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Abstract
We derive conditions under which the reconstruction of a target space is topologically correct via
the Čech complex or the Vietoris-Rips complex obtained from possibly noisy point cloud data.
We provide two novel theoretical results. First, we describe sufficient conditions under which
any non-empty intersection of finitely many Euclidean balls intersected with a positive reach set
is contractible, so that the Nerve theorem applies for the restricted Čech complex. Second, we
demonstrate the homotopy equivalence of a positive µ-reach set and its offsets. Applying these
results to the restricted Čech complex and using the interleaving relations with the Čech complex (or
the Vietoris-Rips complex), we formulate conditions guaranteeing that the target space is homotopy
equivalent to the Čech complex (or the Vietoris-Rips complex), in terms of the µ-reach. Our results
sharpen existing results.
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1 Introduction

Afundamentaltaskintopologicaldataanalysis,geometricinference,andcomputational

geometryisthatofestimatingthetopologyofaset ⊂ dbasedonafinitecollectionofdata

pointsXthatlieinitorinitsproximity.Thisproblemnaturallyoccursinmanyapplications

area,suchascosmology[30],timeseriesdata[28],machinelearning[17],andsoon.

Anaturalwaytoapproximatethetargetspaceistoconsideranr-offsetofthedata

points,thatis,totaketheunionoftheopenballsofradiusr>0centeredatthedatapoints.

Underappropriateconditions,bytheNervetheorem[5]thisoffsetistopologicallyequivalent

tothetargetspace viatheČechcomplex[7,23].Forcomputationalreasons,theAlpha

shapecomplexmaybeusedinstead,whichishomotopyequivalenttotheČechcomplex

[20].Tofurtherspeedupcalculations,andinparticularifthedataarehighdimensional,the

Vietoris-Ripscomplexmaybepreferableasonlythepairwisedistancesbetweenthedata

pointsareused.

Toguaranteethatthetopologicalapproximationbasedonthedatapointsrecovers

correctlythehomotopytypeof ,itisnecessarythatthedatapointsaredenseandcloseto

thetargetspace,andthattheradiusparameterusedforconstructingtheČechcomplexor

theVietoris-Ripscomplexbeofappropriatesize.

TheconditionsrequiretheoffsetrtobelowerboundedbyaconstanttimestheHausdorff

distancebetweenthetargetspaceandthedatapoints,andupperboundedbyanother

constanttimesameasureofthesizeofthetopologicalfeaturesofthetargetspace.Originally,

thetopologicalfeaturesizewasdescribedasasufficientlysmallnumber,fortheVietoris-Rips

complexin[24,25].Then,thetopologicalfeaturesizewasexpressedintermsofthereach

of :see,fortheČechcomplex,in[12,27].Subsequently,thenotionofµ-reachwasput

forwardtoallowformoregeneraltargetspaces:theconditionfortheČechcomplexis

studiedin[6,8],andtheconditionfortheVietoris-Ripscomplexisstudiedin[6].Also,the

radiiparametersareallowedtovaryacrossthedatapointsin[12].Forthecasewhenthe

targetspaceequalsthedatapoints,theconditionsfortheČechcomplexortheVietoris-Rips

complexisstudiedin[3,4]. Whentheoffsetrisbeyondthetopologicalfeaturesizesothat

thehomotopyequivalencedoesnothold,thehomotopytypeoftheVietoris-Ripscomplex

wasstudiedforthecirclein[2].

Inthispaper,wederiveconditionsunderwhichthehomotopytypeofthetargetspace

iscorrectlyrecoveredviatheČechcomplexortheVietoris-Ripscomplex,intermsofthe

Hausdorffdistanceandtheµ-reachofthetargetspace.Totacklethisproblem,weprovide

twonoveltheoreticalresults.First,wedescribesufficientconditionsunderwhichanynon-

emptyintersectionoffinitelymanyEuclideanballsintersectedwithasetofpositivereachis

contractible,sothattheNervetheoremappliesfortherestrictedČechcomplex.Second,we

demonstratethehomotopyequivalenceofapositiveµ-reachsetanditsoffsets.Theseresults

arenewandofindependentinterest.

Overall,ournewboundsoffersignificantimprovementsoverthepreviousresultsin[27,6]

andaresharp:inparticular,theyachievetheoptimalupperboundfortheparameterof

theČechcomplexandtheVietoris-Ripscomplexunderapositivereachcondition. Wewill

provideadetailedcomparisonofourresultswithexistingonesinSection6.

2 Background

Thissectionprovidesabriefintroductiontosimplicialcomplex,Nervetheorem,reach,and

µ-reach. WerefertoAppendixAand[23,19,21,1,8,13,26,18]forfurtherdefinitions

anddetails.Throughoutthepaper,welet andXbesubsetsof d.Forx,y∈ d,we

letd(x,y):=x−y betheEuclideandistancewith · beingtheEuclideannorm.Let
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d(x, )=infy∈ d(x,y)denotesthedistancefromapointxtoaset ,andletd : d→

bethedistancefunctionx→ d(x, ). Forr >0,welet (x,r):={y∈ :d(x,y)<r}

betheopenrestrictedballcenteredatx∈ dofradiusr>0.Forr>0,welet rbean

r-offsetofaset definedbythecollectionofallpointsthatarewithinrdistanceto ,that

is, r:= x∈ d(x,r). Finally,fortwosetsX,Y ⊂ d,weletdH(X,Y):=inf{r>0:

X ⊂YrandY⊂Xr}betheHausdorffdistancebetweenX andY.

2.1 Simplicialcomplexand Nervetheorem

Anaturalwaytoapproximatethetargetspace withthedatapointsX istotaketheunion

ofopenballscenteredatthedatapoints.Indetail,letr={rx,x∈X}∈ X
+ bepre-specified

radiiandconsidertheunionofrestrictedballs

x∈X

(x,rx). (1)

ThoughweallowforthepointsinX tolieoutside , wewillassumethroughoutthat

(x,rx)=∅forallx∈X.

