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a b s t r a c t 

By using both a phase field approach and a modified level set approach, two multiphase 

numerical models are proposed and compared in this paper to investigate the ferrodroplet 

deformation and merging process in a non-magnetic viscous medium under the influence 

of uniform magnetic fields. The finite element method is utilized for the spatial discretiza- 

tion of both numerical models. The numerical results show excellent agreement with the 

analytical solutions in the simple axisymmetric setting. The effects of different magnetic 

bond numbers and magnetic susceptibility on the deformation of ferrodroplets are sys- 

tematically investigated. The coalescence process, in which two small ferrodroplets merge 

into a single larger droplet under uniform magnetic fields, is also studied by using both 

the phase field approach and the modified level set approach. Moreover the attraction 

phenomenon between two ferrodroplets, which was previously discovered in numerical 

experiments, is observed in our numerical tests. By comparing with analytical solutions, 

our study demonstrates that the diffuse interface (phase field) approach performs better 

than the modified level set approach when there is large topological deformation of the 

ferrodroplet. Several other important aspects, including the evolution of the flow field, the 

magnetic energy distribution, the spurious flows near the interfaces, and conservation of 

mass in both approaches, are studied as well. 

© 2020 Elsevier B.V. All rights reserved. 

 

 

 

 

 

 

 

1. Introduction 

Droplet deformations in two immiscible fluids system with physical effects such as hydraulic, electric or magnetic, etc.

on the interface are widely investigated by using numerical and experimental approaches. The principal mechanism for the

deformation is capillary forces acting on the interface between the two immiscible fluids [1,2] . Bubbles/droplets can ex-

perience shape deformations under the hydraulic forces on the interface in a shear flow and sometimes the breakup of

bubbles/droplets could be observed in situations of large shear forces [3,4] . Recently the electrohydrodynamic (EHD) defor-

mations of droplet/bubble with external electric fields have been studied extensively, with results including the discovery

of the slender shape [5] , the deformations of droplets in strong electric fields [6] , the oblate shape of nonlinear electrohy-
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drodynamic deformations [7] , the inertia effect on the deformed shape under electric fields [8] , the stable shape of droplets

in nonlinear electrical polarization [9] , and the droplet deformations in AC electric fields [10] . In addition to these elec-

trohydrodynamic deformations, the breakup and burst phenomena in electric fields are also observed both experimentally

[11,12] and numerically [13,14] . 

Ferrohydrodynamics(FHD) is a fundamental yet challenging research topic with a wide range of applications in engineer-

ing and pharmaceutical fields where the ferrofluids could be directly controlled by magnetic fields. One of special interests is

the ferrodroplet deformations and instability under uniform magnetic fields which was previously examined by a number of

authors [15–17] . Since then, the single-phase ferrofluid problem has been studied by using either the classic Rosensweig type

model [18–20] or the simplified Shliomis model [21] . The so-called Rosensweig interfacial instability under external mag-

netic fields is reported in both experiments [22,23] and numerical simulations [24,25] . Interfacial instability under magnetic

fields is also studied in the context of thin film ferrofluid interacting with non-magnetic viscous fluid [26–28] . Numerical

simulations have been playing an increasingly important role in the study of ferrodroplet deformations and instabilities, and

new phenomena, such as ferrodrop transient movements, elongated shape of ferrodroplet along magnetic fields, dynamic

deformations combining magnetic effects, inertia and viscosity, are reported in concurrent literature [29–31] . 

There are several well-known approaches for numerical simulations of multi-phase flows, cf. [32] for a comprehensive

review, such as the front-tracking method [33,34] , volume of fluid (VOF) method [29,30,35–40] , level set approach [41–

47] , phase field approach [48–60] , etc. The level-set method uses a level-set function to represent the shape of the dynamic

interface and has been used to study the effects of magnetic fields on the interface between two-phase incompressible flows

[61–63] and dynamic motions of dielectric bubble under uniform magnetic fields [64] . The Phase-field /diffuse-interface

approach treats the interface as a transition layer of finite thickness where the two fluids “mix” to a certain degree. The

overall hydrodynamics of the multiphase fluid system in this phase-field framework is the result of competitions between

the kinetic energy and the elastic mixing energy. In recent years, this method has been used to study different two-phase

flow problems and liquid crystal problems, see [65–81] and references therein. 

While many works have been devoted to different methods for single-phase ferrofluids or single-phase magnetohydro-

dynamics (MHD) [18–21,82–100] , more research needs to be done for two-phase ferrofluids or two-phase MHD flows, see

[29–31,61,62,101,102] and references therein for some initial development in this direction. In this contribution, we propose

and compare two numerical two-phase flow models based on the phase field approach and regularized level-set approach

for simulations of ferrodroplet deformation under the influence of uniform magnetic fields. Both methods can well cap-

ture the deformation of the ferrodroplet. The diffuse interface model has the advantage of being able to seamlessly capture

topological transitions of the interface such as droplet merging without suffering loss of accuracy, in contrast to the ad-hoc

nature (artificial diffusion) of the level-set approach in dealing with droplet merging. Compared with the phase field model

proposed recently in [101] where matched densities are assumed for the two phases, our models deal with two-phase fer-

rofluids of different densities. Am ple numerical experiments are performed to illustrate the effects of problem parameters

on the ferrodroplet deformation and to support the comparison between the two numerical models. 

The rest of this paper is organized as follows. In Section 2 a Rosensweig model by the phase field approach is introduced.

In Section 3 another Rosensweig model using the modified level set approach is presented. In Section 4 , we discuss the

model configuration, the physical parameters, and the setup for numerical experiments. In Section 5 , several numerical

experiments are performed to illustrate the features of the proposed models, including the deformation and coalescence

phenomena. 

2. A Rosensweig model using phase field approach 

In [101] , a new phase field model was proposed for the two-phase ferrohydradynamics. Based on the idea in [101] ,

we propose a new model for two-phase flows of different densities. Assuming that the two-phase fluids are immiscible

and incompressible, the phase field model introduces a phase-field function φ( x , t ) to identify the magnetic phase and the

nonmagnetic phase: 

φ( x , t) = 

{
1 , non-magnetic medium , 

−1 , ferrofluid droplet . 
(1) 

There is a thin transition region of width ε between the two phases. In this transition region the phase-field function varies

continuously and smoothly from φ = −1 to φ = 1 with the zero level set �t = { x : φ( x , t) = 0 } in the middle of the transition

region. 

