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Abstract. We extend the multi-angle computational framework and investigate the time
evolution of the neutrino halo on collective neutrino oscillation in the core collapse of an iron
core progenitor. We find that in the case of the 9.6 M� progenitor adopted in this work, there
are windows of time when the effects of neutrino halo and collective neutrino oscillation are
not simultaneously large. Inside the shock, the impact of the inward-scattered halo neutrino
cannot in general be neglected compared to the outward-propagating neutrino flux. However,
during early epochs, collective neutrino oscillation is effectively shut down by multi-angle
matter suppression. During the intermediate epoch, collective neutrino oscillation is not
suppressed, but its onset radius is beyond the still relatively small explosion shock front
where the halo is prominent. We also find in the case of the 9.6 M� progenitor the halo
neutrinos induce a delay in the onset of collective neutrino oscillations. This causes novel
flavor conversions which sharpen collective neutrino oscillation spectral features. We predict
that the inclusion of neutrino halo effects makes neutrino signals that are more clearly distinct
from thermal emission that when halo neutrinos are omitted.

Keywords: neutrino theory, supernova neutrinos, core-collapse supernovas, neutrino detec-
tors
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1 Introduction

Neutrinos are intensively emitted from supernovae and have the potential to carry with
them information on the central properties of the explosion [1–8]. Kamiokande-II and
Irvine-Michigan-Brookhaven detector detected eleven and eight neutrinos, respectively, from
SN1987A which emerged in the Large Magellanic Cloud [9, 10]. This observation indicated
the importance of neutrinos in core-collapse supernovae (CCSNe) [11]. However, there are
still many open questions in supernova physics. We do not completely understand what hap-
pens in the core of exploding stars. Central densities are sufficient to trap even neutrinos,
which then diffuse and are emitted from the proto-neutron star at the core. The energy
spectra for different lepton flavors of neutrinos depend sensitively on the equation of state of
nuclear matter in the emission region. More precise models of neutrino emission and flavor
transformation enable us to enrich our understanding of CCSNe. Current and future neutrino
detectors expect that several thousands of neutrino events may be observed from a galactic
signal (e.g., [12]). In this case, we will obtain detailed time evolution of the neutrino spectra.
This information is expected to reveal many properties inside CCSNe and, hopefully, enable
us to test our current understanding of the yet-uncertain supernova physics (e.g., [13]).

However, we can not get original neutrino spectra directly from observation without
accounting for neutrino oscillations. Neutrinos from CCSNe undergo flavor conversions and
arrive at Earth as mixed states [14–16]. First, neutrino oscillation in vacuum is a SU(3)
oscillator system typically parameterized by two mass-squared differences, three mixing an-
gles, and a complex phase. With the exception of the complex phase, these parameters
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are currently well-known thanks to the hard work of many neutrino experiments (see sum-
mary in ref. [17]). Furthermore, neutrinos undergo flavor conversion with background matter
described by the Mikheyev-Smirnov-Wolfenstein (MSW) effect which occurs at two typical
electron densities [18, 19]. These two types of neutrino oscillation are linear effects and can
easily be grasped in solar and atmospheric neutrino probes. On the other hand, a third phe-
nomenon becomes potentially dominant in CCSNe which is triggered by neutrino-neutrino
coherent forward scattering interactions in the high neutrino flux regions near the proto-
neutron star. Known as collective neutrino oscillation, neutrinos propagating on intersecting
trajectories develop quantum coherence in their flavor oscillation with adjacent neutrinos.
While this process has been studied intensively for more than a decade, the non-linear na-
ture of the phenomenon makes the outcome of flavor oscillation impossible to predict without
computational modeling. One of the known outcomes of collective neutrino oscillation is a
peculiar behavior, called a spectral split or swap, where the neutrino spectra exhibit flavor
exchange only above a critical energy; this behavior is not seen in linear effects [20].

The neutrino-neutrino coherent forward scattering interaction depends strongly on the
relative trajectories of intersecting neutrinos. Treatment of collective neutrino oscillation
often employs the multi-angle approximation, which considers polar angular distributions of
emitted neutrinos in detail. Neutrinos along different trajectories are forced to synchronize
into coherent oscillation modes by the self-interactions and maintain coherence among differ-
ent angular paths. On the other hand, this trajectory dependence enhances matter-induced
decoherence. Background electrons cause the phase dispersion due to the travel distance
difference. This phenomenon is called multi-angle matter suppression, and it weakens collec-
tive neutrino oscillation [21]. It does not occur under the single-angle approximation which
ignores angular dependence of neutrino wave function. The competition between the neu-
trino self-interaction and the matter-induced phase dispersion is important under realistic
supernova environments [22–25].

These interesting features are based on the “bulb model”, which imposes many assump-
tions on neutrino emissions and background environments. Recent studies have revealed
that symmetry breaking can enhance new behaviors of collective neutrino oscillation [26–
39]. Some of these instabilities can overcome the multi-angle matter suppression and may
have large influence on observed neutrino spectra. However, few detailed calculations using
realistic supernova models have been performed due to the numerical complexity.

Many groups have extended the bulb model and tackled collective neutrino oscillation.
For example, Cherry et al. suggested that some of the neutrinos experience a direction-
changing scattering with nucleon/nucleus outside the neutrino sphere [26, 27]. These scat-
tered neutrinos produce a “halo” flux of neutrinos with large intersection angles with outgoing
neutrinos and may have a large impact on the neutrino-neutrino interaction. Especially, the
authors pointed out that inwardly scattered neutrinos can destroy the bulb framework and
produce numerical obstacles under some circumstances. The inward-going flux depends on
the background matter density and composition, integrated over the interior of the entire
CCSN envelope. The previous work employed an electron capture CCSN model whose den-
sity profile steeply drops at r > 1000 km. Thus, the inward halo flux decreases outside the
steep density gradient, and collective neutrino oscillation with bulb+halo model was able
to be performed safely. Ref. [28] investigated including the inward-scattered neutrinos self-
consistently within simplified collective neutrino oscillation calculations. The authors showed
that main features in collective neutrino oscillation with single-angle approximation, which
averages neutrino states with different angular modes, are maintained under the inclusion of

– 2 –



J
C
A
P
0
6
(
2
0
2
0
)
0
1
1

the halo flux by searching for a relaxation solution under the assumption of a static total
neutrino flux. Ref. [29] studied the impact of the halo effects on the multi-angle matter
suppression with a 15M� progenitor. Stability analysis including broader neutrino angular
distributions showed that the matter-induced phase dispersion dominates the neutrino self-
interaction even in the presence of halo neutrinos during the accretion phase of CCSNe with
dense envelopes. The authors suggested that the halo effects do not change the complete
suppression due to high matter density. However, the potential impacts of the neutrino halo
during other epochs and other progenitors have not yet been investigated.

In this paper we perform the first ever numerical study of collective neutrino oscillation
in the core collapse of a 9.6M� iron core progenitor including a consideration of the halo
flux in a multi-angle solution framework. For completeness, we compare results of our full
calculation (‘with halo’) to a calculation which omits halo neutrino scattering (‘no halo’)
and also to a calculation which omits collective neutrino oscillation entirely (‘no collective
neutrino oscillation’). We then evaluate the time evolution of the signal and the event rates
observed by neutrino detectors. Our principle finding is that, for our chosen progenitor, the
presence of the halo neutrinos enhances the detectability of collective neutrino oscillation
spectral features.

In section 2, we introduce our calculation method and employed supernova model. We
present the results of halo distribution, flavor conversions, and detectability in section 3.
Finally we summarize the conclusions of our study in section 4.