Toinferthetopologicalpropertiesoftheunionofballsin(1),werelyonasimplicial

complex,whichcanbeseenasahighdimensionalgeneralizationofagraph. GivenasetV,

an(abstract)simplicialcomplexisacollectionK offinitesubsetsofVsuchthatα∈K and

β⊂αimpliesβ∈K.Eachsetα∈K iscalleditssimplex,andeachelementofαiscalleda

vertexofα.

Asimplicialcomplexencodingthetopologicalpropertiesoftheunionofballsin(1)is

theČechcomplex.

Definition1 (Čechcomplex).LetX, betwosubsetsandr∈ X
+. The(weighted)Čech

complexČech (X,r)isthesimplicialcomplex

Čech (X,r):=





σ={x1,...,xk}⊂X:

k

j=1

(xj,rxj
)=∅





. (2)

ComputingtheČechcomplexrequirescomputingallpossibleintersectionsoftheballs.

Tofurtherspeedupthecalculation,weonlycheckthepairwisedistancesbetweenthedata

pointsandinsteadbuildtheVietoris-Ripscomplex.

Definition2 (Vietoris-Ripscomplex).LetX, betwosubsetsandr∈ X
+. Theweighted

Vietoris-RipscomplexRips(X,r)isthesimplicialcomplexdefinedas

Rips(X,r):= σ⊂X :d(xi,xj)<rxi+rxj,forallxi,xj∈σ . (3)

TheambientČechcomplexin(2)(thatis, = d)andtheVietoris-Ripscomplexin(3)

havethefollowinginterleavingrelationshipwhenallradiiareequal(e.g.,seeTheorem2.5

in[16]). Thatis,whenrx=r>0forallx∈X,then

Čech d(X,r)⊂Rips(X,r)⊂Čech d X,
2d

d+1
r . (4)

ThisinterleavingrelationisextendedtothecaseofdifferentradiiinLemma16.

Theunionofballsin(1)andtheČechcomplexin(2)arehomotopyequivalentunder

appropriateconditions. Thisremarkableresultispreciselytherenownednervetheorem

[5,7,23],whichwerecallnext. Wefirstintroducethenerve,whichisamoreabstractnotion

oftheČechcomplex.

SoCG2020
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Definition3(Nerve).LetU={Uα}beanopencoverofagiventopologicalspace .The

nerveofU,denotedbyN(U),istheabstractsimplicialcomplexdefinedas

N(U)=





{U1,...,Uk}⊂U:

k

j=1

Uj=∅





.

Thenervetheoremprescribesconditionsunderwhichthenerveofanopencoverof is

homotopyequivalentto itself.

Theorem4(Nervetheorem).Let beaparacompactspaceandUbeanopencoverof .

IfeverynonemptyintersectionoffinitelymanysetsinUiscontractible,then ishomotopy

equivalenttothenerveN(U).

Thus,inordertoconcludethattheČech(X,r)complexin(2)hasthesamehomotopy

typeas ,itisenoughtoshow,bythenervetheorem,thattheunionofrestrictedballs

x∈X (x,rx)coversthetargetspace andthatanyarbitrarynon-emptyintersection

ofrestrictedballsiscontractible.Thedifficultyinestablishingthelatter,moretechnical,

conditionliesinthefactthatitisnotclearaprioriwhatpropertiesof willimplyit.If

isaconvexset,thenthenervetheoremappliesstraightforwardly.Butformoregeneral

spaces,suchassmoothlower-dimensionalmanifolds,itisnotobvioushowcontractibility

maybeguaranteed.Oneofthemainresultsofthispaper,givenbelowinTheorem9,asserts

thatif haspositivereachandtheradiioftherestrictedballsaresmallcomparedtothe

reach,thenanynon-emptyintersectionofrestrictedballsiscontractible.

2.2 Thereach

Firstintroducedby[21],thereachisaquantityexpressingthedegreeofgeometricregularity

ofaset.Indetail,givenaclosedsubset ⊂ d,themedialaxisof ,denotedbyMed(),

isthesubsetof dconsistingofallthepointsthathaveatleasttwonearestneighborsin .

Formally,

Med( )=x∈ d\ :thereexistq1=q2∈ ,||q1−x||=||q2−x||=d(x, ), (5)

Thereachof isthendefinedastheminimaldistancefrom toMed( ).

Definition5.Thereachofaclosedsubset ⊂ disdefinedas

τ=inf
q∈
d(q,Med( ))= inf

q∈ ,x∈Med( )
||q−x||. (6)

Someauthors[see,e.g.27,29]refertoτ−1astheconditionnumber.Fromthedefinition

ofthemedialaxisin(5),theprojectionπ(x)=argminp∈ p−x onto iswelldefined

(i.e.unique)outsideMed().Infact,thereachisthelargestdistanceρ≥0suchthatπ is

welldefinedontheρ-offsetx∈ d:d(x, )<ρ .Hence,assumingtheset haspositive

reachcanbeseenasageneralizationorweakeningofconvexity,sinceaset ⊂ disconvex

ifandonlyifτ=∞.Inthenextsection,wedescribehowtousethereachconditionto

ensurethattheunionofrestrictedballsiscontractible,whichinturnallowsustoapplythe

Nervetheoremtorecoverthehomotopytypeofthetargetspace .

Foranon-smoothtargetspace,thereachofthespacecanbezero.Inthiscase,wecan

deployamoregeneralnotionoffeaturesize,calledµ-reach,introducedby[8].Foranypoint

x∈ d\ ,letΓ(x)bethesetofpointsin closesttox.LetΘ (x)bethecenterofthe



ΓX(x)

X

ΘX(x)

x

∇X(x)=
x ΘX(x)
dX(x)dX(x)

1
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Figure1Thegraphicalillustrationforthegeneralizedgradient∇X(x),from[9,8].

uniquesmallestclosedballenclosingΓX(x).Then,forx∈R
d\X,thegeneralizedgradient

ofthedistancefunctiondXisdefinedas

∇X(x)=
x−ΘX(x)

dX(x)
, (7)

andset∇X(x)=0forx∈X.SeeFigure1foragraphicalillustration.Then,forµ∈(0,1],

theµ-medialaxisofXisdefinedas

Medµ(X)=x∈R
d\X:∇X(x)<µ , (8)

Finally,theµ-reachofXisdefinedastheminimaldistancefromXtoMedµ(X).