The mixing energy in the transition layer is defined as [50,103] 

E mix (φ) = 

∫ 
�

K 

(
1 

2 

|∇φ| 2 + F (φ) 
)

d x , (2) 

where F (φ) = 

1 
4 ε 2 

(φ2 − 1) 2 is the homogeneous free energy density function that has a profile of double-well potential. The

first term contributes to the hydrophilic type(tendency of mixing) of interactions between materials, while the second term

represents the hydrophobic type (tendency of separation) of interactions between two phases. The equilibrium between the

two types of interaction leads to the balance of the energy at the diffuse interface with a thickness parameter ε. K is the
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mixing energy density which is related to the interfacial thickness ε and the surface tension coefficient σ as follows [53] 

σ = 

2 

√ 

2 

3 

K 

ε 
. (3)

This relationship between the energy density and surface tension needs to hold in the sharp interface limit. As the interfacial

thickness shrinks to zero, the energy density will decrease to zero in order to keep the surface tension as a constant physical

value. The chemical potential G = 

∂E mix 
∂φ

represents the change rate of the mixing energy and the expression is: 

G = −K∇ 

2 φ + f (φ) , (4)

where f (φ) = F ′ (φ) = uφ3 − rφ. r, u are the computational parameters obtained from molecular dynamics (MD) simulations

with a relationship of r = u = 

K 
ε 2 

. In view of the relation (3) one can express the chemical potential as 

G = 

3 εσ

2 

√ 

2 

( 

−∇ 

2 φ + 

φ
(
φ2 − 1 

)
ε 2 

) 

. (5)

Then the phase-field function is governed by the following advective Cahn–Hilliard equation [104] : { 

∂φ
∂t 

+ ∇ · ( u φ) = M∇ 

2 G, 

G = 

3 εσ
2 
√ 

2 

(
−∇ 

2 φ + 

φ( φ2 −1 ) 
ε 2 

)
, 

(6)

where M is a phenomenological mobility parameter which determines the relaxation time of interface in the Cahn–Hilliard

equation [53] . Its value is proportional to square of the interfacial thickness M = χmo ε 2 , where χmo is the tuning mobility

parameter [105] . 

In the diffuse interface method, the physical properties for the two incompressible complex fluids vary smoothly with

the phase-field function φ: {
ρ(φ) = 

1 
2 

[
(1 − φ) · ρ f + (1 + φ) · ρn 

]
, 

η(φ) = 

1 
2 

[
(1 − φ) · η f + (1 + φ) · ηn 

]
. 

(7)

where ρ f is the density of ferrofluid, ρn is the density of non-magnetic fluid, ηf is the viscosity of ferrofluid, and ηn is the

viscosity of non-magnetic fluid, respectively. Then the momentum equation for the fluid flow in the phase field model is,

cf. [50,53,106] : {
ρ
[

∂ u 
∂t 

+ ( u · ∇ ) u 

]
+ J · ∇ u = −∇p + ∇ · η

(∇ u + ∇ u 

T 
)

+ G ∇φ + ∇ · τm 

+ F ext , 

∇ · u = 0 , 
(8)

where J = −�ρ
2 M∇G with �ρ = ρn − ρ f , u is the velocity vector, p is the pressure and F ext is used to demonstrate the

external body force such as buoyancy or gravity. In our study, both of the two-phase fluids are incompressible and the

external force is neglected. The term ∇ · η
(∇ u + ∇ u 

T 
)

represents the effect of viscosity and the term G ∇φ gives rise to

capillarity (surface tension) of the two-phase complex fluids system [50] . 

Since the two-phase fluids are assumed to be incompressible, isothermal and the ferrofluid is linearly magnetizable, the

magnetic stress tensor at the interface could be expressed as [30,62] : 

τm 

= −μ( φ) 

2 

H 

2 I + μ( φ) H H 

T 
, (9)

where H = | H | is the norm of magnetic strength and I denotes the identity matrix. Then the magnetic stress tensor at the

diffuse interface could be transformed to the magnetic body force ∇ · τm 

by using the divergence theorem and is added into

the momentum equation. The magnetic permeability μ for the two phase fluids is also defined in terms of the phase-field

function φ : 

μ(φ) = 

1 

2 

(
(1 − φ) · μ f + (1 + φ) · μn 

)
. (10)

The permeability of ferrofluid is μ f = μ0 

(
1 + χ f 

)
and the permeability of non-magnetic fluid is μn = μ0 ( 1 + χn ) , where χ f

and χn represent the magnetic susceptibility of ferrodroplet and non-magnetic viscous medium, respectively. 

The magnetic field is governed by the following Maxwell equation following the collinear assumption in [18,19] : {∇ · B = 0 

∇ × H = 0 , 
(11)

where B denotes the magnetic induction which could be written as: 

B = 

{
μ f H , in ferrofluid 

μn H , in non-ferrofluid . 
(12)

We define ψ as the magnetic scalar potential function such that H = −∇ψ . Then the Maxwell equation can be rewritten

as: 
−∇ · ( μ( φ) ∇ψ ) = 0 . (13) 
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3. A Rosensweig model by a modified level set approach 

In the classical level set approach, the level set function is chosen to be the singed distance function [107] . A smeared

out Heaviside function (of the level set function) is often employed for robust computations of density and viscosity discon-

tinuities over the interface. Following [46,47] , we collapse these two steps and introduce a modified level set function � to

describe the phase distribution in the two-phase incompressible fluid system. The function �, which is our modified level

set function and similar to the phase field function, takes values: 

� = 

{
0 , ferrodroplet , 
1 , non-ferrofluid , 

(14) 

and a sharp interface can be defined as the 0.5 level set of �. 