2 Numerical setup

2.1 Supernova model

We perform a two-dimensional (axi-symmetric) CCSN simulation with a 9.6 M� zero-
metallicity model (Z9.6) provided by A. Heger (2017, private communication, this model
is a extension of Heger et al. 2010 [40] toward the lower mass). This progenitor is a non-
rotating star and has an iron-core in the center, different from O-Ne-Mg progenitor used in
previous work [27].

The hydrodynamical simulation is performed by 3DnSNe code (recent application refer-
ence [41, 42]), and we show a selection of results for the electron density profile along the north
polar direction at 86 ms, 136 ms, and 186 ms in figure 1. This two-dimensional simulation is
computed on a spherical polar coordinate with spatial resolution of (Nr, NΘ) = (512, 128).
This radial grid covers from the center to an outer boundary of 5000 km. A piecewise linear
method with geometrical correction is used to reconstruct variables at the cell edge, where a
modified van Leer limiter is employed to satisfy the condition of total variation diminishing
(TVD) [43]. The numerical flux is calculated by HLLC solver [44]. We adopt the equation
of state by Lattimer & Swesty with incompressibility of K = 220 MeV [45]. These features
of the time evolution are related to the shock propagation. Numerical explosion simulations
under spherical symmetry are apt to fail the shock revival and do not provide the correct neu-
trino signals. In order to investigate the time evolution of halo effects and collective neutrino
oscillation, successfully exploding supernova models are required. We have found the Z9.6
model explodes successfully even in spherically symmetric simulation (consistent with [46]),
but we here employ a two-dimensional simulation to understand more general neutrino halo
structure. The halo structure strongly couples to the hydrodynamics of supernovae and two-
dimensional halo effects are different from their spherical symmetric counterparts [47–49].
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Figure 1. Electron density profile along the north pole at postbounce time tpb = 86, 136, and 186 ms.
Shock wave propagates from 200 km to 1000 km.

We finally calculate collective neutrino oscillations along the north polar direction from the
accretion phase until the shock revival.

Figure 2 represents the time evolution of neutrino luminosities Lν , averaged neutrino
energies 〈Eν〉, rms energy

√
〈E2

ν〉, and shock radius. In these neutrino properties, νX means
nonelectron type neutrinos νµ, ν̄µ, ντ , and ν̄τ . We approximate neutrino spectra on the surface
of neutrino sphere by a gamma distribution [50–52]:

f(Eν) =
(Eν)ξ

Γξ+1

(
ξ + 1

〈Eν〉

)ξ+1

exp

[
−(ξ + 1)Eν
〈Eν〉

]
, (2.1)

where Γξ+1 is the Gamma function. This ξ is a pinching parameter given by

ξ =
〈E2

ν〉 − 2〈Eν〉2

〈Eν〉2 − 〈E2
ν〉
. (2.2)

This shock radius shows the evolution of multi-dimensionality. The radius of shock wave is
almost spherically symmetric before tpb ∼ 100 ms (with tpb the postbounce time) while two
dimensionality evolves and difference between maximum and minimum shock radius emerges
after tpb ∼ 100 ms.

2.2 Neutrino halo

Inclusion of the neutrino halo effect within the framework of collective neutrino oscillation
calculations has received a renewed burst of attention [28, 53] due, in part, to the recent
direct detection of coherent enhancement of elastic neutrino-nucleus scattering by the CO-
HERENT experiment [54]. The COHERENT result has placed the presence of the neutrino
halo within CCSNe on firmer theoretical ground than collective neutrino oscillation itself,
as ν − ν coherent forward scattering has not yet been directly observed. Nevertheless, the
problem of including the neutrino halo, itself, within the collective neutrino oscillation frame-
work remains a difficult task of selecting a set of reasonable approximations which allow for
the solution of the neutrino flavor transformation equations of motion (EOM) with available
computing power. Our process for generating collective neutrino oscillation predictions from
CCSNe simulations follows 4 steps:
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Figure 2. The top panels show the time evolution of neutrino luminosity (left) and shock wave
radius (right). In the bottom panels, we show averaged energy (left) and rms energy (right). In
neutrino luminosity and average energy, νe, ν̄e, and νX are red solid, blue dotted, and black dashed
line, respectively. For the shock radius figure, dotted lines show the maximum and minimum radius.

1. Post processing single time snapshots of the neutrino emission from the hydrodynamical
simulation of the 3DnSNe code to account for the re-direction of halo neutrinos and
creating a 4D map of the energy and angular distribution of halo neutrinos in all radial
and angular zones.

2. For each trajectory in each time snapshot, we determine the radii where collective
neutrino oscillation is suppressed by multi-angle matter interactions. We take a point
slightly inside the radius where multi-angle suppression ceases as a starting point for
the full collective neutrino oscillation calculation.

3. To safely proceed with a collective neutrino oscillation calculation, we verify that the
contribution from the halo neutrinos to the neutrino flavor transformation EOM at all
radii above the starting point identified in step 2 is suitably “small” where this is set
to be less than 10% of the ν − ν forward scattering interaction.

4. Use the map of the halo neutrinos generated in the first step to populate the outward
directed neutrino emission trajectory bins (including the bulb emission) at the calcula-
tion starting point and performing a halosphere style [27] collective neutrino oscillation
calculation. In this sense, we are creating a validation check for what regions of the
envelope are safe to treat in terms of the initial condition formulation of the collective
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neutrino oscillation problem, and what regions require the treatment of the full bound-
ary value problem. We have found that for the example of the Z9.6 progenitor, we can
safely employ the initial condition solution method we describe for the epochs of the
SNe explosion which exhibit collective neutrino oscillations.

Our method relies heavily on the results of the first step above. We therefore first
explain in detail how the halo neutrino population is calculated before outlining the remain-
ing steps. In order to generate a map of the halo neutrino population, we calculate the
single-scattering contribution for the zero energy transfer neutrino-nucleus interaction cross
section to the neutrino transport processes which have already been solved by the 3DnSNe
code. This scattering process is typically included in CCSNe simulations because of its con-
tribution to neutrino trapping during core collapse and because the non-zero energy transfer
portion of the cross section contributes to neutrino energy deposition. However, the zero
energy transfer interaction scatters neutrinos at wide angles, transporting neutrinos along
non-radially directed trajectories, is explicitly omitted in the ray-by-ray neutrino transport
approximation. For this reason, we must solve a simplified set of Boltzmann transport equa-
tions to calculate the halo neutrino population in a post-hoc fashion, creating a map of the
wide angle scattering out of and into each zone in the hydrodynamic simulation, labeled with
radial coordinate ri and polar angle coordinate Θj .

First calculated by Tubbs and Schramm [55], the enhanced neutrino-nucleus interaction
cross section for a nucleus with total nucleons, A, proton number, Z, and neutron number,
N , is to leading order,

σ [Eν , (Z,N)] ≈
G2
F

π
E2
ν

[
1

2
(CA − CV ))A+

1

2
(2− CA − CV )) (Z −N)

]2

, (2.3)

with the Fermi coupling constant, GF, the incoming neutrino energy, Eν , and weak interaction
coupling constants CA = 1/2 and CV = 1/2 + 2 sin2 θW = 0.9446, taking the Weinberg angle
to be sin2 θW = 0.2223. This cross section is approximately isotropic and thus responsible
for redirecting a portion of the neutrino flux emitted during a CCSN along all trajectories
within the envelope of the exploding star.

