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1. Introduction

Higher-order Markov chains play important roles in analyzing a variety of stochastic (probabilistic) processes over time
in multi-dimensional spaces. Recently, Li and Ng [9] proposed an approximate tensor model for the higher-order Markov
chain, which has recently brought much attention (e.g., see [1], [4], [6], and [12]) due to the broad applications under this
formulation. One of the important applications is the study of the multilinear PageRank, which was first proposed by Gleich,
Lim, and Yu in [6]. The approximate model for the higher-order Markov chain is given as follows.

x=Px" 1, x>0,[x|1 =1, (11)

where X = (x;) is called a stochastic vector (or probability distribution vector) and P is an order-m dimension n stochastic
tensor (or called transition probability tensor), i.e.,

Pivsigooim 20+ Y Piyuigee i = 1. (12)

i1e(n)
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The model (1.1) can be used to formulate the multilinear PageRank problem:

x=aPx" 1+ (1 -ay, (13)
or equivalently
m—1
—_——
X=0P1HXQ - ®@X)+ (1 —a)y, (1.4)

where X is called a multilinear PageRank vector, ® is the standard Kronecker product and P(jy is an n-by-n™=1 stochastic

matrix of the flattened tensor along the first index (see [6] for more detail). For example, let P = (p,-,j,k)?j 1 De an order-3
dimension n tensor. Then we have
pi11 - Pin1 P112 -+ Pin2 -° Ptiin - Plnan
p21,1 -+ DP2n1 P2,1,2 -0 P2n2 0 P2in 0 P2nn
Pay = . . . . . .
Pn11 -+ Pnni1l Pn12 - Pnn2 - DPnin - DPnnn

The multilinear PageRank vector is a nonnegative, stochastic solution of the system of polynomial equations (1.3) or (1.4).
It is noted that the multilinear PageRank model (1.3) reduces to the higher-order Markov chain model (1.1) when we
take o =1 (also see [7] for a general case). Generally, the model (1.3) can be also rewritten equivalently as (1.1):
x=PX" L Py=aP+ (1 -V, Wiy in = Vi- (1.5)
Therefore, the multilinear PageRank model (1.3) can be transformed to the higher-order Markov chain model (1.1), and
the condition for the uniqueness of a probability distribution vector is obtained recently (see, e.g., [4,5,9]). In [6], Gleich
et al. presented a simplified uniqueness condition, i.e., if o < ﬁ the multilinear PageRank vector in (1.3) is unique. This
condition is independent of the tensor P, and is rather simple to be verified. However, it is too strong and appears to be
over-simplified since @ ~ 1 has been excluded. It is well-known that the model still performs well when « tends to 1.
Therefore this motivates us to seek some more general but tighter conditions. Most recently, Li et al. [11] proposed the

following uniqueness condition:

1
a < , (1.6)

m n
MaXs Y o MAKiy i y,igs1, o imeln) 2oimt |Piiv, ik 1,8,ikg 1, im — Ol

where o0;,i=1,---,n are parameters. Clearly, when we take those o;,i =1,---,n to be all zero, the uniqueness condition
(1.6) can be reduced to o < % A large number of numerical examples randomly generated showed that the condition
(1.6) is less restrictive than o < ﬁ However, the improvement is not significant when the given tensor is very sparse.
Thus it is desirable to find a better uniqueness condition in order to obtain an adequate choice of the parameter ¢, which
is one of the motivations of this paper.

In [6], algorithms such as the fixed-point method, the shifted fixed-point method, the nonlinear inner-outer iteration, the
inverse iteration, and the Newton iteration are discussed, and error bounds for these algorithms are provided. Notice that
the uniqueness conditions are also convergence conditions for these algorithms. In this paper, we focus on the improvement
of the convergence condition and the error bounds for the inverse iteration by a new approach. The proposed idea is also
applicable for other algorithms in a similar way.

Another issue is to seek the 1-norm perturbation bounds for the multilinear PageRank vector, which is an open problem
and is stated in the concluding remarks given by [11]. Theoretically, one could make use of the perturbation bound of
limiting probability vector (see [10]) to compute the multilinear PageRank vector. However, such an approach may not be
computationally feasible due to the involvement of the limit. Hence, we develop some perturbation bounds in terms of
1-norm as well as co-norm, which appear to be quite effective in our numerical experiments.

The main contributions of this paper can be summarized as follows:

1. We establish several new and tighter uniqueness conditions for the multilinear PageRank problem, which can provide
the better approaches in solving this problem numerically.

2. We improve the error bound for the inverse iteration algorithm for solving the multilinear PageRank problem.

3. Further, under our framework, we conduct the perturbation analysis for the multilinear PageRank vector with new
upper bounds provided.

4. Extensive numerical experiments, along with various practical problems, are provided and the outcomes significantly
outperform the existing ones in most cases.

The rest of this paper is organized as follows. In Section 2, we discuss the uniqueness of the multilinear PageRank vector.
Some uniqueness conditions of the multilinear PageRank vector are established. Also, we show that our new uniqueness
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conditions are more effective than the existing ones given in [6,11]. In Section 3, we discuss the convergence condition and
the error bounds for the inverse iteration, and the new estimations appear to be sharper than the one in [6]. In Section 4,
we develop the perturbation bounds based on the 1-norm and the co-norm for the multilinear PageRank vector. Numerical
examples are given in Section 5 to illustrate the effectiveness of our theoretical results. The paper ends with the concluding
remarks in Section 6.

2. The uniqueness conditions

2.1. The uniqueness conditions based on the new parameter method

Definition 2.1. Let .4 be an order-m dimension n tensor, X be an n dimensional vector, and x; denote the i-th entry of x,
Ax™T to be an order-r, dimension n tensor whose entry is given by

AX" Digy = D Gy e i i 21

irg1,-,ime(n)

If r=2, (2.1) reduces to a matrix:
n
(.Axm_z),-j= Z Qi jig,oor imXis * Xigy L J=1,2,--+,1. (2.2)
i3, ,im=1
Furthermore, if r =1, (2.1) reduces to Qi’s definition [17]:

n
m—1 .
(AX )i: E Qi iy, imXiy ~* * Xipy» i=1,2,---,n.

iy, ,ip=1

In particular, Ax™"! can be written as a form of matrix-vector product:
AT = Ax™ 2,
Definition 2.2. Let A be an order-m dimension n tensor, both X and y be n dimensional vectors. We define
AT —y" Ty = AX™TT — Ay™T (2.3)
Especially, r =1 and r =2, (2.3) follows
A(mel _ymf]) EAXm71 _ Aymf17
and

A(xm—z _ ym—Z) = Axm—z _ Aym—z'

Definition 2.3. Let A be an order-m dimension n tensor, both x and y be n dimensional vectors. We define Ag;,) to be an
n x n matrix whose the (i, j)-entry is given by

)
(Axy)ij = > iig, i1 jodier o imXia " Kig_y Vigeq = Vi (2.4)

B2, ik 1B 1,00, im €(N)

The following lemmas will be used subsequently throughout this paper. The proof of the first lemma is analogical to
Lemma 1 of [11].

Lemma 2.1. Let both x and y be n dimensional vectors, and let A be an order-m dimension n tensor. Then we have

m
AR -y =3 A2 Axy™ (2.5)
k=2
where AX=X—Y.

Lemma 2.2. Under the same assumptions as in Lemma 2.1, we have

AX2 Axy™ K = A% Ax. (2.6)
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Fig. 2.1. The parameter tensors 7@ (left) and J® (right).