In previous literatures [46,47] the authors realize the advection of the level set function � at one time step by first solv-

ing an advection equation for �, as in the standard modified level set approach, followed by solving a relaxed conservation

law to equilibrium so as to maintain the thickness and shape of the interface. In this way the property of conservation of

area is achieved at the expense of increased computational cost. In our modified level set approach, we consider to solve

the following equation in order to reduce the computational cost and improve the efficiency: 

∂�

∂t 
+ ∇ · ( u �) + ∇ · L (�) = ε�� (15) 

where L (�) = �(1 − �) n is an artificial compressive flux for preserving the shape and the thickness of the interface. Such

an artificial compressive flux counterbalances the diffusive flux. In general one expects the introduction of mass error due to

the L ( �) contribution. In our simulations only pure phases are present on the boundary (interfaces away from the boundary).

Hence the total mass is still conserved. In this equation ε is the interface parameter which is representing the interfacial

thickness in the modified level set approach, n = 

∇�
|∇�| is the unit normal vector whose direction is perpendicular to the

two-phase interface, and the contour line at � = 0 . 5 corresponds to the centered line of the sharp interface. The variations

of physical properties inside the interface of the complex fluids could be demonstrated by using the level set function as

follows: { 

ρ(�) = ρn + (ρ f − ρn ) · �, 

η(�) = ηn + (η f − ηn ) · �, 

μ(�) = μn + (μ f − μn ) · �. 

(16) 

where ρ , η, μ are the density, the viscosity and the magnetic permeability of the two phase fluids. By neglecting the

external body forces such as buoyancy ( F b ≈ 0) and gravity forces ( F g ≈ 0), the momentum equations of two-phase fluids

for the level set model are: {
ρ
[

∂ u 
∂t 

+ ( u · ∇) u 

]
= ∇ ·

[
−p I + η

(∇ u + ∇ u 

T 
)]

+ F s + F m 

, 

∇ · u = 0 

(17) 

In the momentum equation the surface tension effect and the magnetic effect are treated as body forces: the surface

tension force F s and the magnetic force F m 

which are defined respectively as: {
F s = ∇ ·

[
σ
(
I − ( n n 

T ) 
)
δ
]
, 

F m 

= ∇ ·
[
−μ(�) 

2 
H 

2 I + μ(�) H H 

T 
]
, 

(18) 

where δ = 6 |∇�|| �(1 − �) | is an approximation of the surface Dirac delta function [108] . Moreover, the magnetic equations

can be expressed as the following [18,19] : { 

τm 

= −μ(�) 
2 

H 

2 I + μ(�) H H 

T 
, 

−∇ · (μ(�) ∇ψ) = 0 , 

μ(�) = μn + (μ f − μn ) · �, 

(19) 

where ∇ · τm 

is the transformed magnetic body force by the divergence theorem exerting on the two-phase fluids in the

momentum equation. It should be noted that in the Maxwell equation the magnetic distribution is associated with the level

set variable ( �). 

4. Preparation for the numerical experiments 

Based on the two models presented in the previous two sections, we will perform numerical experiments and discuss

the results in the following sections. The next section is devoted to the set-up of the numerical experiments. 

4.1. Model configuration 

The 2D axisymmetric configuration of the ferrodroplet deformation system is shown in Fig. 1 . The whole computational

domain � is set to be a cylinder with the outer radius R = 5 mm and the height H = 20 mm. The initial ferrodroplet is
L L 
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Fig. 1. The 3D schematic of ferrodroplet deformation configuration in external uniform magnetic fields. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

located in the center of the cylindrical domain with its radius R 0 = 1 mm which is also treated as the characteristic radius of

droplet. The rest part of the computational domain is filled with the non-magnetic viscous fluid. The external magnetic field

is assumed to be uniformly distributed in the axisymmetric geometry with its direction from the bottom of the cylinder to

the top. 

The boundary conditions for the model system are defined as follows. For the magnetic scalar potential ψ , Neumann

boundary condition is utilized on boundary ∂�1 and Dirichlet boundary conditions are chosen on boundaries ∂�2 and

∂�3 : { 

∂ n ψ | ∂�1 
= 0 , 

ψ | ∂�2 
= 0 , 

ψ | ∂�3 
= ψ b0 ∗ β(t) . 

(20)

Here ψ b 0 is a fixed value and β( t ) is a function which smoothly increases from 0 to 1 in 20 ms (0.02 s) and stays at 1 after

that. For the velocity, the no-penetration and free-slip boundary condition is applied on the boundary ∂�1 and the no-slip

no penetration boundary condition is applied on ∂�2 and ∂�3 : ⎧ ⎪ ⎨ 

⎪ ⎩ 

∂ n u τ | ∂�1 
= 0 , 

u · n | ∂�1 
= 0 , 

u | ∂�2 
= 0 , 

u | ∂�3 
= 0 . 

(21)

The above boundary conditions are valid for both the phase field model and the level set model. For the phase field function

φ and the chemical potential G in the phase field model, the homogeneous Neumann condition is applied: {
∂ n φ| ∂� = 0 , 

∂ n G | ∂� = 0 . 
(22)

For the level set function � in the level set model, the homogeneous Neumann condition is applied: 

∂ n �| ∂� = 0 (23)

The phase variable φ is determined by phase initialization and time dependent evolution in the Cahn–Hilliard equation

( Eq. (6) ). The phase initialization condition is expressed as follows: 

φ0 = 

⎧ ⎨ 

⎩ 

−tanh 

(
D h √ 

2 ε 

)
, for ferrofluid drop , 

tanh 

(
D h √ 

2 ε 

)
, for non-magnetic medium , 

(24)
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Fig. 2. In the analytical solutions the aspect ratio γ = b/a at equilibrium state is a function of the magnetic bond number Bo m with different values of 

magnetic susceptibility in ferrofluid χ f = 0 . 5 , 1 , 1 . 5 , 2 , 2 . 5 , 3 . 

Fig. 3. The comparison of equilibrium drop aspect ratio between numerical results of the Rosensweig model with phase field approach and the analytical 

solution by using different values of magnetic susceptibility ( χ f = 1 , χ f = 1 . 51 , χ f = 2 and χ f = 3 ) with the variation of magnetic bond number. Other 

physical properties are the same as the Silicone-EMG707 system. 