With the coherently enhanced cross section we are able to solve a greatly simplified
set of Boltzmann transport equations for neutrinos emitted along each radial ray of the
simulation. We choose to remain consistent with the neutrino transport scheme of the original
CCSNe simulation, solving neutrino scattering into the halo population in the ray-by-ray
approximation as our initial step,

d

dr
ρhalo (r,Θj , α, Eν) = Γhalo (r,Θj , Eν) ρray (r,Θj , α, Eν) , (2.4)

and,
d

dr
ρray (r,Θj , α, Eν) = −Γhalo (r,Θj , Eν) ρray (r,Θj , α, Eν) , (2.5)

with the neutrino scattering rate,

Γhalo (r,Θj , Eν) =
∑
β

σ
[
Eν , (Z,N)β

]
ρβ (r,Θj) , (2.6)

taking Θj and the index j to denote the trajectory and angular bin, respectively, of the 2D
CCSNe data set, α indexes the neutrino flavor state, β indexes the species of nucleus/nucleon
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Figure 3. Schematic description for equation (2.7). Emitted neutrinos are scattered at a position
(rl,Θm,Φn) towards position (ri,Θj) with the local radial intersection angle θ[i,j],[l,m,n]. Neutrinos
with the local polar angle θk at (ri,Θj) are given by summation over (l,m, n) along trajectory θk.

for which we calculate scattering rates, and the local density of a nuclear species along a given
ray is ρβ (r,Θj). For simplicity, the index β runs over four distinct species: protons, neutrons,
4He, and a “heavy” species given by 〈(Z,N)〉 for all nuclei heavier than He.

The population of halo neutrinos which are sourced by scattering in each radial (i) and
angular (j) zone, fhalo

i,j (α,Eν), of the CCSNe simulation are then calculated by integrating
equations (2.4) and (2.5) outward along each ray for the simulation polar coordinate Θj ,
starting at the neutrino sphere, for each radial zone. Note that solving equations (4) and (5)
for each ray is not the final solution for the halo, but is instead the distribution of scattered
neutrino sources which contribute to the final halo distribution at all points {ri,Θj} within
the original SNe simulation. The magnitude of the population of halo neutrinos created by
coherently enhanced scattering is ∝ A, the nuclear mass number of nuclei within the envelope,
which is in turn due to the ∝ A2 scaling of equation (2.3) combined with the ∝ A−1 scaling
of the density of atomic nuclei. For CCSNe which arise from iron-core progenitor stars
(estimated to be ∼ 70% of the galactic population [56]), the magnitude of the halo effect is
proportionately larger than the previously studied O-Ne-Mg core collapse case.

So far we have calculated the source distribution functions of the halo neutrino popula-
tion for the original 2D CCSNe simulation. Now it is necessary to convert that information
into a 3D volume of sources to calculate how scattering from each zone contributes halo
neutrinos at wide angles to the overall neutrino number densities contained in the original
2D simulation. Shown in figure 3 is a diagram of the geometry of neutrino sources which
must be summed over. For each radial and polar angle zone in the 2D simulation, indexed i
and j respectively, we create a 3D axisymmetric clone of the 2D data set around the polar
axis with NΦ ∼ 2NΘ. We will define the indices l, m, n to be the radial, polar angle, and
azimuthal angle bins, respectively, of the cloned 3D set of halo neutrino sources. Presented
as a discrete sum, the energy and angular number density distribution of the halo neutrinos
in each radial and polar angle zone, i, j, is then,

ρhalo(α,Eν ,θk,ri,Θj) =
∑
l,m,n

Ω[i,j],[l,m,n]Π
(
θk; θ[i,j],[l,m,n],δ[i,j],[l,m,n]/2

)
∆θkρ

halo(α,Eν , rl,Θm) ,

(2.7)
with θk as the local polar angle relative to the unit normal in zone {ri,Θj},

θ[i,j],[l,m,n] = cos−1 (r̂i,j · (~ri,j − ~rl,m,n) /|~ri,j − ~rl,m,n|) , (2.8)
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representing the local radial intersection angle in zone [i, j] of the emission from zone [l,m, n].
The emitting zone has finite angular size, δ[i,j],[l,m,n], as viewed from the target zone, so
we must split the incident neutrino number density across a range of θk bins, centered on
θ[i,j],[l,m,n]. We approximate this distribution to be uniform in the local azimuthal coordinates,
so the total number density of neutrinos arriving in the θk angular bin is reduced by a
factor of Π

(
θk; θ[i,j],[l,m,n], δ[i,j],[l,m,n]/2

)
∆θk, where Π(x; a, b) is the boxcar function on the

interval a ± b, normalized so that the sum
∑

k Π
(
θk; θ[i,j],[l,m,n], δ[i,j],[l,m,n]/2

)
∆θk ≡ 1. The

relative flux dilution of halo sources is accounted for by the solid angle term, Ω[i,j],[l,m,n],
which is the solid angle subtended by the target zone, [i, j], relative to the source zone
[l,m, n], assuming that all zones are roughly spherical with radius Rl,m,n = (3Vl,m,n/4π)1/3

and Ri,j = Rl=i,m=j,n=0.

Equation (2.7) makes the 4 dimensional nature of the halo neutrino population apparent.
Within all zones {ri,Θj}, there is a distribution of neutrino number density with respect to
neutrino energies, Eν , and angle relative to the local radial direction, θk. By evaluating
equation (2.7) everywhere within the envelope and recombining it with the radially emitted
neutrino densities along a given ray, we have an initial map of the total neutrino distribution
within the envelope.

We now need to reduce this information into quantities which are germane to solution
of the collective neutrino oscillation EOM. To begin with, we will suppress the notation such
that the total neutrino number density distribution in the envelope is

ρνα(θ, ri,Θj) =
∑
Eν

[ρhalo (α,Eν , θ, ri,Θj) + ρray (α,Eν , θ, ri,Θj)], (2.9)

summing over neutrino energies and leaving the dependence of ρνα(θ, ri,Θj) on Eν and α
implicit. From this starting point we can calculate the ν−ν forward scattering contributions
to the collective neutrino oscillation equations of motion directly. Note that we treat the θ
distribution for ρray by requiring that it is distributed with uniform intensity on the surface
of the neutrino sphere, as the neutrinos in ρray have not undergone any direction changing
scattering, but this does not create any constraint that ρhalo be defined in terms of any
pseudo-emission surface. Solving equation (2.9) thus allows the specification of ρνα(θ, ri,Θj)
for all azimuthal angles 0 < θ < π in each of the simulation zones {ri,Θj}. For reasons that
will become clear shortly, we will split these Hamiltonian contributions into two pieces,

Hout
νν (ri,Θj) = Σα

√
2GF

∫ 0

1
(1− cos θref cos θ) [ρνα(θ, ri,Θj)− ρ̄να(θ, ri,Θj)] d cos θ , (2.10)

and

H in
νν (ri,Θj) = Σα

√
2GF

∫ −1

0
(1− cos θref cos θ) [ρνα(θ, ri,Θj)− ρ̄να(θ, ri,Θj)] d cos θ, (2.11)

which are the ν − ν Hamiltonian contributions for a radially directed neutrino from out-
ward directed neutrinos and inward directed neutrinos, respectively. Note that the choice
of a radially directed reference trajectory is relevant for equations (2.10) and (2.11) in that
it allows the substitution for the angle of intersecting neutrino beams, θint → θ, because
cos θint = cos θref cos θ = cos θ for the radially directed case where cos θref = 1. This choice
is not arbitrary on our part but is two fold. First, cos θref = 1 is selected to produce the
most conservative estimate of Hout, which is minimized for angles close to θ = 0 where the
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bulk of the neutrino number density lies due to emission from the core. Second, choosing
cos θref = 1 removes the local polar angle dependence, ∝ sin θref sin θ, for intersecting neutrino
trajectories in the zone {ri,Θj} where we wish to know H in

νν and Hout
νν .

