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ABSTRACT

In this paper, reanalysis data are first analyzed to reveal that the individual negative (positive)-phase Pacific–

NorthAmerican pattern (PNA) or PNA2 (PNA1) has a lifetime of 10–20 days, is characterized by strong (weak)

westerly jet stream meanders, and exhibits clear wave train structures, whereas the PNA2 with rapid retro-

gression tends to have longer lifetime and larger amplitude than the PNA1 with slow retrogression. In contrast,

the wave train structure of the North Atlantic Oscillation (NAO) is less distinct, and the positive (negative)-

phaseNAO shows eastward (westward)movement around a higher latitude than the PNA.Moreover, it is found

that the PNAwave train occurs under a larger backgroundmeridional potential vorticity gradient (PVy) over the

North Pacific than that over theNorthAtlantic for theNAO.Aunified nonlinearmultiscale interaction (UNMI)

model is then developed to explainwhy the PNAas a nonlinear wave packet has such characteristics and its large

difference from the NAO. The model results reveal that the larger background PVy for the PNA (due to its

location at lower latitudes) leads to its larger energy dispersion and weaker nonlinearity than the NAO, thus

explainingwhy the PNA (NAO) is largely a linear (nonlinear) process with a strong (weak) wave train structure,

though it is regarded as a nonlinear initial-value problem. The smaller PVy for the PNA2 than for the PNA1

leads to lower energy dispersion and stronger nonlinearity for PNA2, which allows it to maintain larger am-

plitude and have a longer lifetime than the PNA1. Thus, the difference in the background PVy is responsible

for the asymmetry between the two phases of PNA and the difference between the PNA and NAO.

1. Introduction

The Pacific–North American teleconnection pattern

(PNA) is one of the most important atmospheric low-

frequency modes in the Northern Hemisphere midlati-

tudes (Dickson and Namias 1976; Wallace and Gutzler

1981; Feldstein 2002; Franzke and Feldstein 2005;

Franzke et al. 2011). While the PNA shows a wave

train with four centers that propagates from the sub-

tropical North Pacific to the southeastern United

States (Barnston and Livezey 1987; Feldstein 2002), it

exhibits a tilted dipole meridional structure with a very

weak southern node over the North Pacific. Because the

PNA and its change can significantly influence North

American weather and climate (Harnik et al. 2016;

Singh et al. 2016; H. Wang et al. 2017; S.-Y. Wang et al.

2017; Schulte and Lee 2017; Swain et al. 2018; Yu and

Lin 2019), the triggering mechanism of the PNA events

with a subseasonal time scale of 10–20 days (Feldstein

2002) has been an important research topic (Hoskins

and Karoly 1981; Cash and Lee 2001; Franzke and

Feldstein 2005; Franzke et al. 2011; Baxter and Nigam

2013; Song 2018).

Many studies have revealed that while the PNA is

associated with the thermal forcing in the tropics

(Hoskins and Karoly 1981) and El Niño–Southern
Oscillation (ENSO) (Horel and Wallace 1981), it

arises mainly from the forcing of successive traveling
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FIG. 1. Instantaneous daily Z500 [contour interval (CI) 5 80 gpm] fields of (a) PNA2 events during the periods

from 28Dec 1955 to 20 Jan 1956 and (b) PNA1 events occurring overNorth Pacific during 8–22Dec 2002. The thick

black line denotes the 5440-gpm contour line.
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synoptic-scale eddies through eddy momentum fluxes

(Lau 1988; Lau and Nath 1991; Feldstein 2002; Franzke

et al. 2011; Song 2018). In a diagnostic study, Feldstein

(2002) found that the PNA is dominated by a linear

process. Song (2018) used a simplified model to examine

the role of synoptic-scale eddies in the PNA onset by

separating synoptic-scale eddies into preexisting and

deformed eddies following Luo (2000) and Luo et al.

(2007). While the vorticity budget diagnostic studies by

Feldstein (2002) and Mori and Watanabe (2008) can

reveal that the PNA life cycle is a weakly nonlinear or a

strongly linear process, they cannot tell us what factor

leads to such a strongly linear process or why the non-

linear interaction between the low-frequency compo-

nents of the PNA is so weak that the linear process is

dominant. Moreover, why individual PNA events last

for about 2 weeks but not shorter or longer, and why

the PNA shows a strong asymmetry between its two

phases have not been answered so far, because no

analytical or theoretical models have been developed

to describe the life cycle of individual PNA events.

Because the background wind, PNA and synoptic-

scale eddies are often coupled together, this makes it

difficult to use numerical models and the vorticity

FIG. 1. (Continued)
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budget or streamfunction tendency equation to iden-

tify their causal linkage. The unified nonlinear multi-

scale interaction (UNMI) model developed by Luo

et al. (2007, 2015, 2018) provides a possible tool for

examining this issue. Thus, this UNMI model has the

potential to address this question because it considers

low-frequency modes such as atmospheric blocking or

NAO events as a nonlinear initial-value problem (Luo

2000, 2005; Luo et al. 2007).

The UNMI model used here is an extension of the

nonlinear multiscale interaction (NMI) model of at-

mospheric blocking proposed by Luo (2000, 2005). In

this NMI model, the blocking is generated from the

interactions among the basic flow, planetary-scale

waves, and synoptic-scale eddies that are separated

into preexisting and deformed synoptic-scale eddies,

and the planetary and synoptic-scale zonal waves are

separated in deriving the analytic solutions under a

zonal-scale separation assumption (Luo 2000, 2005;

Luo and Li 2000; Luo et al. 2001, 2014, 2019). The

UNMI model can describe the life cycle of not only

atmospheric blocking, but also individual NAO events,

with the negative-phase NAO (NAO2) being con-

sidered to resemble a blocking flow (Luo et al. 2007,

2015, 2018). Thus, the UNMI model unifies atmo-

spheric blocking and NAO events into one model. In

the UNMI model, the deformed eddies play only a

secondary role in the generation and maintenance of

blocking and NAO patterns, suggesting that the eddy

straining (i.e., synoptic-scale wave breaking) is not a

key process for the establishment of atmospheric

blocking or NAO.

Because the unfiltered daily geopotential height field

of the PNA2 (PNA1) event (Fig. 1) bears a striking

resemblance to that of the NAO2 (NAO1) event (Luo

et al. 2007) and the PNA can also be similarly consid-

ered as an initial-value problem, it is feasible to use

the UNMI model to examine the basic physics of the

PNA life cycle by extending theUNMImodel to include

the effect of background wind fields over the North

Pacific. In this extended UNMI model, we can establish

the linkage between the background wind field and

PNA by considering the variation of the background

meridional potential vorticity (PV) gradient induced

by the backgroundwind change, while the PNA is driven

by preexisting synoptic-scale eddies and the PNA

induces a zonal-mean wind change. The most important

advantage of this UNMI model is that it provides an

inverse ratio rule of the energy dispersion–nonlinearity

relation for describing the linear and nonlinear behav-

iors of atmospheric low-frequency (10–20 day) dipole

modes, such as atmospheric blocking (Luo et al. 2019).

This inverse ratio rule says that the energy dispersion

is proportional to the background meridional PV gra-

dient (PVy), whereas the nonlinearity is proportional

to the inverse of PVy. When the North Pacific back-

ground wind condition is considered in this model,

the energy dispersion–nonlinearity inverse ratio rule

obtained from the UNMI model should apply to the

case of the PNA event. This motivated us to apply the

extended UNMI model to explain the basic charac-

teristics (including the life cycle) of the PNA events

and to reveal the physical cause of the asymmetry of

the PNA between its two phases. To our knowledge,

the modified UNMI model presented in this study

represents the first theoretical or analytical model of

the PNA.

We first describe the data and method in section 2.

The description of the extended UNMI model is given

in section 3. Composite results of the PNA events are

presented in section 4 based on reanalysis data. The

model results about the impact of the background zonal

wind or meridional PV gradient on the PNA are further

presented in section 5. A comparison between the PNA

and NAO is made in section 6. Conclusions and dis-

cussion are given in the final section.

2. Data and method

Here, we used daily data for 500-hPa geopotential

height (Z500) and zonal wind (U500), and surface air

temperature (SAT) from the National Centers for

Environmental Prediction–National Center for Atmospheric

Research (NCEP–NCAR) reanalysis (Kalnay et al. 1996)

on a 2.58 3 2.58 latitude–longitude grid for boreal winter

[from December to February (DJF)] from December

1950–February 1951 to December 2017–February 2018

(1950–2017). The anomaly for each variable at each grid

point is derived by subtracting its local mean seasonal

cycle and linear trend. The daily PNA index is con-

structed by projecting the daily (0000 UTC) 500-hPa

height anomalies over the Northern Hemisphere onto

the loading pattern of the PNA that is defined as the

second leading mode of rotated empirical orthogonal

function (REOF) analysis of monthly mean Z500 during

the 1950–2000 period. The daily NAO index has a sim-

ilar definition, but the loading pattern of the NAO is

defined as the first leading REOF mode of monthly

mean Z500 during the 1950–2000 period. The daily PNA

andNAO indices were obtained from theNOAAClimate

Prediction Center (https://www.cpc.ncep.noaa.gov/). A

PNA1 (PNA2) event is defined to have taken place

if the daily PNA index exceeds 1.25 (21.25) standard

deviations above (below) its mean value for at least

3 consecutive days. For NAO events, we use the same

definition with the PNA index. We also excluded the
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PNA (;21.6%) and NAO (;14.6%) events if their in-

dices are nonmonotonic during their growth and decay

phases. Here, a nonmonotonic event is defined if there

are two peaks and their time interval is less than 10 days.