 

where D h is the distance between the location of phase variable and the initial interface ( φ0 = 0 ). 

The level set function is determined by function initialization and time dependent evolution in the level set equation.

The level set function initialization condition is expressed as follows: 

�0 = 

{
1 

1+ e −D h /ε 
, for ferrofluid drop , 

1 

1+ e D h /ε , for non-magnetic medium , 
(25) 
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Fig. 4. The 2D cross-section shapes of ferrodroplet(left) and the magnetic field distributions(right) in the final quasi-equilibrium state T = 0 . 1 s with four 

different values of magnetic bond number: (a) Bo m = 0 . 1 , (b) Bo m = 1 , (c) Bo m = 5 and (d) Bo m = 10 in the real Silicon-EMG707 system ( χ f = 1 . 51 ). The 

contour distributions shown are for the magnetic field strength H and the arrows indicate the strength and the directions of magnetic induction B . 

 

 

 

 

 

 

 

 

 

 

where D h is the distance between the location of level set function and the initial interface ( �0 = 0 . 5 ). 

In this paper we focus on the deformation of ferrodroplet under the influence of magnetic effect and surface tension

effect between f errofluid and non-magnetic medium by using the two Rosensweig models presented in the previous two

sections. The important characteristic parameters in this model system will be discussed in the following subsection. 

4.2. Characteristic parameters 

In the phase field model the mixing energy E mix in the Cahn–Hilliard equation is associated with the interfacial thickness

ε. The Cahn number Cn = ε/R 0 denotes the dimensionless ratio between the thickness of the diffuse interface to the spheri-

cal droplet radius to represent the relative interfacial thickness. In the Rosensweig model the with phase field approach, the

Cahn number is fixed as Cn = 0 . 05 , which means that the interfacial thickness is 5% of the droplet radius. 

An important dimensionless parameter—the magnetic bond number Bo m 

is utilized to demonstrate the ratio between

magnetic stress tensor to surface stress tensor and to illustrate the ferrodroplet deformation under the magnetic strength

over the surface [30] : 

Bo m 

= 

μ0 (H 0 ) 
2 

σκ0 

∼ ∇ · τm 

G ∇φ
, (26)

where μ0 is the permeability in vacuum, H 0 is the externally applied magnetic strength, and κ0 is the curvature of the

initial un-deformed droplet of radius R with the relationship κ = 2 /R [30] . When the bond number is large enough, the
0 0 0 
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Fig. 5. The 2D cross-section shapes of ferrodroplet(left) and the magnetic field distributions(right) in the final quasi-equilibrium state T = 0 . 1 s with four 

different values of magnetic bond number: (a) Bo m = 0 . 1 , (b) Bo m = 1 , (c) Bo m = 5 and (d) Bo m = 10 with the magnetic susceptibility is defined as χ f = 3 . 

The contour distributions shown are for the magnetic field strength H and the arrows indicate the strength and the directions of magnetic induction B . 

 

 

 

 

 

 

 

magnetic effect will dominate over the surface tension effect. On the other hand, when Bo m 

→ 0, the magnetic effect could

be neglected compared with the surface tension. 

The Reynolds number for the transient flow induced by the external magnetic fields in the dynamic ferrodroplet defor-

mation process is expressed as: 

Re = 

ρμ0 ( H 0 ) 
2 
( R 0 ) 

2 

η2 
(27) 

which represents ratio of the inertia multiplied by the magnetic force to the square of the viscous drag. It means that higher

magnetic field leads to stronger induced transient flow. This dimensionless number will be discussed in our numerical

results in relation to the dynamic transition in the deformation process under applied uniform magnetic fields. 

4.3. Shape of ferrodroplet at equilibrium 

To validate the two Rosensweig models in Sections 2 and 3 , the numerical results will be compared with the well-known

analytical solutions which are derived theoretically to predict the equilibrium shape of the ellipsoidal ferrodrop at low or

moderate deformations. Based on the assumptions of the ellipsoidal shape of ferrodroplet and the uniform magnetic strength

inside the ferrodrop [30] , the following relationship between the aspect ratio γ = b/a and the magnetic bond number Bo m 

holds: 

Bo m 

= 

[ 
1 

χ
+ k 

] 2 (b 

a 

) 1 
3 

( 

2 · b 

a 
−

(
b 

a 

)−2 

− 1 

) 

(28) 
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Fig. 6. 3D results of ferrodroplet deformation at the equilibrium state for the magnetic bond number Bo m = 1 with the magnetic susceptibility (a) χ f = 1 , 

(b) χ f = 2 and (c) χ f = 3 and for the magnetic bond number Bo m = 5 with the magnetic susceptibility (d) χ f = 1 , (e) χ f = 2 and (f) χ f = 3 . 

 

 

 

 

 

where χ = (μ f − μn ) /μn is the fixed magnetic susceptibility, a and b are the half of minor axis and the half of major axis

of the deformed ellipsoidal ferrodrop, respectively. The parameter k is the demagnetizing factor: 

k = 

(
1 − E 2 

2 E 3 

)(
ln 

1 + E 

1 − E 
− 2 E 

)
(29)

where E = 

√ 

1 − a 2 /b 2 is the eccentricity. The relation between the aspect ratio γ = b/a at equilibrium and the magnetic

bond number Bo m 

is depicted in Fig. 2 with respect to different magnetic susceptibility of ferrofluid χ f . 