Equations (2.10) and (2.11) can be evaluated explicitly under the assumption that the
neutrino density matrices ρν and ρ̄ν are flavor diagonal, i.e., in the absence of neutrino flavor
transformation, for all points within the CCSN envelope. With these constructions we can
quantify the amount of ν − ν flavor transformation Hamiltonian “weight”which is flowing
inward vs. outward. This is a critical step in implementing multi-angle collective neutrino
oscillation with the inclusion of the halo population [27], as inward directed neutrinos can-
not be accommodated by the numerical methods presently available (although considerable
progress has been made toward rectifying this issue for single-angle collective neutrino oscil-
lation calculations [28, 53]).

To create a quantitative metric on the suitability of our multi-angle collective neutrino
oscillation calculations, we require that the ratio H in/Hout be less than 10% at all radii along
which we solve equation (2.14). This guarantees that the portion of the halo population which
cannot be included in the multi-angle collective neutrino oscillation calculations is, at most,
a sub-leading order contribution to HE,u. Mapping the ratio H in/Hout for all points within
the envelope is the first step in our safety checks. Figure 4 shows the results of this procedure
for selected time snapshots.

The second step is to check that the flavor diagonal condition used in evaluating equa-
tions (2.10) and (2.11) is valid up to the radius at which we plan to begin the full collective
neutrino oscillation calculation. Beneficially, the large matter densities in the inner regions
of the CCSN envelope suppress neutrino flavor conversion at small radii. To establish the
maximum radius at which we can perform our full collective neutrino oscillation calculation,
we perform a collective neutrino oscillation calculation which omits the halo neutrinos. The
results of this calculation are sufficient to establish the initial radius, rinit, below which the
flavor diagonal assumption is valid due to matter density suppression of collective neutrino
oscillation.

The third preparatory step is to verify that both of the above conditions are satisfied
simultaneously along the trajectory where we calculate collective neutrino oscillation. While
the ratio H in/Hout may grow larger than 10% at some radii along a given trajectory, so
long as those locations are within the region of matter suppression of collective neutrino
oscillation we consider the effects of the halo neutrino population on flavor conversion to
be negligible. Under the condition that H in/Hout < 10% at all radii greater than rinit we
consider a trajectory safe for the full calculation of collective neutrino oscillation including
all radially emitted neutrinos and outward directed halo neutrinos.

Once we are satisfied that the trajectory we are considering is suitable for collective
neutrino oscillation calculations the fourth and final step is to return to the neutrino distri-
bution map we have created by summing ρhalo and ρray to set the initial conditions for our
collective neutrino oscillation calculation (e.g., equation (2.9) with 0 ≤ θk ≤ π/2). Similarly
to ref. [27], we generate our initial condition on a pseudo-emission surface which we call the
halosphere, with radius, RH , taken to be 15%−20% less than the measured onset of collective
neutrino oscillation at rinit. Note that this step does force us to truncate the halo neutrino
number density as a function of angle (θ < π/2) and limit the range of solutions to outward
directed trajectories. Energy and emission angle distribution of neutrinos on the surface
of the halosphere is taken directly from the local distribution of neutrinos in the envelope
at that point ρνα (Eν , ϑ) |r=RH = ρray (α,Eν , θ, ri = RH ,Θj) + ρhalo (α,Eν , θ, ri = RH ,Θj).
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Figure 4. Density profile (left) and Halo contribution (right). These figures show three time snap-
shots, postbounce time 86 ms, 136 ms, and 186 ms, from top to bottom. Color scale for the right panels
indicates the ratio of the self-interaction Hamiltonian of inward contribution to outward one. An re-
gion where this ratio exceeds 0.1 should not be treated by the bulb+halo model. A movie presenting
the time evolution is available at http://tron.astron.s.u-tokyo.ac.jp/~zaizen/halo-movie.html.
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While this description of the initial condition is straightforward, numerical convergence of
collective neutrino oscillation calculations are difficult to achieve unless the angular bins of
ρνα (Eν , ϑ) |r=RH are chosen very carefully. We discuss our approach and technical details of
that selection in the appendices.

2.3 Collective neutrino oscillation

Now we move on to describe how to implement the fourth procedure in the previous section.
The flavor conversions including collective neutrino oscillation are performed by using the
bulb model as a starting point [20, 57, 58], and extending the formalism to include halo
neutrinos [27]. The traditional bulb model requires uniform and isotropic neutrino emissions
under environments depending only on radius r. On the other hand, the bulb+halo model
takes initial conditions with anisotropic angular distribution due to the neutrino-nucleus
scattering. Our calculations consider initial neutrino flux with the wider intersection angle
given in section 2.2.

Neutrino states are simply given by a density matrix ρν(r;Eν , θ) with neutrino energy
Eν and angular mode θ at a radius r. The density matrix ρν includes neutrino distribution
in diagonal term

diag(ρν) =
(
ρνe , ρνµ , ρντ

)
. (2.12)

In the bulb+halo model, we adopt a total neutrino distribution as the initial condition,

ρνα = ρray
να + ρhalo

να , (2.13)

which we can obtain from the first to third procedure in the previous section. This halo
flux ρhalo provides broader angular distribution than the bulb emission, and the inclusion
of this term is different between the no-halo case and the with-halo case. In the bulb+halo
model, this neutrino distribution is reconstructed to be emitted from the neutrino-halo sphere.
Therefore, the broader intersection angle can be written in the EOM by using the radius of
the neutrino-halo sphere RH , not that of the neutrino sphere Rν . The EOM for a density
matrix ρν in a steady state is

i∂rρν = [HE,u, ρν ] (2.14)

and

HE,u =
1

vr,u

(
U
M2

2Eν
U † +

√
2GFneL

)
+
√

2GF

∫
dE′νdu′

(
1

vr,uvr,u′
− 1

)(
ρ′ν(E′ν , u

′)− ρ̄′ν(E′ν , u
′)
)
, (2.15)

where U is the Pontecorvo-Maki-Nakagawa-Sakata matrix [59], M2 is a neutrino mass square
matrix, and L is diag(1, 0, 0). The radial velocity vr,u with an angular mode u is defined as

vr,u =

√
1− uR

2

r2
(2.16)

u = sin2 θR, (2.17)

where θR is an emission angle relative to the radial direction on the surface of an emission
source. We treat the emission source as the neutrino sphere R = Rν in the no-halo case
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and as the neutrino-halo sphere R = RH in the with-halo case. In this calculation, we
assume axial symmetry on the neutrino trajectories, that is, we neglect the multi-azimuthal
angle effect [30]. This symmetry breaking appears only in the normal mass ordering and the
directional azimuth-angle distribution does not affect the flavor conversions in the inverted
mass ordering [31, 32, 35].

