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GROUPS

MARIUS DADARLAT

ABSTRACT. In their study of almost group representations, Manuilov
and Mishchenko introduced and investigated the notion of asymp-
totic stability of a finitely presented discrete group. In this paper
we establish connections between connectivity of amenable groups
and asymptotic stability and exhibit new classes of asymptotically
stable groups. In particular, we show that if G is an amenable and
connective discrete group whose classifying space BG is homotopic
to a finite simplicial complex, then G is asymptotically stable.

1. INTRODUCTION

Manuilov and Mishchenko [12] investigated the problem of when an
almost representation of a finitely presented group can be extended
to an asymptotic representation with control on approximate multi-
plicativity. They called the groups with this property asymptotically
stable and they proved that the finitely generated abelian groups and
the fundamental groups of orientable closed surfaces are asymptotically
stable.

In joint work with Pennig [6], [7], we studied a property of discrete
amenable groups called connectivity. Connectivity is interesting since it
allows for a more geometric realization of the K-homology of the group
C*-algebras. The torsion free discrete nilpotent groups are connective
by a result of [7]. Other classes of connective groups were exhibited in
6] and [8].

In this paper we relate connectivity to asymptotic stability, see The-
orem 2.7. This enables us to exhibit new classes of asymptotically
stable groups. In particular, the finitely generated torsion free discrete
nilpotent groups and the Bieberbach groups with cyclic holonomy are
asymptotically stable, see Corollary 2.9.

M.D. was partially supported by NSF grants #DMS—-1362824 and #DMS-1700086.
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2. DEFINITIONS AND RESULTS

Let G be a finitely presented discrete group with presentation
(1) G = (5| R).

We may assume that the generating set S = {s1,...,sx} C G is sym-
metric and contains the identity element. R consists of aset {ry,..., 7}
of relations r; = r;(s1,...,s;). Following [12], we assume that R con-
tains the relations of the form s;s;' as well. Recall that the group
U(oo) is defined as the union of the groups U(m), m > 1, where one
embeds U(m) = U(m +1), by u— u& 1.

Definition 2.1. ([12]) A map o : S — U(m) C U(o0), o(s;) = uy,
1=1,...,k, is called an e-almost representation of the group G if

Hrj(ul,...,uk) — 1” S £

for all relations 7; € R. The set of all such o is denoted by R.(G; U(m)).

It was explained in [12] that this definition depends only in nonessen-
tial ways on a choice of a presentation of the group GG. The set of all
e-almost representations of the group G is denoted by

R(G) = Re(G; U(0)) = | R=(G:U(m)),
m>1
where we regard R.(G;U(m)) as a subset of R.(G;U(c0)) via the
inclusion U(m) C U(o0).
Define the curvature of an almost representation o by

(2) loll = maxcilr; (ua, ... ) = 1.

For a C*-algebra B, we denote by BT the C*-algebra obtained by
adding a unit to B. We denote by U(B) the subgroup of U(B™) con-
sisting of unitaries of the form u = 1 4+ z where x € B and 1 is the
unit of B*. Note that we can identify U(B) with the subset of normal
elements z € B such that z 4+ 2* 4+ z2* = 0.

Let K denote the C*-algebra of compact operators on ¢*(N). There
is a canonical embedding of U(oo) in U(K), which maps u € U(m) to
Ig+ + (u — 1) € U(K). We endow U(oo) with the topology induced
from U(K) via the embedding U(co) C U(K).
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Definition 2.2. ([12]) A k-tuple of continuous paths of unitaries
mo={ui(t), .. u(t)} CU(00), te€0,00),

is called an asymptotic representation of the group G if the almost rep-
resentations defined by m(s;) = w;(t), i = 1,. .., k satisfy the condition

lim |7 = 0.
t—o0
The set of asymptotic representations of G is denoted by
Rasym(G) = Rasym(G; U(OO))

Notation 2.3. Throughout the paper we denote by F the set of all
functions f : [0,00) — [0, 00) such that lim._,¢ f(¢) = f(0) = 0. Note
that if o, 8 € F and X\ € [0,00), then Ao, + B, a8, 0 3 € F.

The following property was introduced by Manuilov and Mishchenko.

