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1 Introduction

Recent research efforts in the joint program on quantum information and holography indi-

cate a deep connection between spacetime and quantum entanglement. The starting point

of these developments was the groundbreaking discovery that, for quantum field theories

that are holographically dual to Einstein gravity, the entanglement entropy of a region A
can be computed as the area of a codimension-two bulk extremal surface ΓA,

SA =
Area(ΓA)

4GN
, (1.1)

anchored at the boundary, with ∂ΓA = ∂A. This relation was first conjectured in [1, 2]

and later proved in [3, 4] using the basic ingredients of the holographic dictionary.

In quantum field theory, the entanglement entropy of a region, A, and its complement,

Ac, is defined as the von Neumann entropy, SA ≡ −Tr(ρA log ρA). The quantity ρA =

TrAc(ρ) is the reduced density matrix associated with A, or more specifically, with its

domain of dependence, D[A]. In the holographic context, relation (1.1) led to the notion of

subregion-subregion duality [5–9] and to the idea that the quantum state of the boundary

theory reduced to a subregion A (encoded in its reduced density matrix ρA) is dual to a

particular subregion in the bulk, the entanglement wedge E(A). The entanglement wedge
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Figure 1. Schematic representation of the entanglement wedge E(A) and causal wedge C(A)

associated with a boundary region A, or equivalently, with its boundary domain of dependence

D[A]. The entanglement wedge is the bulk region bounded by null geodesics that are shot towards

the boundary from the extremal surface ΓA. For general bulk geometries, E(A) contains the causal

wedge C(A), which is the bulk region bounded by null geodesics that are shot into the bulk from

the edge of D[A]. The spatial surface ΞA on which the latter geodesics intersect is the bifurcation

surface of the causal wedge. In a few situations, ΞA = ΓA and the two wedges coincide, but in

general cases, ΓA reaches deeper into the bulk. This property has been rigorously shown to hold for

generic bulk geometries in Einstein gravity but the proof does not apply for higher order derivative

gravities. However, consistency of subregion-subregion duality implies that it should be true for

any theory with a physically sensible holographic dual.

is defined as the domain of dependence of any codimension-one bulk spacelike surface

bounded by ΓA and A. See figure 1 for a more detailed explanation. Consistency of

subregion duality has led to numerous insights in the context of gauge/gravity duality,

ranging from the problem of bulk reconstruction, quantum error correction and tensor

networks constructs of AdS/CFT [10–20]. At the same time, the duality also imposes

several constraints on the bulk geometry. For an excellent account of these constraints and

the connections among them see [21].

Another important construct is the causal wedge C(A), defined as the bulk region

I−(D[A]) ∩ I+(D[A]).1 The causal wedge in a spacetime that has a CFT dual has to

be completely contained in the entanglement wedge C(A) ⊂ E(A) [22]; see figure 1 for a

schematic illustration. We will refer to this property as Causal Wedge Inclusion (CWI).

The bifurcation surface of the causal wedge, denoted as ΞA, plays a special role in its

interpretation. In Einstein gravity, it is generically contained within ΓA and has more area

than the latter. Moreover, since ΞA can be defined covariantly, its area was proposed in [23]

as a coarse-grained measure of entanglement, dubbed the causal holographic information.

1I± denote the chronological future/past regions in the bulk of the boundary domain of dependence

D[A] of a region A.

– 2 –



J
H
E
P
1
1
(
2
0
1
9
)
1
7
5

This work led to a number of proposals regarding the precise information-theoretic quantity

in the boundary theory that is dual to its area [24, 25] that were later shown not to be

viable [26]. More recently, in [27] the authors proposed a concrete recipe for coarse-graining

in the dual quantum field theory that is consistent with the holographic constructs. This

led to the definition of a new object, called the reduced causal density matrix, which was

argued to be the natural candidate for the dual of the causal wedge. Regardless of its

precise information-theoretic interpretation, the important point here is that by consistency

of subregion-subregion duality, any field theory observable defined within D[A] should be

accessible from the region of the bulk geometry that is dual to the actual reduced density

matrix, i.e. the entanglement wedge E(A). Hence, CWI must hold true for all gravity

theories with a physically sensible holographic dual.

Consistency of AdS/CFT also demands the Boundary Causality Condition (BCC),

which is the condition that the causal structure of the boundary theory is compatible with

the causal structure of the bulk. More specifically, the statement of BCC implies that two

boundary points that are null related through the boundary theory point of view cannot be

connected by a timelike curve through the bulk. In Einstein gravity, it can be shown that

CWI⇒ BCC [21]. However, in higher derivative theories of gravity, the above relation does

not hold generically. In these theories there are several subtleties to consider, so one must

analyze case by case. On one hand, the holographic prescription to compute entanglement

entropy includes non-universal corrections involving extrinsic curvature terms [28, 29], so

the surface ΓA minimizes a theory-dependent functional. On the other hand, in higher

derivative theories the characteristic hypersurfaces are generically not null, which implies

that gravity can propagate slower or faster than the speed of light [30, 31]. If the latter is

true, this could in particular lead to possible violations of boundary causality.

In theories with superluminal propagation of gravitons in the bulk, the causal structure

is no longer determined by null rays since the fastest mode can probe larger regions in the

bulk. One crucial consequence, in the context of subregion duality, is that the definition

of the causal and entanglement wedges must be adapted to account for these modes. The

causal wedge C(A) is usually defined as the bulk region bounded by a family of null geodesics

that are shot into the bulk from the edge of D[A]. In a theory with superluminal modes,

the geodesics that we shoot must follow the fastest mode of propagation instead of null

rays. Similarly, the entanglement wedge E(A) is generated by shooting null geodesics

from the extremal surface ΓA towards the boundary, thus for a theory with superluminal

propagation we need to replace these null geodesics by geodesics of the fastest mode.

In this paper, we argue that these new ingredients, together with the CWI property,

drastically constrain the space of parameters of couplings in general higher order gravities.