In this work, we choose the following neutrino parameters as in ref. [17]: ∆m2
21 = 7.37×

10−5 eV2,
∣∣∆m2

31

∣∣ = 2.54 × 10−3 eV2, sin2 θ12 = 0.297, sin2 θ13 = 0.0216, and CP-violation
phase δ = 0. We consider only the inverted mass ordering case ∆m2

31 < 0 because collective
neutrino oscillation is suppressed for the normal mass ordering case in our calculation [60].
We introduce the rotated state,

νx = cos θ23νµ − sin θ23ντ (2.18)

νy = sin θ23νµ + cos θ23ντ , (2.19)

not the ordinary state (νe, νµ, ντ ) in the following calculations. This rotation does not affect
the electron-type neutrinos, and enables us to understand the three-flavor framework as the
combination of two-flavor problems, νe ↔ νy and νe ↔ νx. The three-flavor effects associated
with ∆m2

21 and θ12 arise from flavor symmetry condition on the total neutrino fluxes for each
flavor, Φα = Lνα/〈Eνα〉, such that Φνe ' Φν̄e ' Φνx , and cause νe ↔ νx conversion [61–63].
These effect can emerge even in the normal mass ordering, but neutrino number fluxes in
figure 2 do not satisfy the symmetry condition. Therefore, νe ↔ νy conversion is dominant
in our calculation.

We describe the flavor difference with polarization vectors P and P in solving the EOM
numerically. This polarization vector reflects independent components of the density matrix
and we can transform equation (2.14) from matrix differential equations including complex
values to vector differential equations composed only of real values as

ρν =
1

3
I3 +

1

2
P ·Λ (2.20)

∂rP(Eν , u) = HE,u ×P(Eν , u), (2.21)

where Λ is a vector of the Gell-Mann matrices. This three-flavor formalism is based on
refs. [25, 58]. Then, P3 and P8 correspond to the diagonal terms of the density matrix ρν
and initial conditions are written as

P i3(Eν , u) = ρνe(Eν , u)− ρνx(Eν , u) (2.22)

P i8(Eν , u) =
ρνe(Eν , u) + ρνx(Eν , u)− 2ρνy(Eν , u)

√
3

. (2.23)

If neutrino emission is assumed to be isotropic in the traditional bulb model, these initial
conditions depend only on energy distribution. On the other hand, if we consider neutrino
scattering, initial conditions have angular distribution including a halo flux. Figure 5 ex-
presses neutrino intensity distribution over impact parameter b = RH sin θR at four select
energies at postbounce time tpb = 136 ms.

This energy and angular distribution is calculated from coherent elastic neutrino scatter-
ing with background matter, and it is set as the initial conditions in the with-halo case. The
bulb+halo model is set by reconstructing neutrino distribution on the neutrino-halo sphere.
We calculate collective neutrino oscillation with/without halo effects along the northern pole
direction of the two-dimensional iron-CCSN model.
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Figure 5. Antielectron neutrino intensity distribution as a function of impact parameter at post-
bounce time tpb = 136 ms.

3 Results

3.1 Magnitude of halo

We show density profile and halo contribution at 86 ms, 136 ms, and 186 ms in figure 4.
This halo contribution expresses the ratio H in/Hout of the self-interaction Hamiltonian of
inward contribution to outward one. In regions where this ratio is large, the inward-scattered
neutrino flux cannot be neglected. This dangerous region especially expands over the whole
map at 186 ms. However, we find an escape route along 45 degree direction. This gap is
produced by two-dimensional density structure and neutrino flux distribution. Comparing
this region with the density profile, we find that the halo contribution is larger inside the
shock wave and steeply decreases outside. This feature is similar to the steep density gradient
in a O-Ne-Mg CCSN. Therefore, the density gradient of the shock wave is having the same
effect as the envelope density gradient in O-Ne-Mg CCSNe. We can thus calculate collective
neutrino oscillation safely, ignoring inward-going neutrino flux outside the shock wave.

In this case, we replace the neutrino sphere Rν with a neutrino-halo sphere RH as an
emission source. The radius of neutrino-halo sphere almost corresponds to the shock wave
location and the flavor conversion does not occur inside this neutrino-halo sphere. Using this
bulb+halo model, we investigate the impacts of outward-going neutrino flux on collective
neutrino oscillation signals.

3.2 Halo effects on flavor conversion

In our model, the shock wave propagates outward within the occurrence region of collective
neutrino oscillation. This propagation affects the density structure in this region as time
passes, and changes the behaviors of the multi-angle matter suppression. We show the time
variation of the density profile along the north polar direction at 86 ms, 136 ms, and 186 ms
in figure 1. Collective neutrino oscillation at 186 ms is completely suppressed due to matter
effects. Even though this epoch is not the accretion phase of the Z9.6 model CCSNe, the
mechanism of complete suppression is the same as described in [29], who demonstrated that
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Figure 6. The radial evolution of the energy and angle averaged νe survival probability at postbounce
time 86 ms (left) and 136 ms (right). These survival probabilities are in the inverted mass ordering case.

collective flavor conversion suppression can take place when accounting for the effects of halo
neutrinos.

We first discuss results at 86 ms and 136 ms. Figure 6 shows the radial evolution of the
survival probability of electron neutrinos averaged over energy and angular mode at 86 ms
and 136 ms. In the no-halo case, at 86 ms, the shock wave is located at r ∼ 200 km and
collective neutrino oscillation occurs outside the shock wave. The electron density gradually
decreases with increasing radius, and flavor conversions occur at r ∼ 400 km. In the with-
halo case, the onset of flavor conversion is clearly delayed. The with-halo case suggests
that the neutrino halo gives additional multi-angle matter suppression for collective neutrino
oscillation. The matter suppression is induced by the phase dispersion due to the different
neutrino trajectories. The maximum value of intersection angle in the no-halo case depends
roughly on the inverse square of the radius at a distance r � Rν . On the other hand,
halo components have broader angle distribution and give additional phase dispersion. Halo
neutrinos with wide angles strengthen the multi-angle matter suppression, and the onset
radius of collective neutrino oscillation is delayed.

At 136 ms, there is no difference between oscillation radius in the no-halo case and the
with-halo case. The shock wave is located at r ∼ 430 km at this time snapshot. Neutrinos
get free from the matter suppression just after propagating through the shock wave, and
collective neutrino oscillation suddenly occurs. This feature does not change even in the
with-halo case. Therefore, the onset radius of collective neutrino oscillation is the same as in
the no-halo case, different from at 86 ms.

Second, we present calculation results of collective neutrino oscillation in the no-halo
case and the with-halo case at 136 ms as a representative snapshot. Figure 7 shows the
survival probability contour maps on energy-impact parameter plane after the collective
neutrino oscillation ceases at r = 1200 km.

The left panels in figure 7 are results in the no-halo case and the right ones are in
the with-halo case. The top panels show the results for ordinary neutrinos and the bottom
ones are for antineutrinos. The vertical axis expresses the impact parameter b = r sin θR of
emitted neutrinos from neutrino sphere/neutrino-halo sphere which terminates at r = RH .
Emissions with impact parameter beyond the radius of proto-neutron star, 30 km, correspond
to the contribution from neutrino halo. The survival probabilities for neutrinos in the no-halo
case clearly predict spectral splits as shown in previous works [64]. In the with-halo case,
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Figure 7. The survival probability contour maps for neutrinos (upper panels) and antineutrinos
(bottom panels) on energy-impact parameter plane at r = 1200 km at postbounce time 136 ms. Left
panels are the no-halo case and right panels are the with-halo case.

halo contributions give additional flavor conversions above the low impact parameter region.
These additional oscillations deform the neutrino spectra and affect the detection at Earth.

