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Abstract
We present a sensitive voltage amplifier suited for measurements of source imped-
ances in the k Ω range at dilution refrigerator temperatures. The circuit is based on 
a commercial dc SQUID, an impedance matching transformer, and it works on the 
principle of negative feedback. At 10 mK, the amplifier contribution to the noise is 
only 17 pV/

√

Hz  , which is negligible in comparison with the fluctuations of the 
thermal voltage of a 3.25 kΩ metallic source resistor. Various circuit parameters of 
the amplifier are discussed.

Keywords  Low-noise amplifier · dc SQUID · Quantum resistor

1  Introduction

In many applications, SQUIDs (Superconducting QUantum Interference Devices) 
are used as low-noise current amplifiers [1–3]. In such setups, the current to be 
measured is passed through an input coil and the magnetic field generated by this 
coil is efficiently coupled to the SQUID loop. Modern dc SQUIDs with the largest 
input coils achieve noise levels as low as 0.5 pA/

√

Hz  [2]. If in addition an imped-
ance matching device is used, such as a transformer [4–15] or a cryogenic current 
comparator [16–23], noise levels of a few fA/

√

Hz  are accessible. Such sensitive 
current amplifiers are often used in high precision resistance bridges [16–23] and in 
noise thermometry [24–29].

SQUIDs can also be configured for voltage measurement [1]. Sensitive voltage 
amplifiers based on the principle of negative feedback were built first using early 
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SQUID-like devices [30], rf SQUIDs [31–37], dc SQUIDs [38–40], and high Tc 
SQUIDs [41, 42]. In contrast to current amplifiers, voltage amplifiers have an input 
impedance greatly exceeding the resistance of the source to be measured.

Most SQUID-based voltmeters offer low-noise performance and sufficiently 
high input impedance for source resistors RS in the m Ω–Ω range [31–35, 38–42]. 
However, numerous phenomena of interest occur in sources of resistance well into 
the k Ω range. Examples are the integer and fractional quantum Hall effect [43, 
44], conduction phenomena in quantum point contacts [45], in topological insula-
tors [46, 47], and the quantum anomalous Hall effect [48, 49], for which resistances 
are of the order of the quantum resistance h∕e2 ≃ 25.8 kΩ . The use of impedance 
matching transformers extended the use of SQUID-based voltage amplifiers for 
source resistances in the k Ω range, achieving noise levels of 0.8 nV/

√

Hz  [36] and 
0.4 nV/

√

Hz  [37].
Here, we describe a SQUID-based voltage amplifier that is well-suited for low-

noise measurements of quantum resistors. In contrast to other SQUID-based voltage 
amplifiers designed for source resistances in the k Ω range [36, 37], ours offer low-
noise performance at dilution refrigerator temperatures, and it is based on a modern 
dc SQUID. We demonstrate low-noise operation by measuring voltage fluctuations 
in a source resistance RS = 3.25 kΩ down to temperatures of 10 mK. At this tem-
perature, the equivalent amplifier voltage noise is 17 pV/

√

Hz  , significantly less 
than the Johnson noise of the source resistor. Measurements performed to frequen-
cies as low as 1 Hz could not detect any significant 1/f noise. We also discuss other 
parameters of the voltage amplifier, such as its voltage gain, its bandwidth, and its 
input impedance.

2 � Circuit Description

Our voltage amplifier, together with a voltage source Vin having a resistance 
RS = 3.25 kΩ , is shown in Fig. 1. At the heart of the circuit, we used the combina-
tion of the dc SQUID and an impedance matching transformer [14]. As mentioned 
in the introduction, this combination of the dc SQUID and the transformer is a sen-
sitive current amplifier for sources of resistance in the k Ω range. Our dc SQUID has 
an input coil with an inductance of Lsq = 2.6 μ H. For our transformer, we opted for 
a coreless design [14]. The windings are of Nb wires. The secondary of the trans-
former is impedance matched to the SQUID input coil, and the two coils form a 
superconducting transformer. The impedance matching transformer has an effec-
tive turn ratio of 212, and it is mounted in a shielded formed of a combination of a 
cylindrical Pb tube and a soft magnetic shield. Further details of the behavior of the 
current amplifier formed of the combined dc SQUID and the impedance matching 
transformer can be found in Ref. [14].