Definition 2.4. ([12]) Let G be a finitely presented discrete group as
in (1). We say that G is asymptotically stable if there exists § € F
such that for any £ > 0 and any e-almost representation o € R.(G)
there exists an asymptotic representation {7 }ic(0,00) € Rasym(G) such
that 7o = o and ||m|| < d(¢e) for all t € [0, 00).

Lemma 2.5. One obtains an equivalent definition of asymptotic sta-
bility for G if one allows the continuous family {m;(s)}icp,00), 5 € S, in
Definition 2.4 to consist of elements of the larger group U(K) instead
of just U(oc0). In this case we write {7 }ic(0,00) € Rasym(G; U(K)).

Proof. (sketch) Since U(oo) is dense in U(K), by using functional cal-
culus and polar decomposition one can approximate continuous paths
in U(K) by continuous paths in U(o0). More precisely, if a : [0, c0) —
(0,1) is a continuous function such that lim; ., a(t) = 0, then for any
continuous path ¢t — u(t) € U(K), t € [0,00), with u(0) € U(c0),
there is a continuous map t — v(t) € U(oo), t € [0,00), such that
v(0) = w(0) and ||u(t) — v(t)|| < a(t) for all ¢ > 0. Once this is verified,
one completes the proof using the fact that R involves finitely many
relations with finitely many generators.

Let us elaborate on the first part of the proof. This can be accom-
plished by applying inductively the following approximation procedure.
Suppose that u(t) = 1+z(t), t € [n,n+1] is a continuous path in U(K)
such that u(n) € U(c0), so that x(n) € My (C). Then we claim that
there exists a continuous path v(t), ¢ € [n,n + 1] in U(co) such that
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v(n) = u(n) and ||u(t) —v(t)|| < a(t) for all t € [n,n + 1]. To verify
the claim, we start with the observation that if w,u are elements of a
unital C*-algebra such that u is a unitary and |ju — w| < 1/4, then
w is invertible and ||u — w|w|™!|| < 4|lu — w||. Then we choose an
orthogonal projection e € My (C) such that ex(n) = xz(n)e = z(n)
and supep, 4 lex(t)e — z(t)|| < finf{a(r) : r € [n,n + 1]} If
we set w(t) = 1+ ex(t)e, and v(t) = w(t)|w(t)|™!, then we have
v(n) =w(n) = u(n) and

lu(t) = @) = llut) — wBw®) ] < 4fut) —wt)] < aft),

for all t € [n,n + 1]. O

Lemma 2.6. ([12]) The asymptotic stability property of a group does
not depend on the choice of a presentation.

The notion of connective discrete group was introduced in [6]. We
will review this concept shortly, see Definition 2.10 below. All torsion
free discrete nilpotent groups are connective by a result of [7]. More
classes of connective groups were exhibited in [6] and [8].

Our main result is the following.

Theorem 2.7. Let G be a finitely presented discrete group. Suppose
that G is amenable, connective and that K.(C*(G)) is finitely gener-
ated. Then G is asymptotically stable.

We prove this theorem in Section 5.

Corollary 2.8. If G is an amenable and connective discrete group
whose classifying space BG is homotopic to a finite simplicial complez,
then G is asymptotically stable.

Proof. If BG is a finite simplicial complex, then G is torsion free and
is finitely presented since G = m(BG) and the K-homology K. (BG) is
finitely generated. It follows that K,(C*(G)) is finitely generated since
by a result of Higson and Kasparov on the Baum-Connes conjecture
[10] K.(C*(G)) = K,.(BG) if G is amenable and torsion free. We
conclude that GG is asymptotically stable by Theorem 2.7. U

From this result we obtain the following class of examples.

Corollary 2.9. All finitely generated torsion free discrete nilpotent
groups are asymptotically stable. All Bieberbach groups with cyclic ho-
lonomy are asymptotically stable.
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The idea of our approach is to consider a variant of the asymptotic
stability property for C*-algebras, see Definition 5.4 and to relate this
property to connectivity of C*-algebras.

Denote by CB = ([0, 1) ® B the cone over a C*-algebra B. Let H
be a separable infinite-dimensional Hilbert space.