Proof. Let Ax; be i-entry of Ax. By Definition 2.3 we have for any i

(AXk—Z Axym—k)1

= § Qi ovie i1 imXiz X AXi Vi g+ Vi

iz, ,im€(n)
n
= E [ E i i, i ikt dimXiz ** Xigg Yigr Vi JAXiy
ik=1 iy, ,ig_1,dk dkt1, im€(n)
k
= (A} AX);,

which proves (2.6). O

Lemma 2.3. Let both x and y be n dimensional stochastic vectors, and let 7® (k =2, --- ,m) be order-m dimension n tensors given

by
(k)y. . R () :
(T iy, g im = O iz oo ikt ikt sim? Vi € (n),
(k) i — _ e =
where O3 g ik 1siks s, im € R foranyije (n),1=1,2,--- ,k—1,k+1,--- ,inpandk=2,3,--- ,m. Then
J¥ax=o. (2.7)
Proof. By Lemma 2.2 we have for given k and any i € (n)
I _ _
(_](<)Ax)i — (j(k)xk ZAxyTTl k)i
n
(k)
= Z Z O iy it paisnsosim X2~ Xy DX Yigq - Vi
=112, lg—1, ik b1, im€(N)
n
_ (k) . . . : .
= Z Ol i, i1kt im X2 7 Xiko1 Yiegr = Yim Z Axj,
i, Ik 1,0k kg1, im €(N) ip=1
= O7
which proves (2.7). O
Remark 2.1. The structure of tensors J® (k =2, 3), for example, with m =3 and n =3, can be illustrated by Fig. 2.1.
Lemma 2.4. Let x and y be n dimension stochastic vectors, and let A be an order-m dimension n tensor. Then we have
(2.8)

m 1 ym ) _Z(A(k) (k))A

Proof. The formula (2.8) is a direct result of Lemmas 2.1, 2.2 and 2.3. O

Let 7®(k=2,3,---,m) be defined in Lemma 2.3.
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Lemma 2.5. Let X and y be n dimensional stochastic vectors, and let P be an order-m dimension n stochastic tensor. For any J® (k =

2,3,---,m) we have

IPE™ —y™ Nl < w( @, - T™)||Ax]];
and
P =y Do <v(TP, -, T™)[| AX]| oo,
where
@, .. (m) —max max i, i —
HITs A ixe(n Z sl 1 kg1, im€(n l];'p” oi2oer sl im
and
) (m)yy _ ) .
v e max max i —
J T = B Z e e Z|p11 in, iy im

lk—]

Proof. By Definition 2.3 and Lemma 2.4, we have

-1 -1 k I
IPE™ ! —y™ )y = | ZU’( | — ) AXI
— S () ) ) . )
= Z | Z Y Dby in = Oy ik taigr s sim X2 Xk DXi Vi = Vi |
i=1 k=2iy,, ime(n)
m
o ® ) ) ) ) :
=< Z Z Z |Pii, Ol oo g1k oo vim [Xiy «+* Xiy_q Vigyr = Vi | AXip |
k=21iy,--,ime(n) i=
m
(k)
SZ iy rlnax Jimen Z'p’ 2,0 Ui,iz,-"-ikq,ikﬂwwim||ij|
k=2 i ='e(n 2, k=15 tke+1 m
m
l
= Z (<)|AXJ'|
k=2 je(n)
I k .
where r<‘) = MaXiy, i1, imeln) Doiet [Pz, im — i(,i;,m,ik_1,ik+1,---,im|' Since
k 2
Z Yo rPlax= Y @ 4+ 1) Ak
k=2 je(n) ix=je(n)
2 2
=@+ M)A+ @D e+ ) A
m
(k)
< max 7. | AX||1,
nax Z lax)
this gives (2.9).
On the other hand, set s = argmax |(Px™~! — Py™1);|. Then by Lemma 2.4, we have
ie(n)
m—1 m—1 _ m—1 m—1
P& =y Dl =1(PX""" =Py~ sl
m
_ o (k) ) . v .
=] Z Z (Ds,ig, - im — Gi,iz,--~,ikq,ikﬂy»-,im)xlz c Ki_ AXq Vi Vi
k=213, ,im€(n)
m
S (k) ) ) ) . :
=< Z Z |Ps,iz, - im — S92, ik 1yikg1s o oim [Xi, - - Xip_ 1 Vi YVim |Axlk|
k=21i3,-,ime(n)
n
(k)
< max i e Co || AX;
kZ k=1, 0k 1, im €(N) i; IPs.iz.ceiim = Ts.iz. '~’k—1v1k+1""v’m|| i
— =

(k)

(k)

1,02, k=1, Ik 100

01,02, Ik—1, Tk 1,000

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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m n
(k)
§maxE max E |Piy ioooeipen iy — O L N AX ]l sos

i1 k_zi2y'“,ikflyikJrl,».,l'mE(Tl)ikil PRt im 1512, Ik— 15 Tk 1505 Im

which yields (2.10). O
Next, we present the main result as follows.

Theorem 2.1. Let P be an order-m stochastic tensor, v be a stochastic vector. Then the multilinear PageRank problem (1.3) has the
unique solution if

1
C<— (2.15)
min{u, v}
where 1 = min w(I?D, . TM™yand v = min VTP, ... gy,
T® k=2,3,---,m T® k=2,3,--,m

Proof. Assume there exist both stochastic vectors x and y with y # x which satisfy the multilinear PageRank problem (1.3).
Then we have

AX=X—y=a(Px" 1 —py" 1) (216)
Taking Jlik) = arg min w( T, ..., gmy and 7 = arg min wWJID, ..., JMy for k=2,3,..,m, by
J

J® k=2.3,.--.m ®) k=2,3,....m
Lemma 2.5, it is easy to get

AX][1 = a[PE™ ! —y" Dl <o, -, TI)IAXIL = ol |AX]|; (217)

and

_ _ 2
HAX]|oo = a[[PE™ T =y D]loo <av(T2, -+, TV AX] oo = V|| AX] oo, (2.18)

which contradicts to the assumption (2.15). O
For simplicity, we give the following corollary.

Corollary 2.1. Under the same assumptions as in Theorem 2.1, for any J® (k =2,3, --- ,m), the multilinear PageRank model (1.3)
has the unique solution provided

1
o< . . - . (2.19)
mlns€{17k} Zk:Z maXiSaiZ»"'aik—l’ik+1x”',im€<n> Zi3:1 |pi1,"'xis~"'-im - Oil,---,ikfl,ikJr],--.,im

Proof. Since for any s € (n)

m

n
min{u, v} < min . max E [Diy, e ig o sim
SE{],I{}k_zls,lz,m,lk_l,l/(+1,~~,lm€(n)

k
—o‘.() . . . |
s lk—1514150 5 Im
is—1

It follows from Theorem 2.1 that the multilinear PageRank model (1.3) has the unique solution provided (2.19) holds. O

Remark 2.2. For a given set {7®, ..., 7™} it is easy to see
1 1
o< — < — .
min{u(J@, .-, JmM), v(F?, ..., FM)} = min{u, v}

Thus, one can get different uniqueness conditions of the solution for the multilinear PageRank model (1.3) via choosing the
parameter tensors 7@, ..., 7™ In next subsection, we will provide algorithms to choose these J®(k=2,3,--,m).

2.2. Choices of the parameters

In general, it is difficult to compute © and v directly. Next we give some computable bounds that can simplify the
approach. Let e be a dimension n vector with all entries being 1. The following Algorithms 2.1 and 2.2 are proposed for
choosing the parameter 7® k=2,3,--- ,m in w(J?,---, J™) and v(JT@, .-, TM™) respectively.
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Algorithm 2.1 Computing 7®(k=2,3,--- ,m) for u(J@,---, J™M).

1: Input P.
2: fork=2,3,--- ,mdo
3: for iy, -, ik_1,iky1, -+, im € (n) dO
4 Let A = (aj,3,) With aj i, = Piy i, i, i - SOIVE the nonlinear optimization problems:
y=argmin||A —ye'||;. (2.20)
y
. () S
5: Update Oy i taisr oo si = Vit
6: end for
7: end for

8: Compute i1 = u(J @, ..., JM),
9: Output [21.

