






DUAN, AKKAYA, KOVNER, and SKOKOV PHYS. REV. D 101, 036017 (2020) 

036017-4 

momentum is carried by the valence quarks and gluons. 

Due to their quantum nature, partons carrying a large 

fraction of momentum radiate low energy gluons which 

have a lifetime relatively short to that of the valence 

charges. To put it in another way, the valence (“hard”) 

partons can be treated as static sources of the soft gluons. 

The wave function of the system of slowly evolving 

valence charges and faster soft gluon degrees of freedom 

has the form 

 jψi ¼ jsi ⊗ jvi; ð11Þ 

where jvi is the state vector characterizing the valencesi is 

the vacuum of the soft fields degrees of freedom and j 

in the presence of the valence source. Despite appearances, 

the state is not of a direct product form since the soft 

vacuum depends on the valence degrees of freedom. 

In the leading perturbative order the CGC soft vacuum 

has the form 

 jsi ¼ Cj0i ð12Þ 

with the coherent operator 

 C ¼ exp2itr Zk biðkÞϕa
i ðkÞ; ð13Þ 

where 

 ϕiðkÞ ≡ aþi ðkÞ þ aið−kÞ; ð14Þ 

the trace is over all colors, and the transverse vector is 

denoted by k ¼ ðk1;k2Þ. We use the following notation: 

d2k 

 Zk ¼ Z ð 2πÞ2 : ð15Þ 

The background field bi
a is determined by the valence color 

charge density ρ via 

 i iki i 

 baðkÞ ¼ gρaðkÞ k2 þ caðkÞ: ð16Þ 

The correction ciaðkÞ is suppressed by at least Oðρ2Þ at 

small charge density, and we will neglect it in the 

following. It can be taken into account as a perturbation, 

but we believe our results are stable to this particular 

correction. 

Note also thatthe leading order inci is transverse, that 

isρðkÞ, only gluons with the longitudinalC and jsis 

customarily modeledi.c · k ¼ 0. Therefore at polarization 

contribute to 

The valence wave function jvi in the so-called McLerran-

Venugopalan (MV) model as 

[27,28] 

 hρjvihvjρi ¼ Ne−R k2μ12ρaðkÞρaðkÞ; ð17Þ 

where N is the normalization factor and the parameter μ2 

determines the average color charge density in the valence 

wave function. Note that Eq. (17) does not determine the 

does not enter our calculation.(possibly ρ-dependent) 

phase of jvi. This phase however 

Consider the hadron density matrix: 

 ρˆ ¼ jvi ⊗ jsihsj ⊗ hvj: ð18Þ 

In the following we will integrate out the valence (slow) 

degrees of freedom and derive the reduced density matrix 

for the soft gluons. That is we compute the reduced density 

matrix ρˆr ¼ Trρρˆ ≡Z Dρhρjρˆjρi ¼ Z Dρhρjvijsihsjhvjρi: 

ð19Þ 

We will then use this density matrix for calculating the 

entanglement entropy of the soft gluons and compare it to 

the entropy of ignorance. 

We expect this model to be a meaningful proxy to study 

the question discussed in the Introduction. One obvious 

common element between our model calculation and the 

real life parton model is the natural bipartitioning of the 

degrees of freedom in the underlying wave function and 

integrating over the environment. Physically though the 

analogy goes a little further. In our model approach we will 
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be reducing the density matrix over the slow degrees of 

freedom. The parton model in QCD has a similar meaning. 

At large transverse momentum (Q2) the observed partons 

correspond to the faster degrees of freedom. The 

unobserved environment that has to be integrated out 

presumably consists of lower transverse momentum modes 

(or in coordinate space modes extending outside the spatial 

region probed by the virtual photon) which have lower 

frequency than the high transverse momentum partons, and 

possibly confinement scale nonperturbative glue which 

again naturally has much lower frequencies. Thus, 

although the analogy may not be perfect, we believe that 

our toy model captures some basic relevant physics and 

therefore can teach us a meaningful lesson about the actual 

QCD parton model. 

III. DENSITY MATRIX IN NUMBER 

REPRESENTATION AND THE RENYI ENTROPY 

Using the MV model for the valence degrees of freedom, 

the reduced density matrix is calculated as 

ρˆr ¼ NZ Dρe−R k2μ12ρaðkÞρaðkÞCðρb;ϕibÞj0ih0jC†ðρc;ϕcjÞ: 

ð20Þ 

The very same reduced density matrix was obtained, and 

the von Neumann entropy was calculated in previous 

papers of some of the authors [4,12,13]. The calculation 

was performed in the field basis. Since the gluon number 

basis plays a special role in our current discussion, we will 

perform this calculation independently using this basis. 

Here because of the particularity of Eq. (16) in the leading 

order, we consider longitudinally and transversely 

polarized gluons with corresponding annihilation operators 

defined as ak
cðkÞ¼k·acðkÞ=jkj and a⊥c ðkÞ¼ϵijk

iaj
cðkÞ=jkj. 

We label the basis states as 

 jnλcðkÞ;mλcð−kÞi ¼ jNλðkÞi; ð21Þ 

Yc Yλ Yk Yc Yλ Yk c 

where λ ¼ k;⊥ and c are the polarization and color indices 

respectively. We have introduced for convenience Nic ¼ nic 

þ mic. The reason for introducing Eq. (21) is that in our 

density matrix, a mode with momentum k mixes only with 

the mode with momentum −k due to the fact that ρaðkÞ ¼ 

ρað−kÞ. In addition the density matrix is translationally 

invariant, which has a consequence that ρˆr is a direct 

product of density matrices in a fixed transverse 

momentum sector. 

The continuum states are customarily normalized as 

hnλcðkÞjnλcðk0Þi ¼ h0j½apλcðnkÞ! n 

½aλcp†ðnk!0Þn j0i

 ð22Þ ffi ffi 

with the corresponding orthogonality relation 

hkjk0i ¼ h0jaλcðkÞaλc00†ðk0Þj0i ¼ ð2πÞ2δλλ0 δcc0 δ2ðk − k0Þ: 

ð23Þ 

For convenience we discretize momentum by putting the 

system inside the spatial region of area S⊥ and granularity 

Δ. Then hkjk0i ¼ ð2Δπ2Þ2 δλλ0 δcc0 δkk0 ð24Þ 

with S⊥Δ2 ¼ ð2πÞ2. We also find it easier to work with the 

states which have a unit norm, as this makes the 

interpretation of diagonal matrix elements as probabilities 

straightforward. We thus redefine the multigluon states as 

jnλcðkÞ;mλcð−kÞi 

Yc Yλ Yk 

 ¼ Yc Yλ Yk ½
aλc†pð

k
nÞcλ2

Δ!ffiπnc
λ

 ½
aλc†pð

−
m

k
Þλc2!Δffiπmλ

c j0i

 ð25Þ 

and use this normalization in the rest of the paper. 

A. Entropy of entanglement 

From the structure of the density matrix it is obvious that it is a direct product over color. We thus consider the 

calculation for a fixed color index c. 

The action of the coherent operator on the soft gluon vacuum can be represented as 

 Cj0i ¼ eiR k bci ðkÞ½aci þðkÞþaicð−kÞj0i ¼ eiR k bicðkÞaicþðkÞe−12Rkkg22jρcðkÞj2j0i; ð26Þ 


