Definition 2.10. ([6]) A separable C*-algebra A is connective if there
is a k-monomorphism

[, CL(H)
A7 g, orm)

which is liftable to a completely positive contractive (cpc) map
p: A= [[CLH).

Let G be a countable discrete group and let I(G) be the augmentation
ideal defined as the kernel of the trivial representation ¢ : C*(G) — C
of the C*-algebra of GG. The group G is connective if the ideal I(G) is
a connective C*-algebra.

Acknowledgements: Part of this research was conducted during the
author’s visit to the Isaac Newton Institute in Cambridge and the Cen-
tre de Recerca Matematica in Barcelona. I am grateful for the hospi-
tality of the host institutes. I would like to thank the referee for several
useful suggestions.

3. K-THEORY WITH COEFFICIENTS

We begin by recalling the definition of K-theory with mod-m coeffi-
cients [14]. Let T denote the unit circle and let W), denote the Moore
space obtained by attaching the disk to the circle by a degree m > 1
map. The space W, constructed in this way is unique up to homotopy
equivalence. If X is a compact connected space we let Cy(X) denote
the subalgebra of C'(X) consisting of functions vanishing at a fixed base
point. It is well known that Ko(Co(W,,,)) = Z/m and K, (Co(W,,)) = 0.
One defines

Ko(A;Z)m) = Ko(A® Co(Wy)), Ki(A;Z/m) = Ki(A® Co(W,)).

It is convenient to work with the following natural realization of K-
theory:
K.(A) = K,(A;Z) = Ko(A® O(T)), and
K. (A;Z/m) =2 Ko(A® C(T) @ Co(W,,)), m>1
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The entire K-theory group is defined by
K(A) = P K.(A;2/m).
m=0

The group K(A) is acted on by the ring A of Bockstein operations,
[14].

Consider the category with objects separable C*-algebras and set
of morphisms from A to B given by the Kasparov group KK (A, B).
Two C*-algebras that are isomorphic in this category are called KK-
equivalent. It was shown by Rosenberg and Schochet [13] that the
separable C*-algebras A that are KK-equivalent to abelian C*-algebras
are exactly those satisfying the following universal coefficient exact
sequence

0 — Ext(K,(A), K. 1(B)) > KK (A, B) — Hom(K.(A), K.(B)) — 0

for any separable C*-algebra B. If A has this property we say that A
satisfies the UCT.

Theorem 3.1 ([4]). Let A be a separable C*-algebra. Then A satisfies
the UCT if and only if for any separable C*-algebra B there is a short
exact sequence

0 — Pext(K.(A), K._1(B)) % KK(A, B) — Homy (K(A), K(B)) — 0

which s natural in each variable.

Here Pext denotes the subgroup of Ext = Ext;, consisting of classes
of pure extensions. The map ¢’ is the restriction of the map

5 Ext(K.(A), K._1(B))) » KK(A, B).

Pext(K.(A), K._1(B)) = 0 if the group K,(A) is finitely generated.

If A is a separable C*-algebra and B is a general C*-algebra one
defines

KK,(A B) = hg KK(A, B,
B'CB
where B’ runs through the separable C*-subalgebras of B. If the group
K, (A) is finitely generated, then it was shown in [4] and [5] that K(A)
is a finitely generated A-module. Since
K(B) = liny K(B),

B'CB
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it follows from Theorem 3.1 that
(3) K Kep(A, B) = Homy (K(A), K(B)),

for all C*-algebras A in the UCT class such that K,(A) is finitely
generated.
The set of all projections in the union of the algebras

(A® C(T) ®@ Co(W,,))" @ K, m > 0, is denoted by Proj(A).

4. K-THEORY CLASSES ASSOCIATED TO ALMOST MORPHISMS

Definition 4.1. Let A, (B,), be C*-algebras. A cpc discrete asymp-
totic morphism from A to (B,), is a sequence of completely positive
linear contractions {y, : A — B,}, such that

Tim [ln(ab) — pu(@pn()] = 0

for all a,b € A. If in addition each ¢, is unital, we say that (y,), is a
unital completely positive (ucp) discrete asymptotic morphism.