Definition6.Theµ-reachofaclosedsubsetX⊂Rdisdefinedas

τµX=inf
q∈X
d(q,Medµ(X))= inf

q∈X,x∈Medµ(X)
||q−x||. (9)

Notethatifµ=1,thecorrespondingµ-reachequalstothereachofX.

TwooffsetsXrandXsofthetargetspaceXaretopologicallyequivalentiftheyarefree

ofcriticalpointsofthedistancefunctiondXinthesensespecifiedbelow(seee.g.,[22]or

Proposition3.4in[11]).

Lemma7(IsotopyLemma).LetX⊂Rdbeaset,andforr,s>0withs≤r,letXrand

XsbetwooffsetsofX.SupposethedistancefunctiondXdoesnothaveacriticalpointon

Xr\Xs,thatis,∇X(x)=0forallx∈Xr\X
swhere∇Xisfrom(7).ThenX

randXsare

homeomorphic.

Notethatrequiring∇X(x)=0forallx∈Xr\X
sisweakerthantheµ-reachconditionτµX>r

foranyµ∈(0,1].Oneofthemainresultsofthepaper,giveninTheorem12,generalizesthis

topologicalrelationtotherelationbetweenthetargetspaceanditsoffsetunderastronger

positiveµ-reachcondition.

SoCG2020
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Figure2Anexampleinwhichtheunionofballsisdifferentfromtheunderlyingspaceinterms

ofthehomotopy.Inthefigure,theunionofballsdeformationretractstoacircle,henceitshomotopy

isdifferentfromtheunderlyingsemicircle.

2.3 RestrictedversusAmbientballs

ItisimportanttopointoutthatthenervetheoremneedsnottobeappliedtotheČech

complexbuiltusingambient,asopposed,torestrictedballs.Inparticular,thehomotopy

typeof ,maynotbecorrectlyrecoveredusingunionsofambientballsevenifthepoint

cloudisdensein andtheradiioftheballsallvanish. Weelucidatethispointinthenext

example.Below, d(x,r)denotestheopenambientballin dcenteredatxandofradius

r>0.

Example8.Let =(∂ 2(0,1))∩{x∈ 2:x2≥0}beasemicirclein
2. Let

∈(0,1)befixed,andx1,x2bepointson satisfyingx1−x2 ∈
√
4− 2,2 .Then,

2(x1,)∩ 2(x2,)isnonemptybuthasanemptyintersectionwith . Now,choose

ρ<d(, 2(x1,)∩ 2(x2,))andchooseX0⊂ bedenseenoughsothat x∈X0
2(x,ρ)

covers .Now,considertheunionofambientballs

2(x1,) 2(x2,)
x∈X0

2(x,ρ) . (10)

Thenfromthefactρ<d(, 2(x1,)∩ 2(x2,))and x∈X0
2(x,ρ)isacoveringof ,

wehavethattheunionofballsin(10)ishomotopyequivalenttoacircle,henceitshomotopy

isdifferentfromthesemicircle .Notethattheaboveconstructionholdsforallchoicesof

∈(0,1).Sinceρ→0as →0,X0canbearbitrarydensein .SeeFigure2.

3 ThenervetheoremforEuclideansetsofpositivereach

InordertoapplythenervetheoremtotheČechcomplexbuiltonrestrictedballs,itisenough

tocheckwhetheranyfiniteintersectionoftherestrictedballs
k
j=1 (xj,rxj)iscontractible

(since isasubsetof dandisendowedwiththesubspacetopology,itisparacompact.).

Theorem9isoneofthemainstatementsofthispaperandshowsthat,ifasubset ⊂ d

hasapositivereachτ>0,anynon-emptyintersectionofrestrictedballsiscontractibleif

theradiiaresmallenoughcomparedtoτ.

Theorem9.Let ⊂ dbeasubsetwithreachτ>0andletX⊂ dbeasetofpoints.

Let{rx>0:x∈X}beasetofradiiindexedbyx∈X.Then,ifrx≤ τ2+(τ−d(x))2

forallx∈X,anynonemptyintersectionofrestrictedballs x∈I (x,rx)forI⊂X is

contractible.



1+(1 )2

X

x1 x2

BX(x1,r) BX(x2,r)

0

1

r r1
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Figure3AnexampleinwhichBX(x1,r) BX(x2,r)isnothomotopyequivalenttoČechX(X,r)

where X = x∈R2:x2=1 ,x1 =(−1+ ,0),x2 =(1− ,0),X = {x1,x2},and

r> 1+(1− )2,forany >0.

Therefore,bycombiningTheorem9andtheNerveTheorem(Theorem4),wecanestablish

thatthetopologyofthesubspaceXcanberecoveredbythecorrespondingrestrictedČech

complexČechX(X,r),providedtheradiioftheballsarenottoolargewithrespecttothe

reach.Thisresultissummarizedinthefollowingcorollary.

Corollary10(NerveTheoremontherestrictedballs).UnderthesameconditionofThe-

orem9,supposerx≤ τ2+(τ−dX(x))2forallx∈X,thentheunionofrestrictedballs

x∈XBX(x,rx)ishomotopyequivalenttotherestrictedČechcomplexČechX(X,r).If,in

addition,theunionofrestrictedballscoversthetargetspaceX,thatis,

X⊂
x∈X

BX(x,rx), (11)

thenXishomotopyequivalenttotherestrictedČechcomplexČechX(X,r).

Thereachconditionrx≤ τ2+(τ−dX(x))2istightasthefollowingexampleshows.