The bulk action of these theories can be generically written as follows

S =
1

16πGN

∫
dd+1√−g

[
R− 2Λ + α1

(
R2 terms

)
+ α2

(
R3 terms

)
+ · · ·

]
, (1.2)

where Λ = −d(d−1)
2L2 . If we consider this theory of gravity as a low-energy effective theory

with a UV cutoff of order MP , then the natural values of the higher derivative couplings

are of order αi ∼ O(`2iP ). Couplings of these orders cannot be ruled out. Alternatively, one
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could take these couplings to be arbitrary, e.g. αi � `2iP , but then it is not clear if these

theories would make sense in the UV (without the need of arbitrarily higher order terms

in the expansion). Our analysis lead to constrains for such large couplings.

For concreteness we focus on Gauss-Bonnet gravity, where the Einstein-Hilbert term

is only supplemented by certain combination of curvature squared terms. However, our

methodology could be easily adapted to constrain generic higher order gravitational the-

ories. In this case, we normalize the extra coupling as α1 ≡ λL2, so that we would be

concerned with values of λ of order O(1). The specific solutions that we will consider

throughout this paper are spherical AdS black holes in Gauss-Bonnet gravity, which are

dual to thermal states in the boundary theory. The physics of the spherical solutions is

richer than their planar counterparts; due to finite volume effects, the entanglement en-

tropy generically undergoes a first order phase transition [32] and exhibits shadows [33].

Moreover, the causal wedges can display nontrivial topology [9], which makes the analysis

of the CWI property more intricate. We will also test if CWI ⇒ BCC holds in our higher

derivative setup. The strategy here is to test the negative, namely that nBCC ⇒ nCWI,

so that we one can start from cases where BCC is violated [34].

We want both CWI and BCC to hold for all possible states of the theory. One can argue

that the set of all states includes small black holes, regardless of their thermodynamics,

because they are part of the Hilbert space of the theory. In fact, even though small black

holes evaporate, they survive for a very long time compared to their energy. This suggests

that they are approximately metastable and should be considered in the microcanonical

ensemble;2 see [35–38] for proposals addressing the form of the corresponding dual states

from the boundary theory perspective.

We find that the two conditions above significantly constrain the value of the higher

derivative couplings. For Gauss-Bonnet gravity, we find that any O(1) value of the Gauss-

Bonnet parameter λ leads to a violation of CWI and is therefore inconsistent. This agrees

with the conclusion of [39] based on positivity bounds from high energy graviton scattering.

If we restrict ourselves to large black holes, the window of allowed couplings almost closes

but is still finite. An interesting possibility to consider in the future is that other subregion

properties like entanglement wedge nesting and possibly quantum corrections, might be

enough to rule out any value of the Gauss-Bonnet coupling for any size black hole.

The paper is organized as follows. In section 2, we start with some background material

required for the subsequent sections. We begin by explaining the definition of characteristic

hypersurfaces and reviewing their construction in generic higher order gravities of the

Lovelock type. Then, we specialize to Gauss-Bonnet gravity and present basic aspects of

the spherical black hole solutions of the theory. We give explicit expressions for the speed

of propagation of different modes of the theory and show the implications for boundary

causality and hyperbolicity. In section 3 we present explicit calculations of entanglement

2The thermodynamics of Gauss-Bonnet black holes has been extensively studied and computed using

different methods [46–48]. By focusing on a specific ensemble and requiring the thermodynamic stability

of these solutions, one could get additional constraints on the GB coupling. However, for the purpose

of deriving a the state-independent constraint we will not impose such restriction here, nor restrict our

attention to a particular ensemble.
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entropy in these gravity solutions and study the behavior of the extremal surfaces ΓA as we

vary the size of the region, the black hole mass and the Gauss-Bonnet coupling. We give

particular attention to the study of the entanglement shadows. In section 4 we construct

the causal surfaces ΞA and study their dependence on the aforementioned parameters. We

proceed to test the CWI property and perform a detailed analysis of the cases where it is

violated. We close in section 5 with some final remarks and possible future directions.

2 Background

2.1 Characteristic hypersurfaces

In general relativity, when faced with a system of partial differential equations obtained

from Einstein’s equations, oftentimes we want to choose initial data on a Cauchy slice and

evolve this initial data in time. Generically, it might happen that we find a hypersurface

beyond which the evolution of the differential equations is not unique. This hypersurface

is called “characteristic hypersurface”. Thus, identifying the characteristic hypersurfaces

allows us to study the causal structure of a system of PDEs.

In Einstein gravity, the characteristic surfaces are the null surfaces of the spacetime,

so if the initial data is defined on a spacelike surface, we are guaranteed that the evolution

of this initial data is unique. But this is not the case for more general theories of gravity;

in higher derivative theories some degrees of freedom may be spacelike with respect to

the propagation of light rays. In this paper, we are interested in investigating certain

holographic constructs in theories where the characteristic hypersurfaces are not null.

In [30, 31] the authors studied the characteristic hypersurfaces for tensor, vector, and

scalar graviton degrees of freedom in spherically symmetric black hole solutions of Lovelock

theories. Below, following closely [34], we summarize some results of [30, 31] that we will

use in the rest of the paper.

Consider a d + 1 dimensional spacetime with coordinates xµ with metric which we

denote as gI . In Lovelock theories the equations of motion EJ = 0 depend linearly on ∂2
0gI .

Thus EJ can be written as
∂EJ

∂(∂2
0gI)

∂2
0gI + · · · = 0. (2.1)

If we know gI and its derivatives in a given hypersurface Σ with coordinates (x0 = 0, xi)

then, just by acting with ∂i, we also know ∂i∂µgI . However, ∂2
0gI has to be determined

from the equations of motion (2.1), which will only have unique solutions if the matrix

∂EJ
∂(∂2

0gI)
,

also called the principal symbol, is invertible. In this case Σ is non-characteristic and we

can uniquely evolve the equations of motion starting with initial data on Σ. If the principal

symbol is not invertible, Σ is characteristic, the equations are not hyperbolic and the initial

value problem with Σ as the starting surface is ill-posed.

