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ABSTRACT. Following Chaudhuri, Sankaranarayanan, and Vardi, we say that a function
f:[0,1] — [0, 1] is r-regular if there is a Biichi automaton that accepts precisely the set
of base r € N representations of elements of the graph of f. We show that a continuous
r-regular function f is locally affine away from a nowhere dense, Lebesgue null, subset
of [0,1]. As a corollary we establish that every differentiable r-regular function is affine.
It follows that checking whether an r-regular function is differentiable is in PSPACE.
Our proofs rely crucially on connections between automata theory and metric geometry
developed by Charlier, Leroy, and Rigo.

1. INTRODUCTION

The study of regular real analysis was proposed by Chaudhuri, Sankaranarayanan, and
Vardi in [9] as the analysis of real functions whose graphs are encoded by automata on
infinite words. The motivation for such an investigation is to produce automata-theoretic
decision procedures deciding continuity and other properties of regular functions. As part
of that study in [9], the authors establish novel topological-geometric results about regular
functions, in particular Lipschitzness and Holder-continuity. This investigation is part of a
larger enterprise of studying subsets of R™ described in terms of such automata, and has
seen various applications in the verification of systems with unbounded mixed variables
taking integer or real values (see Boigelot et al. [5, 6, 7]). Recently, there has been a
new focus on the study of topological and metric-geometrical properties of such sets (see
Adamczewski and Bell [1] and Charlier, Leroy, and Rigo [8]). We continue the investigation
by giving answers to two questions raised in [9] in the case of regular functions with equal
input and output base:

(1) Is there a simple characterization of continuous or differentiable regular functions?
(2) Is it decidable to check whether a regular function is differentiable?

Let 7, s > 1 be positive integers, set ¥, = {0,...,r—1} and ¥; = {0,...,s—1}. A function
f:10,1] — [0,1] is (r, s)-regular if there is a non-deterministic Biichi automaton in the
language ¥, x X, accepting precisely all words (wy 1, w2 1)(wi2, w232) - € (X, x X4)* for
which there are a,b € [0,1] such that 0.w; 1w 2. .. is a base r expansion of a, 0.wa jwa2 . . .
is a base s expansion of b, and f(a) =b. If r = s, we simply say f is r-regular.

An instructional example of a continuous 3-regular function is the function that maps
x € [0,1] to the distance between = and the classical middle-thirds Cantor set; see Figure
1. Observe that this function is locally affine away from a nowhere dense set. The main
technical result of this paper shows that this holds for all continuous r-regular functions. We
say that a function g : I — R on an interval I is Q-affine if it is of the form g(t) = at +
for some «, 8 € Q.

Theorem A. Let f :[0,1] — [0,1] be a continuous, r-reqular function. Then there is a
nowhere dense Lebesgue null set C C [0,1] such that f is locally Q-affine away from C.

We know that Theorem A fails for (r, s)-regular functions when r > s.
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Figure 1: The distance from the middle-thirds Cantor set function is 3-regular.

Theorem B. A differentiable r-reqular function is Q-affine. Given a Biichi automaton
that recognizes an r-regular function f : [0,1] — [0,1], the problem of checking whether f is
differentiable, is in PSPACE.

We do not know whether Theorem B also fails in general, nor whether Question (2) has a
positive answer in general. Furthermore, Theorem A gives an affirmative answer to a special
case of an important question in mathematical logic about continuous definable functions
in first-order expansions of the ordered additive group of real numbers. We discuss this
question in Section 7.

Theorem B improves several results in the literature. Let f : [0, 1] — [0, 1] be r-recognizable.
In [11] a model-theoretic argument was used to show that f is affine whenever f is con-
tinuously differentiable. Similar results had been proven before for C? functions, or for
more restricted classes of automata, by Anashin [2], Kone¢ny [14], and Muller [16]. In
unpublished work, Bhaskar, Moss, and Sprunger [4] also showed that any differentiable
function computable by a letter-to-letter transducer is affine.

Our proof of Theorem A depends on three ingredients. The first is the theorem, proven in
[9], that every continuous r-regular function [0, 1] — R is Lipschitz. The second ingredient
is the main result from [8] which implies that the graph of an r-regular function is the
attractor of a graph-directed iterative function system. This observation allows us to use
the full power of metric geometry to study regular functions. In particular, we adjust to
our setting the proof of the famous result of Hutchinson [13, Remark 3.4] that a Lipschitz
curve in R? which is the attractor of a linear iterated function system is a line segment.
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2. PRELIMINARIES

Throughout, i, j, k, £, m,n are used for natural numbers and §, ¢ are used for positive
real numbers. We denote the coordinate projection from R? to R onto the first coordinate
by . Given a function f, we denote its graph by I'(f). Given a (possibly infinite word) w
over an alphabet X, we write w; for the i-th letter of w, and w|,, for w; ...w,. We denote
the set of infinite words over X by >¢.

2.1. Biichi Automata. A Biichi automaton (over an alphabet X) is a quintuple
A= (Q,X,A I, F) where @ is a finite set of states, ¥ is a finite alphabet, A C Q x ¥ x @
is a transition relation, I C @) is a set of initial states, and F' C (@) is a set of accept states.
We fix a Biichi automaton A = (Q, 3, A, I, F') for the remainder of this section. We say
that A is deterministic if [ is a singleton and for all ¢ € Q and all o € X, there is at most
one p € @ such that (¢,0,p) € A.

Throughout a graph is a directed multigraph; that is a set of vertices V and a set of edges
FE, together with source and target maps s,t: F — V. Vertices u, v are connected by an
edge e if s(e) = u and t(e) = v. The graph underlying A is (Q, A, s,t) where s(p,0,q) =p
and t(p,o,q) = q for all (p,o,q) € A.

Let p and ¢ be states in Q). A path of length n from p to ¢ is a sequence

((pa 01, 81)7 (817 02, 32)7 ) (Sn—la On, Q)) € A
We call the word o7 ... 0, the label of the path. We denote by P, ,(n) C X" the set of all

labels of paths of length n from p to ¢. Note that P,,(0) is the set containing just the
empty string if p = ¢, and P, 4 is the empty set otherwise.

Let o be a finite or infinte word over alphabet ¥. A run of ¢ from p is a finite or infinite
sequence s of states in @ such that so = p, (Sn, on, Sn+1) € A for all n < |o| and, |s| = |o|+1
if |o| is finite, and infinite otherwise. If p € I, we say s is a run of o. Then o is accepted
by A if there is a run sgs; ... of o such that {n : s, € F'} is infinite. We let L(.A) be the
set of words accepted by A.

Let ¢ € @ be a state of A. We say that ¢ is accessible if there is a path from I to ¢,
and that g is co-accessible if there is a path from ¢ to an accept state. We say that A is
trim if all states are accessible and co-accessible. By removing all states that are not both
accessible and co-accessible from A, we obtain a trim Biichi Automaton A’ that accepts
exactly the same words as A.
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We say that A is closed if
{q € @ : there is a nonempty path from ¢ to ¢} C F.

The closure of A is the Biichi automaton A = (Q, %, A, I, Q); that is the automaton in
which all states are changed to accept states. Note that the closure of A is closed.