To quantify the life cycle of a PNA or an NAO event,

we define the day when the daily PNA or NAO index

reaches its maximum as the lag 0 day, and then average

the life cycle over all the selected events to derive a

composite life cycle for PNA or NAO events.

3. Description of the UNMI model

While the excitation of the PNA is related to large-

scale forcing (Hoskins and Karoly 1981; Horel and

Wallace 1981; Mori and Watanabe 2008) and zonally

asymmetric climatological flow (Branstator 1992), it

seems that the vorticity flux from the synoptic-scale

eddies plays a major role in the generation and

maintenance of the PNA (Lau 1988; Branstator 1992;

Feldstein 2002; Franzke and Feldstein 2005; Franzke

et al. 2011). In fact, the zonally asymmetric climato-

logical flow can influence the PNA mainly via the

generation of synoptic-scale eddies due to barotropic–

baroclinic instability (Frederiksen 1983). To some ex-

tent, it is thought that the PNA can indirectly gain its

kinetic energy from the background flow via synoptic-

scale eddy feedback (Branstator 1992). In this paper,

to isolate the effect of zonally symmetric or asym-

metric background flow over the North Pacific on the

PNA life cycle and to emphasize the key role of PVy

related to the meridional distribution and strength of

background zonal winds in the linear and nonlinear

evolution of the PNA, we assume that synoptic-scale

eddies have existed before the PNA onset and the

background flow prior to the PNA onset is pre-

specified and does not produce additional synoptic-

scale eddies to directly influence the PNA. Because

the preexisting background flow is changed as a re-

sponse to the PNA life cycle once the PNA occurs, as

mentioned below, it is difficult to infer if the changing

background flow leads to the PNA life cycle or vice

versa in model and reanalysis data diagnostic studies.

But our model here seems to be able to avoid this

difficulty.

Here, we use the UNMI model for NAO or blocking

events of Luo et al. (2018, 2019), but extend it to

include a nonuniform background zonal wind over the

North Pacific. To help understand the model, below

we present a complete description of the model with

much of the text and most of the equations taken from

Luo et al. (2018, 2019) and other earlier papers by Luo

et al. with some modifications to adapt the model to the

PNA case.

As revealed below, the preexisting background zonal

wind over the North Pacific prior to PNA onset shows

a zonally asymmetric zonal flow distribution and then

is referred to as a zonally asymmetric background

flow, hereafter. Considering a zonally asymmetric

background flow c(x, y), we decompose the nondi-

mensional total streamfunction field cT, scaled by

characteristic length ~L (’1000 km) and velocity ~U

(’10m s21), of the PNA event into three parts:

cT 5c(x, y)1c1c0, where c(x, y) is the background

flow streamfunction normalized by ~L ~U that is main-

tained by stationary external forcing, c is the

planetary-scale PNA anomaly with zonal wave-

number k, and c0 is the synoptic-scale eddies with

zonal wavenumbers ~kj ( j 5 1, 2, 3, . . .). Under the

zonal-scale separation assumption k � ~kj (Luo 2000,

2005; Luo et al. 2014, 2018), the nondimensional

planetary- and synoptic-scale PV equations of the

UNMI model in a nonuniform zonally varying

background flow c(x, y) (U52›c/›y and V5 ›c/›x)

in a b-channel plane with a width of Ly are ob-

tained as�
›

›t
1U

›

›x

�
(=2c2Fc)1 J(c,=2c)1PV

y

›c

›x

52= � (v0q0)
P
2V

›=2c

›y
2

›c

›y

�
›2U

›x›y
2

›2V

›x2

�
, (1a)

�
›

›t
1U

›

›x

�
(=2c0 2Fc0)1PV

y

›c0

›x

52J(c0,=2c)2 J(c,=2c0)2V
›=2c0

›y

2
›c0

›y

�
›2U

›x›y
2

›2V

›x2

�
1=2c

S
*, (1b)

where PVy 5 b 1 Vxy 2 Uyy 1 FU is the meridional

gradient of the background PV in a nonuniform zonally

varying basic flow with (U, V)5 (2›c/›y, ›c/›x), Uy 5
›U/›y,Uyy5 ›2U/›y2,Vxy5 ›2V/›x›y, F5 ( ~L/Rd)

2,Rd is

the radius of Rossby deformation, 2J(c,=2c)P is a sta-

tionary term that has a very weak projection into the

PNA anomaly and is balanced by the stationary external

forcing, = � (v0q0)P 5 J(c0, =2c0)P and v0 5 (u0, y0) 5
(2›c0/›y, ›c0/›x), = � (v0q0)P represents the planetary-

scale component of the eddy vorticity flux diver-

gence = � (v0q0) induced by synoptic-scale eddies c0

with its relative vorticity q0 5 =2c0. Here, = � (v0q0)P
is assumed to have the same spatial scale as that of the

PNA anomaly c. Note that b5b0
~L2/ ~U is the nondi-

mensional meridional gradient of the Coriolis parame-

ter at a reference latitude u0, =
2cS* is the synoptic-scale

vorticity source that maintains preexisting synoptic-scale
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eddies prior to the PNA onset (Luo 2005; Luo et al.

2018, 2019).

When a slowly varying background zonal flow exists

and it is zonally uniform or c5c(y), one can have

PVy5 b2Uyy1FU,U5U(y), andV5 0. Thus, Eq. (1)

in a zonally asymmetric background flow is an extension

of the UNMI model obtained by Luo et al. (2019) for a

blocking system. The analytical solution to Eq. (1) can

be derived using theWentzel–Kramers–Brillouin (WKB)

method when the assumption c0 ’c0
1 1c0

2 is used

(where c0
1 denotes the preexisting synoptic-scale eddies

with two wavenumbers ~k1 and ~k2 prior to the PNA onset

and c0
2 represents the deformed eddies due to the

feedback of the intensified PNA on preexisting synoptic

eddies). One can obtain ›q/›t’2= � (v01q0
1)P because of

c0
2 ’ 0, v0 ’ v01 5 (2›c0

1/›y, ›c
0
1/›x), and q0 ’ q0

1 5=2c0
1

during the initial stage (t; 0) of the PNA development,

where 2= � (v01q0
1)P is the preexisting eddy forcing in-

duced by the preexisting eddies. It is noted that the PNA

event with zonal and meridional wavenumbers k andm,

respectively, can be driven by 2= � (v01q0
1)P, if q repre-

sents the PV anomaly of the PNA and 2= � (v01q0
1)P has

the same spatial structure as that of q. This process may

be referred to as the eddy-PNA matching mechanism,

which is also held for the formation of blocking and

NAO events (Luo 2000, 2005; Luo et al. 2014, 2015,

2018, 2019).

Assuming that c(x, y) has slower variations in the

zonal and meridional directions than the carrier wave of

the PNA. Using the WKB method, the total atmo-

spheric streamfunction field of an eddy-driven PNA

event derived from Eq. (1) in a nonuniform slowly

varying background flow in a first variable form can be

expressed as

c
T
5c(x, y)1c1c0 5c

P
1c0 , (2a)

c
P
5c(x, y)1c’c(x, y)1c

PNA
1c

m
, (2b)

c
PNA

5B

ffiffiffiffiffiffi
2

L
y

s
exp[i(kx2vt)] sin(my)1 cc, (2c)

c
m
52jBj2�

‘

n51

q
n
g
n
cos(n1 1/2)my , (2d)

c0 ’c0
1 1c0

2 , (2e)

c0
1 5 f

0
(x)fa

1
exp[i( ~k

1
x2 ~v

1
t)]1a

2
exp[i( ~k

2
x2 ~v

2
t)]g sin

�m
2
y
�
1 cc, (2f)

c0
2 52

m

4

ffiffiffiffiffiffi
2

L
y

s
Bf

0
(x)�

2

j51

Q
j
a
j
expfi[( ~k

j
1 k)x2 (~v

j
1v)t]g

�
p
j
sin

�
3m

2
y

�
1 r

j
sin

�m
2
y
��

1
m

4

ffiffiffiffiffiffi
2

L
y

s
B*f

0
(x)�

2

j51

Q
j
a
j
expfi[( ~k

j
2 k)x2 (~v

j
2v)t]g

�
s
j
sin

�
3m

2
y

�
1 h

j
sin

�m
2
y
��

1 cc, (2g)

i

�
›B

›t
1C

g

›B

›x

�
1l

›2B

›x2
1 djBj2B1Gf

0
(x)2 exp[2i(Dkx1Dvt)]5 0, (2h)

where cT is the total streamfunction field of the PNA

life cycle, cP denotes the streamfunction field of the

planetary-scale component of the PNA with its

planetary-scale anomaly cPNA (i.e., the removal of

cm and c(x, y) from cP), cm is the PNA-induced

zonal-mean zonal wind change during the PNA life

cycle, which reflects the variation of the background

flow [c(x, y) plus cm], and B in Eq. (2h) denotes the

complex amplitude of the PNA wave packet. In

Eq. (2e), c0 is the synoptic-scale eddy streamfunction

composed of two parts: c0
1 and c0

2, where c
0
1 denotes the

streamfunction anomaly of the preexisting synoptic-

scale eddies andc0
2 represents the streamfunction anomaly

of deformed eddies.