If we consider metric fluctuations, it can be shown that the fastest mode propagates

along a characteristic hypersurface. To see this consider solving the equations of motion
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imposing initial conditions on a hypersurface A. The edge of the Cauchy development of A
must be described by the fastest propagation mode. On the other hand, the characteristic

hypersurface is a boundary beyond which the dynamical equations of motion cannot be

uniquely solved, i.e. the characteristic hypersurface is the edge of the Cauchy development.

Thus, the fastest modes propagate along a characteristic hypersurface.

A familiar example is Einstein gravity; it can be shown that the characteristic initial

data problem is well defined. Moreover, characteristic hypersurfaces in GR are always null,

and thus gravity travels at the speed of light.

This is not the case in Gauss-Bonnet (GB) gravity [30, 31]. However, in symmetric

spacetimes, we can define an effective metric such that the characteristic hypersurface for

a given degree of freedom is null with respect to that metric.

In black hole solutions of the form

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

d−2, (2.2)

where dΩ2
d−2 is the line element of a space S, linear perturbations can be classified as scalar,

vector or tensor with respect to the symmetries of S. For each type of perturbation the

equations of motion will lead to a master equation that can be written as a wave equation

with a potential (
− ∂2

∂t2
+

∂2

∂r2
∗
− V l

A(r)

)
Ψl
A(t, r) = 0 (2.3)

where A denotes the type of fluctuation, A ∈ T, V, S and l labels the harmonic. To

determine the principal symbol we need to identify terms that involve second derivatives.

We can do this by focussing on highly oscillatory modes since in this case the second

derivatives will dominate the equation. For large l and denoting as D2 the Laplacian on

S, we can recast (2.3) as(
− ∂2

∂t2
+

∂2

∂r2
∗
− f(r)

cA(r)

r2
D2

)
ΨA(t, r) = f(r)GµνA ∂µ∂νΨA = 0. (2.4)

Thus, for each mode the characteristic hypersurface is null with respect to the corre-

sponding effective metric:

GAµνdx
µdxν = −f(r)dt2 +

dr2

f(r)
+

r2

cA(r)
dΩ2. (2.5)

In a d+ 1 Lovelock theory we have

cT (r) = −
(

1 +
1

d− 3

)
A(r)−

(
1− 1

d− 3

)
1

A(r)
+B(r) + 3 (2.6)

cV (r) = A(r) (2.7)

cS(r) = 3

(
1− 1

d− 1

)
A(r) +

(
1− 3

d− 1

)
1

A(r)
−
(

1− 2

d− 1

)
(B(r) + 3). (2.8)

The functions A(r) and B(r) for a general Lovelock theory are known but are cumbersome

and not enlightening so we will not reproduce them here. The null cones of GAµν determine
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causality of the theory in the physical spacetime (2.2). Note that [40] the factor f(r)cA(r)
r2

can be interpreted as the local speed of the perturbation on a constant r hypersurface.

In a Lovelock theory the characteristic determinant factorizes as a product of the

effective metrics

Q(x, ξ) = (GabS (x)ξaξb)
nS (GabV (x)ξaξb)

nV (GabT (x)ξaξb)
nT , (2.9)

where nS , nV , nT are the numbers of degrees of freedom of the corresponding perturbation.

From (2.9) we see that if any of the cA vanishes for some r > rH , then there is no surface

providing good initial data for that solution; that is, the solution is not hyperbolic.

2.2 Gauss-Bonnet gravity

Lovelock gravity [41] is a generalization of Einstein gravity including higher curvature terms

in the Lagrangian. The equivalent of the Einstein tensor in this class of theories satisfies

the properties of being symmetric, divergence-free, and it depends only on the metric and

its first and second derivatives. The simplest example of a Lovelock theory that includes a

higher curvature term is given by Gauss-Bonnet gravity in d+1 > 4 spacetime dimensions,3

whose action for d = 4 is

I =
1

16πGN

∫
d5x
√
−g
[
R+

12

L2
+
λL2

2
(R2 − 4RµνR

µν +RµνρσR
µνρσ)

]
, (2.10)

where L is a length scale and λ is the Gauss-Bonnet coupling constant. This theory

admits black hole solutions which are asymptotically AdS [42, 43]. We will focus on the

5-dimensional AdS black hole solution with spherical horizon described by the metric

ds2 = −f(r)

f∞
dt2 +

dr2

f(r)
+ r2(dφ2 + sin2 φdΩ2

2), (2.11)

f(r) = 1 +
r2

2λL2

(
1−

√
1− 4λ+ 4λ

µ

r4

)
, (2.12)

f∞ =
1−
√

1− 4λ

2λ
, µ = r4

h + r2
hL

2 + λL4, (2.13)

where dΩ2
2 = dχ2 + sin2 ω dω2 is the metric of a unit 2-sphere. The factor f∞ is chosen

such that the speed of light at the boundary (r →∞) is one, and µ is a parameter related

to the ADM mass of the black hole. The solution also needs to obey the condition

r2
h + 2λL2 > 0, (2.14)

which is necessary to ensure that f(rh) = 0. The solution is asymptotically AdS with

radius dependent on λ given by LAdS = L/
√
f∞.

3In d+ 1 ≤ 4 the Gauss-Bonnet term is topological so it does not affect the bulk equations of motion.
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(a) λ > 0
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(b) λ < 0

Figure 2. Speed of propagation for tensor, vector and scalar modes. For λ > 0, we have cT >

cV > cS and cT > cV > 0 for all r. For λ < 0, we have cS > cV > cT and cS > cV > 0 for all r. (a)

rh = 0.5, λ = 0.1. (b) rh = 0.5, λ = −0.1.