Two elements of p,q of @ lie in the same strongly connected component if there
is a path from p to ¢ and vice versa. Being in the same strongly connected component
is an equivalence relation on ). We call each equivalence class a strongly connected
component of 4. We say that A is strongly connected if it only has one strongly
connected component. The condensation of A is the graph H whose vertices are the
strongly connected components of the underlying graph of A such that two strongly
connected components C7,Cy are connected by an edge if

L4 Cl 7é 027

e there are vertices q1 € C1,¢2 € (5 and a path from ¢ to ¢o.

A sink of A is a strongly connected compontent of A that has no outgoing edges in the
condensation of A.

We say that A is weak if whenever p,q € @ belong to the same strongly connected
component, p € F' if and only if ¢ € F. Observe that every closed automaton is weak. We
will use the fact that whenever A is weak, there is a weak deterministic automata A’ such
that L(A) = L(A’) (see Boigelot, Jodogne, and Wolper [6, Section 5.1]).

2.2. Recognizable subsets of [0,1]". Given an infinite word w over X,, we let

vr(w) =Y w;; € [0,1].
i=1

Let n > 1 and 7= (r1,...,7,) € NZ;. Set Xy =%, X - x X, .

Given (w1, ...,w,) € ¥ x---x 5, we denote by wy X - - - X wy, the word u = uyuz - - - € X%
such that for each i € N
U; = (wu, ... ,wm) S Ef.
If u=w x- - X w,, we set
v(u) = (v (1), ..., 00, (wy)) €10,1]™.
A set X C [0, 1]" is 7-recognized by a Biichi automaton A over ¥ if
L(A) ={ue3? : vz(u) € X}.

We say X is #-recognizable if X is i-recognized by some Biichi automaton over 7. If
r=ry =...=ry, then we use r-recognized and r-recognizable.
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Figure 2: A Biichi automaton that 3-recognizes the graph of d, the distance function from
the middle-thirds Cantor set.

Recognizable sets are introduced in [5] and their connection to first-order logic is studied
in [7]. By [5, Theorem 6] r-recognizable sets are closed under boolean combinations and
coordinate projections. In this paper we only consider bounded recognizable sets. However,
the notion of recognizable sets can be extended to unbounded subsets of R™ as is done in [5]
and [9]'. The way how recognizability is defined on unbounded sets slightly differs between
[5] and [9], but fortunately the two definitions coincide for bounded sets.

Let X be a closed subset of [0,1]™. The collection

S mg omy + 1
{Tk <H |:T-]€’Tk:| mX) _(m177mn)k€N,0§m1,,mn§Tk}

i=1
of subsets of [0, 1]" is known as the r-kernel of X. We say that X is r-self similar if the
r-kernel of X contains only finitely many distinct sets. This notion was introduced in [1].
Fact 2.1 gives a purely geometric characterization of closed r-recognizable sets. While not
crucial to the main argument of the paper, we will use this fact to show that the nowhere
dense C in the statement of Theorem A is Lebesgue null.

Fact 2.1 ([8, Theorems 57 & 62]). Let X be a closed subset of [0,1]". Then X is 7-
recognizable if and only if X is r-self similar.

We say that X C [0, 1]™ is r-accepted by a Biichi automaton A if
X =vp(L(A)), that is X = {vz(u) :u € X% is accepted by A}.

Again, if r = r; = ... = r,, we write r-accepted. It is clear that an 7-recognizable set is
r-acceptable. The converse is also true, but we will not apply this fact. We distinguish

1Recognizable sets are called regular sets in [9].
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between r-recognizability and r-acceptance because we can prove stronger theorems about
automata that r-accept a given set.

Given a Biichi automaton A over ¥, we set
Vi(A) := vx(L(A)).
When r =7y = ... =ry, we will simply write V,.(A).

By [8, Lemma 58] if X C R"™ is 7-accepted by a closed and trim Biichi automaton, then X
is closed in the usual topology on R™.

Fact 2.2 ([8, Remark 59]). Let X C R" be 7-accepted by a trim Biichi automaton .A. Then

the topological closure X of X is #-accepted by the closure A of A.

2.3. Regular functions. A function f : [0,1]™ — [0,1]"™ is said to be 7-regular if its
graph T'(f) C [0,1]™ is r-recognizable. If r =r; = -+ = r,,, we simply write r-regular.

It is well-known that every Q-affine function f : [0, 1] — [0, 1] is r-regular for every r > 2
(see for example [9, Theorem 4 & 5] or [5, Theorem 5 & 6]). We now give an example of a
non-affine continuous 3-recognizable function.

Example 2.3. Let C' C [0,1] be the classical middle-thirds Cantor set. Consider the
function d : [0, 1] — [0, 1] given by

d(z) =min{|lz —y|:y € C} foral 0<z<1;
i.e. d maps x to the distance between z and C' (see Figure 1 for a plot). It is not hard to see
that d is 3-regular. An automaton A that 3-recognizes the graph is displayed in Figure 2.
The graph of d is 3-accepted by the slightly simpler automaton 45 in Figure 3. Observe
that in this automaton the sets {g2} and {g3} are sinks of A3. Furthermore, whenever there

is x € [0, 1] such that d is locally affine on an interval around z with slope 1, then there is
w € L(Agz) such that

(1) v(z,3)(w) = (z,d(x)) and
(2) the acceptance run of w is eventually in go.

Similarly, if d is locally affine on an interval around z with slope —1, the acceptance run of
such a w satisfying (1) is eventually in g¢3.

A function f : [0,1] — R is A-Lipschitz if
[f(2) = fY)l < Alw —y| forall 0 <,y <1,

and f is Lipschitz if it is A-Lipschitz for some A > 0. We say that f is Holder continuous
with exponent v > 0 if there is a A > 0 such that

If(x) = fy)| < Az —y|? forall0<z,y<l1.
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Figure 3: A Biichi automaton that 3-accepts the graph of d.

Note that Lipschitz functions are precisely functions which are Holder continuous with
exponent one. It is also easy to see that any function which is Holder continuous with
exponent v > 1 is constant.

Fact 2.4 ([9, Theorem 10]). Let s € Nso, and suppose f : [0,1] — [0,1] is (r, s)-regular
and continuous. Then f is Holder continuous with exponent log, (s). In particular:

(1) If r < s, then f is constant, and

(2) if r = s, then f is Lipschitz.

Fact 2.4 is proved in [9], see [9, Theorem 10]. Indeed, it is claimed that f is Lipschitz
even when r # s, but the proof only treats the case r = s = 2. An inspection of the proof
however shows that when r < s, only the weaker condition of Holder continuity is obtained.
We now give an example of a (4,2)-regular function that is continuous, but not Lipschitz.?

Example 2.5. Let h = (hy, hs) : [0,1] — [0,1]? be the Hilbert curve [12]. It can be shown
that h is (4,2, 2)-regular and its graph is (4,2, 2)-recognized by the automaton in Figure 4.
Since the graph of h; and the graph of ho are the projections of the graph of h onto the
first and third coordinates and onto the second and third coordinates, we have that hy and
hs are (4,2)-regular. Observe that h is not Lipschitz, as the image of a Lipschitz function
cannot have higher Hausdorff dimension than the domain. Thus h; and Ay cannot possibly
be both Lipschitz, as this would imply Lipschitzness of h.