In Eq. (2h), we note that Dk5 k2 ( ~k2 2 ~k1) or

Dv5 ~v2 2 ~v1 2v denotes the difference of the zonal

wavenumber or frequency between the PNA anomaly

cPNA and preexisting eddy forcing 2= � (v01q0
1)P, v 5

Uk 2 [PVyk/(k
2 1 m2 1 F)], Cg 5 ›v/›k 5 U 2

PVy(m
2 1 F2 k2)/(k2 1 m2 1 F)2 is the group velocity,

~vj 5U ~kj 2PVy
~kj/( ~k

2
j 1m2/41F) (j 5 1, 2) is the fre-

quency of preexisting synoptic-scale eddies c0
1, jBj2 5

B*B, B* is the complex conjugate of B, qn 5 qNn/PVy is

the coefficient of the mean zonal wind change cm and cc

denotes the complex conjugate of its preceding term.

Note that l5 l0PVy with l0 5 [3(m2 1 F)2 k2]k/(k2 1
m2 1 F)3 (l0 . 0) is the linear dispersion term, d 5
dN/PVy (dN . 0) is the nonlinearity strength, k 5 2k0,
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k0 5 1/(6.371 cosu0), m 5 62p/Ly, a1 5 1, a2 5 a, ~kj 5
nk0 1 (21)jDnk0 (j5 1, 2), n is the positive integer (e.g.,

n 5 9), and Dn is chosen to be 1 and represents the

difference between ~k1 and ~k2. In Eqs. (2f)–(2h), f0(x) 5
a0 exp[2m«2(x1 xT)

2] represents the spatial distribution

of the slowly varying eddy amplitude, m. 0, «� 1.0 is a

small parameter and xT is the zonal location of the

maximum eddy amplitude. In Eqs. (2d)–(2h), dN, qNn,

gn, Qj pj, rj, sj, hj, and G can be found in the appendix.

As in Luo et al. (2019), a high-order split-step Fourier

scheme (Muslu and Erbay 2005) is also used to solve

Eq. (2h) to obtain the spatiotemporal solution of

the PNA amplitude B for given parameters in Table 1

and initial conditions as a nonlinear initial-value prob-

lem. In the extended UNMI model, the PNA anomaly

may be regarded as a nonlinear wave packet that is

described by a forced nonlinear Schrödinger (NLS)

equation [Eq. (2h)]. The solution (2c) represents the

negative (positive) phase of PNA or PNA2 (PNA1)

when a 5 21 and m 5 22p/Ly (a 5 1 and m 5 2p/Ly)

are chosen. We also find 2Dv5PVy[ ~k2/( ~k
2
2 1m2/41

F)2 ~k1/( ~k
2
1 1m2/41F)2 k/(k2 1m2 1F)] for k5 ~k2 2

~k1. It is inferred from our analytical solution that the

larger-PVy region corresponds to an area of stronger

energy dispersion, weaker nonlinearity and short-lived

eddy forcing because there are l } PVy, d } 1/PVy, and

Dv } PVy as found in Luo et al. (2019) for a blocking

system. Clearly, l 5 l0PVy and d 5 dN/PVy or l } 1/d

always hold even for a zonally asymmetric background

flow and the PNA system, which is also appropriate for

the NAO. Thus, the energy dispersion of the PNA sys-

tem is proportional to the inverse of the nonlinearity.

This is the so-called inverse ratio rule of the energy

dispersion–nonlinearity relation first derived by Luo

et al. (2019) for the blocking system. These relations

imply that the PNA1 tends to bemore strongly dispersive

and have a shorter lifetime (larger Dv) than the PNA2

because the PNA1 corresponds to a larger PVy over the

North Pacific midlatitudes. Moreover, because U(x, y)

and PVy are the function of x and y, B in Eq. (2h) should

be the function of x, y, and t, though the variations in the x

and y directions have been assumed to be slowly varying.

The nonlinear phase speed CNP of the PNA can be

obtained as (Luo et al. 2019)

C
NP

5U2
PV

y

k2 1m2 1F
2

d
N
M2

0

2kPV
y

, (3)

where M0 5 jBjmax represents the maximum amplitude

of the daily PNA anomaly. One can see how the PNA

anomalymoves during the life cycle of the PNAevent from

Eq. (3) if U, PVy, and the amplitude M0 of the northern

pole of PNA are known. This formula can also be applied

to the cases of blocking and NAO. Thus, calculating the

nonlinear phase speed CNP of the PNA wave packet from

Eq. (3) can allow us to infer how the movement or prop-

agation of the PNA wave train depends on its phase and

associated environment conditions over the North Pacific.

4. Characteristics of the PNA

a. Individual PNA events and their connection to
jet stream

To shed an insight into the dynamics of individual

PNA events, it is useful to examine the unfiltered

daily fields from selected PNA2 and PNA1 events.

Figure 1a shows a PNA2 event during the period from

28 December 1955 to 20 January 1956, while Fig. 1b

shows a PNA1 event during 8–22 December 2002. It is

seen that the PNA2 event shows a life cycle from the

growth and maintenance to the decay with a lifetime of

about 20 days. The evolution of this PNA2 looks like the

formation process of a North Pacific blocking, which is

characterized by the presence of a meandering westerly

jet stream consisting of isolated small-scale cyclonic and

anticyclonic vortices within the blocking region (Fig. 1a)

(Berggren et al. 1949). We also note that the growth

and westward movement of the PNA2 (28 December

TABLE 1. Values of given parameters used to calculate the extended UNMI model solution.

Parameters Value

Nondimensional zonal wavenumber k of the PNA anomaly k 5 2/(6.371 cosu0)

Nondimensional zonal wavenumber ~k1 of preexisting synoptic-scale eddies ~k1 5 8/(6:371 cosu0)

Nondimensional zonal wavenumber ~k2 of preexisting synoptic-scale eddies ~k2 5 10/(6:371 cosu0)

Reference latitude u0 358N
Nondimensional width Ly of the b channel 4.5

Characteristic horizontal length ~L 106m

Characteristic horizontal wind speed ~U 10m s21

m 0 to 1.5

« 0.24

Zonal location xT of preexisting synoptic-scale eddies 22.87/4 to 2.87/2

Amplitude a0 of preexisting synoptic-scale eddies 0.25
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1955 to 10 January 1956) is linked to the northward

(southward) displacement of intensified ridges mainly

over the North Pacific (deepened troughs mainly to the

west and east of the Pacific ridge) or associated warm

(cold) air mass that resembles a cyclonic wave breaking

(CWB). Thus, the generation and maintenance of the

PNA2 is associated with the presence of CWB.

Moreover, intense small-scale troughs and ridges

are seen during the initiation stage of the PNA1 event

(8 and 10 December in Fig. 1b). But along with the

intensification of the PNA1, these small-scale troughs

and ridges are absorbed by the mean zonal flow to

strengthen the zonal flow due to the presence of an

intensified large-scale cyclonic-over-anticyclonic di-

pole over the North Pacific midlatitudes (12, 14, and

16 December), which resembles the behavior of weak-

ened small-scale ridges and troughs during the NAO1

episode. This PNA1 event also shows a westward

movement and has a time scale of about 14 days, con-

sistent with previous findings (e.g., Feldstein 2002).

Overall, the individual PNA2 (PNA1) event corre-

sponds to the presence (absence) of CWB or blocking

flow over the North Pacific. Thus, the generation of the

PNA is linked to synoptic-scale wave breaking (Franzke

et al. 2011). However, why the PNA life cycle has the

above behavior and a lifetime of about two weeks

(10–20 days) are not be explained in previous studies.

Our extended UNMI model can be used to investigate

these issues.

b. Composite results of PNA events

During the 68 winters from December 1950 to

February 2017, there were 77 PNA1 and 68 PNA2

events according to the above PNA definition. Figure 2a

shows their composite evolution (i.e., average over all

the events for each lag time) of the daily PNA index for

the two phases. It is seen that the e-folding time scale

of the PNA1 and PNA2 is around 10 and 12 days, re-

spectively, with the difference being statistically signifi-

cant at the 95% confidence level. The PNA2 also has

larger amplitude than the PNA1. Thus, on average the

PNA2 events tend to have larger amplitude and longer

lifetime than the PNA1 events. Figures 2b and 2c show

time-mean composite Z500 anomalies averaged from

lag25 to 5 days (with lag 0 corresponding to the peak of

the PNA index) for the two phases. Clearly, over the

North Pacific the positive Z500 anomaly of the PNA2

(Fig. 2c) is stronger than the negative Z500 anomaly of

the PNA1 (Fig. 2b). Also, the northern pole of the PNA

over the central North Pacific is much stronger than the

southern pole centered on about 208N for both phases.

We further show the time–longitude evolution of com-

posite daily Z500 anomalies averaged over 358–558N in

Figs. 2d and 2e for the two phases. It is interesting to find

that both the PNA2 and PNA1 anomalies show retro-

gression (i.e., westward movements), with the PNA2

(Fig. 2e) having a faster mean westward movement

speed of about 22.9m s21 than the PNA1 with a mean

westward speed of21.5m s21 (Fig. 2d). We also see that

the Z500 anomaly peaks on lag 21 day for the PNA2

and PNA1 (Figs. 2d,e); thus, it leads the peak of the

daily PNA index by about 1 day.