2.2.1 Boundary causality and hyperbolicity

Combining results from the analysis of the propagation of scalar, vector and tensor modes

for metric fluctuations in Gauss-Bonnet spacetimes [44, 45], the causal structure of the

background (2.11) can be studied by using the effective metric [31]

ds2 = −f(r)

f∞
dt2 +

dr2

f(r)
+

r2

cA(r)
dΩ2

3, (2.15)

where cA (the index A = T, V, S labels tensor, vector, and scalar, respectively) is the speed

of propagation of the mode. Null geodesics in the effective metrics (2.15) correspond to

geodesics for the superluminal or subluminal modes in the original metric (2.11). Explicitly,

the speeds of propagation for each mode are given by
cT (r) = −2g(r) + 3

cV (r) = g(r)

cS(r) = 2g(r)− 1

, g(r) =
(1− 4λ)r4

2λ(r4
h + r2

hL
2 + λL4) + (1− 4λ)r4

. (2.16)

From (2.16) one can show that in a GB theory with a positive coupling, cT > cV > cS for

all r and thus the tensor modes travel fastest. However, cS is the only one that can become

negative, so it is the scalar mode that determines if the equations of motion are hyperbolic

around a given solution. Conversely, if the coupling is negative, the fastest modes are the

scalars and it is the tensors which are related to hyperbolicity violations. In figure 2 we

plot (2.16) for different values of the coupling.

Therefore, hyperbolicity violation is determined by the roots of cT , cV and cS but

the causal structure is determined by the mode that travels fastest. Consistent solutions

will preserve boundary causality as well as hyperbolicity. This analysis was carried out

in [34] and the authors found that for small black holes hyperbolicity is a more stringent

constraint than causality. In the present work, we want to investigate the inclusion of the

causal wedge in the entanglement wedge as an additional requirement, that we will show,

is even more constraining than causality and hyperbolicity.

– 8 –



J
H
E
P
1
1
(
2
0
1
9
)
1
7
5

0.0 0.5 1.0 1.5 2.0

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14

rh

λ

0.0 0.5 1.0 1.5 2.0

-0.25

-0.20

-0.15

-0.10

-0.05

0.00

rh

λ

Figure 3. Results from [34]. Constraints on the parameter space (rh, λ) of the spherical AdS

Gauss-Bonnet black hole soluton due to: hyperbolicity (Blue), and boundary causality (Red). The

region outside the shaded region or above (below in the right figure) the dots is not allowed.

For the reference, in figure 3 we repeat the result of [34] summarizing the constraints

from boundary causality and hyperbolicity.4

3 Holographic entanglement entropy in Gauss-Bonnet

Let us first discuss the recipe to compute entanglement entropy in higher order gravities.

After the implementation of the replica trick in the bulk it follows that, for a (d + 1)-

dimensional gravity theory with Lagrangian built from arbitrary contractions of Riemann

tensors L(Rµνρλ), the entanglement entropy functional (1.1) generalizes to [28, 29]

SA = 2π

∫
ΓA

dd−1σ
√
h

{
∂L

∂Rzz̄zz̄
+
∑
α

(
∂2L

∂Rzizj∂Rz̄kz̄l

)
α

8KzijKz̄kl

qα + 1

}
. (3.1)

In this formula h denotes the determinant of the induced metric on the surface ΓA, z

and z̄ are complex coordinates transverse to the surface, and Kzij and Kz̄kl are extrinsic

curvatures. Finally, in the second derivative of L one expands in terms of the extrinsic

curvature Kaij , Qabij ≡ ∂aKbij . For each term (labeled by α) one defines qα as the number

of Qzzij and Qz̄z̄ij , plus one half of the number of Kaij , Rabci, and Raijk. The first term

above is identical to the Wald entropy functional, while the second term is an anomaly-like

contribution that only arises in theories of quadratic or higher order in the curvature. For

Einstein gravity only the first term contributes and gives rise to the HRT formula (1.1).

3.1 Entanglement surfaces

Let us now specialize to Gauss-Bonnet gravity. In this case, the corrected functional that

gives the entanglement entropy reduces to [50, 51]

SA =
1

4GN

∫
ΓA

d3σ
√
h(1 + λL2R) +

λL2

2GN

∫
∂ΓA

d2σ
√
h̃K . (3.2)

4If we consider further higher derivative terms, several new constraints could be studied, e.g. [49].
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Figure 4. Entanglement minimal surfaces ΓA for the functional (3.3), at fixed horizon radius

rh = 0.5 and fixed Gauss-Bonnet coupling λ. We adopt polar coordinates (ρ, φ), where ρ = tan−1 r

is a compactified radial coordinate. The inner and outer circles represent the black hole horizon and

the boundary, respectively. The angle φA that defines the entangling surface has range 0 ≤ φA ≤ π,

so that the curve that appears at the bottom is just a reflection φ → −φ. (a) Fixed λ = 0.1 (b)

Fixed λ = −0.1. We chose the same values of r0 (minimal radius) for both left and right plots,

namely, r0 = 0.50015, 0.5002, 0.5005, 0.505, 0.6, 0.8, 1, 2, 3, 4 (from lighter to darker green).

The second term here is a boundary term needed to make the variational principle well-

defined. Again, h and h̃ are the induced metric determinants on ΓA and ∂ΓA, respectively.

R is the scalar curvature on ΓA and K is the trace of the extrinsic curvature at ∂ΓA. Since

the geometry of our interest is static, we fix the t = 0 slice and take the boundary region A
to be a disk centered at the north pole bounded by the hypersurface φ = φA (0 ≤ φA ≤ π).

In the limit φA → π, the region A covers the entire boundary space. Specializing the

functional (3.2) to the background (2.11), we obtain (see the appendix A for derivation)

SA =
π

GN

∫
dσ

[√
hσσ

(
r2 sin2 φ+ 2λL2

)
+

2λL2

√
hσσ

(
rφ′ cosφ+ r′ sinφ

)2]
, (3.3)

where r = r(σ), φ = φ(σ), prime denotes derivative w.r.t. the parameter σ,5 and

hσσ(σ) =
r′2(σ)

f(r(σ))
+ r2(σ)φ′

2
(σ). (3.4)

We solve the equations starting from some minimal radius r0, so that r0 can be adjusted

to give the correct value of φA. Figure 4 shows a family of minimal surfaces for different

sizes of the boundary spatial region and fixed Gauss-Bonnet coupling λ. The numerical

solution is plotted in polar coordinates (ρ, φ), where ρ ≡ tan−1 r is a compactified radial

5By choosing φ as the parameter σ, the boundary conditions are r(φA) = rmax (radial boundary cutoff)

and r′(0) = 0 (surface smooth at φ = 0). However, the parametrization r(φ) fails when we consider large

enough boundary regions because the derivative r′(φ) diverges at some intermediate point. For numerical

purposes, we choose the alternative parametrization φ(r) to evolve the remaining part of the equation until

we reach the boundary.
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Figure 5. Entanglement minimal surfaces ΓA for fixed boundary region A of size parametrized

by the polar angle φA. We have set rh = 0.5 and φA = 1.5. (a) From lighter to darker green:

λ = −0.1, 0, 0.1, 0.2. Plot in (b) is just a cartesian version of (a).

coordinate. For λ > 0, the minimal surface reaches larger values of φA, while the opposite

happens for λ < 0. In figure 5, the boundary region is kept fixed and we notice that the

minimal surfaces becomes closer to the horizon as we decrease λ.