4.4. Fluid properties and numerical implementations 

For the ferrofluid we choose EMG707 with the density ρ f = 1100(kg/m 

3 ) , the viscosity η f = 0 . 005(Pa ∗ s ) , the magnetic

permeability μ f = μ0 (1 + χ f ) , and the magnetic susceptibility χ f = 1 . 51 . For the non-magnetic medium we choose Silicone



10 F. Bai, D. Han and X. He et al. / Commun Nonlinear Sci Numer Simulat 85 (2020) 105213 

Fig. 7. The velocity of flow at six different time instances using the phase field approach (a) t = 0 . 01 s, (b) t = 0 . 015 s, (c) t = 0 . 02 s, (d) t = 0 . 025 s, (e) 

t = 0 . 03 s, (f) t = 0 . 05 s. The magnetic bond number is Bo m = 5 and the magnetic susceptibility of ferrodroplet is chosen as χ f = 1 . 51 for the EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

oil with the density ρn = 960(kg/m 

3 ) , the viscosity ηn = 0 . 05(Pa ∗ s ) , the magnetic permeability μn = μ0 (1 + χn ) , and the

magnetic susceptibility χn = 0 . The value of natural magnetic permeability in vacuum is μ0 = 1 . 257 × 10 −6 (N/A 

2 ) . The sur-

face tension coefficient between the two immiscible phases is chosen to be about σ = 0 . 025(N/m ) [109,110] . 

In phase field models the phenomenological mobility in the Cahn–Hilliard equation could be determined by the criterion

of characteristic mobility M c = χmo ε 2 [104] . According to Eq. (6) in the previous section, the chemical potential is linearly

proportional to the surface tension coefficient σ . In order to keep the diffusion term in the Cahn–Hilliard equation at a rea-

sonable level, the mobility ( M ) is chosen to be inversely proportional to the surface tension coefficient ( σ ) in the chemical

potential G when the interfacial thickness ε is kept as a constant ( Cn = 0 . 05 ). In Silicone oil – EMG707 two-phase system,

the surface tension coefficient is five times of that value in water – mineral oil system [104] , which causes that the char-

acteristic mobility in Silicone oil – EMG707 system is one fifth of that in water-mineral oil system by keeping the constant

interfacial width. Together with ε = 0 . 05 R 0 = 0 . 05 × 1 mm = 0.05 mm, we obtain the value of the characteristic mobility

χmo = 0 . 201(m · s/kg) in this two-phase system. 

We choose the 2D axisymmetric coordinate (cylindrical coordinates �( r, z )) to simulate the ferrodroplet deformation by

using a standard finite elements package — COMSOL Multiphysics. In general numerical implementations, the triangle mesh

cells are used in the 2D axisymmetric system with the size of 0.025 R and the total number of the mesh cells is about
0 
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Fig. 8. The comparison between the numerical results of the phase field approach/modified level set approach and the analytical results for the aspect 

ratio at T = 0 . 1 s with respect to different values of magnetic bond number Bo m . The magnetic susceptibility χ = 1 . 51 is chosen for the Silicon-EMG707 

system. 

Fig. 9. The comparison between the numerical results of the phase field approach/modified level set approach and the analytical solutions for aspect ratio 

at T = 0 . 1 s with respect to different values of the magnetic susceptibility. The magnetic bond number is Bo m = 1 . 

 

 

 

 

 

N mesh = 24 , 0 0 0 in the whole domain( �). In the finite element algorithms, linear finite elements are chosen to approximate

the pressure while quadratic finite elements are chosen to predict the other unknowns in the governing equations. The

total computational time span is T = 0 . 1 s with the small time step δt = 10 −4 s. Therefore the computational cost in both

two numerical approaches are nearly the same. Furthermore, when using open-source packages instead of COMSOL for

simulation, pre-conditioners can be considered for solving the system more efficiently [111–116] . In the following section
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Fig. 10. The comparison of the magnitude and directions of velocity in the ferrodroplet at the quasi-equilibrium state T = 0 . 1 s. Plots (a)–(c) are for the 

level set model and plots (d)–(f) are for the phase field model with different magnetic bond numbers Bo m = 2 , 5 , 10 . The magnetic susceptibility is chosen 

as χ f = 1 . 

 

 

 

 

 

 

 

 

 

 

 

we will discuss about the results of numerical experiments in details to validate the two models in Sections 2 and 3 and

illustrate their features. 

5. Numerical results and discussions 

5.1. The numerical results of the Rosensweig model by the phase field approach 

In this section we compare our numerical results of phase field approach and the analytical solutions to validate our

numerical model. The characteristic mobility ( M c ) is utilized in the phase field approach for the Silicon-EMG707 system

[104] . 

We first utilize the Rosensweig model with phase field approach to simulate the ferrodroplet deformation and compare

the numerical results with the well-known analytical solutions at the quasi-equilibrium state. Fig. 3 demonstrates this com-

parison by using the relationship between the aspect ratio γ = b/a and the magnetic bond number Bo m 

at the equilibrium

state with four different values of magnetic susceptibility ( χ f = 1 , χ f = 1 . 51 , χ f = 2 , χ f = 3 ). In the real Silicone-EMG707

system, the magnetic susceptibility is about χ f = 1 . 51 . It is observed that the numerical results well match the analytical

solutions for relatively small values of Bo m 

. When the magnetic bond number Bo m 

increases, the numerical results begin

to deviate from the analytical solutions. It can also be seen that the larger magnetic susceptibility χ f leads to larger dis-

crepency between the numerical results and the analytical solutions. Another interesting observation is that the numerical

predictions are always smaller than the corresponding analytical solutions. 
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Fig. 11. The magnetic energy density distributions (left parts) and the magnetic field strength (right parts) at the quasi-equilibrium state T = 0 . 1 s. Plots 

(a)(c) are for the level set model and plots (b)(d) are for the phase field model with different magnetic bond numbers. Bo m = 5 and χ f = 1 are chosen for 

plots (a)(b) and Bo m = 1 and χ f = 5 are chosen for plots (c)(d). The arrows show the directions and magnitudes of magnetic force ( F m ) along the two-phase 

interface. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

On the other hand, the analytical solution is theoretically derived based on the hypothesis that the shape of the droplet

is ellipsoid and the external magnetic field is uniform. When Bo m 

and χ f are large enough, the shape of the ferro-droplet

deviates from the ellipsoid, especially at large deformation, in which the normal stress over the entire interface may not

be satisfied. Hence the deviation between the analytical solution and the numerical solution becomes obvious as Bo m
increases. 