Figures 3a and 3b show the temporal evolution of

composite daily Z500 anomaly fields for the two phases

of the PNA. The PNA Z500 anomaly field exhibits a

quadrupole structure from the subtropical North Pacific

to North America during its evolution. The positive

Z500 anomaly over the west coast of North America is

weak from lag 28 to 24 days (Fig. 3a) when the North

Pacific center is still developing but becomes strong

from lag22 to12 days when the North Pacific center is

very strong. This reflects a strong energy dispersion of

the PNA1 leading to an intensification of downstream

positive height anomaly over the west coast of North

America. The similar features are found for the PNA2

(Fig. 3b). Thus, the growth and maintenance of the

PNA1 or PNA2 can be accompanied by a strong

downstream energy dispersion, even though the energy

dispersion of the PNA1 is stronger, as noted below. A

significant difference between the PNA1 and PNA2 is

that a positive (negative) Z500 anomaly appears over

the west coast of North America for the PNA1 (PNA2),

which leads to a warm west–cold east dipole of SAT

anomalies over North America during the decaying

phase (from lag 0 to 4 days) for the PNA1 (Fig. 3a) but a

cold west–warm east dipole SAT anomaly over North

America during the mature and decay phases (from

lag22 to 4 days) for the PNA2 (Fig. 3b). The PNA1 can

partly help explain the 2013/14 drought in California

(S.-Y. Wang et al. 2017). We also note that the northern

pole of the PNA2 shifts northward with its intensifica-

tion (Fig. 3b), but the meridional movement of the

PNA1 is hardly seen (Fig. 3a). In addition, it is found

that during the beginning stage the PNA2 is zonally

more isolated than the PNA1 (Fig. 3 for day 28). It

implies that the initial PNA2 also has weaker energy

dispersion than the initial PNA1. This result is not noted

in previous studies.

Here, we define DI 5 (HP 2 HA)/HP as a daily index

to quantify whether the PNA wave packet exhibits a

strong energy dispersion as in Luo et al. (2018), where

HP is the absolute value of the domain-averaged daily

Z500 anomaly over an area of 58 latitude3 58 longitude
around the anticyclonic (cyclonic) center of the PNA2

(PNA1) over the North Pacific, and HA is the absolute

value of the domain-averaged daily Z500 anomaly over
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FIG. 2. (a) Composite daily PNA indices for the PNA1 (red line) and PNA2 (blue line) events in winter during

1950–2017, with the dashed line representing the e-folding line of the index and the black dots denoting that the

amplitude difference between the two phases is statistically significant at the 95% confidence level based on 5000

Monte Carlo simulations. (b) The time-mean composite daily Z500 (contours; CI 5 20 gpm) and SAT (color

shading; K) anomalies averaged from lag25 to 5 days of the PNA index shown in (a) for PNA1 cases. (c) As in (b),

but for PNA2 events. In (b) and (c), only statistically significant anomalies (at the 5% level based on the two-sided

Student’s t test) are shown by the contours or color shading. (d) Time–longitude evolution of latitude-averaged

composite daily Z500 anomalies (gpm) over 358–558N during the PNA life cycle for PNA1 events. (e) As in (d), but

for PNA2 events. In (d) and (e), the arrow denotes the movement direction.
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FIG. 3. Temporal evolution of the composite daily Z500 (contours; CI 5 30 gpm) and SAT (color

shading; K) anomalies for (a) PNA1 and (b) PNA2 events from lag28 to18 days during 1950–2017. Only

statistically significant anomalies (at the 5% level) are shown by the contours or color shading.
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an area of 58 latitude3 58 longitude around the cyclonic

(anticyclonic) center over North America. This index

describes the difference of the Z500 anomaly amplitude

between upstream and downstream, thus reflecting the

energy dispersion strength of the PNA. When HA 5 0,

the PNA cannot disperse its energy toward downstream

because the Z500 anomaly vanishes over the North

America. In this case, one can have DI 5 1. However,

when HA is nonzero or when there is a Z500 anomaly

over the North America, DI , 1.0 exists. This case

represents that the PNA can disperse its energy toward

the North America. Thus, when DI is large (small), the

PNA has a weak (strong) energy dispersion.

Figure 4 shows the temporal variation of the com-

posite daily dispersion index DI of the PNA events. It

is seen that during the early stage (from lag 210

to28 days) of the PNA,DI is smaller for the PNA1 than

for the PNA2. This suggests that the PNA1 has a

stronger energy dispersion than the PNA2 even during

the initiation phase of the PNA. We further see that for

the PNA1 DI increases sharply from lag210 to26, but

decreases rapidly from lag24 to21, and then increases

again from lag 0 to14; while the change for the PNA2 is

more muted (Fig. 4). Nevertheless, DI is lower for

PNA1 than for PNA2 prior to lag 15. Thus, the PNA1

has a stronger energy dispersion than PNA2 during

most of their life cycle, although they can have reduced

energy dispersion when the PNA amplitude is in-

tensified. It is noted that while the PNA has its peak

amplitude at lag 21 (Figs. 2d,e), strong energy dis-

persion occurs mainly during the growing (before

lag 27 days) and decaying (from lag 21 to 2 days)

phases of the PNA. As noted below, such an energy

dispersion is probably related to the differences in the

background PVy and initial PNA conditions between

the two phases of the PNA.

We also see that the time evolution of the PNAenergy

dispersion is different from that of the NAO energy

dispersion (Fig. 4e of Luo et al. 2018), where the strong

energy dispersion of the NAO occurs mainly during

the decaying stage. Since DI is lower after lag 21 than

earlier stages, the energy dispersion of the PNA also

shows a distinct asymmetry between its growing and

decaying phases. Thus, the above results suggest that the

PNA1 has stronger energy dispersion than the PNA2

during its growing, mature and decaying phases. Such an

asymmetry of the PNA energy dispersion was not inves-

tigated in previous studies, but it can be further examined

here based on the UNMI model as described above.

c. Linkage of the PNA energy dispersion to zonal
winds and PVy

To reveal the physical cause of the PNA asymmetry,

here we will examine whether the differences in the

PNA’s duration, energy dispersion and movement are

related to the differences in the background conditions

between its two phases. Figure 5 shows that the U500

and PVy (i.e., PVy 5 b 2 Uyy 1 FU) anomalies during

the mature phase (lag 25 to 15) of the PNA mainly

occur in the latitude band of 258–458N, and they are

intensified (weakened) over the North Pacific within this

latitude band during the PNA1 (PNA2) events. Here,

we calculated the time-mean U500 and PVy averaged

from lag220 to210 days prior to the PNA onset as the

background condition of the PNA and show the results

in Fig. 6. It is found that the composite backgroundU500

and PVy over the North Pacific (mainly within 258–458N,

1808–1308W) are stronger for the PNA1 (Figs. 6a,d)

than for the PNA2 (Figs. 6b,e). This point can be clearly

seen from the PNA1 minus PNA2 difference as shown

in Figs. 6c and 6f, which also show significant positive

differences over the latitudes 258–458N and significant

negative differences over the latitudes 458–608N of

Eurasia and Pacific. Thus, it is possible that the short

duration and strong energy dispersion of the PNA1may

be related to the strong (weak) U500 and PVy over the

North Pacific lower latitudes 258–458N (mid–high lati-

tudes 458–608N) prior to its onset.

We also see from Fig. 6 that the backgroundU500 and

PVy over the North Pacific have a strong zonal asym-

metry. The background flow over the North Atlantic

also shows a strong zonal asymmetry (see Fig. S1 in the

online supplemental material). But such a background

flow asymmetry does not allow the NAO to have a

strong energy dispersion because PVy is small over the

North Atlantic. As noted below, it is the magnitude of

the background PVy, rather than the zonal asymmetry of

the background flow, that determines the energy dis-

persion change of the PNA life cycle.

FIG. 4. Temporal evolution of the daily dispersion index DI

during the PNA life cycle for PNA1 (solid line) and PNA2 (dashed

line) events during 1950–2017. The gray shading denotes the dif-

ference between the two lines being significant at the 5% level

based on 5000 Monte Carlo simulations.
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d. Composite results of NAO events and their
difference with the PNA

Similar to Fig. 2, we show the temporal evolution of

the composite daily NAO indices for 78 NAO1 and

80 NAO2 events and the corresponding time-mean com-

posite daily Z500 and SAT anomalies from lag 25 to

5 days during 1950–2017 in Fig. 7 based on the definition

of individual NAO event in section 2. It is found that the

e-folding time scale of the NAO1 and NAO2 events is

around 9 and 11 days, respectively, with the NAO2

having a larger amplitude than the NAO1. Their dura-

tion difference (based on the e-folding time scale) is

statistically significant at the 5% level. A comparison

with Fig. 2a reveals that the asymmetry between the

two phases of the PNA and NAO is similar. However,

the time-mean composite daily Z500 anomalies of the

NAO events (Figs. 7b,c) show a less distinct wave train

structure than that for the PNA (Figs. 2b,c), which

is consistent with NAO’s weak energy dispersion. For

the NAO, there is a weak positive (negative) Z500

anomaly in the downstream side of the high-latitude

North Atlantic for NAO1 (NAO2), with the positive

Z500 anomaly over Eurasia being more intense for

the NAO1 (Fig. 7b) than the Eurasian negative Z500

anomaly for the NAO2 (Fig. 7c). This weak anomaly

over Eurasia reflects NAO’s weaker energy dispersion

than the PNA. Moreover, the NAO’s northern pole is

centered around 658N,which is farther north than that of

the PNA’s northern pole (around 458N for the PNA1

and 508N for the PNA2, Figs. 2b and 2c). Figures 7d and

7e show that the NAO1 (NAO2) exhibits an eastward

(westward) movement with a speed of about 3.4m s21

(23.8m s21), in contrast to PNA’s westward movement

for both phases (Figs. 2d,e). Why the PNA has strong

asymmetry and why such an asymmetry is different from

that of the NAO will be further examined by using the

extended UNMI model below.

