21). After remov-
ing the columns of Y on support 7', we obtain vec(Yc) €

CEM=J)x1 which takes the form
vee(Yre) = ®Hop

T
) ¢II£MP]

H H H
= [¢1,J+1p7 cee ¢K,J+1p7 ¢1,J+2P7 s

= [al,  diag(b1)p, ..., a’, diag(bk)p,
_— - T
af ,diag(b1)p, ..., al diag(bk)p] .

The columns of ‘i)Tc are independent of p since p is constructed
with a; (i € T'). Equivalently,

a?+1diag(51)p aﬁdiag(l_)l)p
i alf, diag(by)p ajdiag(bs)p
Yoo =

a1f+1diag(5K)p aﬁdiag(l;K)p

Thus |[Yrc ||z = |[[Pa,||2 (j > J) where a; is real and

p’diag(b,)
pTdiag(by)

c CKXN.
pldiag(br)
We set ¥ = PP € CN*VN and have

2piax KT

Tr (%) = |||} < Fou

since each row of P can be bounded by

2
. N /I“In
Ip" diag(b,)]3 < 2 |p 3

2 ~ ~ ~ ~
= %vec(sign(XO,T))H(i’gi’T)’lvec(sign(Xo’T))
2 ?nax . v 2 1211'1)(‘]
< e lsign(Xo,r)[f = e

since we assume |[|®H®; —I7|| <1 which implies
|(®@¥®7)"|| < 2. By generalizing Proposition 1 in [28]
to our case, we have

Pr (||Paj|\§ > Tr () + 2¢/Tr (Z2)a + 2||E||a> < e

In addition, because 3. is positive semi-definite and all its eigen-
values are non-negative, Tr (32) = S A2 < (3N )2 =
Tr (X)? where ); is the i-th eigenvalue of 3. ||2|| = opax <
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Zi]\il A; = Tr (X) where 0y, is the maximum singular value
of Y. Therefore, for o > 1, we obtain

Tr (2) 4 2¢/Tr (X2)a + 2| X]|o
2020 K J
<Tr(X) +2Tr (X)a+ 2Tr (X)a < M“‘%

If we pick N > 4002 .. K J, ||Pa;||2 > 1/2 with probability
at most e~ ®. Taking the union over all (M — .J) non-zero
columns of Y ¢ gives

Pr(|[Yrelae > 1/2) < (M — J)e

(1+4a).

Therefore, ||[Yrc|l2.c < 1/2 with probability at least 1 —

(M — J)e “when N > 40au?,,. K J. To make the probability
meaningful, « should be greater than log(M — .J). [ ]

D. Proof of Theorem I1.1 for Random Gaussian Dictionary

In this section, we assemble the pieces to complete the proof
of Theorem II.1 in the Gaussian case. To do so, we ensure that
all sufficient conditions in Proposition 3 are met. First, if we take
0 =1/2 and set @; > 1 in Lemma III.1, we have

. 1
1£rLr = Irf| < 5

when N > C,, 2, KJlog?(N) with probability at least
1 — N~@1*1 Then, applying the same «; in Lemma III.2
and setting v = /M log(M N/2) + a; log(N), we have that
[|£]] <~ with probability at least 1 — N~ > 1 — N-e1+L,
In Theorem III.1, we have proved that Y, = sign(Xo r) and
[[Y7c|l2,00 < 5 when N > 40azp2,, K J with probability at
least 1 — (M — J)e *2 and oy > log(M — J).

Note that if e > (o3 — 1) log(N) + log(M — J), we have
(M — J)e—*2 < N-®1+1 Combining the above requirements
on [V, all conditions in Proposition 3 are satisfied with proba-
bility at least 1 — 3N~ 1T when N > max{C,,,40}((a; —
1)1og(N) + log(M — J))u2,,. K Jlog?(N). Furthermore,

max{Cy,,40}((aq — 1)log(N) + log(M — J))
' HfrlaxKJlOgQ(N)

< Co(l0g(N) +10g(M — J)) 0 K T l0g?(N)

if we set C, = max{C,,,40} - a1 and o = a3 > 1, which
yields the Theorem II.1 when A is a random Gaussian matrix.