Algorithm 2.2 Computing J®(k=2,3,---,m) for v(JP, ..., FM),

1: Input P.
2: fork=2,3,--- ,mdo
3: for iy, -, ik_1,ikg1. -+ . im € (n) do
4: Let b = (b;,) with b;, = pj, i,,... iy, in- SOIVe the nonlinear optimization problems:
t= argmtin||b—te||1. (2.21)
. (k) _F
5: Update O oo i1 iyt sim = t.
6: end for
7: end for

8: Compute Dy =v(J?, ..., Jm).
9: Output V7.

Remark 2.3. It is easy to show that the optimization problem (2.20) is equivalent to the following minimax constraint
problem:

n
argminmax Y ./(ajj — yi)?. 2.22
g v ; (u yi) ( )

It is a typical optimization problem that can be computed by the function fminimax in Matlab.
Furthermore, it can be seen that (2.21) is equivalent to

n
argmtinZ]:n — bil, (2.23)
i=

which has the optimal solution:

—~ [c%,c%ﬂ], niseven,
t= .
Cnsl n is odd,
1,

where ¢ = (¢;) is a vector obtained from b by rearranging its entries in ascending order, ie., ¢ = (b;,, bj,, - ,bin)T with
bi] Sbiz Sfbln

Remark 2.4. Since i < i1 and v <7j, by the proof of Theorem 2.1, the multilinear PageRank model (1.3) has the unique
solution if

1

min{iiy, V1}

However, if m or n is large, it is expensive to compute i1 and V7 by Algorithms 2.1 and 2.2 directly. Therefore, we also
proposed some feasible methods to generate the parameter tensors J®(k =2, .-, m), which leads to the more computable
bounds.
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Remark 2.5. We may consider some special 7®(k=2,3,---,m).

o Taking crl : = o}, then we have

20 Ik, 0k4157Im

; . (k) _ o
Z,z, max Zm o = Oy i i il = M= D MAX Zlm iz, im — il
which is the formula (8) of [11].

®
o Taking cr it = MmNy, Di iy, iy, ,im» LN

n n
S (k) — o N s
§ |Piig, o igaee im — ai»iZs"'xik—lsik+1-"'sim| = E (Diig, g, yim — rr}’:npl,u,m,lk,m,lm)

—1—X:m1np”2

Tk

By Theorem 2.1, the uniqueness can be guaranteed provided

1
o< . (2.25)

m .
—-1-3%5 MGy, ooy q,iggq, o ime(n Zz 1 My Piiy oo i im

It is also noted that min, ... i, ;. iv,;. ime(n) 2iet MiNiy Piiy e i, im = Oieq Miiy . iy Piig, - im- This shows that the

uniqueness condition (2.25) is always better than the estimate (11) in [11].

: (k) _ S .
e Taking it ity sim = MAXiy Diiy i then

Jimo

n n

S (k) — S S
§ Piiz, ik i = Oy iy i | = 2 :(“}f‘XP!,lz,m,lk,w,lm = Dilig. i im)
i= i=1

n
= E MaX Pi iy, g, im — 1-
i=1 T

By Theorem 2.1, the solution of (1.3) is unique if

1
o< . (2.26)

m
Zk:z(maxiz,m,i/<—1,"1<+1, -, ime(n Z: 1 MaXi Pijiy, e if, e im — 1)

This improves the estimate (12) appeared in [11].

Hence our new results are always better than the corresponding ones in [6] and [11] respectively.

Remark 2.6. Now let us give a simple example to compare the proposed conditions (2.25) and (2.26) with the ones in (9),
(11) and (12) of [11]. Let an order-3 dimension 2 stochastic tensor P with its 1-unfolding P(1) be given by

Py = 1—s1 1—5sp 1—5s3 1—34
M= S1 S2 S3 S4 ’

where 1> 51> 5y > 53 >54> % and s; — sy < s3 — s4. Then both the uniqueness conditions (2.25) and (2.26) are

1
< 9
S2 + 53 — 284

which is better than the condition o < ) given by (9), (11) and (12) of [11].

2(51 —S4
2.3. The uniqueness conditions based on the optimal set method and the parameter method

Let S denote a proper subset of (n) and S’ be its complementary set in (n). Next, combining our results with those in
[9] gives the following lemma.

Lemma 2.6. Let x and y be solutions of (1.1), and let P be an order-m dimension n stochastic tensor. Then we have

IPE™ ! —y™ |1 < wl|AX]]1, (2.27)
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where

=m—1— min min min min min 2.28
w Z( cn Zpl in, e im T imeln Zpllz ( )

Sc(n ik€S iz, ik—1,ik41im € ixeS’ iz, ik—1,k41-im
( >k=2 k + 1eS/ k k+ zeS

Proof. If x =y, the inequality holds. Assume Ax 0. Let V = {i|Ax; > 0}. Then V £ @ and V C (n). Let V' = (n)/V. Then
V' # @. Thus,

(k)
Z Axi = Z Z Z(pl 2.0 iy, ‘-,ik—1qik+lv'“~im)xi2 Xy Vi o Vi AXiy

ieV k=21ip,,ime(n)ieV

m
_ o _ o  Ax
=22 > D (Piianin = O i g K Vit Vin A%y

k=21i,eVip, - ik_1,ikt1-.ime(n) ieV

m
(k)
22 2 D Pliain T ity X K Vi Yin A

k=2 ikEV’ ip,- ~ik—1»ik+1"' ,im€< ) ieV
(2.29)

(k) ) )
B, i1, kg1, 0m

2 : (k) ; 2 :
(o : . . = IMin I ERUR
L1, 15l 15000 Im eV’ Piiz, - im

ieV
Then by (2.29) we have

m
ZAx, < [Z max max cm Zp, iy, Z ) min lrr;i&/Zpi,izﬁ...,,’m] Z AXi,
k o k

eV, ik—1.ike1im i, ik 1s0kg 1 imE() ‘ ;
ieV k o ieV =2 + ieV ireV

m
= Z[] —min min cn Z Diiy, e iy — Min min . ZP: iy, im] ZAX,

ix€Vin, ik 1,igq1 i ke Vi, ik dkg1 o0
k o+ m teV’ k ¢ + m zeV ieV
<w E AX;,

combining with ;v AX; = %||Ax||1 arrives at (2.27). O

Now taking o; such that

Next, we give a new uniqueness condition for the multilinear PageRank model (1.3).
Theorem 2.2. Under the same assumptions as given in Theorem 2.1, the multilinear PageRank model (1.3) has the unique solution if

1
o< —, (2.30)
w

where w is given by (2.28).

Proof. Assume that x and y are two solutions of (1.3) with x #y. Then we have

AX=X—y=a(PX" 1 —py" . (2.31)
By (2.27) and (2.30) we have

1AX][1 = [lePE™ ! —y" D1 < w||AX]l1 < ||AX]1, (232)

which is a contradiction. This proves theorem. O

Remark 2.7. For m = 3, Fasino and Tudisco [5] also presented a uniqueness conditions

1

< W, (2.33)

where
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T(P)= max Z|p1]k1_P1]k2+p1k1] DPi ks, jl-

1
2 jki,kye(n)

It is difficult to compare the bounds (2.30) and (2.33) in theory. The following examples show that one bound can’t always
be better than another.
(1) For the first example, taking

0.0459 0.4597 0.5329 0.5963 0.2943 0.5501
P(,:,1)=| 0.8608 0.0346 0.2047 |,P(;,:,2)=] 0.2841 0.3786 0.0518 |,
0.0933 0.5057 0.2624 0.1196 0.3271 0.3981

0.3891 0.3908 0.5364
P(,:3)=] 0.4823 0.3108 0.1482 |,
0.1286 0.2984 0.3154

we get w = 0.6709 < T (P) = 1.4030.
(2) For the second example, taking

0.5073 0.2795 0.3617 0.3442 0.4090 0.4581
P(,: 1) =] 04567 0.5804 0.5441 |,P(:,:2)=| 03429 0.4978 0.1162 |,
0.0361 0.1402 0.0943 0.3129 0.0933 0.4257

0.2166 0.5042 0.1572
P(,:3)=] 03750 0.0598 0.3705 |,
0.4083 0.4359 0.4723

we get w =0.9021 > 7 (P) =0.8195.