2.4. Affine regular functions. In this subsection we show that every affine r-regular
function J — [0, 1] defined on an interval J C [0, 1] is Q-affine. We require the following
well-known fact.

Fact 2.6. Every Biichi automaton that accepts an infinite word, accepts an infinite periodic
word.

2We thank Erin Caulfield for pointing out that this is a continuous regular function that is not Lipschitz.
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Figure 4: An automaton (4, 2, 2)-recognizing the Hilbert curve.

Lemma 2.7 below is a corollary to Fact 2.6. One can use Lemma 2.7 to show that many
familiar non-affine functions [0, 1] — [0, 1] are not r-regular. For example, it is relatively
easy to show that a polynomial of degree > 2 cannot be r-regular using Lemma 2.7.

Lemma 2.7. Let J be a nonempty subinterval of [0,1] and let f : J — [0,1] be r-regular.
Then f(q) € Q for allq e QN J.

The proof below shows that Lemma 2.7 holds more generally for (r, s)-regular functions.

Proof. By Fact 2.6 every r-recognizable subset of [0,1]" contains a point with rational
coordinates. In particular, every r-recognizable singleton has rational coordinates. Fix a
rational 0 < ¢ < 1. It is easy to see that {(¢q,y) : 0 <y < 1} is r-recognizable. As I'(f) is
r-recognizable, and the intersection of two r-recognizable sets is r-recognizable, it follows
that

{(¢; f(@)} ={(q,y) : 0 <y <1} NT(f)

is r-recognizable. Thus f(q) is rational. ]

Lemma 2.7 and the fact that an affine function that takes rational values on rational points
is necessarily Q-affine, together imply the following:

Proposition 2.8. Let J C [0,1] be a nonempty open interval and let f : J — [0,1] be
r-regular and affine. Then f is Q-affine.

Proposition 2.8 is a special case of a result on first-order expansions (R, <, +,0), see [10,
Theorem 3.9]. This more general result shows that Proposition 2.8 still holds when the
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graph of f is r-recognized by an Biichi automaton with advice, where the automaton that
recognizes the graph can access a fixed infinite advice string.

2.5. Graph Directed Iterated Function Systems and Self-similar sets. Let (X, d)
and (X', d") be metric spaces. A similarity of ratio r between (X,d) and (X',d) is a
function f: X — X’ such that

d(f(z), fly) = %d(a:,y) for all =,y € X.

A graph-directed iterated function system (of ratio r), or a GDIFS for short, is a

quadruple G = (V, E, s,t, X, S) such that

(1) (V,E,s,t) is a graph,

(2) X = (Xy,dy)vey is a family of metric spaces, and

(3) S = (Se: X¢te) = Xy(e))eck is a family of functions such that S is a similarity of ratio
r for all e € E.

We typically drop the source and range maps. We let E, , denote the set of edges e € E

from u to v. An attractor for G is a collection K = (K, )ucy such that each K, is a

non-empty compact subset of X, and

Ko=) | Se(&,) forallueV.
veEV e€Fy v

Let A= (Q,X"", A, I, F) be a Biichi automaton. We associate a GDIFS G 4 of ratio r to
A as follows. Let V := Q. Let (X,,d,) be [0,1]" with the usual euclidean metric for each
veV. Set E:=A, and for each 6 = (u,0,v) € A let

Sa(x):a:—ka

All GDFIS considered will be of the form G4 for some Biichi automaton A over X7.
While this is just a small subset of all GDFIS, we need the generality of GDFIS in contrast
to just iterative function systems to account for the case when A has more than a single state.

for all z € [0, 1]™.

For p,q € Q, let W), 4(n) be the set of paths of length n from p to ¢. Since (Ky)4eq is the
attractor of G4, we obtain the following fact by an iterative application of the attractor

property.
Fact 2.9. Let n € N and p € (. Then
K= U (S5, 0...08;5,)(K,).
qEQ (61,-.-,6n)EWp,q(n)

Throughout this paper will use the following result from [8] connecting attractors of GDFIS
and r-recognizable sets.
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Fact 2.10 ([8, Theorem 57]). Suppose A is trim and closed. Then
VT(A) = U an
qel

where (K;)q,cq is the unique attractor of G 4.

We observe that the GDFIS G 4 only depends on @, n,r and A, but not on I or F'. Therefore
the unique attractor of G4 also only depends on @, n,r and A, but not on I or F.

2.6. Logic. As shown in Boigelot, Rassart, and Wolper [7], there is also a connection
between r-recognizable sets and sets definable in a particular first-order expansion of the
ordered real additive group (R, <,+,0). Let V,.(x,u, k) be the ternary predicate on R that
holds whenever v = r™ for n € N,n > 1 and there is a base-r expansion of x with n-th digit
k. Let T, be the first-order structure (R, <,+,0,V}.).

Fact 2.11 ([7, Theorem 5]). Let X C [0,1]". Then X is r-recognizable if and only if X is
definable in T, (without parameters).

Fact 2.11 is a powerful tool for establishing that the collection of r-recognizable sets is
closed under various operations. For example it may be used to easily show that the interior
and closure of an r-recognizable set are also r-recognizable.

3. TooLS FROM METRIC GEOMETRY

3.1. Hausdorff Measure. We recall the definition of the one-dimensional Hausdorff mea-
sure (generalized arc length) of a subset A of R™. We let Diam(B) € R U {oco} be the
diameter of a subset B of R™. Given § > 0 we denote by Cs(X) the collection of all countable
collections B of closed balls of diameter < § covering X. Given § > 0 we declare

HUX) = B}gcfé Z Diam(B) € RU {oo}.
BeB

Note that H}(X) decreases with §. Thus either lims_,oH}(X) or is infinite. The one-
dimensional Hausdorff measure of X is

HY(X) :=sup H} (X) = lim H}(X).
Recall that H! agrees with the usual Lebesgue measure on [0,1]. We now prove a general
lemma about graphs of Lipschitz functions.

Lemma 3.1. Let f:[0,1] — [0,1] be a Lipschitz function and let X be a connected subset
of T'(f). Then
H'(X) > Diam(X).



M EXI BLOCK GORMAN, PHILIPP HIERONYMI, ELLIOT KAPLAN, RUOYU MENG, ERIK WALSBERG, ZIHE WANG, ZIQIN XI

Proof. Set Y := m(X). Since X is connected, so is Y. Since f|y is a Lipschitz function
and Y is connected, H!(['(f|y)) is equal to the arc length of I'(f|y). Thus HY(I'(f]y)) >
Diam(I'(f]y)). Now observe that X = T'(f|y). ]

3.2. Nowhere dense recognizable sets are Lebesgue null. We first recall an important
definition from metric geometry. A subset X of R™ is e-porous if every open ball in R”
with radius ¢ contains an open ball of radius et that is disjoint from X. A subset of R" is
porous if it is e-porous for some € > 0. Lemma 3.2 holds for recognizable subsets of [0, 1]™.
We only require the one-dimensional case, so to avoid very mild technicalities we only treat
that case.

Lemma 3.2. Let X C [0,1] be r-recognizable and nowhere dense. Then X is porous.