E. Constructing the Dual Certificate for the Fourier Case

In this section, we construct a certificate Y that satisfies the
inexact duality condition in Proposition 3 when A is a random
Fourier matrix. Specifically, we construct the dual certificate
using the golfing scheme [29] which has been widely applied
in compressive sensing [7], [25]. In the golfing scheme, a series
of matrices in the range of £* are constructed iteratively. In
each iteration step, only some of the measurements are utilized
to ensure independence between iterations. And the constructed
matrices will converge to sign(Xg ) on support 7" while entries
on T are small. The goal is to find the conditions under which
the final constructed matrix can serve as the certificate matrix.
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According to Section (4.2.1) in [9], there exists a partition
of the NV measurements into P disjoint subsets such that each
subset, I',, contains () elements and

Q
NI

where B, = >, by and Q > Oy, K log(N). So
5Q
< %
max [[By]| < 7o

Define £,(X) = {bj"Xa}icr, and 0 on entries [ ¢ .
L, (x) = 3 cr, 21bja;. The golfing scheme iterates through

N .. .
Yp = Ypfl - a‘cp‘cp(Yp*LT — Slgn(X()yT)), Y, =0.

(24)

<7a

<5

(23)

Theorem II1.2: 1f Xy is the ground truth solution to problem
(5), there exists a matrix Y € £* such that

1 1
Y —sign(X < ———and ||Y o < =
Y — sign( 0,T)|‘F_4\/§/yan 1Y rellzo0 < 5
with probability at least 1 — 2N ~**! for o > 1 when
log(4v/2
N=PQ, P> log(4v2Jy)

log 2
and

Q > Cop? K J(log(M — J) +log(K + 1) + log(N))
where C, a constant determined by «.

Proof: If we define W), =Y, p — sign(Xo 1), (24) gives

N
W, = a (16\27 - ‘C;,T‘CP,T) (Wpfl)a

where £, 7(X) = {bj""Xaj ;. }icr, with 0 on entries [ ¢ I',

and £, r(z) = >, er, z;b) afIT v.vhich are used to generate the
sequence Y, 7. And we can obtain

(25)

N [(Q . 1
IWolle<|| 5 (3~ Lor o) | 1Walle < 51Wplle
(26)
with  probability at least 1— N"“t! when Q>

Coap2. K Jlog(N) with a > 1 applying Lemma 4.6 in
[9]. Therefore,

IWellr < 277|[Wollr = 27 |lsign(Xo,r)||r = 277V,
(27)

To ensure that |[Wp||r = ||Ypr —sign(Xor)||r < ﬁ
where Yp =Y is the final constructed dual certificate after
P iterations, we need

log(4v2J7)

P> —=———".

2
log 2 (28)

We now turn to find the conditions such that || Y7c |2, < 3.
Note that substituting W, into equation (24) yields

N P
Y == LL, (W, ).
Q=
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It is sufficient to show |[Ilpc (L5L, W, 1)||2.00 < 277714, following E(a;a;”) = Iy since aj € C*! is the transpose
where II;c is the projection operator which projects a matrix ~ of a random row of the M x M DFT matrix and b}b/” W has
on the support 7¢, to make ||[Yrc||2,. < 3 because support 7 and 0 on 7. Therefore, for i € T, E(z;;) = 0.

Moreover,
Z e (L£,L,(Wp-1))

Y 7e|l2,00 = |

2
2,00 . (uﬁm%mnwm) KV ||wl]2
£ .

N v 0 |lz1,4ll2 < N
EZHHTcﬁL‘ W, 1) |2x—QZ<2“ >

Because each entry of z; ; can be bounded by

- 1 1
=y 27 l=—(1-2") <.
Z 2( ) 2 |<¢2¢2HwaeK(i—1)+j>| = |eg(i—1)+j¢2¢2Hw‘

= lleX(i-1)+;41ll2l1(a; @ b)) w2

Defining ®,, to be ® with non-zero rows indexed by I', and

_ H ! —/ /\H
zero otherwise, we have £,(X) = ®,, - vec(X) and for a vector = llex-1)4;0ll2ll(@,r ® by) " wll2

w = vec(W) € CEM*L where W € CEXM has support 7T,
( ) PP ,umaXH ®b/HH ||wH < N?naxVKJHwHQ
<¢)g{{¢)pwaeK(i71)+1> VN T ? 2= N
(@) ®pw, e (i 1)42) . .
TC 9,00 = IMAax where the third equality holds because w = vec an as
1I E;EPW i X here the third lity holds b W)and W h
€T .

support T. The variance of z; ; is also bounded:

(@@ w, ex(i-1)1K) )