5. Theoretical model results

a. Background U500 and PVy

Figure 8 shows the meridional distributions of zonal

winds and associated PVy averaged from lag 220 to

210 days prior to the PNA onset over the North Pacific,

which are considered as the background condition of the

PNA. It is noted that the background U500 and PVy are

stronger over 258–458N in the North Pacific prior to the

onset of the PNA1 and over 458–608N in the North

FIG. 5. Time-mean composite daily (left) 500-hPa zonal wind (m s21) and (right) PVy anomalies averaged from

lag 25 to 5 days for (a),(d) PNA1, (b),(e) PNA2, and (c),(f) PNA1 minus PNA2. The dots denote that the

difference is statistically significant at the 95% confidence level based on the two-sided Student’s t test.
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Atlantic prior to the onset of the NAO1 than for the

PNA2 and NAO2. The calculation shows that the ver-

tically (1000–200hPa) averaged prior zonal wind and

PVy are basically the same as those of 500hPa in intensity

and meridional distribution (not shown). Furthermore,

theU500 andPVy peaks also shift from around 488Nprior

to the NAO2 to around 528N prior to the NAO1, while

the peaks are at lower latitudes prior to both the PNA2

and PNA1 and their meridional shift is less distinct

(Fig. 8). Consistent with NAO’s northern pole being

farther north than PNA’s, the U500 and PVy peaks are

also located farther north prior to the NAO than prior

to the PNA. These results suggest that the differences

between the PNA and NAO may be related to their

different background conditions in zonal winds and

PVy prior to their onset. Below, we examine the effect

of different background zonal winds or PVy on the

PNA evolution using the extended UNMI model de-

scribed in section 3.

b. Dispersion and nonlinearity of PNA and NAO

While previous diagnostic studies (e.g., Feldstein

2002; Mori and Watanabe 2008) revealed that the PNA

life cycle tends to be a linear process, they did not show

what factor leads to the linear behavior of the PNA or

the nonlinear behavior of the NAO. Here, we show

that a large (small) background PVy over the North

Pacific (North Atlantic) is a key factor for determining

whether the PNA (NAO) is a linear (nonlinear) process.

This finding has not been shown in previous studies.

Below, we provide a theoretical explanation on the

difference between the linear and nonlinear behaviors

of the PNA and NAO.

Asmentionedabove, becausel5 l0PVyandd5 dN/PVy

or the inverse ratio rule l } 1/d hold for the PNA

system, we can apply this inverse ratio rule to explain the

difference between the PNA and NAO. Because the

northern pole of the composite NAO (PNA) Z500

anomaly is centered around 658N (458–508N) (Figs. 2, 7),

the NAO (PNA) corresponds to a smaller (larger) PVy

background (Figs. 8b,d). As a result, the energy disper-

sion parameter l5 l0PVy is larger because of PVy being

larger over the North Pacific while the nonlinearity pa-

rameter d 5 dN/PVy is smaller for the PNA than for

the NAO. Of course, the difference that the climato-

logical mean PVy is larger in the Pacific than in the

Atlantic may be related to the difference of tropical

forcing and topography. Clearly, whether the PNA

(NAO) shows a strong (weak) energy dispersion cru-

cially depends on the magnitude of PVy over the North

FIG. 6. Time-mean composite daily (left) 500-hPa zonal winds (U500; m s21) and (right) nondimensional PVy

averaged from lag 220 to 210 days for (a),(d) PNA1, (b),(e) PNA2, and (c),(f) PNA1 minus PNA2. The dots

denote that the difference is statistically significant at the 95% confidence level for or the two-sided Student’s t test.
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FIG. 7. (a) Composite daily NAO indices for the NAO1 (red line) and NAO2 (blue line) events in winter during

1950–2017, with the dashed line representing the e-folding line of the index and the black dots denoting that the

amplitude difference between the two phases is statistically significant at the 95% confidence level based on 5000

Monte Carlo simulations. (b) The time-mean composite daily Z500 (contours; CI 5 20 gpm) and SAT (color

shading; K) anomalies averaged from lag25 to 5 days of the NAO index for NAO1 cases over 308–908N (c) As in

(b), but for NAO2 events. In (b) and (c), only statistically significant anomalies (at the 5% level based on the two-

sided Student’s t test) are shown by the contours or color shading. (d) Time–longitude evolution of latitude-

averaged composite daily Z500 anomalies (gpm) over 558–758Nduring the NAO life cycle for NAO1 events. (e) As

in (d), but for NAO2 events. In (d) and (e), the arrow denotes the movement direction.
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Pacific (North Atlantic) rather than on whether the

background flow has a strong zonal asymmetry. Equation

(2h) is reduced to i[(›B/›t)1Cg(›B/›x)]1 l(›2B/›x2)1
Gf0(x)

2exp[2i(Dkx1Dvt)]’ 0 if d ’ 0 is assumed for

PVy / ‘. This extreme case represents a forced linear

equation, which reflects a linear process with a very strong

dispersion and a very weak nonlinearity and corresponds

to a wave train structure. We do not calculate this case

FIG. 8. Variations of time-mean composite daily (a),(c) 500-hPa zonal winds and (b),(d) nondimensional

PVy averaged from lag 220 to 210 days with the latitude for (a),(b) PNA1 (red line) and PNA2 (blue line)

over the region 1808–1408W and (c),(d) NAO1 (red line) and NAO2 (blue line) over the region 508W–08. The gray
shading denotes that the difference of the zonal winds or nondimensional PVy between the PNA1 and PNA2 is

significant at the 95% confidence level based on a Monte Carlo test with 5000 simulations.
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here. For the PNA case, because PVy is relatively large

over the North Pacific for the PNA1 and PNA2, the life

cycle of the PNA is mainly controlled by a strongly

linear (or a strong dispersion) process because of d

being relatively small.

On the other hand, because PVy is smaller for the

PNA2 than for the PNA1, it is inevitable that the PNA1

has stronger energy dispersion than the PNA2, thus

explaining the data result in Fig. 4. Compared with the

PNA, the NAO has smaller l (i.e., weaker dispersion)

but larger d (i.e., stronger nonlinearity) because PVy

is smaller over the North Atlantic. Thus, the life cycle

of the NAO is dominated by a nonlinear process unlike

the PNA. Naturally, the NAO has inevitably a zonally

isolated dipole solution in that d is large (i.e., a nonlinear

process) because of PVy being small over the North

Atlantic. However, because d is small (i.e., a linear

process) due to PVy being large over the North Pacific,

cPNA has inevitably a wavelike structure solution. Thus,

a wave train structure like the PNA is easily seen over

the North Pacific. The results of the theoretical analysis

provide an explanation about why the PNA anomaly

often behaves as a wave train structure, and why the

wave train structure is less evident for the NAO anom-

aly or why the NAO easily shows an isolated dipole

structure. Namely, the above theoretical results can

clearly explain the NAO with a zonally isolated dipole

structure being the dominant mode over the North

Atlantic, but the PNA-like wave train being the domi-

nant mode over the North Pacific. Below, we further use

the extended UNMI model to examine the temporal

evolution of the PNA and its energy dispersion by

solving Eq. (2h) for given parameters in Table 1.

c. Movement, duration, and energy dispersion

We should first examine whether the extended UNMI

model can capture the main features of observed PNA

events in movement, duration and energy dispersion

before revealing the physical cause of the PNA asym-

metry between its two phases and its difference with the

NAO. In this paper, we only present the result for a case

with an idealized zonally uniform background flow

whose meridional distribution resembles that in Fig. 8a.

The effect of the zonally asymmetric background flow

U(x, y) is also calculated and the results are shown in the

supplementary file (Figs. S2–S9). It is found that the

results for the case with a zonally asymmetric back-

ground flow largely resemble those for a zonally uniform

background flow presented here.

We also note that the strength ofU(y) in Fig. 9 is lower

than that of U500 prior to the PNA onset, because we

consider a barotropic case in this paper. Such a choice

is qualitatively reasonable in that the vertically averaged

prior zonal wind may be crudely considered as a baro-

tropic background wind. In fact, as noted below, while

the strength and meridional distribution of U(y) can

influence the temporal evolution of the PNA, the basic

characteristics of the PNA are not changed with the

strength (i.e., meridionally averaged value) of U(y).

Here, we assume that U(y) (the normalized zonal

wind in units of ~U ’ 10m s21) has a meridional dis-

tribution (Fig. 9a) of U5U0 1Du(y2 y0)
2
e2g(y2y1)

2

,

which is close to that in Fig. 8a, where U0 denotes the

uniform part of the background westerly wind, and Du,
y0, g, and y1 represent the parameters of the background

zonal wind.

FIG. 9. Meridional profiles of (a) background zonal wind and (b) PVy of U5U0 1Du(y2 y0)
2
e2g(y2y1)

2

for PNA1

(solid line;U05 0.8,Du520.07, g5 0.05, y05 2.5, and y15 3.1) and PNA2 (dashed line;U05 0.65,Du520.02, g5 0.02,

y0 5 2.7, and y1 5 2.8).
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In our extended UNMImodel, y5 0 (y5Ly) denotes

the southern (northern) boundary of the dipole com-

ponent of the PNA over the North Pacific. Because the

zero line between the anticyclonic and cyclonic anom-

alies of the PNA dipole is located near 308N and U(y)

peaks at about 358N, the peak of U(y) should be as-

sumed to be located in the north side of y5 Ly/25 2.25

(2250km in a dimensional unit) where the center of the

PNA dipole exists. By adjusting the values of U0, Du,
y0, g, and y1, U(y) may be allowed to be close to the

basic wind of the PNA1 or PNA2 from the reanalysis

data. Considering U0 5 0.8 (corresponding to;8ms21)

Du 5 20.07 (corresponding to about 20.7m s21), g 5
0.05, y0 5 2.5 (corresponding to 2500km), and y1 5 3.1

(corresponding to 3100km) as the basic westerly wind

parameters of the PNA1 and U0 5 0.65, Du 5 20.02,

g 5 0.02, y0 5 2.7 (corresponding to 2700km), and y1 5
2.8 (corresponding to 2800km) for PNA2, we show the

variation of the corresponding PVy with the normalized

meridional distance y (in units of 1000km) in Fig. 9b.