Example11.LetXbetheunitEuclideansphereinRd,andfix >0. Letx1:=

(1− ,0,...,0),x2:=(−1+,0,...,0)∈R
d,andsetX:={x1,x2}.ForaunitEuclidean

sphere,thereachisequaltoitsradius1.Therefore,ifr=(r1,r2)∈ 0, 1+(1− )2
2

then

BX(x1,r1) BX(x2,r2)ishomotopyequivalenttoČechX(X,r)byCorollary10.However,

ifr1,r2> 1+(1− )2,BX(x1,r1) BX(x2,r2) XbutČechX(X,r) 0. Figure3

illustratesthe2-dimensionalcase.

4 Deformationretractiononpositiveµ-reach

ThepositivereachconditioniscriticalforthenervetheoremontherestrictedČechcomplex.

However,itisnoteasilygeneralizedtothepositiveµ-reachcondition.Instead,wefinda

positivereachsetthatapproximatesthepositiveµ-reachset.Andtoshowtheirhomotopy

equivalence,wediscoverthetopologicalrelationbetweenthepositiveµ-reachsetanditsoffset.

ThehomeomorphicrelationbetweentwooffsetsXrandXsofthetargetspaceXin

Lemma7doesnotholdingeneralbetweenthetargetspaceanditsoffset,butaweakened

topologicalrelationholdsunderastrongerconditiononthetargetspace.Theorem12,which

SoCG2020
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Figure4Anexamplewhere rdoesnotdeformationretractsto . isatopologist’ssinecircle,

thatis, = 0∪ 1∪ 2,with 0= x,sinπ
x
∈ 2:x∈[0,1], 1={0}×[−1,1],and 2isa

sufficientlysmoothcurvejoining(0,1)and(1,0)andmeeting 0∪ 1onlyatitsendpoints.

isoneofthemainresultsinourpaper,assertsthatifthetargetspace hasapositive

µ-reach,thentheoffset rdeformationretractsto whentheoffsetsizeisnotlarge,andin

particular,theyarehomotopyequivalent.

Theorem12.Let ⊂ dbeasubsetwithpositiveµ-reachτµ>0. Forr≤τµ,the

r-offset rdeformationretractsto .Inparticular, and rarehomotopyequivalent.

Thepositiveµ-reachconditionr≤τµinTheorem12iscriticalandcannotbeweakened

to∇ (x)=0forallx∈ r\ asinLemma7.Indeed,Example13showsthattheoffset

doesnotdeformationretracttothetargetspacealthough∇ (x)=0forallx∈ d.

Example13.Let ⊂ 2beatopologist’ssinecircle,thatis, = 0∪ 1∪ 2,with

0= x,sinπx ∈
2:x∈[0,1], 1={0}×[−1,1],and 2isasufficientlysmoothcurve

joining(0,1)and(1,0)andmeets 0∪ 1onlyatitsendpoints.SeeFigure4. Then,

τµ=0foranyµ∈(0,1]but∇ isnonzeroforallx∈ 2\.Now,H1()=0,butforany

sufficientlysmallr>0, rishomeomorphictoanannulus 2(0,2)\ 2(0,1)andhence

H1(
r)= .Hence rcannotdeformationretractto .

UsingTheorem12,wefindapositivereachsetthatapproximatesthepositiveµ-reach

set.Thesetwewilluseisthedoubleoffset[9].Recallthat,forr>0,anr-offset rofaset

isthecollectionofallpointsthatarewithinrdistanceto ,thatis, r:= x∈ d(x,r).

Thedoubleoffsetistotakeoffset,takecomplement,takeoffset,andtakecomplement,that

is,fors≥t>0, s,t:=(((s))t).Roughlyspeaking,itistoinflateyoursetfirst,and

thendeflateyourset,sothatsharpcornersbecomesmooth.See[9]formoredetails.To

setupthehomotopyequivalenceofthepositiveµ-reachsetanditsdoubleoffset,weneed

anothertoolforfindingthehomotopyequivalenceofthecomplementset.Thisisdonein

thenextlemma.

Lemma14.Let ⊂ dbeasubsetwithpositivereachτ>0.Forr≤τ, deformation

retractsto(r).Inparticular, and(r)arehomotopyequivalent.
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Now,combiningTheorem12andLemma14givesthedesiredhomotopyequivalence

betweenthetargetsetofpositiveµ-reachanditsdoubleoffset,wherethedoubleoffsethasa

positivereach.

Corollary15.Let ⊂ dbeasubsetwithpositiveµ-reachτµ>0.Fors,t>0witht≤s,

let s,t:=(((s))t)bethedoubleoffsetof .Ifs<τµandt<µs,then s,tand are

homotopyequivalent,andthereachof s,tisgreaterthanorequaltot,thatis,τs,t≥t.

5 HomotopyReconstructionviaCechcomplexandVietoris-Rips
complex

Next,wederiveconditionsunderwhichthehomotopytypeofthetargetspaceiscorrectly

recoveredviatheČechcomplexandtheVietoris-Ripscomplex. Wefirstextendtheinter-

leavingrelationshipoftheambientČechcomplexandtheVietoris-Ripscomplexin(4)to

thedifferentradiicaseinLemma16.

Lemma16.LetX⊂ dbeasetofpointsandr={rx>0:x∈X}beasetofradii

indexedbyx∈X.Then,

Čech d(X,r)⊂Rips(X,r)⊂Čech d X,
2d

d+1
r .

TorecoverthehomotopyofthetargetsetviatheambientČechcomplexandtheVietoris-

Ripscomplex,weutilizetherestrictedČechcomplex. Hence,wesetuptheinterleaving

relationshipbetweentherestrictedČechcomplexandtheambientČechcomplexinLemma17

andbetweentherestrictedČechcomplexandtheVietoris-RipscomplexinCorollary18.

Lemma17.Let ⊂ dbeasubsetwithreachτ>0andletX⊂ dbeasetofpoints.

Letr={rx>0:x∈X}beasetofradiiindexedbyx∈X.Then,

Čech(X,r)⊂Čech d(X,r)⊂Čech(X,r),

wherer={rx>0:x∈X}with

rx=
2τ(r2x+d(x)(2τ−d(x)))

τ+ τ2−(r2x+d(x)(2τ−d(x)))
−d(x)(2τ−d(x)).