Fig. 4 demonstrates the shapes (left parts) and magnetic field distributions (right parts) with the four differ-

ent values of magnetic bond number by setting the magnetic susceptibility as χ f = 1 . 51 to reflect the real Silicone-

EMG707 system. It can be observed that the deformed shape is elongated along the direction of the external mag-

netic fields and the shape of the ferrodroplet tends to be more ellipsoidal with the increasing the magnetic strength.

The left parts indicate that the numerical undershoots and overshoots of the phase function φ are well controlled

in a small magnitude and only slightly changed when the magnetic field becomes strong enough. From the right

parts we can observe that both the magnetic field strength (in contours) and the magnetic induction(in arrows) are

nearly uniform both inside the droplet and far from the droplet, which matches another assumption of the analytical

solutions [30] . 

Moreover, Fig. 5 demonstrates the same type of results as in Fig. 4 , by setting the magnetic susceptibility as χ f = 3 .

The results show that the larger magnetic susceptibility leads to larger deformation with the corresponding magnetic bond

numbers. This validates what we observed in Fig. 3 . 

Fig. 6 illustrates the 3D shapes of the ferrodroplet at the quasi-equilibrium state ( T = 0 . 1 s). From this 3D figure it is

observed that the shapes of the deformed ferrodroplet are generally ellipsoidal and are elongated along the directions of the

external applied magnetic fields with various magnetic bond number Bo m 

and magnetic susceptibility χ f , which shows the
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Fig. 12. The spurious flow near the interface in the phase field approach (a) and the modified level set approach (b) at the beginning of the numerical 

simulation ( T = 0 . 001 s). The length of the arrows represents the magnitude of the spurious velocity and the directions of the arrows indicate the direction 

of spurious flow. For the diffuse interface model: Cn = 0 . 05 and for the sharp interface model: ε = 0 . 05 R 0 . 

Fig. 13. The spurious flow near the interface using the phase field approach at the beginning of the numerical simulation ( t = 0 . 001 s). This group demon- 

strates the magnitude of spurious flow with the decreasing mesh size 0.1 mm (a), 0.05 mm (b), and 0.025 mm (c). The Cahn number representing the 

thickness of diffuse interface is fixed as: Cn = 0 . 05 . 

Fig. 14. The evolution of the numerical error of mass in ferrodroplet both in (a) the modified level set approach and (b) the phase field approach in the 

whole time span T = 0 –0.1 s. The magnetic bond number is Bo m = 1 and the magnetic susceptibility χ f = 1 . 51 in the two-phase Silicon-EMG707 system. 
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Fig. 15. The coalescence of two ferrodroplets using the phase field approach: the velocity magnitude and direction(left) and the phase variable(right) are 

shown in color legends. The external magnetic field strength is Bo m = 2 . The evolution time steps in the process are: (a) t = 0 . 01 s, (b) t = 0 . 02 s, (c) 

t = 0 . 025 s, (d) t = 0 . 035 s, (e) t = 0 . 04 s and (f) t = 0 . 1 s. The two phase fluid system is Silicon - EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

agreement between the analytical solutions and the diffuse interface model. It is clearly seen that the deformation in plots

(d)-(f) is larger than that in plots (a)–(c) with the increasing magnetic bond number. This indicates that the deformation is

more sensitive to the magnetic susceptibility at relative large magnetic bond number Bo m 

. 

Fig. 7 shows the velocity distributions in the dynamic deformation process of the model from t = 0 . 01 s to t = 0 . 05 s with

the magnetic bond number Bo m 

= 5 . This dynamic transition process could be described by the transition Reynolds number

Re = 

ρμ0 ( H 0 ) 
2 ( R 0 ) 

2 

η2 which represents the inertia multiplying the magnetic stress over the viscosity. In our work the magnetic

bond number Bo m 

is ranging from 0.1 to 10, the corresponding transient Reynolds number Re ranges from 5 to 500, which

means the induced flow in the dynamic ferrodroplet deformation process belongs to the typical laminar flow( Re 	 20 0 0).

In Fig. 7 the Reynolds number is about Re = 250 corresponding to Bo m 

= 5 . At the beginning, the flow velocity increases

with the step function β( t )(from t = 0 s to t = 0 . 02 s). Then the ferrodroplet comes to a slight oscillation state with minor

flows around the interface near the top and bottom of the droplet. After t = 0 . 05 s the ferrodroplet tends to reach the

quasi-equilibrium state. 

5.2. Comparison between the results of the phase field approach and the modified level set approach 

In this subsection the numerical results in both phase field approach and modified level set approach are compared

with the analytical solutions. The characteristic mobility ( M c ) is utilized in the phase field approach for the Silicon-EMG707

system [104] . 

Fig. 8 shows the comparison between the numerical results of phase field approach and modified level set approach with

analytical solutions at the quasi-equilibrium state ( T = 0 . 1 s) for the Silicon-EMG707 system (with magnetic susceptibility

χ f = 1 . 51 ). The results of both phase field approach and modified level set approach well match the analytical solutions

when the magnetic bond number is small enough ( Bo m 

≤ 1), however, as Bo m 

grows the deviations between numerical

results and the analytical solutions increases correspondingly. On the other hand, Fig. 9 shows the similar comparison be-

tween the numerical results of the two numerical methods and the analytical solutions with respect to the variations of

the magnetic susceptibility ( χ f from 1 to 5). According to these two figures it can be observed that when Bo m 

or χ f grows,

the error between the numerical and analytical results increases and we can also observe that the results of phase field

approach are more accurate than the results of modified level set approach for relative large values of Bo m 

and χ f by using

the characteristic mobility ( M c ) in the diffuse interface model using Cahn–Hilliard equation. In other words we can find

that the phase field model could better reflect the ellipsoidal shape of ferrodroplet in large deformation at large uniform

magnetic field. 
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Fig. 16. The coalescence of two ferrodroplets using the modified level set approach: the velocity magnitude and direction(left) and the level set vari- 

able(right) are shown in color legends. The external magnetic field strength is Bo m = 2 . The evolution time steps in the process are: (a) t = 0 . 01 s, (b) 

t = 0 . 02 s, (c) t = 0 . 025 s, (d) t = 0 . 035 s, (e) t = 0 . 04 s and (f) t = 0 . 1 s. The two phase fluid system is Silicon - EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The comparison between the phase field approach and the modified level set approach for the velocity is shown in

Fig. 10 . It could be observed that there are four velocity vortexes symmetrically distributed inside the ferrodroplet. The

instability of the velocity field increases with the strength of magnetic field ( Bo m 

= 2 → 10 ) for both models. And the insta-

bility of the velocity field of the modified level set approach is higher than that of the phase field approach. 