(29)
.. . . . max ZEzllzlz ZEzlzzl’L
where ¢ is the column index and e; is the j-th column of the Pt Pt
identity matrix Ix ;. In addition,
PHP ! T H 2 5:U’rznaxKQHw||2
(@, Pyw, ex(i-1)+1) (D19 w, ex(i-1)+1) < Z E(||z1:ll3) < —EINT
(@) ®yw, efc(i1)+2) 5 (1917w, exi-1)+2) Ly
lely : because for each element of ||z;;||3, we have
(@H®,w, ek 1)1K) (D) w, exi1)y+x)
=3 s E ({6101 w. ex(i-1)+5)[?) = E (Jleff 10161 wl3)
leTy,
< N’IznaxE 'H 2\ __ /1,1211&)( H I b/b/H
Furthermore, we have E(z; ;) = 0 because SN (llef" awl3) = Vv (I @ bb ™ Jw
@ @b -ai @b -w, CK -1+ and therefore
" (@) @b -af @b - w,ex_1)42)
E Zu =E . 2 K
: B([214][3) < PR w0 (L © bib w
<C_l; ® b/ C_l;H ® b;H - w, eK(i,1)+K>
_ . As aresult,
((Ins @ b1 )w, e (i—1)41)
! H .
_ <(IM ® blbl )w7 eK(271)+2> Z E(Hzl,i Z /’Lmax 11\4 ® b/b/H)
: lel, lel,
(T @ bjb ) w, exci-1)+x) PRaK g Bl K Qw3
ol — max < max .
i v v I @Byw < IR (30)
(vec(bjb;" W), ex(i-1)+1)
<VeC(b2b§HW)a ex(i-1)+2) The second inequality in (30) applies the inequality (23)
= : =0 and ||Ty; ® B,|| = |[Ia]| - [|B,||. We then apply the matrix
) Bernstein inequality from Theorem 1.6 in [30]. If we set w =
|(vec(bjbF W), e (i-1)+ k) vec(W,,_1) and we know from (27) that ||w||2 = ||[W_1]|r <
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2-P+1,/J, we obtain

Pro (11> 20| ll2 >t
lery,
—3t?
< (K +1)exp <3olbenax1<@w||§ N 2u3m1<ﬁ||wzt>
4N?2 N

—-3Q

< (K +1)exp <
12842, KJ

)

where t = 277! %, for a particular i € 7€ and p. We then take
the union over all i € 7¢ and get

pr (Mg (€5£,(W, 1))l > 2757 )
< (M — — ).
< (M —=J)(K +1)exp (128%2[1&ij>

To ensure |[Tlpc (£5L,(Wp-1))||2,0 < 277712 for all p, we
obtain

Pr (IMre (66 (Wy )l <2742, 1< p< )

-3Q

KJ)

1282

max

>1—P(M—J)(K+1)exp<
>1—-PN ®“>1- Nt

when Q > 128“rfﬂ#(log(M — J)+log(K+ 1)+ log(N))
using the same « as in deriving equation (26). Setting C, =
max{C, Cq,1, 220}, where C is a constant comes from
equation (23), gives us Theorem II1.2. |

FE. Proof of Theorem I1.1 for Random Fourier Dictionary

We now complete the proof of Theorem II.1 in the case
when A is a random Fourier matrix. First, combining the con-
ditions and probabilities from Lemma III.1 and III.2, we know
that the operator £ satisfies the inequalities ||L5Lr — Ip|| <
1 and ||£]| <~y = \/2M1log(2KM) + 2M + 1 with proba-
bility at least 1 — (N +1)N~® >1—2N 2*! when N >
Co 2 K Jlog(N) for some constant, C,, 1, that grows lin-
early with o > 1.

Applying the same « in Theorem III.2, the desired dual
matrix exists with probability at least 1 —2N~“*! when
N>Cf o K Jlog(4v/2Jv)(log(M — J) +log(K 4+ 1) +
log(N)). Merging the requirement on N by setting
Co = max{Cy,1,Cs2} and combining the probabilities,
we complete the proof by applying Proposition 3.

IV. PROOF OF THEOREM II.2

To derive our recovery guarantee in the presence of measure-
ment noise, the main ingredient of the proof is Theorem IV.1
which is a variation of the Theorem 4.33 in [26] from the infinity
norm optimization to £5 ; norm optimization problem.
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Theorem IV.1: Define ® € CN*EM and @ - vec(X)
L(X). Suppose the ground truth X, to (11) has J non-zero
columns with support 7" and the measurement vector y =
L(Xy) +n with ||n|]s <n. For 6,3,0,7,7 >0 and § < 1,
assume that

max ||¢'¥[‘I’K(ifl)+1 B4kl <6,
ieTC

| ®r —Ip|| <6

and that there exists a matrix Y = £*(p) € C*¥*M guch that

[[Y7 —sign(Xo,7)||F < IYre|l2.00 <6,

1
427
and ||p|l> < TV/J.