By (2.28), it is easy to see that w < (m — 1)[1 — ming(Miny, ... jem) D ies Pijia,,im T Miliy .. inem) Doies Piiz, - im) -
Hence, we have the following corollary.

Corollary 2.2. Under the same assumptions as in Theorem 2.1, the multilinear PageRank model (1.3) has the unique solution if

1
o< (2.34)

where 9y = (m — D[1 — Ming ¢ py (MiN;, ... jnem) Dies Pisiz,wim + Miliy o inem) D ieS Piiz,-im)]-

Note that } ;s Pi.iy, - im + D ies’ Pi,iz,,im = 1. Then the following corollary follows from (2.34) directly.

Corollary 2.3. Under the same assumptions as in Theorem 2.1, the multilinear PageRank model (1.3) has the unique solution if

1
o< —, (2.35)
12
or
2
o< —, (2.36)
UE
where
=m-1 =1
e (M) ], MRy L Py MR D Piiaein ]
leS’ ieS
and

= (m—1) max max + max
N3 =( )Sc(n)[l lme(ﬂ)%pl 2, im e w ;S:puz

- mm § Di.iy,- . ZP: ip,-
iy zme

- ime(n
leS’ leS
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3. Convergence analysis for the inverse iteration algorithm

Let 7®(k=3,-..,m) be given by Lemma 2.3. Firstly, we give the following lemma which will be used in the sequel.
Lemma 3.1. Let X, y and z be n dimension stochastic vectors, and let P be an order-m dimension n stochastic tensor. For any set
J®(k=3,..-,m), we have

P2 —y"2z||y < (TP, -, 7™)||Ax]]1,

where

m
— 73 (k)
M(-j( ), J(m)) = maX 213 max cn Z |Piy.iy.- im 7 O g g 1aigat s i

o i1,02, ik 1 et 1
i, ixe(n S PESIR DER PN P 121257 =10 ke
k l]—]

Proof. Clearly, we have
IPX"2 —y™ )z < |[PE"2 -y )[]1]lzl];
=[P 2 —y" )|y

2 : 2 : 2 : S (k) : . oy .
= max | (Piig, - im — Gi,iz,--~,ik,1,ik+1,.--,im)xla o Ki_ AXq Yigy 0 Vi |

ire(n
26T kB i imen)
- ) (k) ) ) v )
< maX E E E IDiig, e im — Ol ig, ik 1viksts o im X5+ -« Xip_; [AXi | Vigyr - Vi

ipe(n
2 1 1 k=3i3,--,in€(n)

By the same technique as (2.13) and (2.14) we can get the deserved inequality. O

In [6] the authors proposed an inverse iteration for solving (1.3):
X = aPXp X+ (1 —a)v. (3.1)
The k-th error bound for the inverse iteration was given as follows:

Theorem 3.1. [6] Let P be an order-m stochastic tensor, let v and Xg be stochastic vectors, X, be generated by the inverse iterative (3.1).
If ¢ < 1/(m — 1), then the multilinear PageRank model (1.3) has the unique solution X and

k
X —Xkll1 < €"[IX — Xoll1, (3.2)

(m—2)x

where € = ==,

Next we further discuss convergence for the inverse iteration algorithm. Let x be a solution of (1.3). Then we can rewrite
(1.3) as follows:

X=aPX"2x + (1 — a)v.
Let AXy =X — X, and Ax; be the i-th entry of Axy. We have
Axy = a[PX" 2% — PX]" %]
= a[PX" 2% — PX" %) + PX"2x — PX] 2% ]
= a[PX"2Ax + PL(X" 2 — X)X (3.3)

Let 72 = (6@

i i3 pee in) defined in Lemma 2.3. By an analogous proof to Lemma 2.5, we have

n
_ 2
IPX"2AK =D 1 > Pivsigeeim — o) i) DXy Xy iy |

11,13,
i1=1 iz, ,ime(n)

n
(2)
< Z Z IDitizesim = Oy iy iy |1 Ay [Xiy -+ Xy

i1=1 i2 im€<ﬂ)

2
<, max § Pivsiy.im = Oty o i |11 AXE] 1 (3.4)
m '1_
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Algorithm 3.1 Computing 7®(k=3,---,m) for (J®, ..., FM).

1: Input P.

2: fork=3,--- ,mdo

3: for iy, -, ik—1,ik+1, -, im € (n) do

4: Let A = (aj,i,) Withaj i, = Diy i, iy, ,im - Get and solve the nonlinear optimization problem (2.20) and obtain the solution
5: Update O’(k) et et =Ji-

6: end for

7. end for

8: Compute iy =(J®, ..., M),
9: Output /1.

By taking 0(2) i = Miny, Piy iy, iz-r i and 01(12:3 = Maxj, Piy,iy,is,,in iN (3.4) respectively, it is easy to see

IPX™ 2 Axi |11 < V1| AXkl1 (3.5)
and

IPX" 2 A%l 11 < 711 A, (36)
where

n
Y=1— min min Land Yy =  max max —1.
Y i3,-~-,ime<n>§lze< ) Pita. V= e Z s Ptz

Furthermore, by Lemma 3.1, we have

leP"™ 2 — X P xell1 <am(T?, -, T™) A% 1.

Let Yy = min{y, y}. It is easy to check that 0 < y < 1. By (3.3)-(3.6), we obtain

ap(J®, ..., gm)
IAX [l < & 1 AXge—11l1-

Hence we have the convergence theorem for the inverse iteration as follows:

Theorem 3.2. Let P be an order-m stochastic tensor, let v and Xg be stochastic vectors, and let « satisfy (2.15). The inverse iteration
algorithm (3.1) converges to the unique solution x of the multilinear PageRank problem (1.3) and

lAXg]l1 < €511 Axo]l1, (3.7)

Wherefi= min (7@, ..., JM) ¢, — 2
1% T m,u'(J ) s j ) ej T—ay

We next revise Algorithm 2.1 by choosing some special 7®(k=3,---,m) and obtain an upper bound of 1z.
From Algorithm 3.1, the following corollary can be derived.

Corollary 3.1. Under the same assumption as in Theorem 3.2, we have

~k

| Axgll1 <€"[|Xoll1, (3.8)

=~_ aflp
where€ = T—ay

Note that

7(73) (m) . . (k)

Je,....7 )<max§ max E [Dit i g i — O 5 .

# ixe(n l s lk=1, Tk, im €N i i 11,12, =151k 1570 5 Im

11—

) )

— Mmin D <’<
it = DD Piy o and o,

Then we take a(
corollary.

kst im = M Dig i Thus we have the following
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Corollary 3.2. Under the same assumption as in Theorem 3.2 we have

.= vk
| AXgll1 < (minf€, €})"[| AXol1 (3.9)
where
m . n .
= o ko3 (1 —min;, ... 1,0k 1, im€() > it MiN, Pi i, iy, im)
1—ay
and
m n
&= o Zk=3(maxi2,-"Jk71qik+1»'~wim€(”> Zi:l MaXi, Dijiy, i, ,im — 1)
1—ay '
Remark 3.1. Since
m n
dYa- omin N minpi, g i,) SM—2
et i, ik—1,0k41,0 , im€(N) i

and

l-ay>1—-a,

the new proposed error bounds (3.9) are sharper than the one in (3.2).