In the following proof an r~"-interval is an interval of the form [Tmn, "jj[l]

Proof. Recall that the r-kernel of X is the collection of sets of the form

(e [ ).
where n > 1 and 0 < m < r"™ — 1. By Fact 2.1, the r-kernel of X consists of only finitely
many distinct subsets of [0, 1], each of which has empty interior. Thus, for some k > 1,
there is an r—*-interval that is disjoint from every element of the r-kernel of X. It follows
that any 7 "-interval contains an r~("**)_interval which is disjoint from X. Note that any
interval (x —t,x +t) C [0, 1] contains an r~"-interval of length > r~12¢. Thus any interval
(x —t,z +1t) C [0,1] contains an r~"-interval with length > 7~(*+12¢ that is disjoint from
X. Thus X is 2r~*+_porous. ]

It is shown in Luukkainen [15, Theorem 5.2] that a subset X of R™ is porous if and only if
the Assouad dimension of X is strictly less than n. The Hausdorff dimension of a closed
subset of R™ is bounded above by its Assouad dimension. It follows that a nowhere dense
r-recognizable subset of [0, 1]™ has Hausdorff dimension < n. In particular a nowhere dense
r-recognizable subset of [0,1] is Lebesgue null. For the sake of completeness we provide the
following more elementary proof.

Proposition 3.3. Every porous subset of [0,1] is Lebesque null. In particular, every
nowhere dense r-recognizable subset of [0,1] is Lebesgue null.

Proof. Let X C [0,1] be e-porous. Note that the closure of X is also e-porous. After
replacing X by its closure if necessary we suppose X is closed, and so in particular,
Lebesgue measurable. Every interval (z — ¢,z + ¢) C [0, 1] contains an interval with length
at least 2¢t that is disjoint from X. Hence
H ((z—t,z+t)NX) < (1—¢)2t.

Thus

HY((x —t,x+1)NX)

2t

<l-—¢
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for all x,t > 0 such that (z —¢,x +t) C [0,1]. Suppose X has positive Lebesgue measure.
By the Lebesgue density theorem we have

HY((x —t,x+1)N X)

lim =1
t—0 2t
for H!1-almost all z € X. This is a contradiction. ]

4. THE STRONGLY CONNECTED CASE

In this section we prove Theorem A in the special case when the r-regular function
under consideration is accepted by a strongly connected determinstic Biichi automaton.
Indeed, we establish the following strengthening of Theorem A in this case.

Theorem 4.1. Let f : [0,1] — [0,1] be an r-regular continuous function whose graph is
r-accepted by a strongly connected deterministic Biichi automaton A. Then f is Q-affine.

This extends a classical result of Hutchinson [13, Remark 3.4] for functions whose graph
is the attractor of an iterative function system. The Hutchinson’s result almost directly
implies Theorem 4.1 when the automaton A only has one state.

4.1. Two lemmas. We collect two lemmas about strongly connected Biichi automata
before proving Theorem 4.1. We let A = (Q, X, A, I, F') be a Biichi automaton. Recall that
for p,q € @, the set P, ,(n) C X" is the set of all labels of paths of length n from p to g.

Lemma 4.2. Suppose A is strongly connected. Let p € QQ be such that

U P,q,(n)| >r"  for alln € N.

qeQ
Then P
lim sup ’Ln(n)’ >0 forallqe@.
n—00 r

Proof. Since @ is finite, the pigeonhole principle yields a state pg € @ such that
| Pppo (1))

rn

lim sup > 0.

n—oo
Let ¢ € Q. Since A is strongly connected, there is a path of length k from pg to g. Thus for
alln e N
[Bpg(n+ k)| > [Pppo(n)].
Therefore

P
lim sup M = lim sup
n—00 rr n—00

[ Bpg(n + k)|
Tn+k

|Pp,po (n)]

> — limsup o > 0. L]

rk n—00

Lemma 4.3. Suppose A is strongly connected, deterministic and ¥ = X,.. If the interior
of Vi.(A) is non-empty, then V,.(A) = [0, 1].
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Proof. Set X := V,(A). Let J C [0,1] be an open interval contained in X. Towards a
contradiction, we suppose that [0, 1] \ X is non-empty. Fix z € [0,1] \ X. Let wy, ws € ¥¥
be such that

{we XY @ v (w) =z} = {wr,wa}.
The main idea is as follows: By strong connectedness of A we can preceed either wy or wo
with any prefix that is consistent with being in X, and still land outside of X. This will
contradict J C X. We now make this argument precise.

Since z ¢ X, there is a state py € @ such that there is no run of either wy or we from py.
Since A is strongly connected, there are t € N, u € X! and a run sgsj ... s; of u such that
st = po and

v({uw @ weX¥}) C (4.1)
Since A is deterministic, our assumption on w; and wy implies that the set {w € X,
uw € L(A)} contains neither w; nor wy. Set y := v, (uwy). Since v, (uwy) = v, (uws), we
have that

{weX¥ : v(w) =y} = {uwr, uws}.

Thus y ¢ X. Together with (4.1), this contradicts J C X. []

Recall that m : R> — R is the coordinate project onto the first coordinate.

Corollary 4.4. Suppose A is strongly connected, weak, deterministic and ¥ = Y2. If the
interior of m(V;(A)) is non-empty, then m(V,(A)) = [0, 1].

Proof. Assume that the interior of w(V;(A)) is non-empty. Since A is weak and strongly
connected and L(A) is non-empty, all states in A are final. Let

U .= {u1 € Z:,J : dug € E:f Ul X ug € L(.A)}

Note that v, (U) = w(V,.(A)). It is easy to see that there is a strongly connected Biichi
automaton A’ over X, such that L(A") = U. Since all states of A are final, we can choose
A’ such that all states of A’ are final as well. Because of this, we can use the usual powerset
construction to obtain a strongly connected deterministic Biichi automaton A” over X,
such that L(A") = L(A”). The corollary now follows from Lemma 4.3. ]

Corollary 4.5. Suppose A is strongly connected, weak, deterministic and ¥ = %2, Let
p,p € Q and let (Kq)qeq be the attractor of the GDFIS G4. Then w(Kp) = [0,1] if and
only if 7(Ky) = [0,1].

Proof. Set A, := (Q,32,A,{p}, F) and set A, = (Q, X2, A, {p'}, F). Since the GDFIS
G 4 does not dependent on the initial states of A, we obtain from Fact 2.10 that
Vi(Ap) = Kp and V. (Ay) = K.

By Corollary 4.4 it is left to show that the interior of 7(K,) is non-empty if and only if the
interior of m(K,/) is non-empty. Suppose that 7(K, ) has non-empty interior. Since A is
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strongly connected, there is n € N such that there is a path (d1,...,d,) of length n from p
to p/. Thus by Fact 2.9

(Ss, 0+ 085,)(Kp) € (4.2)
It is easy to see that since the interior 7T( ») is non- empty, so is the interior of 77((551
-+0.85,)(Ky)). By (4.2) the interior of m(K}) is non-empty. ]

4.2. Proof of Theorem 4.1. Throughout this subsection, fix an r-regular continuous
f:[0,1] — [0,1] whose graph is r-accepted by a strongly connected deterministic Biichi
automaton A = (Q, X, A, {p}, F). As A is strongly connected, it is trim. As I'(f) is closed,
we may assume that A is closed. Let G4 = (V, E, X, S) be the GDIFS associated to A. Let
(Kq)qeq be the attractor of the GDIFS G 4. By Fact 2.4, I'(f) = K.