The entanglement entropy is obtained by evaluating the functional (3.2) on the minimal

surface. There are two candidates for the minimal surface: the minimal surface homologous

to A and the minimal surface homologous to Ac plus the black hole horizon surface. We

expect a phase transition characterizing the stage at which these two candidates exchange

dominance [32]. The transition is determined by a critical value φ∗E such that for φA ≥ φ∗E
the Araki-Lieb inequality

|SA − SAc | ≤ Sthermal (3.5)

is saturated. In other words, an ‘entanglement plateau’ should appear when we consider the

ratio |SA−SAc |/Sthermal as a function of φA for φA ≥ φ∗E . For the spherical Gauss-Bonnet

black hole (2.11), the thermal entropy is given by the black hole entropy [43]

SBH =
πr3

h

2GN

(
1 +

6λL2

r2
h

)
. (3.6)

In figure 6 we have identified the values φ∗E at which the phase transition occurs as a

function of λ for fixed values of horizon radius. Increasing λ makes the phase transition

occur at larger values of φA. For large enough negative values of λ, the phase transi-

tion becomes closer to π/2, so one might ask if there is some λ such that there is no

longer a phase transition. We checked numerically that this is not the case, essentially

because (2.14) places a bound on negatives values of the coupling, preventing the phase

transition to disappear.

3.2 Entanglement shadows

For completeness, we finish this section with an investigation of the ‘entanglement

shadow’ [33], i.e., the region in the bulk that cannot be probed by extremal surfaces.
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Figure 6. Critical points φ∗E for several values of horizon radius rh as a function of the Gauss-

Bonnet coupling λ. The point φ∗E is defined as the value of φA at the phase transition of entan-

glement entropy where the two candidates to minimal surface, one homologous to A and the other

homologous to Ac plus the horizon surface, exchange dominance.

Due to the existence of a phase transition where the two candidates to minimal surface

exchange dominance, there is a region surrounding the horizon that entanglement cannot

probe. This region is determined by the minimal radius r0 reached by the minimal surface

at the phase transition point, where the boundary region has size parametrized by φ∗E . We

want to investigate the dependence of the size of the shadow ∆r0 ≡ r0 − rh as a function

of the Gauss-Bonnet coupling λ.

The size of the shadow can be better estimated in the limit of small and large black

holes using the solution r(φ) that minimizes the functional (3.2) near the horizon [33]. In

this region, with the assumption that r′(φ)� 1, the equation of motion for r(φ) drastically

simplifies and can be solved analytically giving

r(φ) ' rh +
∆r0 sinh(φγ)

γ sinφ
, γ ≡

√
5r2
hL

2 + 12r4
h − 2λL4

L2(r2
h + 2L2λ)

(3.7)

In order to estimate ∆r0, we will assume that the solution is valid up to some order

one factor away from the horizon. Let us take this point to be r = 2rh to be more concrete.

We split the analysis into large and small black holes that add more simplifications.

Large black hole rh � LAdS. Far from the horizon, the minimal surface is essentially

radial. Thus, up to order one constants, we can estimate the shadow by plugging r = 2rh
at the jointing point where the solution (3.7) is still valid and it starts to be mostly radial,

and take that φ = φ∗E . This gives

∆rlarge
0 '

4
√

3r2
h sinφ∗E
L

e−
2
√
3rhφ

∗
E

L (3.8)

Similarly to what happens in Schwarzschild-AdS, the shadow ∆r0 is exponentially

small in rh [33], which is in agreement to the expectation that large enough black holes

approach the planar limit where there is no phase transition and therefore no shadow. But
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for the GB solution it turns out that the exponential decay also depends on the coupling

λ. From the numerical analysis of the phase transition whose results are shown in figure 6,

we see that positive λ makes the decay faster, while negative λ makes the decay slower.

Small black hole rh � LAdS. In this regime the contribution from the black hole

horizon will be small, so we expect the phase transition to occur very close to π/2. Eval-

uating the solution (3.7) again at r = 2rh, and assuming that φ = π/2, the shadow is

approximately given by

∆rsmall
0 ' rhγ

sinh
(
π
2γ
) , γ =

√
5r2
hL

2 − 2λL4

r2
h + 2L2λ

(3.9)

Note that negative values of the coupling tends to make the shadow smaller. However, the

restriction (2.14) imposes a lower bound on negative values of λ, preventing that the size

of the shadow becomes zero.

4 Causal wedge inclusion

4.1 Construction of the causal wedge

In this section we construct the causal wedge C(A) associated to a spatial region A at

the boundary for the Gauss-Bonnet black hole solution (2.11). We take A to be the same

spherical region bounded by the hypersuface φ = φA we have considered to compute the

entanglement entropy minimal surface in section 3. As pointed out in the Introduction,

the construction of the causal wedge we propose here takes into account the gravitational

superluminal modes in the bulk, so that instead of shooting null rays into the bulk we shoot

geodesics following the fastest mode of propagation. For the Gauss-Bonnet black hole we

consider as our toy model, the information about tensor (T), vector (V), and scalar (S)

mode propagations can be nicely packaged into effective metrics (2.15) in such a way that

geodesics following each mode are described by null geodesics in the effective metric.