It is found that although U(y) in Fig. 9a is highly ideal-

ized, its meridional distribution is similar to the ob-

served structure of the basic zonal wind for the PNA1

or PNA2. Also, the meridional distribution of PVy in

Fig. 9b resembles that shown in Fig. 8b. In the following,

we will use these specified U(y) and PVy and the ex-

tended UNMImodel to examine how the PNA depends

on the background conditions.

In Eq. (2), B represents the nondimensional am-

plitude of the PNA anomaly cPNA scaled by ~U ~L.

Because the initial PNA2 (PNA1) anomaly shows a

more (less) zonally localized zonal distribution, we

choose B(x, y, 0)5 0:4 exp[2n(y2 ~y0)
2]e2g1x

2
as the

initial amplitude of the PNA, where ~y0 . 0 is the me-

ridional position of the northern pole of the PNA at x5
0, n . 0 represents that the northern pole of the initial

PNA dipole is stronger than its southern pole and g1. 0

denotes the nonuniform zonal distribution of the initial

PNA. Since the downstream anomaly of the initial

PNA2 (Fig. 3b for lag 28) is weaker than that of the

initial PNA1 (Fig. 3a for lag 28), g1 in B(x, y, 0)5
0:4 exp[2n(y2 ~y0)

2]e2g1x
2
must satisfy g1 . 0 so that

B(x, y, 0) with g1. 0 represents a more zonally localized

amplitude of the initial PNA2. But g1 5 0 is allowed for

the PNA1 because the initial PNA1 has a strong wave

train structure and shows a less zonally localized distri-

bution. Based on the above consideration, we may

choose ~y0 5 0:75Ly, n 5 0.15, and g1 5 0 (g1 5 0.005) as

the initial value of the PNA1 (PNA2) event. We further

take the parameters for the preexisting synoptic-scale

eddies same as in Table 1, but allow m 5 0.2 and xT 5
2.87/4. For this case, the preexisting eddy forcing is lo-

cated in the upstream side of the initial PNA. To make

a comparison with the reanalysis result, it is useful to

plot the instantaneous cPNA and cT fields during the

life cycle of the model PNA event. For the parameter

conditions given above, Fig. 10 shows the temporal

evolution of the planetary-scale streamfunction anom-

aly cPNA and total streamfunction cT fields of an eddy-

driven PNA2 event in a weak background westerly

wind (dashed line in Fig. 9a) with an initial amplitude of

B(x, y, 0)5 0:4 exp[20:15(y2 0:75Ly)
2]e2g1x

2
with g15

0.005. Figure 11 shows the life cycle of an eddy-driven

PNA1 event with g1 5 0 in a strong background westerly

wind (solid line in Fig. 9a) for the parameters given above.

It is further found that the planetary-scale stream-

function anomaly cPNA shows a quadrupole structure

like a wave train structure, in which the dipole anomaly

over the North Pacific has a more rapid growth than the

downstream dipole probably due to the stronger forcing

of preexisting eddy forcing at x 5 22.87/4 during the

PNA growing phase. Such a feature is more evident for

the PNA1 (Fig. 11a) than for the PNA2 (Fig. 10a). It is

also seen that the eddy-driven PNA anomaly has a

lifetime or duration of about 15 days (10–20 days) due to

the 2-week period forcing of preexisting eddy forcing

2= � (v01q0
1)P (Luo et al. 2007), consistent with the re-

analysis data. Furthermore, in the PNA anomaly cPNA

field the northern pole of the PNA is stronger than the

southern pole, and this is due to the initial PNA dipole

having a more intense northern pole than the southern

pole. The model cPNA field looks like the composite

result from the reanalysis data shown in Fig. 3b. The

total streamfunction field of the model PNA2 (Fig. 10b)

resembles the daily unfiltered Z500 field for the ob-

served PNA2 event (Fig. 1a), which corresponds to a

large meandering of westerly jet streams or the presence

of CWB. For the PNA1, the obtained streamfunction

anomaly cPNA field is similar to the composite Z500

anomaly of PNA1 events from the reanalysis data

(Fig. 3a), whereas the model total streamfunction field cT

resembles the daily unfilteredZ500 field for a PNA1 event

(Fig. 1b), which corresponds to the absence of a large

westerly jet meandering or CWB. Similar results are

found forLy5 5 (corresponding to 5000km) (not shown).

In our model, we define the maximum value of the

nondimensional streamfunction anomaly cPNA in the

north side of the channel as the intensity cN of the PNA.

Then we further defineDI5 (cN2 cD)/cN as the energy

dispersion index of the PNA at every day, where cD

denotes the maximum intensity of the nondimensional

streamfunction anomaly cPNA of the northern pole of

the downstream dipole in the east of x5 0. A high (low)

DI means weak (strong) dispersion for the PNA.

Figure 12 shows that the PNA anomaly moves

westward for both of its two phases, with the PNA2
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FIG. 10. Temporal evolutions of (a) planetary-scale anomaly streamfunction cPNA (CI 5 0.2) and (b) total

streamfunction fields (CI 5 0.3) for PNA2 event (a 5 21 and m 5 22p/Ly) with the initial amplitude of

B(x, y, 0)5 0:4exp[2n(y2 0:75Ly)
2]e2g1x

2
for n 5 0.15 and g1 5 0.005 under the forcing of preexisting synoptic-

scale eddies with m 5 0.2 and xT 5 2.87/4 from the extended UNMI model for given background zonal winds in

Fig. 9. The thick solid line in (b) represents the contour line of21.2, and the red (blue and green) shading represents

the high (low) pressure region.
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FIG. 11. As in Fig. 10, but for the PNA1 event (a 5 1 and m 5 2p/Ly) with initial amplitude of

B(x, y, 0)5 0:4exp[2n(y2 0:75Ly)
2]e2g1x

2
for n 5 0.15 and g1 5 0.
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(Fig. 12b) moving westward faster than the PNA1

(Fig. 12a). Moreover, the PNA2 has a longer duration

than the PNA1, which is also seen from the temporal

variation of the PNA intensity shown in Fig. 12c. These

features are highly consistent with those seen in the re-

analysis data (Fig. 2). The energy dispersion index DI is

always larger for the PNA2 (dashed line in Fig. 12d)

than for the PNA1 (solid line in Fig. 12d), which sug-

gests that the PNA1 has a stronger energy dispersion

than the PNA2, in agreement with the reanalysis result

(Fig. 4). This also means that the PNA1 is more of a

linear process than the PNA2. Furthermore, the dif-

ference in the energy dispersion index DI between the

two phases is larger during its beginning and ending

stages than its mature stage. Thus, the PNA tends to

have the weakest energy dispersion during its mature

phase, while the energy dispersion of the PNA1 is

stronger than that of the PNA2. Such a time-varying

feature of the energy dispersion is also quantitively

consistent with the reanalysis data (Fig. 4). However, we

note that the DI peak is seen before the PNA mature

stage in reanalysis (Fig. 4), but around the mature phase

in the extended UNMI model. This DI difference may

be related to the exclusion of many factors such as

baroclinicity (vertical wind shear and stratification),

unstable synoptic-scale eddies and the eddy barotropic

decay in the model. The PNA’s duration becomes short

and its intensity weakens whenU0 (;10ms21) increases

as shown in Table 2. The duration of the PNA is deter-

mined by the period of the eddy forcing in the form of

2p/Dv and Dv } PVy. Because PVy 5 b 2 Uyy 1 FU,

the PNA duration is also influenced by the strength and

meridional distribution of the background zonal windU

or the magnitude of PVy. Furthermore, as g1 increases,

the wave train structure of the PNA2 becomes less dis-

tinct, but its duration and intensity do not change much.

The above results suggest that the differences in the

background U(y) and the associated PVy (Fig. 9), which

FIG. 12. (top) Time-zonal evolutions of PNA wave packet streamfunction anomaly cPNA (y 5 0.75Ly) for

(a) PNA1 (CI5 0.05; thick solid line is marked by the value of CI520.6) and (b) PNA2 (CI5 0.05; thick solid line

marked by the value of CI 5 0.6) events obtained from the extended UNMI model for given background zonal

winds in Fig. 9. (bottom) Time series of the daily (c) PNA intensitycN and (d) energy dispersion indexDI for PNA1

(solid line) and PNA2 (dashed line) events for the initial PNAvalues ofB(x, y, 0)5 0:4exp[2n(y2 0:75Ly)
2]e2g1x

2

with g1 5 0 (solid line) and g1 5 0.005 (dashed line).
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resemble those in the reanalysis (Fig. 8), play a key role

in producing the difference features of the PNA be-

tween its two phases. Specifically, because weaker

(stronger) background U(y) and PVy are seen for the

PNA2 (PNA1), the lower (higher) PVy regions corre-

sponds to a domain with weaker (stronger) energy dis-

persion, stronger (weaker) nonlinearity and long-lived

(short-lived) preexisting eddy forcing. Thus, the PNA2

can maintain its longer lifetime and larger amplitude

than the PNA1. BecauseU(y) and PVy are larger and the

PNA1 amplitude is smaller than those of the PNA2, the

westward movement of the PNA1 is suppressed so that

thePNA1 hasa slowerwestwardmovement than thePNA2.