Recall that for ¢, ¢’ € @, we denote by W, ,(n) be the set of paths of length n from ¢ to ¢
Since (Ky)qeq is the attractor of G4, we have by Fact 2.9 that for each n € N

I(f) =K, = U U (S5, 0...085,)(K,). (4.3)
q€Q (01,...,0n)EWp ¢(n)

For q,¢' € Q, each path (d1,...,d,) of length n from ¢ to ¢, is uniquely determined from
its label 0 = 01...0, € P, y(n), since A is deterministic. We let &, : Xy — X, be the
composition &, := S5, 0...0S;, . Then

§olz) =
With this new notation, equation (4.3) becomes
=K, = U U £o (Kq)- (4.4)
qEQ gE€Pp 4(n)
Lemma 4.6. Let q,¢' € Q, and let o € P, 4(n) and o' € P, y(n) be such that o # o’. Then
H' (65 (Ky) NEqr (Ky)) = 0.

Proof. The main difficulty is to show that the overlap of the boundaries of the two sets has
zero measure. Set a = (a1,a2) ==Y ;o™ " and b := (b1, bs) := > oir" ", Thus

i=1"1
rT+a rz+b
&o(x) = o and &y (z) = .

Observe that max{a, az, b1,be} < r". We get that
1 1
() €& (0,12) = | %, Mt 2,220

35+Z 101

TTL

TTL

rn Tn’ rn
and by by +1 by by+1
+ 2 02 +
o (K) C & ([0,1]2) = | L, 22 = .
5 ( q)_g ([a ]) |:’I“n’ rn :|>< |:7,.n’ rn :|
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Since &, # &y, there is some i € {1,2} such that a; # b;. Observe that when both a; # by
and ag # be, the statement of the Lemma follows immediately. We therefore can reduce to
the case when there is ¢ € {1, 2} such that a; = b;.

Suppose that ay = by. Without loss of generality we can assume a; < b;. Then

f‘f(val)ﬁga’(qu’) C {al+ } X [:72” a2+1] .

Tn TTL

By (4.4), we have &, (Ky) N &y (Ky) € T'(f). This directly implies that £, (Ky) N & (Ky)
must be a singleton as f is a function.

Suppose that a; = b;. Without loss of generality we can assume as < ba. Then

£ (K Néy(Ky) C [jrl”al-i-l} . {a2+1}.

TTL rn
Towards a contradiction, suppose that H' (& (Ky) N & (Ky)) > 0. It is easy to check that
§o(Kq)NEyr (K ) is r-recognizable. Thus Lemma 3.2 and Proposition 3.3 yield a non-empty
open interval J C [7‘%, “}n—f{l] such that

Jx{@+ }g&@@m@ﬂwy

,r.n

Since {5 (Kq) N&yr (Ky) CT'(f) by (4.4), this shows f is constant and equal to ai—;ﬂ on the
interval J. Since A is strongly connected, there is £ € Nyg and v = vy ...y € P, ,(¢) such
that

(4.5)

ay asg+1
re |

2
(0.1 € 7 x| 2,
Set ¢ := (c1,¢2) == Zle virt=t. Note that ¢; < ¢ and ¢y < rf. Since ay < by < ™, we have

as + cor™ < by + cor™ < "t
Let x = (71, 72) € [0,1]2. Then

T+ ar"tt 4o +a
Eovo(T) = r2n+e

Set y = (y1,¥2) := oo (x). By (4.5) we have y; € J. Furthermore,

xo + aor™ T+ cor™ + ay < 1+ agr™ + cor™ + ay as 1 cor"+as+1 ags+1
Y2 = y2ntl = r2nte AR, S T

Now suppose z € K,;. Then y € I'(f). However, since y; € J, we get y2 = aztl - Thig

rn

contradicts ys < ai—j{l []

Proof of Theorem 4.1. By (4.4), K, = I'(f). Thus K, is compact and connected. By
Lemma 3.1 we have H1(K,) > Diam(K,). As in the proof of [13, Remark 3.4], we observe
that in order to show that K, is a line segment, it is enough to establish H!(K},) = Diam(K).
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Thus we will now show that H!(K,) < Diam(K)).

Let ¢ € Q, and let n € N be such that there is o € P, ,(n). Observe that H!(£,(K,)) =
r~"HY(K,). By (4.4) we have that &, (K,) C K, = I'(f). Since m(K,) = [0, 1], Corollary
4.5 gives that m(K,) = [0, 1]. Thus m(&,(k,)) is connected. Since &,(K,) C I'(f), we deduce
that &,(K,) is connected as well. Therefore we obtain H!(¢,(K,)) > Diam(¢,(K,)) by

Lemma 3.1. Thus
HU(K,) = r"H ((Ky)) > ™ Diam(&,(K,)) = Diam(Ky). (4.6)

Since any overlap in the union in (4.4) has zero 1-dimensional Hausdorff measure by Lemma
4.6, we can compute the 1-dimensional Hausdorff measure of K, using (4.4) as follows:

=> Y —H Z' (K,). (4.7)

qEQ o€EPy, q(n) qeQ

Suppose H!(K,) > Diam(K,) towards a contradiction. Set ¢ := H'(K,) — Diam(K}) > 0.
For n € N and o € P, 4(n), we note that

Diam(&, (K,)) = Tin Diam(K, ).
Thus by (4.4)

P,
Kp) <> M Diam(Ky).
q€Q "
By the definition of Hausdorff measure

HY(K,) < hmsupz | p:( m)l Diam(K,).

m—00
q€Q

However, for every n € N, we obtain using (4.7) and (4.6)

Hl(Kp) — |Pp’p7$n)|%l(Kp) + Z |Pp»q(n)|7_‘l(Kq)

" qecz\{p} "

| pvp +Z| pq Dlam(Kq)
qeQ

To reach a contradiction, it is left to prove that hm sup Li? pn( DI positive. Since f is a

4) this means that [0, 1] is

function with domain [0, 1], we know that 7(K,) = [ ] By (4.
7)) < r " for each o € P, 4(n),

covered by ,cq UJEqu (£, (Ky)). Since Diam(7 ( o (K,
we have for each n € N

Uer
q€q
Thus Lemma 4.2 shows lim sup M is positive. ]
n—oo
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5. PROOF OF THEOREM A

In this section we will give the proof of Theorem A. Indeed, we will establish the
following strengthening of Theorem A.

Theorem 5.1. Let f : [0,1] — [0,1] be a continuous r-regular function. Then there
are pairwise disjoint open r-recognizable subsets Uy, ..., Uy, of [0,1] and rational numbers
Qat, ..., 0, such that

(1) [0,1]\ U™, U; is Lebesgue null, and

(2) the restriction of f to a connected component of U; is affine with slope ;.

We first observe that we can reduce to the case of functions r-accepted by certain well-
behaved automata.

Proposition 5.2. Let f : [0,1] — [0, 1] be an r-regular continuous function. Then its graph
I'(f) is r-accepted by a trim, deterministic, closed Biichi automaton.