Figure 8 shows the angle-averaged neutrino spectra after collective neutrino oscillation
ceases at r = 1200 km. Left panels are the no-halo case and right panels are the with-halo
case. Additional flavor conversion above ∼ 10 MeV occurs, in both neutrinos and antineutri-
nos. This feature corresponds to the survival probability contour map in figure 7. However,
it does not appear to match over low energy range below ∼ 10 MeV for antineutrinos. Halo
components in this region show almost complete flavor conversions. This shift in the flavor
transformation pattern is due to the redistribution of halo neutrinos to wider angles.

3.3 Detectability

For the Z9.6 model, we find that multi-angle matter suppression prevents collective neutrino
oscillation at early and late times, with the exception of a window from tpb = 70 ms to
tpb = 170 ms during the shock revival epoch of the explosion. There are two salient questions
we would like to answer with regards to the resultant neutrino signal for the Z9.6 simulation:
(1) Can we see signatures of the onset / end of collective neutrino oscillation within the
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Figure 8. Neutrino spectra (upper panels) and antineutrino spectra (bottom panels) after the col-
lective neutrino oscillation ceases at r = 1200 km at postbounce time 136 ms. Left panels are the
no-halo case and right panels are the with-halo case. The e and y flavors are shown in red and green
lines, respectively. The solid lines are for neutrino spectra after collective neutrino oscillation and the
dashed ones for initial spectra.

received signal? (2) What impact, if any, does the inclusion of the neutrino halo in the
collective neutrino oscillation calculation have on the received signal?

Inclusion of halo neutrinos tends to sharpen the features of collective neutrino oscillation
relative to calculations which omit halo neutrinos. In the absence of coherently enhanced
elastic scattering, the ν − ν contribution to equation (2) is roughly ∝ (Rν/r)

4. Because the
elastic scattering which populates the halo spreads neutrinos out to trajectories which have
wider intersection angles while conserving their overall numbers, the ν − ν contribution to
equation (2) which includes the halo is softer than ∝ (Rν/r)

4. This softening leads to a larger
scale height for the ν − ν potential and results in moderately more adiabatic conditions for
collective neutrino oscillation. While the exact degree of increase in adiabaticity is dependent
on the details of the supernova model under consideration, the trend of increased adiabaticity
when including halo neutrinos is uniform across all studied in this work. Increasing the adi-
abaticity of collective neutrino oscillation leads to more complete and more step-like spectral
swap features in the neutrino energy distribution. An example of this can be seen clearly in
the top panels of figure 8, where the spectral swap between νe − νy is greatly sharpened by
the inclusion of the halo neutrinos in the collective neutrino oscillation calculation.

To quantify the comparison of received neutrino signals from the Z9.6 model, we have
taken several limiting cases for fluxes of neutrinos generated by our flavor transformation cal-
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Figure 9. Left panel: the time evolution of the inverse beta decay event rate at SK. Right panel:
the time evolution of the electron neutrino-40Ar capture rate at DUNE.

culations, one including matter effect only (no collective neutrino oscillation), one including
radially emitted neutrinos only (no-halo), and radially emitted neutrinos including the out-
ward directed halo neutrinos (with-halo), and used the SNOwGLoBES software package [65]
to model the detected signal corresponding to several time snapshots of the explosion. We
have chosen to compare event rates for inverse beta-decay (IBD) in Super-Kamiokande (SK)
(assuming the detector has completed doping with Gd, allowing for the tagging of IBD
events), and νe− 40Ar capture in a 40 kt liquid argon (LAr) detector, projected to be DUNE.
Our reasoning behind considering the IBD rate in SK (SK) rather than the event rate in
Hyper-Kamiokande (HK) is driven by our interest in the spectral distortions created by col-
lective neutrino oscillation signals. HK will have a fiducial mass of 190 kt of water, compared
to SK’s fiducial mass of 22.5 kt, which will dramatically increase the total number of neutrino
events and make HK considerably more sensitive to fast time variations of the SN neutrino
burst. However, because the HK detector will not be Gd-doped it will not be able to iden-
tify IBD events uniquely. The events observed by HK will be a convolution of all neutrino
detection channels (both capture and elastic scattering) for all flavors of neutrinos. Because
collective neutrino oscillation signals are typified by spectral swaps between neutrino flavors,
a single flavor detection channel is superior in identifying the presence of collective neutrino
oscillation, so we have elected to examine the SK IBD signal due to SK-Gd’s ability to tag
the ν̄e with high efficiency. For all analyses we conduct, event rates are calculated fixing the
separation distance between Earth and the CCSN to d = 10 kpc.

Figure 9 shows the results for the total event rate for IBD in SK on the left panel and
the total event rate for νe− 40Ar capture in DUNE on the right. Note that because we chose
to bin snapshots more closely near the onset and end of the collective neutrino oscillation
epoch, the inter-snapshot spacing of data points in figure 9 is not necessarily equal to the
integration time used to calculate the event rate, which is 50 ms. From the total event rates
alone, it is clear that the onset of collective neutrino oscillation for this CCSN model can
be detected through the divergent trends in the event rates of both experiments. When the
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Figure 10. Left panel: the time evolution of the Hardness ratio, RH/L, for the inverse beta decay
event channel at SK. Right panel: the time evolution of the Hardness ratio, RH/L, for the electron
neutrino-40Ar capture channel at DUNE.

Z9.6 simulation neutrino emission is modified by matter effects alone, the event rates for
νe and ν̄e trend together after the passage of the neutronization burst. However, there is a
clear divergence in the relative event rates for νe vs ν̄e when collective neutrino oscillation is
included, with a significant increase in νe capture in LAr contemporaneous with a significant
decrease in ν̄e capture in inverse beta decay. This relative shift in the event rates continues
for the entirety of the collective neutrino oscillation epoch, before the total event rates in
both experiments abruptly return to trending together at tpb = 170 ms. The total event
rate in LAr does not show any significant difference between the ‘no-halo’ and ‘with-halo’
cases, while the total events received during the collective neutrino oscillation epoch for
SK are reduced an additional 10% when including the halo in collective neutrino oscillation
calculations.

Of course, the total event rate omits all of the information contained in the energy
distribution of the observed signals for our proxy detectors. We might also consider measures
which are sensitive to the energy dependence of νe and ν̄e events. To this end we introduce the
“Hardness Ratio”, RH/L, which splits the event rates in each detection channel into two bins
with detected neutrino energies above and below a cutoff energy, EC = 15 MeV. This gives,

RH/L =
N |E>EC

N |E<EC

, (3.1)

with a distinct RH/L for each detection channel from which we consider. Figure 10 shows the
Hardness ratio for inverse beta decay detection at SK on the left panel and the right panel
shows the Hardness ratio for νe − 40Ar capture detection at DUNE.

Much like the total event rates during this epoch of the CCSN explosion, the spectral
hardness of νe and ν̄e are expected to trend together during this period of the Z9.6 CCSN.
RH/L gradually increases for both detection channels as the proto-neutron star at the core
of the explosion cools from neutrino emission, causing the spectra of all emitted neutrinos
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Figure 11. Left panel: the time evolution of ∆χ2 for the inverse beta decay event channel at SK.
Right panel: the time evolution of ∆χ2, for the νe − 40Ar capture channel at DUNE. For both cases
we take the absence of collective neutrino oscillation to be the null hypothesis.

to stiffen. With the onset of collective neutrino oscillation we see that again the behavior of
simultaneously divergent trends, this time for in RH/L in both detection channels. However,
the shifts in the Hardness ratio are less statistically significant than the collective neutrino
oscillation induced shifts in the total event rate. Likewise, there is very little distinction
between the ‘no-halo’ and ‘with-halo’ cases for the RH/L ratio.