Equivalently,

Čech d(X,r)⊂Čech(X,r)⊂Čech d(X,r),

wherer={rx>0:x∈X}with

rx= τ2−d(x)(2τ−d(x))−
(2τ2−r2x−d(x)(2τ−d(x)))

2

4τ2
.

Corollary18.Let ⊂ dbeasubsetwithreachτ>0andletX⊂ dbeasetofpoints.

Letr={rx>0:x∈X}beasetofradiiindexedbyx∈X.Then,

Čech(X,r)⊂Rips(X,r)⊂Čech(X,r),

wherer ={rx >0:x∈X}with

rx =
2τ 2d

d+1r
2
x+d(x)(2τ−d(x))

τ+ τ2− 2d
d+1r

2
x+d(x)(2τ−d(x))

−d(x)(2τ−d(x)).
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CombiningNerveTheoremontherestrictedballs(Corollary10)withthecovering

condition(11)andLemma17orCorollary1 givesthefollowingcommutativediagram:

Čech(X,r) Čech(X,r)

S

, (12)

whereSiseithertheambientČechcomplexČech d(X,r)orthe ietoris-Ripscomplex

Rips(X,r).Usingthisdiagram,wedevelopthehomotopyequivalencebetweenthetarget

spaceandeithertheambientČechcomplexorthe ietoris-Ripscomplex.First,Theorem19

assertsthatwhenthetargetspaceofpositivereachisdenselycoveredbythedatapoints

andiftheyarenottoofarapart,theambientČechcomplexcanbeusedtorecoverthe

homotopytype.

Theorem19.Let ⊂ dbeasubsetwithreachτ >0andletX ⊂ dbeaclosed

discretesetofpoints. Let{rx>0:x∈X}beasetofradiiindexedbyx∈Xwith

rmin :=minx∈X{rx}andrmax :=maxx∈X{rx},andlet :=max{d(x):x∈X}.Suppose

iscoveredbytheunionofballscenteredatx∈Xandradius as

⊂
x∈X

(x,). (13)

Supposethatthemaximumradiusrmax isboundedas

rmax≤τ− . (14)

Also,suppose satisfiesthefollowingcondition:

+ r2max−l
2+ (2τ− )−((τ− )2−r2max+l

2+(τ− l)
2)

τ

τ2−r,c
−1

≤rmin,

d

2(d+1)

rmax
rmin

r2b−(2τ
2−r2b)

τ

τ2−r2,b

−1 +2 ≤rmin, (15)

l:=
1

2
rmin−τ+ (τ− )2−r2max− , l:=τ− (τ− )

2−r2max+l,

r2,c:=min
2+ (2τ− ),

1

2
(r2max−l

2+ (2τ− )+l(2τ− l)) ,

rmin:= τ2− (2τ− )−
(2τ2−r2min− (2τ− ))

2

4τ2
,

r2b:=
2τ(rmin)

2+ (2τ− )

τ+ τ2−((rmin)
2+ (2τ− ))

, r2,b:=min
2+ (2− ),

1

2
r2b .

Then ishomotopyequivalenttotheambientČechcomplexČechd(X,r).
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Asimilarapproachalsogivesthehomotopyequivalencebetweenthetargetspaceand

theVietoris-Ripscomplexwhenthetargetspacehaspositivereach.

Theorem20. Let ⊂ d beasubsetwithreachτ >0andletX ⊂ d beaclosed

discretesetofpoints. Let{rx > 0:x∈ X}beasetofradiiindexedbyx∈ X with

rmin :=minx∈X{rx}andrmax :=maxx∈X{rx},andlet :=max{d(x):x∈X}.Suppose

iscoveredbytheunionofballscenteredatx∈X andradiusδas

⊂
x∈X

(x,δ). (16)

Supposethatthe maximumradiusrmax isboundedas

rmax ≤
d+1

2d
(τ− ). (17)

Also,supposeδsatisfiesthefollowingcondition:

r̃2
b(rmax)−(2τ2−r̃2

b(rmax))



 τ

τ2−r̃2
δ,b(rmax)

−1



+2δ≤2rmin,

d

2(d+1)




 r̃2

b(rmin)−(2τ2−r̃2
b(rmin))



 τ

τ2−r̃2
δ,b(rmin)

−1



+2δ




 ≤rmin,

(18)

where

rmin := τ2− (2τ− )−
(2τ2−r2

min − (2τ− ))2

4τ2
,

r̃2
b(t):=

2τ t2+ (2τ− )

τ+ τ2−(t2+ (2τ− ))
, r̃2

δ,b(t):=min δ2+ (2τ− ),
1

2
r̃2

b(t) .

Then ishomotopyequivalenttotheVietoris-RipscomplexRips(X,r).

Remark21.ComparedtotherestrictedČechcomplex(Corollary10),thecoveringcondition

in(13)or(16)is morecriticalfortheambientČechcomplex(Theorem19)ortheVietoris-

Ripscomplex(Theorem20). AlthoughtherestrictedČechcomplexČech (X,r)isstill

homotopyequivalenttotheunionofrestrictedballs x∈X (x,rx)withoutthecovering

conditionin(11),suchhomotopyequivalencedoesnotholdfortheambientČechcomplexor

theVietoris-Ripscomplex. Thisissincetheuppertriangleofthediagramin(12)onlyholds

underthecoveringconditionin(13)or(16).Furthermore,thecoveringconditionin(13)or

(16)isdenserinthatδ<rx forallx∈X,toconstructanadditionalhomotopyequivalence

onthelowertriangleofthediagramin(12).