57 (15) < 1, then the minimizer, X, to (11)
satisfies

IX — Xol|F < (01 +Cz\/j> n

where C and Cs are two constants depending on 9, 3,60, ~, 7.
Proof: Due to our assumption on the noise, Xp is a feasible
solution. Assume the final minimizer to (11) is X = X + H,
which implies
[[Xoll2,1 > [|Xo +Hl|2,1 = || Xo,7 + Hrl|2,1 + [[Hre||2,1
> [(Xo,7 + Hr, sign(Xo,r))| + [[Hrell2,1
> [ Xoll2,1 — [(Hr, sign(Xo,r))| + [[Hrol|21

where the second inequality comes from equation (18). Thus

[[Hpellza < [(Hr,sign(Xo,7))|

< [(Hr,sign(Xo,r) — Y7)| + [(Hr, Y7)|
1
4v/2y

1

—||[Hy||p + 2V J + 0||H .

4\/%” rl|F 7 [[Hrcl|2,1
(31)

The last inequality comes from the Holder inequality and our
assumption ||n|| < n, which tells us

IN

[Hr|[r + [(H,Y)[ + [(Hre, Yro)l

I£(H)[]2 = [I£(X = Xo)ll2 = [|£(X) = L(Xo)]|2
< |1£(X) = yllz + 1y — £(Xo)||2 < 21

and
[(H,Y)| = [(H, L (p))

| = [{L(H),p)| < TV ||L(H)||2

< 277)\/3.

loaded on July 23,2020 at 20:25:50 UTC from IEEE Xplore. Restrictions apply.



XIE et al.: SIMULTANEOUS SPARSE RECOVERY AND BLIND DEMODULATION

Moreover, ||Hr || ¢ can also be bounded as follows.

HHTHF = [|(@f ®r) '@ D1 - vec(Hy)||

1

<155 H(I’T(I’T VeC(HT)\|2— ||‘1> @1 - vec(Hr)||2
= 176H<I>¥(<I> -vec(H) — ®@pc - vec(Hyo))l|2

1 it 1 bid
SmH‘I’T@VGC( N2+7— H(I)T(I)Tc vec(Hype)||2

L. 1
:mH‘I)T (H )||2+ H‘I’ @7c - vec(Hre)l2

2nv1+0 B

<
< IV B iHrely

(32)
because ||[®@H P —I7|| <& ensures that |[(®EP7) 71| <
5 and ||®4|| < /1 + §according to Lemma A.12 and Propo-
sition A.15 in [26] respectively. Furthermore,

H‘I’:/}{‘I’TC -vec(Hrpe)||2

Z ST ® (1)1 P+ iR

i€TC )
< @ [ @kver o Bronexl] - [lhill2
i€TC
< Z Bllkill2 = BlIHrc||2.1
€T

in which h; is the i-th column of H. By setting p =6 +

1 ﬁwﬂ( oy M= . 1+ and substituting the inequality (32) into
(31), we obtain
2 J
| - nu N v J . 33)
2v/27(1 — p) 1—p

Substituting inequality (33) into (32) yields

np
2v27(1 - p)

Combining the above two inequalities, we obtain

QT\/j
IIHTHF<2W+ ﬁ ( " )

L—p

[[H||r < [[Hr|[F + |[Hpel||lr <

W B
= (2‘” W —p) 22— o)1~ p)

’ (12*(1—%—@)@”
= (C1 +C2\/j)77

(34)

[ |

Next, we specify the values of the variables 6, 7, 6 and 3 when
A is a random Gaussian and Fourier matrix. The Orlicz-1 norm
[7] and associated matrix Bernstein inequality are needed for
determining the value of S when A is Gaussian. Specifically,
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the Orlicz-1 norm is defined as [7]
12y, = mf {E[exp([[Z]]/u)] < 2} (35)

Its associated matrix Bernstein inequality is provided in
Proposition 3 in [7] which can be rewritten as

Proposition 4: LetZ,, ..., Zy beindependent M x M ran-
dom matrices with E(Z;) = 0. Suppose

max |[|Z;ly, <R

1<j<N
and define

N

2. B

=1

N
o =max{ | Y E(Z;Z2])|, > E(Z]'Z;)
=1
Then there exists a constant C' such that for ¢ > 0

N
Pr ZZj >t | <2M exp
j=1

12
_602+10g (‘ﬁR) Rt

The following theorem utilizes the Proposition 4 and depicts
the conditions under which 5 = 1.
Theorem IV.2: For ® defined in (8) and £(X) =

Pvec(X),

max |‘®¥[¢K(i—1)+l s

max Pri-n+xlll <1

with probability at least 1 — N—o+1
e if A is a random Gaussian matrix and

N> Copid, KJ (log(C’umax\/KJ)C’ + 1)
- (log(KM) +log(M — J) +log(N)),
e if A is a random Fourier matrix and
N > Copignax K J (log(K M) + log(M — J) + log(N)),

where C, is a constant that grows linearly with & > 1 and C'
is a constant.