The null geodesic equations for the effective metric (2.15) are given by

ṫ =
f∞
f(r)

, φ̇ =
`cA(r)

r2
, ṙ = η

√
f∞ −

`2cA(r)f(r)

r2
, A = T, V, S (4.1)

where the dot denotes derivative w.r.t. some affine parameter. The sign η = ±1 corresponds

to an ougoing/ingoing geodesic. The angular momentum ` associated to the Killing vector

∂φ is conserved and due to reflection symmetry φ → −φ we can choose it to be positive

` ∈ [0, 1]. We also define the effective potential

− V A
eff(r) ≡ f∞ −

`2cA(r)f(r)

r2
. (4.2)
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Equations (4.1) can be integrated, giving

tin(r) = ti +

∫ r

∞
dy

f∞

f(y)
√
−V A

eff(y)
, (4.3)

tout(r) = tin(rturn) +

∫ r

rturn

dy
f∞

f(y)
√
−V A

eff(y)
, (4.4)

φin(r) = −
∫ r

∞
dy

`cA(y)

y2
√
−V A

eff(y)
, (4.5)

φout(r) = φin(rturn) +

∫ r

rturn

dy
`cA(y)

y2
√
−V A

eff(y)
, (4.6)

where ti is the initial condition, which we will set as ti = −φA, the lower tip of D[A]. The

ingoing part of the solution is valid up to the turning point rturn, which occurs when ṙ = 0.

From (4.1), we notice that only geodesics with sufficiently large angular momentum ` ≥ `min

have a turning point, where the minimum angular momentum satisfies the equation

`2min ≥
r2f∞

cA(r)f(r)
. (4.7)

The minimum angular momentum can be determined numerically by minimizing the right

hand side of the above inequality over r. Once `min is determined, the turning point rturn

can be found by solving for the equality in (4.7) and taking the largest root.

The causal wedge is constructed by shooting geodesics of fastest propagation, which is

the tensor mode for λ > 0 and the scalar mode for λ < 0, from the lower tip of D[A] using

several values of `. Previous investigations using boundary causality to derive constraints

in higher derivative theories take into account only geodesics with a turning point that

starts and ends at the boundary, but for the construction of the causal wedge we also need

to include geodesics that cross the horizon and end at the singularity. In general, geodesics

with small angular momentum will cross the t = 0 slice in a region closer to the horizon

compared to geodesics with large angular momentum that cross the t = 0 slice closer to

the boundary. The causal information surface ΞA is then obtained by interpolating the

intersections of the geodesics with different values of ` with the t = 0 time slice.

Figure 7 displays the causal information surface for different sizes of the boundary

region A and fixed λ. For large enough regions, the causal information surface can reach

φ = π and the causal wedge develops nontrivial topology. An example of the causal wedge

displaying this critical behavior is shown as the darkest red curve in figure 7. We investigate

this behavior in more detail in the following.

4.2 Topological structure of the causal wedge

Even for simply connected regions A the causal wedge might display non trivial topology.

For example, in a global Schwarzschild-AdS black hole the causal wedge develops a hole for

regions with φA ≥ φ∗C for some critical value φ∗C , so that the causal holographic information

surface has disconneted parts [52]. This change in topology may be a signal of causality
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Figure 7. Causal information surfaces ΞA at fixed horizon radius rh = 0.5 and fixed Gauss-Bonnet

coupling λ, for several values of φA. ΞA is constructed by shooting the fastest modes with speeds

cT for λ > 0 and cS for λ < 0 from the lower tip of D[A] using several values of angular momentum.

The darkest red curve corresponds to the critical surface, where the region A has size φ∗C , such that

ΞA develops a disconnected component. (a) λ = 0.1, φ∗C = 2.57. (b) λ = −0.05, φ∗C = 2.47.

violation, since in this situation the causal wedge is more susceptible to intersect the entan-

glement wedge resulting in a violation of CWI. In Schwarzschild-AdS, it can be explicitly

seem that such violation does not happen, because the candidates for the entanglement

minimal surface exchange dominance before the causal wedge develops a hole [32].

The critical points φ∗C can be determined with a good approximation by assuming

that the geodesic that cross this critical point has angular momentum `min [52], as defined

from (4.7). Using this assumption, the critical point can be determined as follows. First,

at the critical point we have φ(r∗) = π, from which we can determine r∗. Then, by solving

t(r∗, ti = −φA) = 0 for φA we obtain the value of φ∗C .

Figure 8 shows the values of φ∗C for fixed rh as a function of λ. In comparison with

the AdS-Schwarzschild case obtained in the λ → 0 limit, we see that for both positive

and negative λ the value of φ∗C tends to decrease. By comparing the values of φ∗C where

the causal wedge changes topology with the values φ∗E characterizing the phase transition

from figure 6, we see that for large enough values of λ, the appearance of a hole in the

causal wedge happens before the phase transition, which implies that the entanglement and

causal wedges intersect each other and therefore violate CWI. For the values of horizon

radius rh = 0.3, 0.5, 0.7, 1.0 the upper bounds on λ so that the appearance of holes appear

before the transition are, approximately, λ = 0.06, 0.08, 0.10, 0.12. This comparison does

not provide lower bounds on λ.

4.3 Causal information surface vs. entanglement surface

In this section we use the causal wedge inclusion (CWI) property (i.e., the property of

the causal wedge being contained within the entanglement wedge) to derive constraints

on the parameters of the Gauss-Bonnet black hole solution (2.11). Let us first review
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Figure 8. Critical values φ∗C , defined such that for φA > φ∗C the causal wedge displays holes (and

the causal information surface is disconneted), for several values of the black hole horizon radius,

as a function of the Gauss-Bonnet coupling λ.

why we expect this property to hold by following the argument of [9]. The entanglement

entropy is not affected by unitary transformations on the reduced density matrix, so it must

depend only on the domain D[A] and not on the particular region A. This implies that the

entanglement extremal surface ΓA cannot be affected by perturbations of the Hamiltonian

that have support entirely on D[A].6 Therefore, SA has to be causally disconneted from

D[A] and we conclude that C(A) ⊂ E(A).