Any cpce discrete asymptotic morphism {¢, : A — B,}, induces a
x-homomorphism

(4) ®:A-]][B./D_Bn
and hence a morphism of K-theory groups

®,: K(A) = [[K(B,)/ Y K(B,)
obtained as the composition of the canonical maps

K(A) 25 K( B> Ba) 2 [[ KBS K(B.,).

Two sequences (x,) and (y,) are called congruent, written x,, = y,,
if they are tail equivalent, i.e. there is m such that z, = y, for all
n > m. For each x € K(A) we denote by (¢,4(z)), an arbitrary fixed
lifting of ®(x) to [ [,, K(B,,). It is unique up to congruence. Homotopic
discrete asymptotic morphisms {p,, }n, {1} yield congruent sequences
Ony(x) = Yny(x). If each ¢, is a *-homomorphism, then ¢, 4(z) =
on«(x) for all z € K(A).
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Definition 4.2. If ¢ : A — B is a completely positive contraction and
p is a projection in A ® K we define ¢4(p) € Ko(B) by

oy = LX) e =l <14
g 0 otherwise,

where y is the characteristic function of the interval (1/2,1] and x =
(p®1idk)(p) € B®K. In a similar manner we define ¢4(p) € K(B) for
projections p € Proj(A).

One verifies immediately that for a cpc discrete asymptotic mor-
phism {¢, : A — B,},, the sequence (pn¢([p])), is congruent to the

sequence ((,):(p)).
If we set B,, = K for all n > 1, it follows by [9, Lemma 2.9] that the

natural maps
K (H Bn> — [ K(B)
KCL&)HHK®MZK@J

n

@n Bn

are isomorphisms. Set B, = GHBHE' If K,(A) is finitely generated, then

Pext(K,(A), K.(B)) = 0. If in addition A satisfies the UCT, then it
follows from (3) that

K Kep(A, Bo) = Homy (K(A), K(Bx)) — Hom(K(A), K(Bx)).

Moreover, since K,(A) is finitely generated, there is a finite set of
projections P C Proj(A) such that the set {[p] — [s(p)]: p € P},
where s(p) denotes the scalar component of p, generates K(A) as a
A-module, see [4], [5].

Consequently, we obtain the following:

Proposition 4.3. Let A be a separable C*-algebra that satisfies the
UCT and such that K.(A) is finitely generated. Let P C Proj(A)
be a finite set of projections such that the set {[p| — [s(p)] : p € P}
generates K(A) as a A-module. If {¢n, 1, : A — K}, are two discrete
cpe asymptotic morphisms such that (2,)s(p) — (Pn)s(5(p)) = ($)s(p) —
(¢Yn)s(s(p)) for all p € P, then the induced *-homomorphisms ®, VU :
A — By satisfy [®] = [V] € K Kep(A, Bso).
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5. ALMOST REPRESENTATIONS OF C*-ALGEBRAS

Let A, B be C*-algebras and let F' C A be a finite set. A cpc map
0 : A — B is called (F,e)-multiplicative if ||0(a)f(b) — 8(ab)|| < e for
all a,b € F.

The full C*-algebra of a discrete group G is denoted by C*(G). We
identify G with canonical unitaries in C*(G). The following lemma
provides approximations of almost representations of G by almost mul-
tiplicative ucp maps on C*(G).

Lemma 5.1. Let G = (S| R) be a finitely presented discrete group. If
G is amenable, then, for any finite set F C G, there exists a function
a € F such that for any € > 0 and any 0 € R.(G;U(K)), there is an
(F, a(e))-multiplicative ucp map ¢ : C*(G) — Kt with ¢(I(G)) C K
and such that ||¢(s) — o(s)|| < a(e) for all s € S.

Proof. Let ucp(G) denote the set of all ucp maps ¢ : C*(G) — K with
e(I(G)) CcK. Foro:S — U(K) and ¢ € ucp(G), let

d(o, ¢) = max|lo(s) — p(s)[| + max [[p(ab) — @(a)p(d)]

Define « for € > 0 by

ale) = sup  inf{d(o,¢) : ¢ € ucp(G)}
7€R(G,U(K))
It suffices to prove that lim.oa(e) = 0, since it is obvious that
a(e) = a(e) + e will satisfy the conclusion of the lemma. Seeking

a contradiction, suppose that limsup,_,, «(e) > 0. Therefore there ex-
ist a decreasing sequence &, N\, 0 and ap > 0 such that a(e,) > ap for
all n > 1. It follows that for each n there is o,, € R., (G,U(K)) such
that

(5) inf{d(o,,¢) : ¢ € uep(G)} > ay.