In order to increase the input impedance necessary for voltage sensing, negative 
feedback is used [30–42]. The topology of our voltage amplifier circuit is similar to 
those in Refs. [32, 36, 37]. Negative feedback is realized by connecting the resis-
tive divider formed of the resistors RF = 1 MΩ and RG = 100 Ω to the transformer 
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primary winding, as shown in Fig. 1. Both resistors are of the thin metal film variety. 
Circuit elements are mounted onto various stages of a dilution refrigerator, as shown 
in Fig. 1. The feedback resistor RF is at room temperature, whereas RG and RS are in 
close thermal contact with the mixing chamber. In addition, RG is directly grounded 
to the mixing chamber.

For the proper functioning of our voltage amplifier, we implemented a few 
changes to the flux-loop electronics. When a dc SQUID is set up as a current ampli-
fier, the modulation signal and the feedback signal from the output of the integra-
tor are summed and are applied to the feedback coil of the SQUID [2]. Our cur-
rent amplifier from Ref. [14] operates this way. In contrast, for the voltage amplifier 
shown in Fig. 1, the modulation and integrator output signals are separated. In our 
circuit, the modulation signal is still applied to the feedback coil (not shown in 
Fig.  1). However, the feedback signal Vout from the output of the integrator is no 
longer fed into the feedback coil; it is instead connected to RF of the resistive feed-
back circuit. The programmable feedback loop circuit model PFL-100 we use allows 
for an easy separation of the two signals at the flip of a switch [50]. Furthermore, 
we found that a stable flux locking for the voltage amplifier circuit could not be 
achieved with the existing integrator capacitors; we modified one of the factory pro-
vided settings to 11 μF.

The flux-locked operation of the SQUID within the voltage amplifier still ensures 
a constant flux in the SQUID loop and therefore a linear operation. However, the 
change to the feedback path described above is expected to change the transimped-
ance gain of the chain of transformer, SQUID, and flux-loop electronics. In Fig. 2a, 
we show a model of our voltage amplifier in which the chain of transformer, SQUID 
and flux-loop electronics was replaced by a current-controlled voltage source with 
a transimpedance gain R̃T = Vout∕Iin . For the programmable feedback loop circuit 
model PFL-100 we use, we measured R̃T = 67 GΩ . We note that this value exceeds 
that corresponding to the same circuit elements but with the feedback of the summed 

Mixing Chamber S�ll Plate Room temperature

Transformer

Vout

Vin RG RF

Iin
LP LS Lsq

Source

RS

dc SQUID Flux-loop electronics

Fig. 1   Schematic of our sensitive voltage amplifier. The input coil of inductance Lsq of the dc SQUID is 
connected to an impedance matching transformer. In order to increase the impedance of the voltage sens-
ing input, a negative feedback circuit is used that consists of resistors R

F
 and R

G
 . The mounting locations 

of various circuit elements within our dilution refrigerator are clearly marked (Color figure online)



	 Journal of Low Temperature Physics

1 3

up modulation and integrator signals applied to the modulation coil by about a factor 
30 [14].

3 � Circuit Analysis

The operation of voltage feedback amplifiers was discussed in detail in Refs. [31, 
32]. In order to understand our circuit far below its bandwidth, we will use the 
simplified circuit model shown in Fig. 2a. Kirchhoff’s voltage law applied to the 
input circuit of this model yields Vin − RSIin = V∗ . Kirchhoff’s law for currents at 
the feedback node is Iin + (Vout − V∗

)∕RF = V∗
∕RG . Here, V∗ is the voltage of the 

feedback node. By solving these equations in the limit of R̃T ≥ RF ≥ RS ≥ RG , we 
obtain

For our choice of resistors, the voltage gain is G = 104 . The term containing the 
source resistance has a negligible effect on the value of the gain. For the resistors 
used in our circuit, this term contributes less than 0.1% error to the gain.