Fasino and Tudisco gave an error analysis of an alternate higher-order power method for a second order Markov chain
(see Theorem 6.3 in [5]). By an analogous technique to the one in [5], the error analysis for the inverse iteration method
(3.1) for multilinear PageRank is also given as follows.

Corollary 3.3. Let P be an order-3 stochastic tensor, and let v and Xq be stochastic vectors. If a (TL(P) + Tr(P)) < 1, the inverse
iteration algorithm (3.1) converges to the unique solution X of the multilinear PageRank problem (1.3) and

I Axgll1 < €¥11Axoll1, (3.10)

n n
— _aTr(P) 1 . . -1 . .
where €7 = 1_0(%(73)' TL(P) =3 ]’Tﬁi((z i; |Pi,j.ky — Pi.jk,| and TR(P) = 5 jl;nfazxk i; IPi.jy .k — Pi.jp.kl-

Remark 3.2. As the same remarks as in Remark 2.7, we can’t compare the bound (3.10) with (3.8)-(3.9) in theory. However,
we will give some numerical examples in Subsection 5.2 to show these bounds.

4. Perturbation analysis

Perturbation analysis plays a critical role in numerical analysis, which studies the variation of solutions for a given
problem when the data is perturbed. Alternatively, here we consider perturbation bounds for the multilinear PageRank
problem (1.3).

The perturbed multilinear PageRank is given as follows:

x=aPX" '+ (1 -a)v, (41)
where X is a perturbed stochastic vector of X, and let AX=x—Xand AP=P — P. Then by (1.3) and (4.1) we have
Ax=a(PX" ! - PX"T)
=a(Px™"! — pxm-1 L pgm-l _ Pl
=[P —x™" 1) 4+ APX™T]. (4.2)

By (4.2) and Lemma 2.4 we have
m
Ax=al) (PY — J9)Ax+ aprnT],
k=2

and thus we obtain
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k) (k) _ em—1
aZ(P — JDAx=aAPR" ! (4.3)

Under the uniqueness condition (2.15) one can show that the matrix [ — « Zk 2(A<k) ]f(l)f()) is nonsingular. In fact, we

(k)

only need to prove «|| Y ;o 5 (P ])((’)f())H] < 1, this inequality can be guaranteed by the uniqueness condition (2.15).

Therefore by (4.3) we have

Ax=a[l — o Z(P(k) JETapxmT, (4.4)

k=

Furthermore, one can get that | —a > )L, |P§§) — ]f(l;)\ is a nonsingular M-matrix. Thus we have

m
I k) |7—
[I—a) Py — " =0, (45)
Combining (4.4) and (4.5) together gives

m
k k ~
x| <all—a Y [PE — jO1-TaPx™1). (4.6)
k=2

For an order-m dimension n tensor .4, the 1-norm and oo-norm of a tensor are defined as follows.

lAlh = Z \ai iy..
2,13 lmE

111

and

[|Alloo = max E @iy ig, i |-
i1e(n) . . -
i2,i3,-,ime(n)

Next we present the perturbation bound for the multilinear PageRank vectors.
Theorem 4.1. Let P and P = P + AP be order-m stochastic tensors and AP be a perturbation of P.

(1) If a satisfies (2.15), for any solution X of (4.1) the perturbation inequality (4.6) holds and the solution X of (4.1) satisfies

al| AP
| AX]l1 =T an’ (4.7)

oap

al|AP|
[AX[loo < ———— (4.8)

1—av

and

I AX]loo < @||(I — otPg) oo | AP oo, (4.9)

where Py is an n x n matrix with

m
L ; . . . . (k)
(Pc)l,] = kX_;fz ~-~,1')<71,rl?l?,~--,ime<n) Ip,,,Z,...,,H,],lkﬂ,...,l g; 2y it 1s im (4.10)
(2) If a satisfies (2.30), then for a solution X of (4.1) we have
2 «lAPI
| AX]l1 T oo (4.11)

Proof. By (4.2), Lemma 2.5, and Lemma 2.6, we have

I|AX|[1 < op||AX[|1 4 [|AP]l1,
[[AX[|oo < aV[|AX|[oo + [[AP][oos

and
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[[AX[|1 = aw[|AX|[1 + [|AP]]1.

If « satisfies (2.15) (or (2.30)), then (4.7) and (4.8) (or (4.11)) hold.
By (4.6), it is easy to check

m
(k) (k) |1—1 cm—1
IAXoo < @il —a Y [P — [ 1 oo | APK™ oo (412)
k=2
Since
(k) (k) (k)
R N T i i P i — 0., . . .
|PXX "X" lij= iz,“-,ikqgl.cli)s“,ime(n) T N . Olig,ee ik toitstssim
we have

m
I—a) [Py =1z 1-aPo,
k=2

where P, is given by (4.10). By the uniqueness condition it is known that I — P, is a nonsingular M-matrix. Moreover
(e.g., see [3]),

m
k k) \\— _
(I—a) IPY —JID " < —aPy) ™. (413)
k=2

Thus by (4.12) and (4.13) we have

[AX oo < 1T = @Po) ™ oo [APK™ | . (414)

It is noted that
AP oo < AP0

Hence by (4.14) we have

[AX]loo < 11 = @ Pg) ™ oo | APl oo

This proves (4.9). O
By taking the different set 7®(k=2,3,---,m), we give the following corollary.
Corollary 4.1. Let P and P = P + AP be order-m stochastic tensors and AP be a perturbation of P.

(1) If « satisfies (2.24), the solution X of (4.1) satisfies

a|AP|
lAX]1 < —————, (4.15)
1—ait
and
a||AP
AKX < 2IEP e (416)
1—oavq
(2) If o satisfies (2.25), the solution X of (4.1) satisfies
al|AP|
lAX[ < - - . (417)
1-« Z?:z(l — MGy, iy q,iggq, - ime(n) Z?:l min;, piin:"'qika"'sl‘m)
(3) If a satisfies (2.26), the solution X of (4.1) satisfies
al|AP|
AX|1 < . (418)
1-oa ZZLz(maXiz,m,i;<_1,ik+1,~~,ime(n> Z?:l MaXi, Piiy, g, im — 1)
(4) If a satisfies (2.15), for any solution X of (4.1) the perturbation inequality (4.6) holds and the solution X of (4.1) satisfies
IAX]loo < & l|(I — & Prmin) oo AP oo (419)

and
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-1
[AX]loo <@l = ¢Pmax) ™ lloo | APl c0s (4.20)
where Py is an n x n matrix with
m
Pmin)ij=_ M0 (Piiye iy i im — MU Diig iy i im) (4.21)
P i, Ik— 1,0k 1,0 Im €(N) ik
=2
and
m
Pmax)ij= M0 (MAXPiiy iy g idisrin = Phizo ik 1,diksoin)- (4.22)
k:2[2 i1 dkg 1, im €M)

Remark 4.1. For a stochastic tensor P, let

bm(P)=min{ min Y Piiyin + . Min Zpuz

ime(n ip,,im€(n
ES/ zeS

In [10], Li, Cui and Ng proposed a 1-norm perturbation bound for the limiting distribution of the higher-order Markov chain.
Since the multilinear PageRank problem (1.3) can be rewritten as (1.5), the following perturbation bound can be followed
from the perturbation bound in [10]

APyl

[|AX[|1 < m—18m(Py)+2—-m’ (4.23)

where Py = aP + (1—a)V and APy =Py — Py. Since

Sn(Py) = 8m(@P + (1 — a)V)
= min{ min Z[ap,,z,...,fer(l—a)vi]+_ min Z[ouon2 im + (1= )vil}
12,,Im

Scn) i Jdm€e(n s
2rim zeS’ leS

= mi mm Zotp,,zf..,,mjt' mm Zotp,,2 ,m}+(l—ot)Zv,

Snl ,ime(n iy, ,im€(n
m 15’ " zeS i=1

=udp(P)+1—«

and

IAPY[l1 = llaP + (1 =)V —aP — (1 = a)V|l1 = «[|AP]]1,
the bound (4.23) can be formulated as
a||AP|]y

18Xl = = Py (4:24)

Remark 4.2. As shown as in Theorem 5.7 in [5], Fasino and Tudisco also proposed a 1-norm perturbation bound for the
limiting distribution of the second order Markov chain. By analogous proofs to Theorem 5.7 in [5] and to (4.24), we can
obtain the following bound (4.25).
If T (P) < 1, then the multilinear PageRank vector X is unique, and for any solution X of (4.1), we have
a||AP||4
AX|1 < ————, (4.25)
1—-aT(P)
where 7 (P) is defined in Remark 2.7. In order to compare these perturbation bounds we will give some numerical examples
in Subsection 5.3.