Fig. 11 illustrates the magnetic energy density distributions ( e m 

= | 1 2 μH 

2 | in the left parts) and the magnetic field

strength ( H in the right parts) for both the phase field approach and the modified level set approach. We can see that the

maximum values of the magnetic density and the magnetic strength are found at the top and bottom of the ferrodroplet for

the both two kinds of models. The minimum values of magnetic energy density is located outside the ferrodroplet, while

the minimum values of magnetic field strength is inside the ferrodroplet. Both the magnetic energy density and the mag-

netic strength are uniform inside the ferrodroplet, which illustrates the agreement between the analytical solutions and the

numerical models in both two methods. The deformation of the sharp interface model is slightly weaker than that of the

diffuse interface model. The directions of the magnetic force are the same as the outward normal vector perpendicular to

the two-phase interface. 

5.3. Spurious phenomenon and the conservation of mass in ferrodroplet 

The spurious flow on the interface between the two immiscible phases is a common numerical artifact by performing

the capillary stress on the interface as a volume force in Navier–Stokes equation [117,118] . The magnitude of spurious flow

is determined by the density ratio of the two phases, the surface tension coefficient and the size of mesh cells around the

interface. It is reported that the strong surface tension will lead to aggravate the spurious flow currents and cause instability

at the interface. Also large density ratio will cause the spurious flow and it is difficult to be eliminated. If the mesh cells are

too coarse, numerical errors will lead to large instability in the interface region. In our cases, the surface tension coefficient

σ = 0 . 025 N/m is not large enough to cause large spurious currents and the density ratio is only ζ = 

ρn 
ρ f 

≈ 1 . 15 . We choose

the mesh cells to be half of the interfacial thickness δh = 0 . 5 ε = 0 . 5 ε so that it is small enough to weaken the spurious flow

caused by numerical errors. 

In Fig. 12 the spurious flow is found at the beginning (at T = 0 . 001 s) of both the phase field approach and modified

level set approach when the magnetic field is weak according to the step function configuration at the bottom surface. The

magnitude of spurious flow is nearly uniform at the diffuse interface in the phase field model. On the other hand, in the

level set model, the spurious flow near the centerline( r = 0 ) is relatively larger than the others around the interface. In the

phase field approach the radius of the ferrodroplet decreases from 1 mm to 0.996 mm from the initial time to 0.001 s, which
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Fig. 17. The coalescence of two ferrodroplets: the velocity magnitude and direction(left) and the phase variable(right) are shown in color. The external 

magnetic field strength is Bo m = 5 . The evolution time steps in the process are: (a) t = 0 . 001 s, (b) t = 0 . 01 s,(c) t = 0 . 015 s, (d) t = 0 . 02 s, (e) t = 0 . 025 s, 

(f) t = 0 . 03 s, (g) t = 0 . 04 , (h) t = 0 . 05 s and (i) t = 0 . 1 s. The two phase fluid system is Silicon – EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

demonstrates the uniform diffusive effect around the diffuse interface for the phase field approach. When the step function

increases with time, the spurious currents are weakened to be negligible after t = 0 . 005 s in both two numerical methods. 

Furthermore, Fig. 13 demonstrates the magnitude of the spurious flow occuring at the beginning time ( t = 0 . 001 s) when

the phase field approach is used with the decreasing mesh sizes 0.1 mm, 0.05 mm and 0.025 mm, respectively. It is clearly

shown that the spurious flow is significantly weakened during the mesh refinement. 

It is noticed that the spurious flow could be removed by the pressure correction method in the two-phase phase field

model [119] . We believe this kind of phase field model could be utilized in the two-phase ferrofluid problems and in future

we may upgrade the phase field model with this new method for more accurate numerical solutions. 

The mass conservation in the two-phase fluid flow simulations is a basic and crucial criterion for justifying the correct-

ness of the numerical results. In our study, we examine the evolution of mass conservation with time for the ferrodroplet

to justify mass conservation of the two numerical approaches. The mass loss during the time evolution process is defined

as: 

err m 

= 

| M 0 − M t | 
M 0 

, (30)

where M 0 is the initial total mass for the ferrodroplet and M t is the total mass for the ferrodroplet with time variations.

Fig. 14 indicates the evolution of numerical error of mass in ferrodroplet both in the modified level set approach(the sharp

interface) and the phase field approach(the diffuse interface). The results show that both the errors in two approaches are

smaller than 0.6% in the deformation. We can also observe that the mass loss in the phase field approach is relative larger
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Fig. 18. The coalescence of two ferrodroplets in the phase field approach: The phase variable(left) and the magnetic field strength(right) are shown in 

color. The evolution time steps in the process are: (a) t = 0 . 01 s, (b) t = 0 . 03 s,(c) t = 0 . 06 s, (d) t = 0 . 07 s, (e) t = 0 . 08 s and (f) t = 0 . 1 s. The external 

magnetic field strength is Bo m = 1 . The two phase fluid system is Silicon – EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

than it in the modified level set approach, which demonstrates that the mass loss in the diffuse interface method is relative

larger than the level set. However, in total the mass loss in the simulations are very small in both two approaches and the

mass conservation could be satisfied by the mass examination. 

5.4. Coalescence of two ferrodroplets in a uniform magnetic field 

In this section we simulate the coalescence phenomenon of two ferrodroplets immersed in the non-magnetic viscous

fluid under uniform magnetic fields by using the phase field method and the modified level set method. Both of the paired

ferrodroplets have the radius R = 1 mm. The upper ferrodroplet is centered at S1 = (0 , 1 . 5)(mm ) and the lower ferrodroplet

is centered at S2 = (0 , −1 . 5)(mm ) . Other parameters are the same as what we discussed in Section 4.4 . 