Proof: We first prove the Gaussian case; the Fourier case is
very similar. Note that for an arbitrary i € T¢

|2 [ ®xc(io1)r1 Pri-1)+ k]l

= || @ = Z aj o @ b) - (@]

j=1

N
//H
g JTa]Z ® (b0}

where ®; ¢ CV*EM is & but only contains values in
the (K (¢ — 1)+ 1)-th to (K (i — 1) + K)-th columns and is
zero otherwise. <I>i can also be viewed as an extension of
[®rc k(i 1)“ @10 g(;i-1)+k] by padding zero columns.
Moreover, a@’; ;. 1s the conjugate of the j-th column of AT whohas
only one non-zero value in the i-th entry. In addition, E(Z;) =
E(a) ra] @ bb") = E(a) pall) @ bjb/! = 0fori e TC
By applying the property of the Kronecker product we estimate

o 6]")

N

- |2 %
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the spectral norm of Z; which can be used to determine its
Orlicz-1 norm:

1Z;]] = l1a); rafi @ bibf || = ||bjb || - || vl
—‘b/Hb/|'||d/ :u’max Ha' d/HH
I B} 5, 5, T %50
Pranax K|~ _
= Hinax gf ol ol
< .u12naxK . H6’97T|‘%+ Hd;,zH% _ /u‘maxK”d H2
- N 2 9N AT i} 112

in which a;. (1.1} contains non-zero values in the entries in-

dexed by {T',}. Therefore, ||a’; (T} ||3 follows the Chi-squared

distribution with J + 1 degrees of freedom which implies

Cupax KU+ o Cpin K20 _ Cpia KJ _
that ||Z;]|y, < ON STy =R =R
for some constant C' according to the proof of Lemma 4.7 in

[9] and the definition of Orlicz-1 norm in (35). Moreover,

N
> E(Z!'zZ))
j=1
N
= ZE[(ajza]T) (b/b/H) (_;Tayz) (b/blH)]
j=1
N
= ZE(a]Zaﬁaa]Ta“) ® (bbb
j=1
= ||JLy ® Z|\b’|\2 b H

/u’max /1 H /J‘maxK‘]
Zb O =

IN

||IMz\|

following from the fact that E (@), ;a’/-a’; ra’l}) =

all j and Z
hand,

JIyr,; for
—, b1 = T from the assumption. On the other

N

> E(z,z))

Jj=1

N
= D>_E(a)raia) a)fh) bbb b

j=1

N
= Iy ® ZHb;Hgb;b;H H

i=1
2 2
Hmax /1 H :U’maxK
< Lyl | S bk | = Hmax™
<=y Ml Z N
N N
Therefore, max{|| 32" B(Z;Z]1)[], || 32,21 B(Z]'Z;)|[} =
2
tua) — 52 Qubstituting the variables R and o? into
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Proposition 4 and taking the union bound over all i € T¢
results in

Pr <1fgqa,§ |\‘I’¥[‘I’TC,K(1'71)+1 T ‘I)TC,K(ifl)JrK]” > 1)

<2(M — J)KM

1 N
X exp —6
0 u2. K.J+log (C,umax\/KJ) o2, KJ

Define a variable & > 1 and set
N > Copl, KJ (1og(0umax J)C + 1)
- (log(KM) + log(M — J) + log(N))
> Copd, K J (1og(cumax\/f<7)c + 1)

- (log(KM) +log(M — J) + alog(N)),
where C,, = Cpa. Simplifying the probability term gives

Pr (ma)g | @7 [®rc k(o111 ®re k1Kl < 1>
€T

>1-2N"“>1-N-N“=1- N+l

Following the same procedures, when A is a random Fourier
matrix and for any i € T, we have E(Z;) = E(a ra}/}) ®
b;b}H =0, HZ || _ Mmax _ Mmde\F - R

_ Bhax X
N

@) ll2llaf ;12 =

and o2 7 The matrix Bernstein inequality 1mphes

Pr (112%%( H(I)II![@TC,K(%I)-H - ®ro gi—1)+klll > 1)

N
< 2(M — J)KM exp < )
2o KT + 23413, KVT

Similarly, if we define a variable o > 1 and let

N > Copi o K J (log(KM) +log(M — J) + log(N))

Mmax
2
> <2ufnaxK T+ S K \ﬁ) (log(K M)

+log(M — J) + alog(N)),

by setting C, = a simplifying the probability gives us

Pr (f?%}é ||(}¥[‘I’T07K(ifl)+1 - ®ro gi—n+kll < 1)