To restore as much of the shape information as possible to our predicted signals from
the Z9.6 simulation, we have performed a basic ∆χ2 hypothesis test on the received event
distributions (assuming a uniform ∆E = 4 MeV for energy bins between 0 − 60 MeV and
50 ms integrated observing time), taking the ‘no collective neutrino oscillation’ case as the
null hypothesis for each channel. This will give us a measure of the raw statistical potential
to extract information from the collective neutrino oscillation epoch of the Z9.6 signal.

Shown in the left panel of figure 11 are the results for the inverse beta decay channel in
SK and results for νe− 40Ar capture detection at DUNE are shown in the right panel. These
two figures illustrate the importance of including the halo neutrinos in collective neutrino
oscillation calculations. Typically, although not uniformly, collective neutrino oscillation
signals are more easily discriminated from non-collective neutrino oscillation signals when
halo neutrinos are accounted for in both SK and DUNE. For the Z9.6 CCSN simulation, the
effect is much more pronounced in SK, where there is a ∼ 60% increase in ∆χ2 integrated
over the collective neutrino oscillation epoch. Although we do not attempt to make a detailed
spectral reconstruction from the received signals in SK and DUNE, both panels of figure 11
taken together indicate that the spectral shape of the collective neutrino oscillation signal is
more easily discriminated from thermal neutrino emission when halo neutrinos are included
in collective neutrino oscillation calculation. Put another way, because previous studies have
omitted halo neutrinos in their collective neutrino oscillation calculations, their predictions
for extracting meaningful signals from a supernova neutrino burst are likely to have been
overly pessimistic with regard to strength of collective neutrino oscillation signals.
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4 Conclusions

We have made the first multi-angle calculation of neutrino flavor evolution in the iron-core
collapse supernova environment which includes the population of neutrinos scattered into the
wide angle halo. We have shown that there are qualitative and quantitative consequences for
resulting neutrino oscillation signatures, relative to collective neutrino oscillation calculations
which omit the halo neutrinos. We have shown that these changes have implications for the
detectability of collective neutrino oscillation in the CCSN neutrino burst signal of a 9.6M�
progenitor.

The physical circumstances which proceed from the evolution of the explosion of the
Z9.6 progenitor star produce an environment which is conducive to calculating collective
neutrino oscillation with the inclusion of halo neutrinos. Multi-angle suppression of neutrino
flavor transformation deep within the envelope is present both prior to tpb = 70 ms and after
tpb = 170 ms. While collective neutrino oscillation is unsuppressed for the intervening 100 ms,
this intermediate window coincides with the epoch when the explosion shock front has not
yet grown outward to the initial radius of collective neutrino flavor conversion. In other
words, the relatively low radius of the shock creates a neutrino halo which is predominantly
outward directed as far as collective neutrino oscillation is concerned. By the epoch of
collective neutrino oscillation, inward directed neutrino flux is found to be a sub-leading order
contribution to the flavor changing Hamiltonian. This enables the multi-angle calculation of
collective neutrino oscillation for the outgoing flux of neutrinos during this window of time.

We compare the results of our collective neutrino oscillation calculations with those
which omit the halo neutrino population, as well as those which omit collective neutrino os-
cillation entirely, and find important results. Firstly, we find that the onset of the collective
neutrino oscillation epoch in the neutrino burst signal is clearly distinguishable from thermal
emission. We also find that redistribution of neutrinos to wider emission trajectories via co-
herently enhanced neutral current nucleus scattering produces collective neutrino oscillation
evolution which is more adiabatic than one would predict when omitting the halo population.
This changes the development of the spectral swap features which are hallmarks of collective
neutrino oscillation signals, reducing the effects of collective flavor oscillation decoherence,
shifting spectral swap energies, and increasing the sharpness of swap transitions. Impor-
tantly, we find that detected collective neutrino oscillation signals tend to be more clearly
distinguished from thermal emission when including the halo neutrinos.

Looking forward we are hopeful for the detection of collective neutrino oscillation signals
from terrestrial neutrino detectors in the event of a galactic CCSN. Our results show that
the neutrino halo, which is a generic phenomenon common to all CCSNe, tends to enhance
the non-thermal features of collective neutrino oscillation signals, potentially rendering them
more easily detectable. Conversely, this raises the possibility that previous studies which omit
the presence of halo neutrinos in collective neutrino oscillation may be overly pessimistic in
their calculations of the detectability of collective neutrino oscillation signals. While our
study here is a narrow sampling of the potential variety of neutrino burst signals from CC-
SNe, it suggests that the observational opportunities for studying CCSNe through neutrino
messengers is richer than previously imagined.
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A Binning halo neutrino angular distributions

Principally, we are interested in deriving an algorithm for binning the wide angle scattered
neutrino population in environments which may cause the solution of neutrino flavor evo-
lution to be susceptible to numerical error, typically from rapid onset of collective neutrino
oscillation. This is a necessity for robust collective neutrino oscillation calculations. We have
found that although it is relatively straightforward to calculate the initial distribution of halo
neutrinos, the angular grid which is efficient for numerically converged collective neutrino os-
cillation calculations is non-trivially related to the post-hoc results of the halo calculation
itself. As a result, we have found it necessary to perform a bespoke calculation of the angular
grid spacing on which to initialize the neutrino density matrices for the collective neutrino
oscillation code. The halo calculation computes the density/intensity of neutrino radiation
emerging from the surface of the halosphere, with radius RH , which is the spherical surface
at which we have deemed the incoming halo neutrino flux to be negligible. This gives an
initial condition for emission in terms of neutrino energy Eν , the emission angle ϑ, and flavor
state, α. An example of this initial configuration can be seen in figure 5, which shows the
neutrino emission intensity as a function of the impact parameter, b = RH sinϑ.

The neutrino intensity is normalized such that,∫ 1

0

∫ ∞
0

Iνα (Eνα , ϑ)

4πR2
H

(RH/r)
2 cosϑ√

1− (RH/r)
2 sin2 ϑ

d cosϑ dEνα =
1

2

Lνα
4πr2〈Eνα〉

= ρνα , (A.1)

where r is the radius where the collective neutrino oscillation calculation is to be started, α is
the neutrino flavor index, Lνα is the neutrino luminosity, and 〈Eνα〉α is the average neutrino
energy, and ρνα is the number density of neutrinos contributing to the collective neutrino
oscillation calculation.