We utilize external uniform magnetic fields to elongate two ferrodroplets for the process of coalescence. When the two

droplets are slender enough (the aspect ratio is large enough), the two elongated ferrodroplets touch with each other and

combine together to form a new larger ferrodroplet. For this purpose, the magnetic bond number Bo m 

should be chosen as

the large enough values. The results of Section 5.2 indicate that the two ferrodroplets could touch with each other when

Bo m 

> 1.8 in the Silicon-EMG707 system. Figs. 15 and 16 demonstrate the merging procedure of the two ferrodroplets with

the magnetic bond number Bo m 

= 2 by utilizing the phase field method and the modified level set method, respevtively. We

can observe that at the beginning the two droplets deform as what occurs in our previous study. As the two ferrodroplets

approach to each other, the magnitude of flow velocity between them increases significantly. Then the two ferrodroplets

touch with each other and evolve into a larger single ferrodroplet. After the single larger ferrodroplet is generated, the

symmetric velocity eddies at the center still exist since the inertia phenomenon takes effect on the interface evolution. Then

the magnitude of flow velocity gradually decays due to the fluid viscosity and the elongated single large ferrodroplet finally

reaches a stable elliptical shape. Furthermore, the same coalescence phenomenon is also observed with refined meshes. 

In Fig. 17 the merging process is demonstrated using the phase field approach with the larger magnetic bond number

Bo m 

= 5 . Compared with the coalescence with respect to the magnetic strength Bo m 

= 2 , the two ferrodroplets have larger

deformation and merge with each other much faster as expected. 

Recently an interesting phenomenon was observed in numerical studies [62] : even when the external magnetic field

is not strong enough to directly elongate the two ferrdroplets to touch with each other, the two ferrdroplets may be still

attracted to each other to combine and form a larger ferrdroplet. In our numerical simulation with Bo m 

= 1 , similar phe-

nomenon is also observed by using both the two numerical approaches. In Fig. 18 , the results of the phase field approach

are presented. At the beginning the two ferrodroplets are elongated but do not touch with each other. However, the two

drops gradually move to each other and meet around t = 0 . 065 s. Then the two small ferrodroplets begin to merge with
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Fig. 19. The coalescence of two ferrodroplets in the modified level set approach: The level set variable(left) and the magnetic field strength(right) are 

shown in color. The evolution time steps in the process are: (a) t = 0 . 01 s, (b) t = 0 . 03 s, (c) t = 0 . 05 s, (d) t = 0 . 06 s, (e) t = 0 . 07 s and (f) t = 0 . 1 s. The 

external magnetic field strength is Bo m = 1 . The two phase fluid system is Silicon – EMG707. 

Fig. 20. The coalescence of two ferrodroplets in 3D: The evolution time steps in the process are: (a) t = 0 . 01 s, (b) t = 0 . 03 s, (c) t = 0 . 06 s, (d) t = 0 . 07 s, 

(e) t = 0 . 08 s and (f) t = 0 . 1 s. The external magnetic field strength is Bo m = 1 . The two phase fluid system is Silicon – EMG707. 

 

 

 

 

 

 

 

 

 

 

each other and a single larger ferrodroplet is generated with an elliptical shape at the equilibrium state. Before the two

ferrodroplets touch with each other, the magnetic field between them is observed to be stronger than that of the rest of the

domain, which can be one major reason to cause the mutual attraction between the two ferrodroplets. The same mutual

attraction phenomenon is also observed by using the sharp interface method (the modified level set approach) in Fig. 19 .

The corresponding 3D illustration of this process is also shown in Fig. 20 . 

To further investigate on this phenomenon, we also study the effect of the magnetic susceptibility based on the same

mesh and Bond number. The results are presented in Fig. 21 . When magnetic susceptibility value is small ((a) χ f = 0 . 5 ), the

two ferrodroplets could hardly move to each other and the coalescence phenomenon does not happen. However, the larger

magnetic susceptibility ((b) χ f = 1 . 51 and (c) χ f = 2 . 5 ) values lead to the coalescence phenomenon. These results indicate

that different magnetic susceptibility values may lead to different magnetic field strengths for attracting the two ferro-

droplets, hence may or may not lead to the coalescence phenomenon, even based on the same mesh and Bond number.

Since the mechanism of this phenomenon is not clear, more investigation for it can be interesting future works. 
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Fig. 21. The coalescence of two ferrodroplets in three different values of magnetic susceptibility: (a) χ f = 0 . 5 , (b) χ f = 1 . 51 and (c) χ f = 2 . 5 . The evolution 

time steps in the process are: t = 0 . 01 s, t = 0 . 03 s, t = 0 . 05 s, t = 0 . 07 s and t = 0 . 09 s. The external magnetic field strength is Bo m = 1 . The two phase 

fluid system is Silicon - EMG707. 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Conclusions 

In this paper we considered two multi-phase numerical Rosensweig models based on the phase field approach and a

modified level set approach respectively to study the cases of one ferrodroplet deformation and two paired ferrodroplets

merging process under external uniform magnetic fields. In particular, our models could deal with the general case of

two-phase ferrofluid system with variable densities and viscosities. In the study of ferrodroplet deformation, the numerical

results of both models were compared with the classic analytical solutions for the model validation. From the compari-

son it is shown that the numerical results of both models can reasonably approximate the analytical solutions at low or

moderate magnetic bond number( Bo m 

) and magnetic susceptibility( χ f ) while the phase field one is slightly closer to the

analytical solution. According to the comparison between analytical and numerical solutions it is concluded that the phase

field model is more accurate to present the ellipsoidal shape of ferrodroplet deformation than the modified level set model,

especially in large deformations. This numerical observation may be applied to other topological phenomena such as electro-

coalesence. Various interesting numerical and physical phenomenon, such as the effect of different parameters, the spurious

phenomenon, the time evolution of mass conservation, and the coalescence between two paired ferrodroplets, were also

studied by using the two proposed Rosensweig models. 
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