>1-2N"“>1-N-N*=1— Nt

A. Proof of Theorem I1.2 for Random Gaussian Dictionary

According to Section III-D, [|®H &, —I7|| <1 =0,
[[Yrc|la, < 3 =6 and v = /Mlog(MN/2) +alog(N)
with probability at least 1 — 3N ~“*! when longN >
Pinax K J (log(N) + log(M — J)). Moreover, in Theorem I1I.1,
where we construct the dual certificate matrix when
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A is a random Gaussian matrix,
D7 (DX ® 1) 'vec(sign(Xo 1)) € CN*1
I7|| < 1 leadsto [|(@F @7)7!|| < 2. S0

we
and

define p=
| @7 &7 —

lpll2 = \/ vec(sign(Xo,7)) " (@4 ®1)~'vec(sign(Xo,r))

< \/2llvec(sign(Xo.r))I[3 = V27

which implies 7 = /2. If we use the same « in Theorem IV.2,
we have 3 = 1 with probability at least 1 — N =1 when

N > Conp?, KJ (log(Cumax\/KJ)C n 1)
- (log(MK) +log(M — J) +log(N)) .

Combining the requirement on N and

HlaX{CaJ, Ca,g} yield

setting C\y, =

> Copd KT (1og(C’unnX\/KJ)C n 1)
log? N (36)

< (log(M — J) + log(MK) + log(N)).
Therefore, the conditions in Theorem IV.1 are satisfied with

probability at least 1 —4N°t! when N is as defined in
equation (36). In addition, after substituting the parame-

1 1 Ve
tersp—9+4f7(1 5) §+2¢§ <1andu———f
into (34), 2+ 556 zm(l iy = 2V + A

2T 2 24
S 5\/6 - C] and H + (175)( ) = \/E’Y’Y < 24 - 02

B. Proof of Theorem I1.2 for Random Fourier Dictionary

In the proof of Theorem III.2, we have derived Y =
- 5:1 L3 L,(W,_1). Since the sets I', are disjoint, the

Q
indices of non-zero entries of £,,(W,_1) for different p are dis-
= L*(p). Moreover,

jointand Y = £*(—=X 377, £,(W), 1))

p=1

‘W ,_1 has support 7" from its definition in (25) which gives us
o _ V? .
Ipllz < @ZII%( p-1 )| = ZHEpT p-1 )5
p=1
N2 &
= o Z Vec(Wp_l)HQf){T@p,Tvec(Wp_l)
p=1
N2 1
< 5 ZH@ @yl (Wl < g Z avt
2N
< —J =2PJ
Q

because ||®H, @, 7|| < 32 and [[W,,_1|[3, < 47P+1] follow-
ing from Lemma 4.6 in [9] and equation (27) respectively.
®, 7 is @ constructed with A7 and only rows indexed by
I, are non-zero. Therefore, ||p||2 < v/2PJ and 7 = V2P with
P > log(4v/2J~)/log 2 defined in equation (28). In addition,
from Section III-F and Theorem II.1, we have § = %, 0= %
and v = /2M log(2K M) + 2M + 1 with probability at least
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1 —4N-2*+! when

N > Co1 fignax K T log(4v2.]7)
- (log(M — J) +1og(K + 1) + log(N)).

Applying the same « to Theorem IV.2, f=1 with
probability at least 1— N °f!  when N >C,o
P2 K J (log(KM) + log(M — J) + log(N)) One can
easily examine that p = 6 + VR = 2 + 2fv <1

Ifweset C, = max{Cy,1, Cy, 2} and merge the requirements
on N, we obtain

N > Copi, K Jlog(4v2.J7)

- (log(M — J) 4+ log(MK) +1og(N)).  (37)

Thus, the conditions in Theorem IV.1 are satisfied with prob-
ability at least 1 —5N°+! when N satisfies (37). More-

) _ Jits u Bu _
over, since ,u— 5 2nt 2\fv(1 o T avmaaa,)
2y 28r 24P

O — Vo1 =

24\F = 02\/13 with P > log(4\/ Jv)/log2.

V. NUMERICAL SIMULATIONS

Here we present numerical simulations that illustrate and
support our theoretical results. We set B € CN*K (o be the
first K columns of the normalized DFT matrix \/%F € CNxN,
The parameters ¢; and h; are generated by sampling indepen-
dently from the standard normal distribution, and the .J non-zero
columns of the ground truth solution X = [¢;h; - - - carhas] are
selected uniformly. 40 simulations are run for each setting, based
on which we compute the percentage of successful recovery.
Both the dictionary, A, and the ground truth solution, Xy,
including the support and its content, are sampled independently
for each simulation. We solve problems (5) and (11) via CVX
[31], and in the noiseless case if the relative error between
the solution X and the ground truth X is smaller than 107°,

M<105

Kol e we count it as a successful recovery.