5. Numerical examples

In this section, we show some numerical experiments to illustrate the effectiveness of the proposed theoretical results.
All tests are conducted by MATLAB R2014a with a desktop computer (Dell optiplex 3020) which have the following config-
uration: Intel(R) Core(TM) i7-2600 CPU 3.40 GHz and 16.00G RAM.

Example 5.1. The first five examples (i)-(v) (e.g., see [9], [11], [12], [18]) are derived from the real world problems. Examples
(i)-(iii) come from the DNA sequence data in [19] and [2]. Example (iv) is from the inter-personal relationship’s data.
Example (v) comes from the occupational mobility of physicist’s data.



600

PG, 1) =

PG, L3)=
(ii)

PG, 1) =

PG, L,3)=
(iii)

PG, L) =

PG, L,3)=
(iv)

PG, 1) =

PG, 3) =
(v)

PG, 1) =

PG, 3)=

Example 5.2. By the function rand of MATLAB, some order-3 dimension n stochastic tensors are generated.

We also give the numerical analysis for sparse tensors. The following two types of sparse tensors are used for testing the
corresponding bounds.

Example 5.3. This example is given by Test 4 of [11] (or see [12]). Let T be a directed graph with node set V ={1, 2, ...n}.
Then (i, j) is said to be an arc of I'. Let IP be the subset of V for which arbitrary two different nodes i, j, (i, j) is an arc in
T, and let D be the set of all dangling nodes in V, ie., for any i € D, both (i, j) and (j, i) are not arcs of " for any j eV
(e.g., see [6], [8], [14], [13], [15] and [16]). By np (np > 2) we denote the number of nodes in the subset IP. Suppose that a

0.6000
0.2000
0.2000

0.5565
0.2174
0.2261

0.5200
0.2700
0.2100

0.5638
0.2408
0.1954

0.2091
0.3371
0.3265
0.1723

0.3145
0.0603
0.3960
0.2293

0.5810
0
0.4190

0.4381
0.0229
0.5390

0.9000
0.0690
0.0310

0.6604
0.0716
0.2680
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0.4083
0.2568
0.3349

0.3648
0.2742
0.3610

0.2986
0.3930
0.3084

0.3424
0.3638
0.2938

0.2834
0.3997
0.0560
0.2608

0.3887
0.1203
0.1255
0.3628

0.2432
0.4109
0.3459

0.1003
0.4338
0.4659

0.3340
0.6108
0.0552

0.0945
0.6133
0.2922

0.4935
0.2426
0.2639

0.4500
0.2600
0.2900

0.4462
0.3192
0.2346

0.4900
0.2900
0.2200

0.2194
0.3219
0.3119
0.1468

0.3248
0.0451
0.3814
0.2487

0.1429
0.0701
0.7870

0
0.0930
0.9070

0.3106
0.0754
0.6140

0.0710
0.0780
0.8501

0.5217

,PG,:,2)=1] 0.2232

0.1830
0.3377
0.2961
0.1832

0.2883
0.0609
0.3656
0.2852

) ,PG¢,:,2)=1 0.1970

0.2551

0.6514

0.1516

, PG, 2)=

, PG, 4) =

0.4708

, PG 5L2)=| 01341

0.3951

0.6700

, P(,:,2)=| 0.2892

0.0408

0.3300
0.2800
0.3900

0.4300
0.3200
0.2500

0.1952
0.3336
0.2954
0.1758

0.1685
0.3553
0.3189
0.1571

0.1330
0.5450
0.3220

0.1040
0.8310
0.0650

0.4152
0.2658
0.3190

0.5766
0.2462
0.1762

0.2695
0.3962
0.0249
0.3094

0.2429
0.4180
0.0484
0.2907

0.0327
0.2042
0.7631

0.0805
0.2956
0.6239

0.2055
0.3184
0.2808
0.1953

0.1789
0.3402
0.3043
0.1766

0.1690
0.3342
0.2650
0.2318

0.1425
0.3559
0.2885
0.2131

directed graph I is given by V =D [ JP. Then one can construct a corresponding nonnegative tensor .4 as follows:

Viyig,,im»

Qiyig, - im =

)
1
n

iy #ip, i #igg1, 01, ik €P, k=2,--- ,m—1,

i]:iz (ori1 E]D)), ik7éik+1v ikGP,kZZ,--- ,m—
else,

1,
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Table 5.1
Compare the proposed uniqueness conditions with the existing ones for (iv)-(v) in Example 5.1.
Example  1/7i 1/91 (2.25) (2.26) (2.30) (2.34) (2.35) (2.36) (9)in[11] (11)in[11] (12)in[11] 1/7(P)in[5]
(iv) 1.709402 1.709402 1.474926 0.968054 0.854701 0.854701 0.854701 0.854701 0.584454  0.737463 0.484027 1.709401
(v) 1206127 1.206127 1.206127 0.632071 0.603136 0.603136 0.603136 0.603136 0.414766 0.603136 0.316056 1.206273
Table 5.2
Compare the proposed uniqueness conditions with the existing ones by Example 5.2.
no 1/ 1/ (2.25) (2.26) (2.30) (2.34) (2.35) (2.36) (9)in[11]  (11)in[11] (12)in[11] 1/7(P)in[5]
3 0.743089  0.743089  0.724631  0.587861 0.935437 0.635534  0.635534  0.635534  0.505332 0.562953 0.458411 0.743089
5 0.722758  0.685285 0.624098 0.475379 1.051038 0.644482 0.644482 0.644482 0.474819 0.587186 0.39855 0.917655
8 0.808686  0.833864  0.588759 0.559018 0.969624 0.67851 0.67851 0.67851 0.454491 0.512925 0.40801 0.917098
10 0.751058  0.75722 0.563651 0443124  0.86204 0.726348  0.726348  0.726348  0.387248 0.508496 0.312689 0.805905
12 0751859  0.784676  0.55218 0.460356  0.804882  0.737056  0.737056  0.737056  0.404842 0.509015 0.336064 0.806575

Table 5.3
Compare the proposed uniqueness conditions with the existing ones by Example 5.2.
n 1/7 (2.25) (2.26) (9)in [11]  (11)in [11] (12) in [11]
10 0.712019 0595809  0.457731 0.403076 0.519549 0.329262
100 0.849598  0.507505 0.444854  0.427650 0.500106 0.373533
200 0.876944  0.504208 0.451571 0.440914 0.500023 0.394302
300 0.891712  0.502825 0.457447 0.448843 0.500012 0.407174
500 0.910065 0.501740  0.462457 0.456448 0.500004 0.419873
800 0.921467  0.501115 0.469030  0.464485 0.500002 0.433679
1000  0.929432  0.500911 0.471235 0.466742 0.500001 0.437632
Table 5.4
Compare the proposed uniqueness conditions with the existing ones by Example 5.3.
np 1/7 (2.25) (2.26) (9)in [11]  (11)in[11]  (12)in[11]
80 0.586560  0.504905  0.286232 0.333812 0.5 0.250539
100  0.651050 0.503989  0.302507  0.348820 0.5 0.267837
150  0.796860  0.502803  0.362419  0.389783 0.5 0.319381
180  0.859840  0.502278  0.408183 0.417020 0.5 0.357662
1 T
+ 1/
o 1/n v ¥
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Fig. 5.1. Compare the proposed uniqueness conditions with the existing ones in [11].
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Fig. 5.2. Compare the proposed uniqueness conditions with the existing ones in [11].