It is also useful to examine whether the above results

depend on the parameter choice. We consider the same

parameters as in Fig. 12, but vary the value of m. The

value of m reflects the zonal distribution of the preex-

isting eddy forcing. For different values of m, the time

variation of the energy dispersion index DI is shown in

Fig. 13. It is seen that the zonally uniform preexisting

eddy forcing (m 5 0) can enhance the energy dispersion

of the PNA even during the mature stage (Fig. 13a).

Such an eddy forcing shape does not take place over the

North Pacific because the North Pacific storm track is

often zonally localized. We also find that the duration

and strength of the PNA depend on the value ofm rather

than the value of xT (not shown). Especially, the PNA is

slightly intensified and its duration is slightly shortened

asm increases form. 0. The variation ofDI shows that the

energy dispersion of the PNA tends to weaken as it in-

tensifies, but strengthen after the PNA peak, even though

the PNA1 has stronger energy dispersion than the

PNA2 (Figs. 13c,d). In this situation, the time varia-

tion of the energy dispersion index DI of the PNA is

in good agreement with that of the reanalysis data (Fig. 4).

Thus, only when the PNA is excited by the localized

synoptic-scale eddies over the North Pacific, the obtained

theoretical result is more consistent with the observation.

Here, we further consider the impact of the zonal

position of the preexisting eddy forcing on the energy

dispersion of the PNA. For the same condition as in

Figs. 10 and 11, the temporal variation of the daily en-

ergy dispersion index DI is shown in Fig. 14 for m 5 0.2

and different values of xT. It is noted that when the

preexisting eddy forcing is moved to the position of the

initial PNA, the energy dispersion of eddy-driven PNA

tends to be intensified because DI becomes small, even

when it is located on the downstream side of the initial

PNA1 (Figs. 14c,d). Thus, the zonal position of up-

stream synoptic-scale eddies can also influence the en-

ergy dispersion or wave train structure of the PNA

(Figs. 14a–d).

d. Effect of the initial PNA2 distribution

To quantify the effect of the initial structure of the

PNA on its energy dispersion, it is useful to suppose that

the spatial distribution of the initial PNA1 (PNA2) has

the form of B(x, y, 0) 5 0.4 exp[20.15(y 2 0.75Ly)
2]

(B(x, y, 0)5 0:4 exp[20:15(y2 0:75Ly)
2]e2g1x

2
for g1 .

0). Here, we fix the initial condition of the PNA1, but

vary the value of g1 in the initial PNA2 distribution. The

time variation of the daily energy dispersion indexDI of

the PNA2 and PNA1 is shown in Fig. 15 for g15 0, g15
0.002, g1 5 0.004, and g1 5 0.006 with m 5 0.2 and xT 5
2.87/4. As seen from Fig. 15, the DI value of the PNA2

increases as g1 increases. This means that the energy

dispersion of the PNA2 can be reduced (dashed line in

Figs. 15a–d), when its initial amplitude has an increased

zonal locality. Thus, the weaker energy dispersion of the

PNA2 is also related to the stronger zonal locality of the

initial PNA2 than the PNA1. We also note that the

PNA1 has a stronger energy dispersion than the PNA2

only during the decaying phase when they have the same

initial value (not shown). A similar result is also found

for the NAO case (Fig. 4 of Luo et al. 2018) because the

observed NAO2 and NAO1 have almost the same ini-

tial zonal distributions (not shown).

We further examine the effect of the increased differ-

ence of the initial PNAbetween its two phases on the PNA

asymmetry in energy dispersion. For the same background

wind in the form of U5U0 1Du(y2 y0)
2
e2g(y2y1)

2

TABLE 2. Nondimensional maximum intensity and duration

(days) of the PNA for corresponding parameters U0 and g1
from the extended UNMI model for the background zonal

wind of U5U0 1Du(y2 y0)
2
e2g(y2y1)

2

and the initial amplitude of

B(x, y, 0)5 0:4exp[20:15(y2 0:75Ly)
2]e2g1x

2
, where Du 5 20.07,

g5 0.05, y05 2.5, and y15 3.1. Here, the daily intensity of the PNA

is defined as the absolute value of the strongest streamfunction

anomaly of the northern pole of the PNA at every day. The max-

imum intensity of the PNA is defined as the maximum value (peak

day) of the daily intensity during the PNA life cycle. The duration

of the PNA is defined as the number of days when the daily PNA

intensity is above its threshold value of 0.6.

U0

g1

0 0.002 0.004 0.006

Nondimensional PNA intensity

0.6 0.86 0.86 0.86 0.86

0.7 0.85 0.85 0.85 0.85

0.8 0.84 0.84 0.84 0.84

0.9 0.83 0.83 0.83 0.83

1.0 0.82 0.82 0.82 0.82

Duration (days)

0.6 14.6 14.4 14.3 14.4

0.7 13.1 13.2 13.2 13.3

0.8 12.3 12.4 12.4 12.5

0.9 11.9 11.9 11.8 11.9

1.0 11.4 11.4 11.5 11.4
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(U05 0.8, Du520.07, g5 0.05, y05 2.5, and y15 3.1),

we show the temporal variation of the daily energy

dispersion indexDI of the PNA2 and PNA1 in Fig. 16

for g1 5 0, g1 5 0.002, g1 5 0.004, and g1 5 0.006

with m 5 0.2 and xT 5 2.87/4, when B(x, y, 0)5
0:4 exp[20:15(y2 0:75Ly)

2]e2g1x
2
is considered as the

initial value of the PNA1 (g1 5 0) and PNA2 (g1 6¼ 0).

Here, the difference of the initial PNA between its two

phases is increased when the positive value of g1 in-

creases. It is seen from Fig. 16 that there is no difference

of the energy dispersion between both phases of the

PNA if the same initial PNA amplitude (g1 5 0) and

same background westerly wind U(y) are considered.

The difference of the energy dispersion between the two

phases of the PNA is increased as the initial PNA

difference (g1) increases (Figs. 16b–d). However, we

note that the initial PNA difference has a larger impact

on the energy dispersion difference of the PNA between

its two phases during the earlier stage of the PNA than

during its decaying phase. Such an effect is also evi-

dent during the decaying phase (Figs. 15b–d) when a

background U(y) difference is included in the UNMI

model. Thus, when both the initial PNAand background

U(y) differences are considered, the temporal evolu-

tion of the obtained model energy dispersion index is

more consistent with the reanalysis result (Fig. 4). The

analytical solution of Eq. (2h) without forcing reveals

that when the background PVy is smaller (larger), the

initial PNA has a more (less) zonally localized distri-

bution for the PNA2 (PNA1). Thus, a less (more)

FIG. 13. Time variations of daily energy dispersion index DI of PNA1 and PNA2 events with the initial con-

ditions of B(x, y, 0)5 0:4exp[20:15(y2 0:75Ly)
2]e2g1x

2
for g1 5 0 (PNA1; solid line) and g1 5 0.005 (PNA2;

dashed line) cases during the PNA life cycle for (a) m5 0, (b) m5 0.5, (c) m5 1.0, and (d) m5 1.5 with xT 5 2.87/4

and the same parameters as in Table 1 obtained from the extendedUNMImodel for given background zonal winds

in Fig. 9.
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zonally localized structure of the initial PNA1 (PNA2)

is, to some extent, related to the larger (smaller) back-

ground PVy over the North Pacific. This suggests that

the background U(y) or PVy difference over the North

Pacific is likely the most key factor for determining the

PNA asymmetry between its two phases through its in-

fluence on the initial PNA structure and the subsequent

movement and energy dispersion of the amplified PNA.

As a result, we can conclude from the above results that

the main features of the PNA in the reanalysis data can

be better captured by our extended UNMI model.

6. A comparison between the PNA and NAO

In this section, it is useful to estimate the nondimensional

nonlinear phase speeds of the PNA and NAO using

the reanalysis data from Eq. (3) to further explain the

difference of the zonal movement between the PNA

and NAO anomalies. In fact, because Eq. (3) is de-

rived based on the barotropic atmosphere assumption, it

is difficult to exactly determine the zonal movement

speeds of observed PNA and NAO. Considering the

large difference of background U(y) between two pha-

ses of the PNA over the latitude band (258–458N) and

the center of the northern pole being located on 458–
508N, the nondimensional U and PVy in Eq. (3) are

obtained by calculating U500 and PVy5 b2 (U500)yy1
F 3 (U500) averaged over the region 358–608N, 1608E–
1408W for the PNA. Similarly, considering the large

difference of background U(y) between two phases of

the NAOover the latitude band 458–658Nand the center

of the northern pole being located on 658N, U(y) and

FIG. 14. Time variations of daily energy dispersion indexDI of the PNA1 andPNA2 events with the initial conditions

of B(x, y, 0)5 0:4exp[20:15(y2 0:75Ly)
2]e2g1x

2
for g1 5 0 (PNA1; solid line) and g1 5 0.005 (PNA2; dashed line)

cases during the PNA life cycle for (a) xT5 2.87, (b) xT5 2.87/2, (c) xT5 0, and (d) xT522.87/4 with m5 0.2 and the

same parameters as in Table 1 obtained from the extended UNMI model for given background zonal winds in Fig. 9.
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PVy are calculated over the region 458–708N, 708W–208E
for the NAO. We calculate the domain average of

nondimensional daily Z500 anomaly over the region

408–508N, 1708E–1608W or 608–708N, 608–208W as the

daily M0 of the PNA or NAO in terms of Eq. (2c).