A. The Sufficient Number of Measurement

In the first noiseless simulation, we examine the recovery
rate with respect to the parameters K and J. We fix M = 200
and N = 100 and let K and .J range from 1 to 20. The results
are summarized in the phase transition plots of Fig. 1 for the
random Gaussian dictionary and Fig. 2 for the random Fourier
dictionary. The results for the two dictionaries are similar. The
reciprocal nature of the phase transition boundary supports the
linear scaling with K J in equations (12) and (13). Roughly when
K J < 60, the recovery success rate is satisfactory.

To further illustrate the linear scaling of the required number
of measurements N with respect to K and J, we fix M = 200
and K =5, and let N and J range from 30 to 100 and 1 to
20, respectively. The results are recorded in Figs. 3 and 4 for
the random Gaussian and Fourier dictionaries, respectively. The
same simulation but switching the roles of K and J is also
implemented, and the results are shown in Figs. 5 and 6. These
results support the linear scaling of Theorem II.1.
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J from 1 to 20
Fig. 1. The relation between the subspace dimension of the sensing matrix,

K, and the number of committed atoms, .J, in terms of the success recovery rate
when A is a random Gaussian matrix.

K from 1 to 20
Recovery rate

2 4 6 8 10 12 14 16 18 20
J from 1 to 20

Fig. 2. The relation between the subspace dimension of the sensing matrix,
K, and the number of committed atoms, .J, in terms of the success recovery rate
when A is a random Fourier matrix.

B. The Recovery Error Bound With Noisy Measurement

To test the noisy case, we set M =200, K =J =5,
and N = 100, and we let y = L(X() +n with ||n||2 <n.
Theorem I1.2 gives a recovery guarantee of the form ||X —
Xol||r < C - n for a constant C' . Therefore, after dividing both
sides by ||Xo||F, setting ||n||2 = 7 and changing the units to
decibels (dB), we obtain

IX — Xol|r

20log Xollr

n||s
< 20logio <||>|<0|||F>

+ 201og((C). (38)

We call 20 loglo(w) the relative error in dB and

[[XollF
201og(

]2 ) the noise-to-signal ratio in dB. To examine the

[[Xollr
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N from 30 to 100
Recovery rate

2 4 6 8 10 12 14 16 18 20
J from 1 to 20

Fig.3. Thenearly linearrelation between the dimension of the observed signal,
N, and the number of committed atoms, .J, in terms of the success recovery rate
when A is a random Gaussian matrix.

N from 30 to 100
Recovery rate

2 4 6 8 10 12 14 16 18 20
J from 1 to 20

Fig.4. Thenearly linear relation between the dimension of the observed signal,
N, and the number of committed atoms, .J, in terms of the success recovery rate
when A is a random Fourier matrix.

linear relation between the relative error and the noise-to-signal
ratio in equation (38), we sample the real and complex com-
ponents of the noise vector n independently from a standard
Gaussian distribution and scale ||n||2 to attain different noise-
to-signal ratios. Similar to the previous plots, 40 independent
simulations are run for each noise-to-signal ratio and the range of
the standard deviation and mean (computed before transforming
to dB) of the relative error in dB are recorded in Figs. 7 and
8. The dashed lines show the theoretical error bound from
Theorem II.2 which are drawn by substituting the constants
derived in Section IV-A and IV-B and the system parameters
into equations (14) and (16). The slope of each dashed line
are 1. We observe that when noise-to-signal ratio is smaller
than 0 dB, the relative error scales linearly with respect to the
noise-to-signal ratio with slope 1 for both random Gaussian
and Fourier dictionaries. This confirms that ||X — Xo|| ¢ grows
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N from 30 to 100
Recovery rate

2 4 6 8 10 12 14 16 18 20
K from 1 to 20

Fig.5. Thenearly linear relation between the dimension of the observed signal,
N, and the subspace dimension, K, in terms of the success recovery rate when
A is a random Gaussian matrix.
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2 4 6 8 10 12 14 16 18 20
K from 1 to 20
Fig.6. Thenearly linear relation between the dimension of the observed signal,

N, and the subspace dimension, K, in terms of the success recovery rate when
A is a random Fourier matrix.

linearly with respect to 7 in Theorem I1.2. Moreover, if the noise
dominates the observed signal, solving the problem (11) results
in X = 0 and the relative error becomes 0 dB.