Bounds

Fig. 5.3. Compare the proposed error bound with (3.2) in [6] and (3.10) by (iv) in Example 5.1.

ailviz-"'vim .
= 122" generates a stochastic tensor
21y =1Giyigim

is taken in (0, 1) randomly and independently.

where vj, i, ....i,, € (0,1), and then normalizing the entries with pi, i, ... iy,

P = (Piy.iy,.in)- It is noted that in the following numerical test, vj, i,.... ip,
Example 5.4. Let o denote the density of zero entries for a tensor. If o =0 or o =1, P is a positive tensor or a zero tensor
respectively. Test sparse tensors with different o are generated by the function randsample of MATLAB.

5.1. Uniqueness conditions

Firstly, we compare the proposed uniqueness conditions with the existing ones in [6] and [11]. For (i)-(iii) in Example 5.1,
the uniqueness of the solution for the multilinear PageRank model (1.3) has been guaranteed if « € (0, 1), but not for
examples (iv) and (v). Therefore, we only report the numerical results in Table 5.1 for these two examples. It is shown that
the proposed uniqueness conditions and the result in [5] are much better than other ones, and both the conditions (2.24)
and (2.25) show that these two examples also have the unique solution for arbitrary « in (0, 1).

We also test the numerical results by Example 5.2. For a large dimension n, we only report the numerical results of the
conditions 1/V, (2.25) and (2.26). These results are reported in Tables 5.2 and 5.3. In Tables 5.2 and 5.1, we can find the
proposed bounds and the bound given in [5] are sharper, but neither is the best.

In Example 5.3, we take n = 20, and np = 3,4, ...18, respectively, and compute the proposed uniqueness conditions
and the existing ones, which are showed in Fig. 5.1. It is clear that the condition 1/f; performs the best. The proposed
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Bounds

in Example 5.1.

Bounds

Fig. 5.6. Compare the proposed error bound with (3.2) in [6] by Example 5.3 if n, = 10.

603



604 W. Li et al. / Applied Numerical Mathematics 156 (2020) 584-607

Table 5.5
Perturbation bounds on the 1-norm for (i)-(v) in Example 5.1 with different c.
Example o bound (4.11) bound (4.15) bound (4.17) bound (4.18) bound (4.24)
(i) 0.80 1.31E-06 9.50E-07 9.50E-07 9.50E-07 1.31E-06
0.90 1.63E-06 1.11E-06 1.11E-06 1.11E-06 1.63E-06
0.95 1.82E-06 1.19E-06 1.19E-06 1.19E-06 1.82E-06
0.99 1.98E-06 1.26E-06 1.26E-06 1.26E-06 1.98E-06
0.999 2.02E-06 1.27E-06 1.27E-06 1.27E-06 2.02E-06
(ii) 0.80 1.10E-06 8.79E-07 8.79E-07 8.79E-07 1.45E-06
0.90 1.36E-06 1.04E-06 1.04E-06 1.04E-06 1.95E-06
0.95 1.51E-06 1.13E-06 1.13E-06 1.13E-06 2.27E-06
0.99 1.64E-06 1.20E-06 1.20E-06 1.20E-06 2.59E-06
0.999 1.68E-06 1.22E-06 1.22E-06 1.22E-06 2.67E-06
(iii) 0.80 2.15E-06 1.30E-06 1.51E-06 1.30E-06 2.24E-06
0.90 3.22E-06 1.64E-06 1.98E-06 1.64E-06 3.44E-06
0.95 4.08E-06 1.83E-06 2.28E-06 1.83E-06 4.44E-06
0.99 5.07E-06 2.01E-06 2.55E-06 2.01E-06 5.63E-06
0.999 5.35E-06 2.05E-06 2.62E-06 2.05E-06 5.98E-06
(iv) 0.80 1.91E-05 2.30E-06 2.67E-06 7.04E-06 1.91E-05
0.90 - 2.90E-06 3.52E-06 1.95E-05 -
0.95 - 3.26E-06 4.08E-06 7.78E-05 -
0.99 - 3.59E-06 4.60E-06 - -
0.999 - 3.67E-06 4.73E-06 - -
(v) 0.80 - 3.36E-06 3.36E-06 - -
0.90 - 5.02E-06 5.02E-06 - -
0.95 - 6.33E-06 6.33E-06 - -
0.99 - 7.82E-06 7.82E-06 - -
0.999 - 8.24E-06 8.24E-06 - -
Table 5.6
Perturbation bounds on the co-norm for (i)-(v) with different «.
Example o bound (4.16) bound (4.19) bound (4.20)
(i) 0.80 1.84E-06 1.96E-06 2.01E-06
0.90 2.14E-06 2.31E-06 2.35E-06
0.95 2.31E-06 2.49E-06 2.54E-06
0.99 2.44E-06 2.65E-06 2.69E-06
0.999 2.47E-06 2.68E-06 2.72E-06
(ii) 0.80 2.13E-06 2.30E-06 2.37E-06
0.90 2.52E-06 2.74E-06 2.83E-06
0.95 2.74E-06 2.98E-06 3.08E-06
0.99 2.91E-06 3.18E-06 3.29E-06
0.999 2.95E-06 3.23E-06 3.34E-06
(iii) 0.80 3.36E-06 5.26E-06 3.92E-06
0.90 4.02E-06 6.75E-06 4.79E-06
0.95 4.37E-06 7.65E-06 5.28E-06
0.99 4.68E-06 8.46E-06 5.70E-06
0.999 4.75E-06 8.65E-06 5.80E-06
(iv) 0.80 3.91E-06 4.73E-06 1.03E-05
0.90 4.94E-06 6.28E-06 2.15E-05
0.95 5.56E-06 7.27E-06 4.00E-05
0.99 6.12E-06 8.22E-06 1.06E-04
0.999 6.25E-06 8.45E-06 1.63E-04
(v) 0.80 6.80E-06 7.27E-06 9.47E-06
0.90 1.01E-05 1.11E-05 6.56E-06
0.95 1.28E-05 1.43E-05 5.82E-06
0.99 1.58E-05 1.80E-05 5.37E-06
0.999 1.66E-05 1.91E-05 5.29E-06

conditions are all better than the existing ones except 1/V; if n, < 8. We also report the numerical results in Table 5.4 for
n =200 and n, =80, 100, 150 and 180. The condition 1/v7 relatively performs well.