By looking at the phase transition in entanglement entropy and comparing it to the

critical point where the causal information surface becomes disconneted, we have already

been able to find a violation of the CWI property for certain values of the coupling λ. We

notice, however, that a violation of CWI can in principle appear for any arbitrary region

A, even before the phase transition in the entanglement entropy and before the change

in topology of C. Figure 9 shows an example where CWI is violated. Notice that if we

construct the causal wedge via the usual definition by shooting null rays in the physical

metric (2.11), we would not be able to see a violation of CWI.

Here, we would like to systematically compare the causal and entanglement wedges in

detail by scanning over all size of spherical boundary regions parametrized by φA to find

the smallest region in the parameters (rh, λ) of the Gauss-Bonnet solution such that the

CWI property still holds. Our method to find violations of CWI is to compare the causal

information surface ΞA with the entanglement entropy minimal surface ΓA associated to

the same spherical boundary region A. The surface ΓA is characterized by a curve φE(ρ),

and similarly ΞA is characterized by a curve φC(ρ). If the difference ∆φ ≡ φE − φC is less

than zero for some ρ, then the CWI property is violated. In principle, we need to scan

over all possible boundary region sizes parametrized by φA. Numerically, it turns out that

the region more susceptible to violation of CWI typically lies in the interval π
4 ≤ φA ≤ π

2 .

6To see this, imagine that we choose a different region A′ such that D[A′] = D[A] and lying in the past

of the perturbation of the Hamiltonian. Since A′ is not affected by the perturbation, SA′ does not change,

and since SA = SA′ we conclude that ΓA is not affected by the perturbation.
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Figure 9. Causal information surface ΞA constructed by shooting the fastest mode of propagation

(Red). The equivalent of the causal information surface if one shoots conventional null rays instead

of the fastest mode (Blue). Entanglement minimal surface ΓA (Green). We have set λ = 0.2,

rh = 0.5, and φA = 1.5.

This behavior is shown in figure 10. In this particular interval the surfaces ΓA and ΞA
are closer to each other and they are deep enough into the bulk so that the effect of the

superluminal modes is significant.

Figure 11 shows our final result. Above the green dots we have explicitly found a

violation of CWI for certain boundary region size. This result shows that in our toy

model the implication nBCC⇒ nCWI is obeyed, with the CWI property being much more

constraining than boundary causality.

5 Final remarks

The main observation of this paper was that the construction of the entanglement and

causal wedges in general higher order gravities should be performed by shooting geodesics

of the fastest mode of the theory. Only in this way, causality in the bulk is properly taken

into account in the aforementioned constructs. Assuming that the CWI property must be

satisfied by consistency of subregion-subregion duality, this simple but crucial observation

translates into a powerful method to constrain higher order derivative theories. In the

case of Gauss-Bonnet gravity, our results are summarized in figure 11. These plots can be

interpreted as follows:

1. For a given value of rh (black hole horizon size), we obtain a small window of couplings

λ for which CWI is satisfied. This is a state-dependent constraint.

2. Alternatively, we can arrive to a state-independent constraint if we consider all (black

hole) states in the theory. In particular, since the window of couplings shrinks to zero

size as rh → 0, any O(1) value of λ would lead to an inconsistency in the theory.
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Figure 10. Angular difference ∆φ = φE − φC between the entanglement minimal surface ΓA,

described by the curve φE(ρ), and the causal information surface ΞA, described by the curve φC(ρ).

The regions where ∆φ < 0 indicate a violation of the CWI property, i.e., for certain choices of

parameters (rh, λ) we are able to find a region A such that C(A) 6⊂ E(A).
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Figure 11. Constraints on the parameter space (rh, λ) of the spherical AdS Gauss-Bonnet black

hole soluton due to: hyperbolicity (Blue), boundary causality [34] (Red), and Causal Wedge Inclu-

sion (Green). The region outside the shaded region or above (below in the right figure) the dots is

not allowed.
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The two possibilities here are: i) we must supplement the gravity action with further

(possibly large) higher derivative couplings in such a way that we restore CWI or ii) we can

consider Gauss-Bonnet theory on its own, but in that case we can only have perturbative

small values of the coupling, of order λ ∼ O(`2P /L
2) � 1. In this scenario, the apparent

violations to CWI would be above the UV cutoff MP , so the classical analysis we performed

would break down.We point out that a similar conclusion was obtained by Camanho et al.

in [39] by deriving causality constraints from high energy 3-graviton scattering in Gauss-

Bonnet gravity. In [53] a different approach —involving a 4-point function and the chaos

bound— was taken to relate the results of Camanho et al. to BCC. Indeed, the relation

CWI⇒ BCC is well established for Einstein gravity (see e.g., [21]). Our results imply that

this arrow also holds true for Gauss-Bonnet gravity, which can easily be checked by our

final plots in figure 11.

Let us end with a couple of open questions and extensions that are worth exploring.

Further constrains from subregion duality. Entanglement Wedge Nesting (EWN)

is the property that D[A] ⊂ D[B] implies E(A) ⊂ E(B). This property is essential in

subregion duality, concretely, for the reconstruction of the entanglement wedge. In Einstein

gravity, it can been shown that EWN ⇒ CWI ⇒ BCC (see e.g., [21]), but the proof does

not hold for higher order gravities. In Gauss-Bonnet gravity, the extremal surfaces obey

the inclusion property. Therefore, if there is a violation of EWN one should look at the

entire entanglement wedge, constructed by shooting geodesics of the mode with the fastest

propagation. Since the surfaces ΓA are nested, there is little room for its violation but

it might still happen due to caustics in the entanglement wedge. In that case, EWN

might give even stronger constraints than CWI and could be used to close the window

of allowed couplings even further. Another interesting possibility would be to consider

quantum corrections to both CWI and EWN. This could be done using quantum extremal

surfaces [54, 55], although it might be difficult to implement in practice.

Extension beyond Gauss-Bonnet. Our method to derive constraints based on CWI

can in principle be applied to any higher order gravity theory. In order to do so one would

need two basic ingredients. The first one is to determine whether superluminal propagation

exists by studying the different gravitational modes. The second one is the construction

of the entanglement and causal wedges. As explained in the paper, this must be done by

shooting the fastest mode of propagation instead of null modes. Finally, having the two

wedges one could easily test the inclusion property for the theory in consideration. While

this might be technically too involved in a general higher derivative theories, there are cases

where the problem is tractable. For example, the hyperbolicity of Lovelock and Horndeski

gravity was investigated in [31, 56, 58], the entanglement functional in [28, 57] and the

fluctuations in [59].