C. Direction of Arrival Estimation

In this section, we apply the proposed signal model to the di-
rection of arrival estimation problem introduced in Section I-D1.
Note that there exits thousands of different subspaces that the
complex calibration could live in. To give a concrete example
and compare to the related work, we adopt the setting from [9]
where the calibration subspace B € CV*X is modeled by the
first K columns of the normalized DFT matrix \/LNF € CNxN,
The entries of h; are sampled independently from the standard
normal distribution and h; is normalized to have unit norm.
Moreover, we set M = 181 and discretize the direction of arrival
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Fig. 7. The relation between the relative error (dB) and noise-to-signal ratio
(dB) when A is a random Gaussian matrix. The blue horizontal sticks and red
plus sign indicate the range of the standard deviation and the mean of the relative
error (dB) respectively given a specific noise-to-signal ratio (dB). The dashed
line is the theoretical error bound from Theorem II.2.
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[9)
o
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60 . . . . . . . . .
50 -40 -30 -20 -10 0 10 20 30
Noise to signal ratio (dB)
Fig. 8. The relation between the relative error (dB) and noise-to-signal ratio

(dB) when A is a random Fourier matrix. The blue horizontal sticks and red plus
sign indicate the range of the standard deviation and the mean of the relative
error (dB) respectively given a specific noise-to-signal ratio (dB). The dashed
line is the theoretical error bound from Theorem I1.2.

into 0; = {0,1,...,180} degrees. When the distance between
array elements is half of the operating wavelength, we can
obtain A by substituting d = 3 and 6; into a(6;) defined in
Section I-D1. Furthermore, we set N =50 and K =J =
5 where the directions of arrival of the 5 sources are
{67,75,92,127,133} degrees and the signal magnitudes are
sampled independently from the uniform distribution on [0, 1].
The real and imaginary parts of the noise vector are independent
random Gaussian vectors with 0 mean and identity covariance
matrix. SIVR = 30 dB. By solving the ¢, ; norm minimization
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(b) The Sparselift method using ¢; minimization [9].
Fig.9. The direction of arrival (DOA) estimation. (a) The estimated directions

of arrival by solving the /2 1 norm minimization in (11). (b) The result by
applying the Sparselift method using ¢; minimization proposed in [9].

problem in (11), the index of the nonzero column in the solution
X indicates the direction of arrival and the norm of the nonzero
column indicates the signal strength. The result is recorded in
Fig. 9(a). As a comparison, we also apply the Sparselift method
proposed in [9] to this problem, which assumes D for all j
are the same and solves an ¢; norm minimization problem. The
result is recorded in Fig. 9(b).

D. Single Molecule Imaging

Furthermore, we apply the proposed signal model to the single
molecule imaging described in Section [-D2. All data comes
from the Single-Molecule Localization Microscopy grand chal-
lenge organized by ISBI [32] which contains 12,000 low-
resolution frames. Each low-resolution frame is 64 pixel x
64 pixel with pixel size 100 nm x 100 nm, so that N = 64 x
64 = 4096. A typical, observed frame is shown in Fig. 10(a). Su-
perimposing all the observed frames leads to the low-resolution
structure in Fig. 10(b). The target of this experiment is to recover
the high resolution image of size 320 pixel x 320 pixel, which
implies that M = 320 x 320 = 102400, whose pixel is of size
20 nm x 20 nm. In addition, according to the statistic of the
dataset, the number of activated fluorophores in each frame is
less or equal to J = 17 and we use the Gaussian point spread

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 67, NO. 19, OCTOBER 1, 2019

(a) An observed frame.

(b) The low-resolution structure.

(c) The super-resolution output.

Fig. 10. The single molecule imaging. (a) The size of observed frame is 64
pixel x 64 pixel and each pixel is of size 100 nm x 100 nm. (b) Superposition of
all observed frames. (d) Superposition of all recovered super-resolution images.
The recovered image is of size 320 pixel x 320 pixel with pixel size 20 nm x
20 nm.

functions to approximate the point spread functions of the micro-
scope. By implementing the SVD on the Gaussian point spread
functions with different variances, we obtain a X = 3 dimension
subspace that point spread functions live in. Then by solving
an /5 ; norm regularized least square minimization problem on
each low-resolution frame, we get totally 12,000 high resolution
images and superimposing all the high resolution images results
in the super-resolution output recorded in Fig. 10(c).

VI. CONCLUSION

In this paper, we introduce the generalized sparse recovery
and blind demodulation model and achieve sparse recovery and
blind demodulation simultaneously. Under the assumption that
the modulating waveforms live in a known common subspace,
we employ the lifting technique and recast this problem as
the recovery of a column-wise sparse matrix from structured
linear measurements. In this framework, we accomplish sparse
recovery and blind demodulation simultaneously by minimizing
the induced atomic norm, which in this problem corresponds to
£2,1 norm minimization. In the noiseless case, we derive near
optimal sampling complexity that is proportional to the number
of degrees of freedom, and in the noisy case we bound the
recovery error of the structured matrix. Numerical simulations
support our theoretical results. In addition to extending the class
of dictionaries we have considered, an interesting future direc-
tion would be to relax the constraint that each D; is diagonal
while preserving the low-dimensional subspace assumption.
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