Proof. As f is continuous, its graph I'(f) is closed in [0,1]2. Thus, there is a trim Biichi
automaton A r-accepting I'(f) which, by Fact 2.2, we may assume to be closed. A closed

automaton is weak. Therefore there is a deterministic trim Biichi automaton A’ such that
L(A) = L(A’). Again, we can take A" to be closed by Fact 2.2. ]

Throughout this section, let 7 : R?> — R be the coordinate projection onto the first
coordinate.

5.1. Reduction to full automata. Given a Biichi automaton A = (Q, %, A, I, F') and
subsets Q1,Q2 of Q with Q2 C Q1, we let Ag, g, be the automaton

(leEaA N (Ql X 2 X Ql)aQQaFm Ql)

Definition 5.3. Let A be a Biichi automata. We say A is full if for every sink @’ of A
there is ¢ € Q' such that

(Ve (Ag qg3)) = [0,1].

Lemma 5.4. Let f : [0,1] — [0,1] be an r-regular function. Then there is a closed full
deterministic Biichi automaton A that r-accepts I'(f).

Proof. Let A= (Q, %2, A, {qo}, F) be a closed deterministic Biichi automaton that r-accepts
['(f). We prove that there is a closed full deterministic Biichi automaton A’ such that
Vi (A") =T(f). We do so by induction on the number of strongly connected components of A.

First suppose that A is strongly connected. Then @ is the only sink of A and Ag 14,3 = A
Thus

I(f) = Vi(A) = Va(Ag,1q0})-
Thus 7(V;-(Ag,{4})) = [0,1] by Corollary 4.4.
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Now suppose A has n strongly connected components, where n > 1. Let Qg be the set of
states in the strongly connected component containing go. Set Xo := Vi.-(Ag, {g1)-

First suppose the interior of 7(Xp) is non-empty. Since Ag, 4.} 18 strongly connected and
closed, we obtain 7(Xg) = [0,1] by Corollary 4.4. Since Xo C I'(f), we have X = I'(f).
We declare A" := Ag, 140}-

We have reduced to the case that the interior of 7(Xy) is empty. In this case, Qo cannot be
a sink. Suppose there is a sink Q' C @ such that

T(Ve(Ag (q1) # [0,1]
for all ¢ € Q'. Since Agy (43 is closed, we have that m(V,(Ag 4)) is closed and thus
nowhere dense for all ¢ € Q’. Observe that

L(Ag.o) = | L(Ag 1),
qeQ’
so m(V.(Agr q)) is nowhere dense. Set
A= A\ fao)-
Since A’ has n — 1 strongly connected components, it is left to show that
Vi(A) = Vi (A).

Since the set on the right is included in the set on the left and both sets are closed, it
suffices to show that V,.(A’) is dense in V,.(A).

Since V,.(A) =T'(f), it is enough to show that
TNa(Vi(A)) # 0

for every open interval J C [0,1]. Suppose that this fails for some J. Then for every
w € L(A) with 7(v,.,)(w)) € J, the acceptance run of w is eventually in Q". Pick n € N,
g € Q" and w; x wy € Py 4(n) such that

[op(w1), vr(w1) + 77" C .
Set J' := [Ur(w1)7vr(w1) + T—n]‘

We end the proof by showing that
L(fl) € U (v (w1 x w) +r7"Vi(Agrgr)).
uexn
As 7(V;(Ag @) is nowhere dense, this containment is a contradiction. Let (z,y) € I'(f].r)
and uy xug € L(A) be such that v, ) (u1 xu2) = (7,y). Let sos152... € Q¥ be an acceptance

run of u; X ug. Recall that for o € 3% we write o|,, for o1 ...0,. Note that u;|, = w1, so
we have that v,(z1) € J' for any word 21 x 29 € L(A) with 21|, X 22|p = u1|n X uz|n. As
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J' C J, this means that any acceptance run of any such word z; X 2o is eventually in Q’.
Because A is closed, this shows that s, is necessarily in Q’. Thus

(2,Y) € vy (w1 X uz|n) + 17"V, (Agr @)- L

5.2. Proof of Theorem 5.1. Let f : [0,1] — [0,1] be a continuous r-regular function.
By Proposition 5.2 and Lemma 5.4 there is a closed full deterministic Biichi automaton

= (Q, %2, A, {qo}, F) that r-recognizes I'(f). Fix this automaton A for the rest of this
section.

Lemma 5.5. Let Q' be a sink of A. Then there is ¢ € Q' and a Q-affine function
g:[0,1] = [0,1] such that T'(g) = V;-(Agr {q})-

Proof. Since A is full, there is a state ¢ € Q' such that
m(Ve(Ag gq)) = [0,1].
For convenience, set A’ := A¢y (53. Consider a path

((307 017 81)7 M (Sn—h Un; Sn))
on A such that s) = ¢y and s,, = ¢q. Set 0 := 071 ...0,. Then
{ow : we LA} C L(A).

Thus

Uy (0) + 17"V (A) = {Uw twe LA} CT(f).
Since 7(V,.(A")) = [0, 1], we have that 77( o)+ 1"V (A)) is a closed interval J C [0, 1].
Therefore

U(r,r) (J) + T_nv;“(A/) = F(f|J)
and so V,.(A’) is the graph of a continuous function. Since A’ is strongly connected, this
function has to be affine by Theorem 4.1. []

Proposition 5.6. Let Q' C Q be a sink of A and q € Q" be such that 7(V,.(Ag (g3)) = [0, 1].
Then there is a Q-affine function g : [0,1] — [0,1] such that

flor(wr) +77") = vp(w2) +77"g(2)
for alln € N, wy x wy € Py 4(n), and 0 <z < 1.
Proof. By Lemma 5.5 there is a Q-affine function g : [0, 1] — [0, 1] such that
['(g) = Vi(Ag g1)-

Let w1 X wg € Py 4(n). Let x € [0,1] and take uy x ug € L(Agr (4) be such that v,(u1) =
Then (wy x we)(uy X uz) € L(A). Observe that v,(u2) = g(x). Thus

fop(wr)+r "z) = f(vr(wiur)) = ve(waug) = vp(we) +7~ "vp(uz) = v (w2)+r" "g(x). OJ
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Proof of Theorem 5.1. Let Z be the set of all pairs (Q’,q) such that Q" is a sink of A,
q € Q" and 7(V:(Ag (41)) = [0,1]. For each pair (Q’,q) € Z, we obtain a Q-affine function
g :[0,1] — [0,1] that satisfies the conclusion of Proposition 4.1. Since Z is finite, there is a
finite set S C Q such that each of these Q-affine functions has a slope in S. For each o € S,
let Y, be the set of all x € [0, 1] such that there is € > 0 for which the restriction of f to
[x — e,2 + €] is an affine function with slope a. Let U, be the interior of Y,. Using Fact
2.11 it is easy to check that both Y, and U, are r-recognizable. Set Y := U,. By
Proposition 3.3 it is left to show that Y is dense in [0, 1].

a€sS

Let J C [0,1] be an open interval. It is enough to find an open subinterval J' C J such that
the restriction of f is affine on .J’ with slope in S. Let x € J and n € N be such that there
are wi,...,w, € %, satisfying z = v,(w;...w,0...) and [z — pm (=) gy r_(”_l)] C J.
Observe that = has two r-ary representations:

n n—1
T = Zwﬂ“—i = Zwi'r_i + (wy, — Dr "+ Z (r—1)r "
i=1 i=1 i=n+1
Let wy := wy ... w, 0% and wy, = wy ... (wy — 1)(r — 1)“. Thus there is u € ¥¥ such that
we X u € L(A) or w, x u € L(A). We treat the case when wy x u € L(A). The case when
wy, X u € L(A) can be handled similarly.