For Example 5.4, we generate order-3 dimension 100 tensors with the density ¢ from 0.1 to 0.48 at the interval of 0.01
respectively. The numerical results are shown in Fig. 5.2. From Table 5.4 and Fig. 5.2, it is seen that the condition 1,7
always performs better than other ones.
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Table 5.7
Perturbation bounds on the 1-norm via Example 5.2.
n o bound (4.11) bound (4.15) bound (4.17) bound (4.18) bound (4.24) bound (4.25)
3 0.45 7.24E-07 8.69E-07 9.91E-07 8.87E-07 9.06E-07 8.69E-07
0.75 2.15E-06 4.22E-06 1.05E-05 4.68E-06 5.28E-06 4.22E-06
0.80  2.63E-06 6.61E-06 1.09E-04 7.83E-06 9.63E-06 6.61E-06
5 0.45 1.01E-06 1.01E-06 1.30E-06 1.74E-06 1.10E-06 8.81E-07
0.75 7.26E-06 6.90E-06 - - 1.72E-05 3.48E-06
0.80 1.72E-05 1.53E-05 - - - 4.82E-06
8 0.45 1.09E-06 1.19E-06 2.39E-06 4.32E-06 1.22E-06 1.11E-06
0.75 8.86E-06 2.71E-05 - - 9.46E-05 1.08E-05
0.80  2.68E-05 - - - - 6.00E-05
10 045 1.05E-06 1.26E-06 2.81E-06 4.51E-06 1.46E-06 1.11E-06
0.75 6.18E-06 2.428E-04 - - - 8.85E-06
0.80  1.14E-05 - - - - 2.57E-05
12 0.45 1.12E-06 1.34E-06 2.91E-06 - 1.48E-06 1.18E-06
0.75 8.25E-06 - - - - 1.28E-05
0.80  2.03E-05 - - - - 1.681E-04
Table 5.8
Perturbation bounds on the co-norm for Example 5.2.
n o bound (4.16) bound (4.19) bound (4.20)
3 0.45 1.51E-06 1.18E-06 9.96E-07
0.75 4.89E-06 2.53E-06 1.82E-06
0.80 6.19E-06 2.83E-06 1.97E-06
5 0.45 4.41E-06 2.00E-06 2.07E-06
0.75 3.78E-03 3.64E-06 3.88E-06
0.80 - 3.94E-06 4.22E-06
8 0.45 7.45E-06 3.02E-06 4.28E-06
0.75 - 5.52E-06 9.73E-06
0.80 - 5.97E-06 1.09E-05
10 0.45 9.18E-06 4.09E-06 6.50E-06
0.75 - 7.53E-06 1.57E-05
0.80 - 8.17E-06 1.78E-05
12 0.45 9.23E-06 4.19E-06 4.97E-06
0.75 2.45E-04 7.42E-06 9.84E-06
0.80 - 8.00E-06 1.08E-05

5.2. Error bounds

In this subsection, we compare the error bound based on the proposed uniqueness conditions with the existing bound
€ in Theorem 3.1. We give numerical analysis for Example 5.1 (iv) and (v). Taking the value of o form 0.1 to 0.99 in the
interval of 0.01, we drew Figs. 5.3 and 5.4. It can be seen that the proposed error bounds € in Corollary 3.1 and €, € in
Corollary 3.2 are always better than (3.2) in [6] and the proposed error bounds € and € are always sharper than the bound
€7 in Corollary 3.3.

Taking n =12 and np =5 and 10 in Example 5.3, we also drew Figs. 5.5 and 5.6 to show the error bound for these two
examples. It is seen that the proposed error bounds are sharper than the existing bounds except the bound (3.9).

5.3. Perturbation bounds

Next, we give numerical experiments for the proposed perturbation bounds. For a given stochastic tensor P, let S be
randomly generated by Matlab such that

D Sisigriin =0.¥iig, o+ im € () (5.1)
i

with s; j, ... i, € (—1,1). Therefor P =P +68 is still a stochastic tensor if # is small enough. Let AP =68, where 6 is a
real number.

Firstly, for Example 5.1, taking & = 1076 and o = 0.80, 0.90, 0.95,0.99 and 0.999 respectively, the proposed bounds are
computed and listed in Tables 5.5 and 5.6. The proposed bounds on the co-norm perform well in all cases. For the bounds
with the 1-norm, (4.11), (4.18) and (4.24) fail if « is close to 1. The bounds (4.15) and (4.17) are always valid for these
examples.
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Table 5.9
Perturbation bounds on the 1-norm for Example 5.3.
n o bound (4.11) bound (4.15) bound (4.17) bound (4.18) bound (4.24)
12 0.25 5.23E-07 5.60E-07 6.94E-07 1.72E-06 5.72E-07
0.45 1.42E-06 1.73E-06 4.30E-06 - 1.85E-06
0.55 2.32E-06 3.29E-06 - - 3.75E-06
0.65 4.14E-06 8.79E-06 - - 1.31E-05
0.75 9.80E-06 - - - -
15 0.25 4.79E-07 5.13E-07 6.70E-07 1.25E-06 5.62E-07
0.45 1.23E-06 1.48E-06 4.55E-06 - 1.97E-06
0.55 1.90E-06 2.58E-06 - - 4.56E-06
0.65 3.06E-06 5.35E-06 - - 5.26E-05
0.75 5.56E-06 2.49E-05 - - -
0.85 1.48E-05 - - - -
18 0.25 3.74E-07 4.02E-07 5.39E-07 7.48E-07 4.18E-07
0.45 9.20E-07 1.11E-06 3.69E-06 - 1.24E-06
0.55 1.38E-06 1.85E-06 - - 2.23E-06
0.65 2.10E-06 3.44E-06 - - 5.02E-06

0.75 3.40E-06 9.31E-06 - - 6.08E-05
0.85 6.49E-06 - -
0.95 2.29E-05 - - - -
0.99 1.74E-04 - - - -

Table 5.10
Perturbation bounds on the co-norm for Example 5.3.

n o bound (4.16) bound (4.19) bound (4.20)

12 025 6.04E-06 4.22E-06 5.75E-06
0.45 2.12E-05 8.42E-06 1.37E-05
0.55 4.91E-05 1.09E-05 1.90E-05
0.65 5.76E-04 1.36E-05 2.52E-05
0.75 - 1.67E-05 3.26E-05
0.85 - 2.01E-05 4.12E-05
0.95 - 2.41E-05 5.11E-05
0.99 - 2.58E-05 5.54E-05
0999 - 2.62E-05 5.64E-05

15 025 6.41E-06 4.20E-06 4.76E-06
0.45 2.38E-05 8.05E-06 9.90E-06
0.55 6.18E-05 1.02E-05 1.30E-05
0.65 - 1.24E-05 1.64E-05
0.75 - 1.48E-05 2.01E-05
0.85 - 1.74E-05 2.43E-05
0.95 - 2.02E-05 2.88E-05
0.99 - 2.13E-05 3.07E-05
0999 - 2.16E-05 3.12E-05

18 025 6.69E-06 4.61E-06 5.25E-06
0.45 2.04E-05 8.57E-06 1.07E-05
0.55 3.80E-05 1.06E-05 1.40E-05
0.65 9.53E-05 1.28E-05 1.75E-05
0.75 - 1.50E-05 2.14E-05
0.85 - 1.73E-05 2.57E-05
0.95 - 1.97E-05 3.05E-05
0.99 - 2.07E-05 3.25E-05
0999 - 2.09E-05 3.29E-05

We also generate some stochastic tensors such as in Example 5.2. The perturbation stochastic tensors are also produced
via (5.1) with 8 = 10%. The corresponding numerical results are reported in Tables 5.7 and 5.8. Among all estimates, the
bound (4.11) or (4.25) perform best with the 1-norm for these examples. For the co-norm case, the bound (4.19) is sharper
than bounds (4.16) and (4.20).

Analogously, taking np, = 12,15 and 18, we give the numerical perturbation bounds for Example 5.3, respectively. The
corresponding bounds are listed in Tables 5.9 and 5.10 which is seen that the bound (4.11) perform best with the 1-norm
for these examples and the numerical results for the co-norm case are consistent with the ones appeared in Example 5.2.

6. Concluding remarks

The solution for the multilinear PageRank problem (1.3) is characterized by the corresponding PageRank vector. However,
the verification of the uniqueness of the PageRank vector is cumbersome and often associates with the high computational
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cost. Recent studies suggest to develop some computable bounds as the uniqueness indicators. Current available results in
the literature appear to be not tight enough that may prevent us from getting the desirable solutions. In this paper, we
develop several uniqueness conditions of the solution for the multilinear PageRank problem with feasible computations,
which improve the existing ones appeared in [11] and [G]. In addition, the error bound for the inverse iteration is given
and is more suitable than the one given in [6]. Moreover, the perturbation bounds for the multilinear PageRank vector in
different norms are derived, which characterizes the sensitivity under our framework.
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