Because we are interested in recovering a binning scheme for the angular distribution, we
will preemptively perform the energy integration and discuss the number density contribution
for each neutrino species as a function of emission angle alone,

ρνα (ϑ) =
Iνα (ϑ)

4πR2
H

(RH/r)
2 cosϑ√

1− (RH/r)
2 sin2 ϑ

. (A.2)

From this perspective, we are in search of a set of angels, ϑj , and bin widths, ∆ cosϑj , such
that we numerically recover the definite integral,∫ 1

0
ρνα (ϑ) d cosϑ = ρνα ≈

∑
j=1,Nϑ

ρνα (ϑj) ∆ cosϑj , (A.3)

while simultaneously minimizing the total number of angular bins, Nϑ, needed to achieve
numerically converged collective neutrino oscillation results.
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B Selecting the weight function

We will work from the perspective that the most efficient binning scheme is one which places
bins most densely where the flavor evolution is most sensitive to changes in the neutrino flavor
states. To this end we must posit a weight function which assigns a relative importance to a
given choice of (ϑj ,∆ cosϑj), and choose the set of all {(ϑj ,∆ cosϑj)} such that each pair of
the set has equal weight. The simplest possible guess is to weight the importance of bins by
their relative contribution to the coherent forward scattering Hamiltonian,

W test
ij =

∫ cosϑf

cosϑi

(1− cos θij)
∑
α

[ρνα (ϑ)− ρν̄α (ϑ)] d cosϑ

=
1

Nϑ

∫ 1

0
(1− cos θij)

∑
α

[ρνα (ϑ)− ρν̄α (ϑ)] d cosϑ , (B.1)

where cos θij is the intersection angle of trajectory j with the reference trajectory, i, with,

ϑj = cos−1

(
cosϑf − cosϑi

2

)
(B.2)

and ∆ cosϑj = cosϑf − cosϑi . (B.3)

However, this particular choice of the weight function has potential problems. Specifically,
because of the ∝ E2

ν cross section of the zero energy transfer direction changing scattering
which populates the Halo, the number density of each species scattered along a trajectory
varies with the second moment of the spectral energy distribution of that species. Because
of this, the weight function defined above is guaranteed to have zeros if,

Sign
∑
α

[
Lνα
〈Eνα〉

− Lν̄α
〈Eν̄α〉

]
6= Sign

∑
α

[
Lνα〈E2

να〉
〈Eνα〉

−
Lν̄α〈E2

ν̄α〉
〈Eν̄α〉

]
, (B.4)

where the left hand side is proportional to number densities in the bulb neutrino emission
and the right hand side is proportional to number densities in the halo emission. A trajectory
which has zero weight will result in an anomalously large bin. However, because collective
neutrino oscillation does not conserve the quantity ρνα (ϑ)−ρν̄α (ϑ), a bin which has an initial
configuration where ρνα (ϑ)− ρν̄α (ϑ) ≈ 0 is not guaranteed to remain that way. As a result,
the above weight function may be in danger of producing a binning scheme which is good for
the initial neutrino flavor distribution, but potentially unbalanced after collective neutrino
oscillation has begun.

An alternative weight scheme is to simply sum over the total number density of neutrinos
and anti-neutrinos along each trajectory. This gives the weight function,

Wij =

∫ cosϑf

cosϑi

(1− cos θij)
∑
α

[ρνα (ϑ) + ρν̄α (ϑ)] d cosϑ

=
1

Nϑ

∫ 1

0
(1− cos θij)

∑
α

[ρνα (ϑ) + ρν̄α (ϑ)] d cosϑ , (B.5)

again with ϑj and ∆ cosϑj as defined in equations (B2) and (B3). This choice of weight
function does not have any zeros which are produced by the change in the spectral energy
distribution of neutrinos as a function of the angle ϑ. While the binning configuration is not
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Figure 12. A comparison of various schemes for binning the total neutrino emission, showing the
bin size ∆ cosϑj as a function of the impact parameter of the trajectory, bj = RH sinϑj . The dashed
black line denotes the location of the neutrino sphere near the surface of the proto-neutron star.

guaranteed to remain optimal throughout the later collective neutrino oscillation evolution,
weighting evenly in the total number density approximately distributes weight by the maxi-
mum potential contribution from each bin in the event of total flavor conversion, as opposed
to the potential contribution of the initial flavor configuration.

C Selecting the reference trajectory

Because the Hamiltonian contribution of the neutrinos is cast in terms of the intersection
angle of two trajectories, cos θij = cos θi cos θj , and we are specifying the binning scheme
for all trajectories {(ϑj ,∆ cosϑj)}, any choice we care to make for trajectory i will alter
the resulting Wij along with the set of solutions {(ϑj ,∆ cosϑj)}. The intersection angle of
trajectory, θi, is given in terms of the emission angle, ϑi,

cos θi =

√
1− (RH/r)2 sin2 ϑi , (C.1)

which gives two limiting cases. The first limit is to employ the radial trajectory as a reference
in computing Wij , taking cos θi = 1. The second limit is to employ the most tangential emis-
sion trajectory as the reference for computing Wij , taking cos θi = cos θmax =

√
1− (RH/r)2.

In figure 12 we compare a variety of different potential angular binning schemes,
{(ϑj ,∆ cosϑj)} using the neutrino emission intensity shown in figure 5, in terms of the
bin width. The tan line, cos2 ϑ, is the historic choice for the BULB model and is opti-
mal for uniform emission from the surface of the neutrino sphere, setting ∆ cosϑ ∝ cos2 ϑ.
The blue line, labeled BULB+HALO, is the ad hoc binning scheme used in ref. [27], which
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was used in a context where collective neutrino oscillation numerical stability was much
less sensitive to the choice of angular binning. The black line shows the cos θi = 1 ref-
erence case for our proposed method, which generates relatively narrow bins in the inner-
Halo region, 100 km > b > Rν , but generates bins in the neutrino sphere emission region,
b < Rν , which are an order of magnitude wider than the previous successful calculation for
the BULB+HALO binning scheme. The green line shows the tangential emission reference
case for cos θi = cos θmax =

√
1− (RH/r)2. The cos θmax reference case produces very nar-

row bins in the neutrino sphere emission region but produces bins which are phenomenally
wide in the outer regions of the Halo emission. For example, the final bin has ∆ cosϑj which
corresponds to ∆b = 100 km. This limit is unlikely to sufficiently resolve the angular flavor
evolution in the Halo population.

As a compromise between these two limits, we use the neutrino number density weighted
average intersection angle. We define the average reference trajectory, 〈cos θ〉,

〈cos θ〉 =

∫ 1
0

√
1− (RH/r)2 sin2 ϑ×

∑
α (ρνα (ϑ) + ρν̄α (ϑ)) d cosϑ∫ 1

0

∑
α (ρνα (ϑ) + ρν̄α (ϑ)) d cosϑ

. (C.2)

Using the average intersection angle as the reference trajectory, cos θi = 〈cos θ〉, produces
the red line in figure 12. We can see that the 〈cos θ〉 reference trajectory produces relatively
narrow bins in the neutrino sphere emission region as well as relatively narrow bins in the
Halo region. While average intersection angle reference never produces binning solution
which are as narrow as the limiting case solutions, it is always within a factor of two of
the narrowest binning limiting case solution. Using the cos θi = 〈cos θ〉 reference trajectory
in conjunction with the weight scheme described by equation B.5 to select the angular bin
distribution is typically sufficient to produce numerically converged results with Nϑ ∼ 1000–
2000 angular bins.

D 15M� progenitor

In order to provide comparison to previous work [29], we will briefly discuss our results for
neutrino flavor transformation for a more massive progenitor case, the 1D simulation of the
15M� progenitor of Woosley and Weaver [66] used in the work of Sarikas et al. [29]. The
left panel in figure 13 shows the density profile of the 15M� progenitor at post-bounce time,
tpb = 280 ms. Compared with our Z9.6 model in figure 1, the more massive progenitor
exhibits a delayed shock revival and decreased shock radius of 70 km at this time. The right
panel in figure 13 shows the radial evolution of the survival probability of electron neutrinos to
non-electron type, including the wide angle scattering of halo neutrinos. Collective neutrino
flavor transformation is completely suppressed and the small amplitude exponential growth
is consistent with MSW effect driven flavor conversion. The complete suppression of the
self-induced conversion during the accretion phase is consistent with the linearized stability
analysis predictions of [29]. This feature is common in CCSNe with dense envelopes like that
of the 15M� star shown in figure 13.
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survival probability from electron neutrino to non-electron type.
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