Universality in higher order gravities. One natural question is the universality of

our results in generic higher order gravities. Does the qualitative behavior of figure 11

persists for general quadratic and cubic higher order gravities? Or can there be gravity

theories for which the higher derivative couplings do not need to be taken perturbatively
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small? Is this result general for theories with superluminal propagation in the bulk? And

what happens for higher order gravity theories with no superluminal propagation? Can

we still constrain these theories with CWI, or some other property of subregion duality?

Gao-Wald theorem. The Gao-Wald theorem [60] addresses the question of bulk space-

time being compatible with boundary causality, in the sense that we cannot have faster

propagation between two boundary points through a path in the bulk. The theorem holds

in general for any asymptotically AdS spacetime in Einstein gravity, and states that the

Averaged Null Energy Condition (ANEC) is a sufficient condition to ensure that boundary

causality is obeyed. If we do not assume Einstein gravity, the ANEC is replaced by the

Null Curvature Condition (ANCC). The converse of the Gao-Wald theorem is not true in

general, i.e., preserving the causal structure at the boundary does not imply the ANCC to

be satisfied in the bulk. Progress to find the necessary and sufficient conditions to preserve

boundary causality have been made by Engelhardt and Fischetti [61], where they found

the necessary and sufficient conditions at the linear level when the spacetime is a pertur-

bation of pure AdS. However, both Gao-Wald and Engelhardt-Fischetti implicitly assume

that the causal structure is controlled by null rays, so they do not apply for theories with

superluminal propagation. It would be interesting to see whether these theorems can be

modified to take the superluminal modes into account.

Holographic complexity. Similarly to the modifications in the definitions of the causal

and entanglement wedges due to the existence of bulk superluminal propagation, we should

also be careful when considering other bulk regions defined via a causal domain, such as

the WdW patch used to compute holographic complexity [62, 63]. In Gauss-Bonnet, the

superluminal modes travel along the angular directions, while gravity still travels at the

speed of light along a radial path. However, we do not have to construct the WdW patch

using purely radial geodesics, we can use geodesics with angular momentum. Consequently,

the WdW patch could be modified by the presence of superluminal modes. Also, subregion

complexity-action [64] involves the entanglement wedge, so we expect superluminal modes

to have a clear effect in its behavior. We point out that previous investigations of complexity

in Gauss-Bonnet gravity include [65, 66], but they do not consider the effects of these

modes. It would be interesting to investigate complexity-action in the region of parameters

where we know that boundary causality and CWI are satisfied or violated. It would be

also interesting to investigate if the relation between complexity and entanglement found

in [67, 68] persists in higher derivative theories.

We hope to come back to some of these points in the near future.
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A Entanglement entropy functional in Gauss-Bonnet

Let us specialize the functional (3.2) for the black hole geometry (2.11). This is essentially

the same computation of [69]. Using the spherical symmetry, we can parametrize the

surface ΓA by (r(σ), φ(σ)). The induced metric on this hypersurface is

habdx
adxb =

(
r′2(σ)

f(r(σ))
+ r2(σ)φ′

2
(σ)

)
dσ2 + r2(σ) sin2(φ(σ))dΩ2

2

≡ hσσ(σ)dσ2 + e2F (σ)dΩ2
2, (A.1)

where the indices a, b run over (σ, χ, ω). The scalar curvature on ΓA is evaluated to

R = 2e−2F − 6F ′2

hσσ
+

2F ′h′σσ
h2
σσ

− 4F ′′

hσσ
. (A.2)

The integral over ΓA in (3.2) becomes (after integrating over the 2-sphere)

1

4GN

∫
ΓA

d3x
√
h(1 + λL2R) =

=
π

GN

∫
dσ
√
hσσ(e2F + 2λL2) +

2πλL2

GN

∫
dσ

e2F

√
hσσ

(
−3F ′

2
+
F ′h′σσ
hσσ

− 2F ′′
)

=
π

GN

∫
dσ

(√
hσσ(e2F + 2λL2) + 2λL2 e

2FF ′2√
hσσ

)
− 4πλL2

GN

e2FF ′√
hσσ

∣∣∣
σ=σbdy

. (A.3)

The boundary term is expected to cancel the extrinsic curvature term in (3.2). As a check,

we can compute the extrinsic curvature by defining the outward unit vector normal to ΓA

na =
√
hσσδσa, na =

√
hσσδσa. (A.4)

The extrinsic curvature evaluated at ∂ΓA is

K = hab∇anb
∣∣∣
σ=σbdy

=
2F ′√
hσσ

∣∣∣
σ=σbdy

. (A.5)

The integral of the extrinsic curvature in (3.2) becomes (using
√
h̃ = e2F )

λL2

2GN

∫
∂ΓA

d2x
√
h̃K =

4πλL2

GN

e2FF ′√
hσσ

∣∣∣
σ=σbdy

, (A.6)

which precisely cancels the boundary term in (A.3). The functional (3.2) is then

SA =
π

GN

∫
dσ

(√
hσσ(e2F + 2λL2) +

2λL2e2FF ′2√
hσσ

)
. (A.7)

– 21 –



J
H
E
P
1
1
(
2
0
1
9
)
1
7
5

Using the explicit form of F from the induced metric (A.1) we obtain

SA =
π

GN

∫
dσ

[√
hσσ

(
r2 sin2 φ+ 2λL2

)
+

2λL2

√
hσσ

(
rφ′ cosφ+ r′ sinφ

)2]
(A.8)

where r = r(σ), φ = φ(σ), the prime denotes derivative w.r.t. σ, and

hσσ(σ) =
r′2(σ)

f(r(σ))
+ r2(σ)φ′

2
(σ). (A.9)
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[18] R. Esṕındola, A. Güijosa, A. Landetta and J.F. Pedraza, What’s the point? Hole-ography in
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