Besides the voltage gain, another parameter to be considered is the equivalent 
input resistance Rin . An equivalent circuit of our amplifier that contains the input 
resistance is shown on the right-hand side of Fig. 2b. The input resistance can be 
estimated as follows:

Using the circuit shown in Fig.  2b, we measured the input resistance. With 
R1 = 10 MΩ , R2 = 1 MΩ , and at an input voltage of 100 μ V, the measured output 
was 80 mV. Therefore, the estimated input resistance is Rin = 6.7 MΩ . This value 
is in excellent agreement with the expected values from the equation above, and it 
is three orders of magnitude larger than our source resistance. Such a large input 

(1)G =
Vout

Vin

=
RF

RG

(

1 +
RFRS

RGR̃T

)−1

≃
RF

RG

.

(2)Rin =
Vin

Iin
=

Vin

Vout

Vout

Iin
=

R̃T

G
≃

R̃TRG
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.

Vout=RTIin
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~

Fig. 2   a A circuit model for the voltage amplifier. At the heart of this model, there is a current-controlled 
voltage source with a transimpedance gain R̃

T
 as well as a resistive feedback circuit composed of R

F
 and 

R
G

 . b Circuit used to measure the input resistance of our amplifier Rin
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resistance assures that our amplifier is voltage sensing. We note that within our 
model, the input resistance is independent of the source resistance.

The gain equation, Eq. 1, can also be used to estimate the bandwidth of the cir-
cuit. If instead of a constant transimpedance gain, we consider a single-pole low-
pass frequency response for the transimpedance gain for the current-controlled volt-
age source R̃T → R̃T (1 + jf∕f0) , with f0 = 5 Hz, the bandwidth Bw of the voltage 
amplifier may be expressed as

We thus find that in contrast to transistor-based and operation amplifier-based volt-
age amplifiers, our amplifier has a bandwidth that is a strong function of the source 
resistance. Numerical values for our circuit result in a bandwidth of 10  kHz or a 
gain-bandwidth product of 108 Hz. We note the inductance of the transformer pri-
mary may also limit the bandwidth. However, in our circuit, this effect occurs at 
frequencies much larger than 10 kHz and may be safely ignored.

4 � Noise Model and Noise Measurement

In order to obtain the input-referred voltage noise ein of the circuit shown in Fig. 1, 
we will consider the noise generated by each circuit element of our amplifier. The 
noise has two major components: the Johnson noise generated by the source resistor 
eJ,RS

= (4kBTRS)
1∕2 and the noise added by the amplifier eamp:

Here, we used the fact that noises add in quadrature and denoted by kB the Boltz-
mann constant, and by T the temperature of the source resistor. In our setup, the 
source resistor is in thermal contact with the mixing chamber.

Amplifiers have a voltage and current noise, ea and ia , respectively. The amplifier 
noise is then expressed as

We recall that within the simplest description, the noise of the transimpedance 
amplifier composed of the transformer, SQUID, and flux-locked electronics chain 
can be modeled with a single noise source ia = 2.3  fA/

√

Hz  [14]. This current 
noise is referred to the primary of the transformer LP , and it is thus identical to the 
current noise of the amplifier. The voltage noise of the amplifier, within our model, 
is due to the Johnson noise of the feedback resistors: 
e2
a
= e2

J,RG
+ e2

J,RF
∕G2

= 4kBTRG + 4kBTroomRF∕G
2 . Here, we took into account that 

RF is at room temperature Troom and its noise adds to the amplifier output; hence, its 
input-referred contribution must be divided by the voltage gain G.

(3)Bw = f0
RGR̃T

RFRS

.

(4)e2
in
= e2

J,RS
+ e2

amp

(5)e2
amp

= e2
a
+ (iaRS)

2.
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Based on the noise model described above, the noise components for our cir-
cuit calculated at T = 10 mK are eJ,RS