Let sos1 ... be the acceptance run of wy x u on A. Then there is w’ = (w}] x wh) € (L2)™
such that there is a run of w’ from s, 1 to a state ¢ in a sink Q" with 7(V,.(Ag (o)) = [0, 1].
Thus

(w1 X up) ... (Wp—1 X Up—1)w' € Py 4(n —1+m).
Set 21 := w1 ... wp_1w} and set z3 :=uq ... u,—1wh. Note that

|z — v (21)| < P70,

Thus v,(z1) € J. By our choice of S, there is an affine function g : [0, 1] — [0, 1] with slope
in S such that

For(z1) + 777 z) = (z9) 407 T g ()
for all 0 < x < 1. Thus there is a nonempty open subinterval J’ of .J such that the restriction
f|gr is affine with slope in S. ]

As corollary we obtain the following sum form for continuous r-regular functions.

Corollary 5.7. Let f : [0,1] — [0,1] be continuous r-reqular. Then there are pairwise
disjoint open r-recognizable subsets Uy, ..., Uy, of [0,1] and rational numbers ag, vy, ..., Gy
such that [0,1] \ U~ U; is Lebesgue null and

f(t) :040+Zai7-l1({3: elU;:0<xz<t}) forall 0<t<1.
i=1
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Proof. By Fact 2.4, we know that f is Lipschitz. Rademacher’s theorem states that every
Lipschitz function ¢ : U € R — R”, where U is open, is differentiable outside a set of
Lebesgue measure 0. Thus from Rademacher’s theorem we can conclude that f'(t) exists
for H'-almost every 0 <t < 1. By the fundamental theorem of Lebesgue integration

f(t)=f(0)+ /Ot f'(z)dx forall 0<t<1.

Recall that f(0) is rational by Lemma 2.7. We declare ag = f(0). By Theorem 5.1 there
are pairwise disjoint r-regular open subsets Ui,...,U,, and aq,...,q,; € Q such that
W =", U; is dense in [0,1] and f'(x) = o; for all € U;. Thus [0,1] \ W is Lebesgue
null by Proposition 3.3. Therefore, we have

t m
/0 f(z)dx = /[o,t]mw f'(z)dx = ;aﬂ-[l({x elU;:0<xz<t})

forall0 <t <1. []

6. DIFFERENTIABILITY

We are now ready to prove Theorem B as a corollary to Theorem 5.1. We start by
proving the promised characterization of differentiable r-regular functions. In the proof we
will use Darboux’s classical theorem that for every differentiable function g : I — R where
I is a closed interval, the derivative ¢’ has the intermediate value property.

Theorem 6.1. A differentiable r-regular function f :[0,1] — R is Q-affine.

Proof. Let f :[0,1] — [0,1] be a differentiable r-regular function, and suppose I'(f) is
r-accepted by a closed full deterministic Biichi automaton A. By Theorem 5.1 there exist a
finite set S of rational numbers such that if the restriction of f to a subinterval J of [0, 1]
is affine, then the slope of f on J is in S. It follows from the proof of Theorem 5.1 that
for each sink Q' of A and ¢ € Q" with 7(V;.(Agr 4)) = [0,1], there is an affine function
g :[0,1] — [0,1] with slope in S that satisfies the conclusion of Proposition 5.6.

We suppose towards a contradiction that f is not affine. Then f’ is non-constant. An
application of Darboux’s theorem shows f’ takes infinitely many values. Fix 0 < z < 1
such that f'(z) ¢ S. Let w1 X wa € (£2)¥ be such that v, (w1 x wy) = (z, f(z)). By our
choice of S and since A is full, there is a final state ¢ in A such that ¢ is not in a sink of A,
and the acceptance run sps;... of wy X wy in A visits ¢ infinitely many times. Fix this
q. Let B; € N be the index of the element in the acceptance run of (z, f(x)) at which ¢ is
visited for the i*" time; ie. §; is the i-th element of the set

{k : sk=q}.
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Since ¢ is visited infinitely many times in the acceptance run of (x, f(z)), {fi}ien is cofinal
in N. We write

Bi Bi

xlg, = Zwurﬂ and f(x)|, = war—].
j=1 j=1

Now let Q" be a sink of A that can be reached from ¢ and let ¢’ be a state in @’ such that

T(Vi(Ag (q3)) = [0,1]. Let g : [0,1] — [0, 1] be the affine function associated with Q" and

¢', and let a € S be such that g(y) = g(0) + ay for all y € [0,1]. Take u,v € (X2)* with

uxv e Pyy(k). Set
k k

c:= Zuirﬂ' and d:= Zvﬂﬁi.

i=1 i=1
To compute f’(x) we declare

f@) = (f(@)]g, +rPd+r7%%(g(0) + ay))
z — (z|g, +rPic+r—Pi—ky)
where y € R. By our choice of u,v and «, we have that for every y € [0, 1]
f(@lg, +r Pic+r=Piry) = f(x)|5, + 7 Pid + 5% (g(0) + ay).
To further simplify notation we define
hi (i) - = f(x) = (£ (@)lg, + 177 d + 1777 g(0),
ha(Bi) : = — (x|, + 17 Pic).

H(Bi,y) =

)

Thus bk 5 §

hi(B8;) —r P fa rPihi(5;) —r "o

H(Bi,y) = 1(6) “Bi—k Y = B; 1(5) & y'
ho(B;) —r=Fiky — rPihg(B;) —r~ky
Note here we have
—pBitl < hi(B;) < rBitl apnd  — Bl < hy(B;) < pBitl

Hence |r%ihi(B3;)| and |rPihe(B3;)| are both bounded above by 7. Applying compactness
we pick a subsequence {f;,}r>0 of {B;i}i>0 such that the sequences (rﬂié h1(B;,)) and
(rﬁii hg(ﬂl‘z)) have limits in R, which we denote by h; and hsg, respectively. As f is
differentiable, we have

’ . hy — T_kay
fi(x) = EETOH(@M) = Ty ky
Thus the equation

f'(@)hy = hi = r~Fy(f'(2) — @)
holds for infinitely many y € R. This can only happen if a = f/(z), which contradicts our
choice of x. []

In order to prove that checking the differentiability of regular functions is in PSPACE, we
now recall an elementary fact from real analysis.
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Lemma 6.2. Let f:]0,1] — R be continuous. Then f is affine if and only if

f<a:;y> :f(@;f(y) for all 0 < 2,y < 1.

Corollary 6.3. Given an Biichi automaton A that recognizes an r-reqular function f :
[0,1] — [0,1], the problem of checking whether f is differentiable, is in PSPACE.