ThehomotopyequivalencesinTheorem19and20forthepositivereachcaseisextended

tothepositiveµ-reachcasebyapplyingCorollary15withthedoubleoffsetofthetarget

space. Corollary22showsthatwhenthedoubleoffsetofthetargetspaceofpositiveµ-reach

isdenselycoveredbythedatapointsandiftheyarenottoofarapart,eithertheambient

ČechcomplexortheVietoris-Ripscomplexcanbeusedtorecoverthehomotopytypeof .
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Corollary22.Let ⊂ dbeasubsetwithpositiveµ-reachτµ>0andletX⊂ dbe

acloseddiscretesetofpoints.Let{rx>0:x∈X}beasetofradiiindexedbyx∈X

withrmin:=minx∈X{rx}andrmax:=maxx∈X{rx}.Lets,t, ≥0with
t
µ<s<τ

µ,andlet

:=(((s))t)bethedoubleoffset,withd(x)≤ forallx∈X.Suppose iscoveredby

theunionofballscenteredatx∈Xandradiusδas

⊂
x∈X

(x,δ).

(i)Supposermax≤t− ,andδsatisfiesthefollowingcondition:

δ+ r2max−l̃
2+ (2t− )−((t− )2−r2max+l̃

2+(t− l̃)
2)

t

t2−r̃δ,c
−1

≤rmin,

d

2(d+1)

rmax
rmin




 r̃2b−(2t

2−r̃2b)



 t

t2−r̃2δ,b

−1



+2δ




≤rmin,

where

l̃:=
1

2
rmin−t+ (t− )2−r2max−δ, l̃:=t− (t− )2−r2max+l̃,

r̃2δ,c:=minδ
2+ (2t− ),

1

2
(r2max−l̃

2+ (2t− )+l̃(2t− l̃)) ,

rmin:= t2− (2t− )−
(2t2−r2min− (2t− ))

2

4t2
,

r̃2b:=
2t(rmin)

2+ (2t− )

t+ t2−((rmin)
2+ (2t− ))

, r̃2δ,b:=minδ
2+ (2t− ),

1

2
r̃2b .

Then ishomotopyequivalenttotheambientČechcomplexČechd(X,r).

(ii)Supposermax≤
d+1
2d (t− ),andδsatisfiesthefollowingcondition:

r̃2b(rmax)−(2t
2−r̃2b(rmax))



 t

t2−r̃2δ,b(rmax)
−1



+2δ≤2rmin,

d

2(d+1)




 r̃2b(rmin)−(2t

2−r̃2b(rmin))



 t

t2−r̃2δ,b(rmin)
−1



+2δ




≤rmin,

where

rmin:= t2− (2t− )−
(2t2−r2min− (2t− ))

2

4t2
,

r̃2b(t):=
2tt2+ (2t− )

t+ t2−(t2+ (2t− ))
, r̃2δ,b(t):=min δ

2+ (2t− ),
1

2
r̃2b(t) .

Then ishomotopyequivalenttotheVietoris-RipscomplexRips(X,r).
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Weendthissectionbyintroducingasamplingconditioninwhichwecanguaranteethe

coveringconditionsinCorollary10andTheorem19,20aresatisfied.LetPbethesampling

distributionon . Weassumethatthereexistpositiveconstantsa,band 0suchthat,for

allx∈ ,thefollowinginequalityholds:

P( d(x,))≥ab, forall ∈(0,0). (19)

ThisconditiononPisalsoknownasthe(a,b)-conditionorthestandardcondition[15,14,10].

Itissatisfied,forexample,if isasmooth manifoldofdimensionbandPhasadensity

withrespecttotheHausdorff measureonitboundedfrombelowbya.

Underthiscondition,wehavethefollowingcoveringlemma.

Lemma23.Let{X1,...,Xn}beani.i.d.samplefromthedistributionPandlet{rn=

(rn,1,...,rn,n)}n∈ beatriangulararrayofpositivenumberssuchthat,foreachn,

2
logn

an

1/b

≤min
i

rn,i≤20. (20)

Then,theprobabilitythatthesampleisarn-coveringof isboundedas

P ⊂
n

i=1

d(Xi,rn,i) ≥1−
1

2blogn
. (21)

5.1 Conditionsforhomotopyreconstruction

Inthissubsection,wediscussthetightnessoftheconditionswehaveidentifiedforguaranteeing

thehomotopyequivalenceofthetargetspaceandtheČechcomplexandtheVietoris-Rips

complex. Wefirstarguethatthe maximumradiusconditionsin(14)and(17)aretight,

asExample24showsthattheČechcomplexfailstobehomotopyequivalentto when

rmax >τ−d(x)andtheVietoris-Ripscomplexfailstobehomotopyequivalentto when

rmax > d+1
2d (τ−d(x))andd≤2.

Example24. Let ∈[0,1)befixed. Let ⊂ d betheunitspherein d,andlet

X ={x1,...,xn}⊂(1− ) beafinitesetofpointsonthespherecenteredat0andof

radius1− .Supposethatforsomeδ> , iscoveredbyδ-ballscenteredatX,thatis,

⊂ x∈X (x,δ). Thereachof equalstoitsradius1.

FortheambientČechcomplex,ifr∈(0,1− ]
n

andcondition(15)issatisfied,then is

homotopyequivalenttoČech (X,r)byTheorem19. Now,supposethatrmin >1− . Then

0∈ d(xi,rxi)foralli,henceforanyy∈
n
i=1 d(xi,rxi),alinesegmentconnecting0

andyiscontainedin
n
i=1 d(xi,rxi

)aswell. Hence
n
i=1 d(xi,rxi

)iscontractible,and

thenfromtheusualNerveTheorem,Čech d (X,r)
n
i=1 d(xi,rxi

) 0. Ontheother

hand,thed−1-thhomologygroupof isHd−1()= ,so andČech d (X,r)arenot

homotopyequivalent.

FortheVietoris-Ripscomplex,ifr∈ 0, d+1
2d (1− )

d+1

andcondition(18)issatisfied,

then ishomotopyequivalenttoRips (X,r)byTheorem20. Now,supposeeachrxi
is

equaltosomer > d+1
2d (1− ),andfurthersupposethatd≤2andδ < 1

2(1− )r0−
√

3
4 .