= 42 pV/
√

Hz   , eamp = 17 pV/
√

Hz   , and 
ein = 46 pV/

√

Hz   . At this and other higher temperatures of the mixing chamber, 
the amplifier noise is significantly less than the Johnson noise of the source resis-
tor. Therefore, our amplifier is suitable for measurements of the fluctuations of the 
thermal voltage at dilution refrigerator temperatures. In Fig.  3a, we show the fre-
quency dependence of the measured voltage noise ein at three representative tem-
peratures. The plotted quantity is ein = eout∕G , the noise voltage measured at the 
amplifier output divided by the voltage gain G of the amplifier. With the exception 
of the 60 Hz coherent interference and pickup of cryostat vibrations, the measured 
noise is white, i.e., frequency independent up to about 2 kHz. We note the absence 
of any significant 1/f noise component down to a frequency of 1 Hz. A comparison 
of the measured voltage noise ein and of the Johnson noise eJ,RS

 of the source resistor 
RS , shown in Fig. 3b, reveals a good agreement over a wide temperature range, down 
to about 20 mK. This means that the amplifier indeed adds negligible noise, and it 
demonstrates that the amplifier can be used for Johnson noise measurement at dilu-
tion refrigerator temperatures.

Also shown in Fig. 3b, our measurement at 9.6 mK exhibits a clear deviation of 
the input-referred noise ein from the Johnson noise eJ,RS

 of the source resistor calcu-
lated at this temperature. Such a deviation is often observed in measurements per-
formed at low mK temperatures, and it is commonly attributed to a lack of full ther-
malization of the source resistor. Within the noise model used, we estimated earlier 
the amplifier noise eamp at 10 mK to be about a factor of 2.5 less than the Johnson 
noise of the source resistor eJ,RS

 calculated at 10 mK. This means that back-action 
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Fig. 3   a The frequency dependence of the noise voltage ein at three selected temperatures of the mix-
ing chamber. b Data points show the temperature dependence of the measured noise voltage ein . Dashed 
line indicates the calculated Johnson noise for the source resistor. Measured values of the noise ein are in 
excellent agreement with the Johnson noise of the source resistor e

J,RS
 , indicating therefore that the noise 

contribution of the amplifier is negligible (Color figure online)
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heating is insufficient to account for the lack of thermalization of source resistor at 
the lowest temperatures. We then surmise that a combination of the coherent noise 
pickup and of microwave heating is likely the explanation for the loss of thermali-
zation of the source resistor observed near 10 mK. Quantitative estimations of the 
power leakage may be obtained after gaining knowledge about the effective thermal 
resistance of the source resistor. Such estimations are often enabled by self-heat-
ing measurements of the source resistor. However, such self-heating measurements 
require the use of additional wires necessary for resistor biasing, which may change 
the residual power leakage. Therefore, these biasing wires must be carefully filtered.

We estimate that the Johnson noise of the source resistor becomes equal to the 
amplifier noise at RS ≃ 100 kΩ , thus our voltage amplifier is useful for resistors in 
the k Ω range, a range that encompasses the quantum resistance h∕e2 ≃ 25.8 kΩ.

The noise model used justifies the need for an impedance matching transformer in 
our circuit. If the dc SQUID is used without a transformer, the current noise referred 
to the SQUID pickup coil Lsq is ia ≃ 0.5 pA/

√

Hz  [14]. Such a current noise 
increases significantly the value of iaRS term in the amplifier noise and adversely 
affects low-noise operation for k Ω valued source resistors. Voltage amplifier circuits 
with no impedance matching transformers, however, have good noise performance 
for RS ≪ 1 Ω [31–35, 38–42].

An unusual feature of the measured noise spectrum at 9.6 mK is the increasing 
trend with frequency past 2 kHz. This trend may be observed in the lowest tempera-
ture data in Fig. 3a. We think that a noise term with such a frequency dependence is 
generated when the noise current passes through the inductance of the transformer 
primary: ia�Leff . This noise term calculated with Leff = 0.87 H of our transformer 
[14] offers a quantitative explanation for the noise increase at the largest frequencies 
measured near the base temperature of our fridge.

To conclude, we presented a sensitive voltage amplifier circuit suitable for meas-
urements of picovolt level signals in k Ω level resistors at dilution refrigerator tem-
peratures. The input resistance of the amplifier was measured to be 6.7 MΩ and for 
a source resistance of 3.25  kΩ , the bandwidth of the amplifier was found about 
10 kHz. A simple circuit model was used to explain a variety of circuit parameters. 
We also demonstrated measurements of the thermal fluctuations of the voltage in a 
RS = 3.25 kΩ source resistor.
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