Proof. Let f1 : [0,1]2 — [0,1] be the function that maps (x,%) to f (xTer), and let f5 :
[0,1]2 — [0, 1] be the function that maps (x,%) to M It is easy to see that fi and fo
are both r-regular. By applying [9, Theorem 4 & 5] we can construct in polynomial time
automata A; and As that r-recognize f1 and fo. Now let Ay be a Biichi automaton that
recognizes

{w1 X wo € (Zz)w : Jws € Z;’:} w1 X wy X ws € L(A1> N L(.AQ)}

Again, it is not hard to see that such an automaton can be constructed in polynomial time
from A; and As. Recall that the universality problem for Biichi automata is PSPACE-
complete by Sistla, Vardi and Wolper [17]. Checking differentiability of f is equivalent to
checking whether Ay accepts (£2)“, and hence in PSPACE. (]

7. AN APPLICATION TO MODEL THEORY

A study of continuous functions definable in expansions of the ordered additive group
(R, <,+,0) of real numbers was initiated in [11]. By Fact 2.11 a continuous r-regular
function is just a function definable (without parameters) in the expansion T,.. Thus this
enterprise is a vast generalization of the study of continuous regular functions. In this
section, we will briefly recall earlier results from this inquiry and explain how the results in
this paper give partial answers to some wide-open questions in this area.

We first fix some notation. Throughout, R is an expansion of (R, <,+,0), and “definable”
without modification means “R-definable, possibly with parameters from R”. A dense
w-order is a definable subset of R that is dense in some nonempty open interval and admits
a definable ordering with order type w. We say that R is type A if it does not admit a
dense w-order, type C if it defines all bounded Borel subsets of all R¥, and type B if it is
neither type A nor type C. It is easy to see that an expansion cannot be both type A and
type C, and thus each expansion R of (R, <, +,0) has to be either type A, type B or type C.

Type A is a generalization of o-minimality and singles out structures whose definable sets are
geometric-topologically tame (see [18] for an account of o-minimal expansions). Expansions
of type C have undecidable theories and satisfy no logical tameness whatsoever. Type
B expansions live in between these two extremes. Indeed, it is an easy exercise to check
that T, is type B. The set of all z in [0, 1] with a finite base-r expansion is definable in T,
and admits a definable order with order type w (see [3, Section 3]). We regard 7, as the
prototype of a type B expansion. As seen in [11] many interesting properties of T, generalize
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to arbitrary type B expansions. Therefore the study of definable sets and definable function
in type B expansions is a suitable generalization of the study of r-recognizable sets and r-
regular functions.

Question 7.1 is one of the main motivating questions in this enterprise. We say R is of
field-type if there is an interval I, definable functions @, ® : I? — I, and 07, 1; € I such
that (I,<,®,®,07, 1) is isomorphic to the ordered field (R, <,+,+,0,1) of real numbers.

Question 7.1. Let f : [0,1] — R be continuous and definable. If f is nowhere locally
affine, must R be of field-type?

This question essentially asks whether one can recover an ordered field from a nowhere
locally affine continuous function over the real additive group. Observe that any type C
expansion is trivially of field-type. Furthermore, by [11, Theorem B] a type A expansions
that defines a nowhere locally affine function is also of field-type. Since type B expansions
are not of field-type by [11, Fact 1.2], Question 7.1 is equivalent to the following question
about type B structures.

Question 7.2. Let f:[0,1] — R be continuous and definable. If R is type B, must f be
locally affine on a dense open subset of [0, 1]?

Question 7.1 (and hence Question 7.2) is one of the most important questions on definability
in first-order expansions of (R, <,+,0). We give a positive answer to an interesting special
case of Question 7.2.

Theorem 7.3. Every T,-definable continuous function f :[0,1] — R is locally affine on a
dense open subset of [0, 1].

Observe that Theorem 7.3 follows easily from Theorem A and Fact 2.11 when f is definable
without parameters. We just need to explain how to handle the case when f is defined
using additional parameters. Conversely, by Fact 2.11 we can deduce from Theorem 7.3
that any continuous function f : [0,1] — [0, 1] whose graph is r-recognized by an Biichi
automaton with advice (ie. by an automaton that can access a fixed infinite advice string)
is locally affine away from a nowhere dense subset of [0, 1].

Theorem 7.3 requires the following lemma. Model-theorists might recognize it as a weak
form of definable choice.

Lemma 7.4. Every nonempty subset of R* that is T,-definable without parameters contains
an element that is definable without parameters.

Proof. Recall Fact 2.6: a Biichi automaton that accepts an infinite word accepts an infinite
periodic word. It follows from Fact 2.11 that any subset of [0, 1]™ that is definable without
parameters in 7T, has an element with rational coordinates. Let X C R" be definable without
parameters in T,.. Fix ¢ € Q" such that X + ¢ intersects [0,1]™. Then (X + ¢) N[0, 1]™ is
T,-definable without parameters and thus contains a point p with rational coordinates. So
p — q € X has rational coordinates and is thus definable without parameters. []
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Proof of Theorem 7.3. Let f :[0,1] — R be continuous and T,-definable. After rescaling
by a rational factor if necessary, we may assume that f takes values in [0,1]. If f is
definable without parameters, then f is somewhere locally affine. Towards a contradiction,
we now suppose f is nowhere locally affine. To reach a contradiction, we will construct a
parameter-free T,-definable function [0, 1] — [0, 1] that is continuous and nowhere locally
affine.

Suppose ¢(z,y; z) is a formula and ¢ € R" is such that T, = ¢(a,b;c) if and only if

0<a,b<1and f(a) =b. Let X be the set of d € R™ such that

e {(a,b) €10,1)2: T, = p(a,b;d)} is the graph of a continuous function [0, 1] — [0, 1], and

e for all non-empty open subintervals J of [0,1] there are z,y € J and 0 < 2/, ¢’ < 1 such
that

/ /
T, ple.yid), T, ol yfid), and mm(““;y? s )
Lemma 6.2 implies X is the set of d such that {(a,b) € R?: T, = ¢(a, b;d)} is the graph
of a continuous nowhere locally affine function [0, 1] — [0, 1]. Note that X is T,-definable
without parameters. By Lemma 7.4 there is a parameter-free definable ¢ € X. Then
{(a,b) € 0,1)%: T, = ¢(a, b; ')} is the graph of a continuous nowhere locally affine function
[0,1] — [0, 1] that is definable in T, without parameters. Contradiction. ]

Of course, there are more questions that can be asked about the definable continuous
function in type B expansions. For our purposes a space filling curve is a continuous
surjection [0, 1] — [0, 1]%.

Question 7.5. Is there a type B expansion that defines a space filling curve?

If R is type A, then there is no continuous definable surjection [0, 1]™ — [0, 1]™ when m > n
(see [10, Theorem EJ). Thus Question 7.5 is equivalent to the following: must (R, <,+,0, f)
be type C when f is a space filling curve? We give a negative answer to Question 7.5 in a
special case.

Proposition 7.6. The structure T, does not define a space filling curve.

Sketch of proof. An argument similar to that given in the proof above shows that if T,
defines a space filling curve, then there is a space filling curve that is T, definable without
parameters. It follows from Fact 2.4 that every function f : [0,1] — [0,1]? that is T,
definable without parameters is Lipschitz. Such a function cannot be surjective, as Lipschitz
maps cannot raise Hausdorff dimension. []
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