Using the parameters k5 2/(6.371cosu0),m562p/Ly,

and the nondimensionalb on the reference latitudeu0, the

daily nonlinear phase speed of the PNA2 (PNA1) and

NAO1 (NAO2) can be estimated fromEq. (3). For Ly 5
5 (corresponding to a meridional scale of 5000km), we

choose u0 5 458N (u0 5 658N) as the meridional posi-

tion of the northern pole of the PNA (NAO) dipole to

estimate the nonlinear phase speed of the PNA (NAO).

We show the nondimensional nonlinear phase speeds

of the composite daily PNA and NAO anomalies in

Fig. 17 for individual PNA and NAO events given in

section 3. It is interesting to note that the PNA1 and

PNA2 move westward (Fig. 17a) and their westward

speeds increase with the increased amplitude, in which

the westward speed of the PNA2 is about 2 times than of

the PNA1 during the PNA mature phase (from lag 22

to 2 days). The main cause of this difference is that the

PNA2 has larger amplitude and smaller background

PVy than the PNA1 so that 2dNM
2
0/(2kPVy) in CNP be-

comes much more important than the mean zonal wind-

induced eastward speed. In this case, the large westward

movement of the PNA2 is inevitably seen. However, we

see fromFig. 17b that theNAO1 (NAO2) anomaly shows

an eastward (westward) movement during the NAO

growing phase. The eastward (westward) speed of the

NAO1 (NAO2) increases weakly (strongly) with the

increased amplitude, in which the westward movement

FIG. 15. Time variations of daily energy dispersion index DI of the PNA1 (solid line) with the initial value

of B(x, y, 0)5 0:4exp[20:15(y2 0:75Ly)
2] and PNA2 (dashed line) with the initial value of B(x, y, 0)5

0:4exp[20:15(y2 0:75Ly)
2]e2g1x

2
during the PNA life cycle for (a) g1 5 0, (b) g1 5 0.002, (c) g1 5 0.004, and

(d) g1 5 0.006 with m 5 0.2, xT 5 2.87/4, and the same parameters as in Table 1 obtained from the extended

UNMI model for given background zonal winds in Fig. 9.
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of the NAO2 is more intense than the eastward move-

ment of the NAO1. In this case, it is concluded that

the PNA has zonal movements different from those

of the NAO. Nevertheless, the physical cause of why

the NAO1 (NAO2) undergoes eastward (westward)

movement has been investigated in Luo et al. (2018);

thus, it is not further discussed here. For a comparison,

it is also useful to estimate the time-mean nonlinear

phase speed of the PNA and NAO from Fig. 17. The

time-mean nonlinear phase speed averaged from lag24

to 4 in Fig. 17a in a dimensional unit is about22.4 (21.0)

m s21 for the PNA2 (PNA1), whereas its corresponding

dimensional time-mean phase speed is 23.8 (2.8) ms21

for the NAO2 (NAO1). These estimated speeds are ba-

sically consistent with the above results from the reanalysis

data, although slightly low. Thus, the movement features

of the PNA andNAOanomaly obtained for the reanalysis

data presented in section 3 can be better explained by the

theoretical results from the extended UNMI model.

7. Conclusions and discussion

In this paper, we have first analyzed the PNA2 and

PNA1 events occurring over the North Pacific in winter

from 1950 to 2017 using NCEP–NCAR reanalysis data.

It is found that the PNA2 (PNA1) events are associated

with strong (weak) cyclonic wave breaking (CWB) or

large (small) meandering of a westerly jet stream over

the North Pacific and North America. The reanalysis

composite results reveal that while both phases of the

PNA show a quadrupole structure composed of a wave

train structure, its negative phase (PNA2) has a larger

FIG. 16. Time variations of daily energy dispersion index DI of the PNA1 (solid line) with the initial value

of B(x, y, 0)5 0:4exp[20:15(y2 0:75Ly)
2] and PNA2 (dashed line) with the initial value of B(x, y, 0)5

0:4exp[20:15(y2 0:75Ly)
2]e2g1x

2
during the PNA life cycle in the same basic zonal wind of U5U0 1

Du(y2 y0)
2
e2g(y2y1)

2

(U0 5 0.8, Du520.07, g5 0.05, y0 5 2.5, and y1 5 3.1) obtained from the extended UNMI

model for (a) g1 5 0, (b) g1 5 0.002, (c) g1 5 0.004, and (d) g1 5 0.006 with m 5 0.2 and xT 5 2.87/4.
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amplitude and longer lifetime than its positive phase

(PNA1). Both PNA2 and PNA1 events exhibit westward

movements, but the speed of the PNA2 is about twice that

of the PNA1. Thus, the PNA shows a distinct asymmetry

between its two phases. Furthermore, the PNA differs

from the NAO in the North Atlantic in that the positive

phase NAO (NAO1) moves eastward whereas its nega-

tive phase (NAO2) moves westward, in contrast to the

PNA, which moves westward for both phases.

We then modified and applied a theoretical model,

namely the unified nonlinear multiscale interaction

(UNMI) model previously applied to the NAO by Luo

et al. (2018), to reveal the physical cause of the PNA

asymmetry between its two phases. The model results

suggest that the eddy-driven dipole over the North

Pacific can have strong energy dispersion and weak

nonlinearity (compared with the NAO) because of the

strong meridional background PV gradient (PVy) re-

sulting from its lower-latitude location. Such a strong

energy dispersion can lead to the generation of a strong

quadrupole structure that forms a wave train pattern

like the PNA, whereas the weak energy dispersion during

NAO events would result in a weak wave train structure.

Because of its weak nonlinearity and strong energy dis-

persion in comparison with the NAO, the PNA is pre-

dominantly a linear process, even though it is considered

as a nonlinear initial-value problem. In contrast, the

NAO anomaly behaves as a nonlinear process because of

its small PVy, which leads to strong nonlinearity and weak

energy dispersion. Furthermore, the PNA2 is shown to

have weaker energy dispersion and stronger nonlin-

earity than the PNA1 because the background zonal

wind and PVy prior to the onset of the PNA2 are weaker

than those for the PNA1. The weaker energy dispersion

leads to a larger amplitude, longer lifetime and more

rapid westward movement for the PNA2 than the

PNA1. Previous studies (e.g., Feldstein 2002; Mori and

Watanabe 2008) cannot provide these explanations, al-

though their diagnostic results showed that the PNA life

cycle is a strongly linear process, which is confirmed and

explained by our theoretical results. Because the energy

dispersion and nonlinearity of the PNA are directly re-

lated to the magnitude of the background PVy in the ex-

tended UNMI model, the meridional distribution and

strength of the background zonal wind over the North

Pacific, rather than the zonal inhomogeneity of the

background zonal wind, determine the PVy and thus

are crucial for the linear evolution of the PNA.

Moreover, the energy dispersion is much stronger for

the PNA1 than the PNA2 during their growing and

decaying phases in the extended UNMI model (al-

though the difference is small during the disappearance

phase in the reanalysis), but the difference is small

during their mature phase. This feature is different from

that of the NAO, which shows stronger energy dis-

persion and weaker nonlinearity during the NAO1 than

the NAO2 only during the decaying phase. Again, such

an energy dispersion difference between the two phases is

related to the initial structures of the PNA1 and PNA2.

Specifically, the initial PNA1 (PNA2) possesses a less

(more) zonally localized structure presumably related

to its large (small) PVy prior to their onset, this leads to

relatively strong (weak) energy dispersion for the am-

plified PNA1 (PNA2) after the onset. While the back-

ground zonal wind and PVy differences mainly cause the

PNA asymmetry during the decaying phase, the initial

FIG. 17. Time variations of nondimensional daily nonlinear phase speed CNP from lag 210 to 10 days for

(a) PNA1 (red line) and PNA2 (blue line) and (b) NAO1 (red line) and NAO2 (blue line) events identified from

the reanalysis data. Here, the nondimensionalU and PVy are obtained by calculating the domain averages of U500

and associated PVy over the region 358–608N, 1608E–1408W for the PNA or over the region 458–708N, 708W–208E
for the NAO. The nondimensional M0 is obtained by calculating the domain average of daily Z500 anomaly over

the region 408–508N, 1708W–1608E for the PNA or over the region 608–708N, 608–208W for the NAO.
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structure difference leads to enhanced asymmetry of the

PNA during the growing and decaying phases. Thus, the

asymmetry of the PNA between its two phases is related

to the weak (strong) zonal variations in the initial field for

the PNA1 (PNA2).

The extended UNMI model and the initial U and

PVy conditions are based on a barotropic atmosphere.

Whether the model results hold for a baroclinic atmo-

sphere is not examined in this paper. Also, what

physical process determines the difference in the initial

PNA and background conditions between its two phases

is not addressed in this paper. Furthermore, it is unclear

whether our extended UNMI model can be applied to

investigate recent cases with variant PNA modes, for

example, such as that leading to the 2013/14 drought in

California (Singh et al. 2016; S.-Y.Wang et al. 2017; Swain

et al. 2018). These issues deserve further investigations.
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APPENDIX

Coefficients of the Analytical Solution [Eq. (2)] for
the Extended UNMI Model

The following equations define the coefficients in

Eqs. (2d)–(2h) for the extended UNMI model:
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