When d=1,thentheVietoris-RipscomplexequalstheambientČechcomplex,hencefrom

theaboveargument,Rips(X,r)= Čech d (X,r) 0. Whend=2,thenRips(X,r)∼=

Rips 1
1− X,1

1− r0 and 1
1− X ⊂ ⊂

n
i=1 d(1

1− xi,δ)holds. Then 1
1− r0−2δ >

√
3

2 ,
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andhencefromProposition3.8,Corollary4.5,Proposition5.2of[2],eitherRips(X,r)

S2l+1 forsomel≥1orRips(X,r) ∨cS2lforsomel≥1andc≥0.Ineithercase,

H1(Rips(X,r))=0.However,thed−1-thhomologygroupof isHd−1()= ,so and

Rips(X,r)arenothomotopyequivalent.

Wethenrephrasetheconditionson :=max{d(x):x∈X}andthecoveringradiusδ

in(15)and(18)intermsoftheHausdorffdistancedH(,X).Forsimplicity,weconsiderthe

casewhenalltheradiirx’sareequal,andwedenotethatcommonvalueasr.Ingeneral,the

HausdorffdistancedH(,X)givesaboundforboth andδ,thatis,,δ≤dH(,X).Let

ρ:=dH(,X)τ .FortheČechcomplex,asufficientconditionfor(15)isthatforsomerτ∈(0,1],

ρ+ (
r

τ
)2−l̃2+ρ(2−ρ)−((1−ρ)2−(

r

τ
)2+l̃2+(1−ρ̃l)

2)



 1

1−r̃2δ,c

−1



≤
r

τ
,

d

2(d+1)




 r̃2b−(2−r̃

2
b)



 1

1−r̃2δ,b

−1



+2ρ




≤rmin, (22)

where

l̃:=
1

2

r

τ
−1+ (1−ρ)2−(

r

τ
)2−ρ , ρ̃l:=1− (1−ρ)2−(

r

τ
)2+l̃,

r̃2δ,c:=min2ρ,
1

2
((
r

τ
)2−l̃2+ρ(2−ρ)+ρ̃l(2−ρ̃l)) ,

rmin:= 1−ρ(2−ρ)−
(2−(rτ)

2−ρ(2−ρ))2

4
,

r̃2b:=
2(rmin)

2+ρ(2−ρ)

1+ 1−((rmin)
2+ρ(2−ρ))

, r̃2δ,b:=min2ρ,
1

2
r̃2b .

AndfortheVietoris-Ripscomplex,thesufficientconditionfor(18)is

r̃2b(r0)−(2−r̃
2
b(r0))



 1

1−r̃2δ,b(r0)
−1



+2ρ≤2r0,

d

2(d+1)




 r̃2b(rmin)−(2−r̃

2
b(rmin))



 1

1−r̃2δ,b(rmin)
−1



+2ρ




≤rmin, (23)

where

r0:=
d+1

2d
(1−ρ), rmin:= 1−ρ(2−ρ)−

(2−d+12d(1−ρ)
2−ρ(2−ρ))2

4
,

r̃2b(t):=
2t2+ρ(2−ρ)

1+ 1−(t2+ρ(2−ρ))
, r̃2δ,b(t):=min 2ρ,

1

2
r̃2b(t) .

Withtheaidofacomputerprogram,wecancheckthat (22)isequivalenttoρ≤0.01591···,

and(23)isequivalenttoρ≤0.07856···.

Now,weconsidertwospecificcases.First,weconsiderthenoiselesscaseX⊂ ,thatis,

thedatapointslieinthetargetspace.Forthatcase, =0andδ≤dH(,X).FortheČech

complex,thesufficientconditionfor(15)isthatforsomerτ∈(0,1],
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ρ+ (
r

τ
)2−l̃2−(1−(

r

τ
)2+l̃2+(1−ρ̃l)

2)



 1

1−r̃2δ,c

−1



≤
r

τ
,

d

2(d+1)




 r̃2b−(2−r̃

2
b)



 1

1−r̃2δ,b

−1



+2ρ




≤rmin, (24)

where

l̃:=
1

2

r

τ
−1+ 1−(

r

τ
)2−ρ , ρ̃l:=1− 1−(

r

τ
)2+l̃,

r̃2δ,c:=minρ
2,
1

2
((
r

τ
)2−l̃2+ρ̃l(2−ρ̃l)) ,

rmin:= 1−
(2−(rτ)

2)2

4
, r̃2b:=

2(rmin)
2

1+ 1−(rmin)
2
, r̃2δ,b:=minρ

2,
1

2
r̃2b .

FortheVietoris-Ripscomplex,asufficientconditionfor(18)is

r̃2b(r0)−(2−r̃
2
b(r0))



 1

1−r̃2δ,b(r0)
−1



+2ρ≤2r0,

d

2(d+1)




 r̃2b(rmin)−(2−r̃

2
b(rmin))



 1

1−r̃2δ,b(rmin)
−1



+2ρ




≤rmin, (25)

where

r0:=
d+1

2d
(1−ρ), rmin:= 1−

(2−d+12d(1−ρ)
2)2

4
,

r̃2b(t):=
2t2

1+
√
1−t2

, r̃2δ,b(t):=min ρ
2,
1

2
r̃2b(t) .

Withtheaidofacomputerprogram,wecancheckthat (24)isequivalenttoρ≤0.02994···,

and(25)isequivalenttoρ≤0.1117···.

Second,weconsidertheasymptoticcase,wherewesamplemoreandmorepointsandX

formsadensecoverof ,thatis,supy∈ infx∈X x−y →0.Still,wehaveanoisysample

distribution,thatis,supx∈Xinfy∈ x−y 0,sotheHausdorffdistancedH(,X)need

notgoto0.Inthiscase,δ→ 0and ≤dH(,X). FortheČechcomplex,asufficient

conditionfor(15)isthatforsomerτ∈(0,1],

(
r

τ
)2−l̃2+ρ(2−ρ)−((1−ρ)2−(

r

τ
)2+l̃2+(1−ρ̃l)

2)



 1

1−r̃2δ,c

−1



≤
r

τ
,

d

2(d+1)
r̃2b−(2−r̃

2
b)



 1

1−r̃2δ,b

−1



≤rmin, (26)
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where

l̃:=
1

2

r

τ
−1+ (1−ρ)2−(

r

τ
)2 , ρ̃l:=1− (1−ρ)2−(

r

τ
)2+l̃,

r̃2δ,c:=minρ(2−ρ),
1

2
((
r

τ
)2−l̃2+ρ(2−ρ)+ρ̃l(2−ρ̃l)) ,

rmin:= 1−ρ(2−ρ)−
(2−(rτ)

2−ρ(2−ρ))2

4
,

r̃2b:=
2(rmin)

2+ρ(2−ρ)

1+ 1−((rmin)
2+ρ(2−ρ))

, r̃2δ,b:=minρ(2−ρ),
1

2
r̃2b .

AndfortheVietoris-Ripscomplex,asufficientconditionfor(18)is

r̃2b(r0)−(2−r̃
2
b(r0))



 1

1−r̃2δ,b(r0)
−1



≤2r0,

d

2(d+1)
r̃2b(rmin)−(2−r̃

2
b(rmin))



 1

1−r̃2δ,b(rmin)
−1



≤rmin, (27)

where

r0:=
d+1

2d
(1−ρ), rmin:= 1−ρ(2−ρ)−

(2−d+12d(1−ρ)
2−ρ(2−ρ))2

4
,

r̃2b(t):=
2t2+ρ(2−ρ)

1+ 1−(t2+ρ(2−ρ))
, r̃2δ,b(t):=min ρ(2−ρ),

1

2
r̃2b(t) .

Withtheaidofacomputerprogram,wecancheckthat (26)isequivalenttoρ≤0.03440···,

and(27)isequivalenttoρ≤0.07712···.

6 DiscussionandConclusion

AbovewehaveprovidedconditionsunderwhichtheambientČechcomplexČech d(X,r)

andtheRipscomplexRips(X,r)arehomotopyequivalenttothetargetspace whenthe

targetspace haspositiveµ-reachτµandthedatapointsXbeingcontainedinthe -offset

of .Inthissection,wefurtherdiscussourresultsandcomparethemwithexistingones.

Forthecomparisonpurpose,weconsiderthecasewhenalltheradiirx’sareequal,and

wedenotethecommonvalueasr.Inthesesettings,ananalogoushomotopyequivalence

betweentheambientČechcomplexČech d(X,r)andthetargetspace ispresentedin[6]

and[27].

First,wecomparetheupperboundforthemaximumparametervaluerinČech d(X,r)or

Rips(X,r). Whenµ=1sothatτµ=τ,ourresultsuggeststhatthehomotopyequivalences

holdwhenr≤τ− forČech d(X,r)andr≤ d+1
2d(τ− )forRips(X,r).Aswehaveseen

inExample24,theseboundsareoptimalbounds.In[27],suchaboundforČech d(X,r)is
(τ+ )+

√
τ2+ 2−6τ
2 (seeProposition7.1).Thenourboundisstrictlysharperthanthiswhen

>0since

(τ+ )+
√
τ2+ 2−6τ

2
<
(τ+ )+

√
τ2+92−6τ

2
=τ− .

In[6],anecessaryconditionforČech d(X,r)inSection5.3isr≤τ−3,soourupperbound

isstrictlybetterwhen>0.
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Second,wecomparetheconditionforthemaximumpossibleratiooftheHausdorff

distancedH(,X)andtheµ-reachτ
µ.Forthiscase,aswehaveseeninSection5.1,wecan

checkthatČech d(X,r)ishomotopyequivalentto whendH(,X)τ ≤0.01591···.Thisresult

isworsethan3−
√
8≈0.1716···inProposition7.1in[27]or−3+

√
22

13 ≈0.1300···inSection

5.3in[6]. AgainfromSection5.1,wecancheckthatRips(X,r)ishomotopyequivalent

to whendH(,X)
τ ≤0.07856···.Thisresultisbetterthan2

√
2−
√
2−
√
2

2+
√
2

≈0.03412···in

Section5.3in[6].

Thenweconsidertwospecificcases.InthenoiselesscaseX ⊂ ,thedatapoints

lieinthetargetspace.Inthiscase,aswehaveseeninSection5.1,wecanverifythat

Čech d(X,r)ishomotopyequivalentto when dH(,X)
τ ≤0.02994···,andRips(X,r)is

homotopyequivalentto whendH(,X)
τ ≤0.1117···.

Intheasymptoticscase,aswesamplemoreandmorepointsfromthetargetspace,X

formsadensecoveron ,thatis,supy∈ infx∈X x−y →0.Forthiscase,aswehaveseen

inSection5.1,wecancheckthatČech d(X,r)ishomotopyequivalentto whendH(,X)
τ ≤

0.03440···,andRips(X,r)ishomotopyequivalentto whendH(,X)
τ ≤0.07712···.

Finally,weemphasizethatourresultalsoallowstheradii{rx}x∈X tovaryacrossthe

pointsx∈X.Consideringdifferentradiiisofpracticalinterestifeachdatapointhasdifferent

importance.Forexample,onemightwanttouselargeradiiontheflatandsparseregion,

whiletousesmallradiionthespikyanddenseregion.However,thereremainsignificant

technicaldifficultiestoallowforadifferentradiuspereachdatapoint.Asitcanbeseen

inFigure2,anunevendistributionofradiimightleadtononhomotopicbetweentheČech

complex(ortheVietoris-Ripscomplex)andthetargetspace.Thissituationhasbeenstudied

in[12]fortheunionofballsunderthereachcondition,butnottheVietoris-Ripscomplexor

undertheµ-reachcase.Theorem20orCorollary22firsttacklesthishomotopyreconstruction

problemwithdifferentradiifortheVietoris-Ripscomplexorundertheµ-reachcondition.
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