Write 0,,(s) = 1 + 2,(s), s € S, with z,(s) € K.
The sequence (o), induces a homomorphism of groups ¥ from G
to the unitary group of the C*-algebra

B= (ﬁK) /éK,
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in such a way that

(0n(8))n = (1 +20(8))n = 1+ (24(5))n € (H K)

is a lifting of W(s), for each s € S. By the universal property of group
C*-algebras, ¥ extends to a unital x-homomorphism ¥ : C*(G) — B.
Since G is amenable, C*(G) is nuclear by a result of Lance [11]. By
the Choi-Effros theorem [3], the restriction of ¥ to I(G) lifts to a cpc
map I(G) — [[,~, K whose unitalization gives a ucp map

v :C*"(G) — (ﬁK) C ﬁK+,

whose components are denoted by ¢,. Recall that if (b,), € (T[22, K)"
is a lifting of an element b € B, then

(6) 6] = Lim sup [|by,|.

Since both sequences (0,,(s)), and (p,(s)), are liftings of W(s), it fol-
lows immediately from (6) that
Tim [,(s) — (&) = 0

for all s € S. Arguing similarly, since ¥ is a unital *-homomorphism,
we see that

lim [|pn(ab) = @n(a)pn(b)| = [|¥(ab) = ¥(a)¥(b)[| = 0,

for all a,b € C*(G).
It follows that lim,, .. d(o,, ¢,) = 0, which contradicts (5). O

The following lemma constructs almost representations of G from
almost multiplicative ucp maps on C*(G).

Lemma 5.2. Let G = (S| R) be a finitely presented discrete group.
There is a function n € F such that for any ¢ > 0 and any (S,¢)-
multiplicative ucp map ¢ : C*(G) — KT, with ¢(I(G)) C K, there is
map 7 : S — U(K) such that

(1) T € Ry (G, U(K)),

(i) [|7(s) — @(s)| < n(e) for all s € S.
(iii) If € € (0,1), 7 is defined by 7(s) = ¢(s)|¢(s)|7!, s € S.

Proof. By assumption, [[1—@(s™)@(s)]| = llp(s™'s) = (s )e(s)]| < e
for all s € S =S~ Tt follows that if € € (0,1), then ¢(s) is invertible
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for all (S, e)-multiplicative ucp maps ¢ : C*(G) — K. For e > 1 we
let 7 be the trivial representation, m(s) = lg+, s € S and n(e) = 2.
For ¢ € (0,1), let ucp(S,¢e) be the set of ucp maps ¢ : C*(G) — K+
with o(I(G)) C K, which are (S, e)-multiplicative, and define

n() = sup{||]| + max|lp(s) —n(s)l|: ¢ € ucp(S, e)},

where 7(s) = o(s)|p(s)|7!. Note that n(s) € U(K) since ¢(s) =
1+ ¢(s—1) € 1+ K. By its very definition, n satisfies the conditions
(1)-(iii) from the statement. It remains to show that n € F. Seeking a
contradiction, suppose that limsup,_,,7(e) > 0. Therefore there exist
a sequence €, N\, 0, with ¢, € (0,1), and 7 > 0 such that n(e,) > no
for all n > 1. Tt follows that there is a sequence {¢, : C*(G) — K'},,
0n(I(G)) C K, of (S,¢e,)-multiplicative ucp maps and such that if we
set T,(s5) = ©n(8)|@n(s)| ! € U(K), s € S, then

(7) l7all + max f[on(s) = ma(s)ll > 1o, for alln €N,

The sequence (g;,), can be viewed as the components of a ucp map
C*(G) — 11, K*. Moreover, this induces a ucp map

. * . HTL K+

®:C*"(G) = By = DK
such that ®(a*a) = ®(a)*®(a) and for all a € S = S*. Since S
generates C*(G), it follows by Proposition 1.5.7 from [1] (on multi-
plicative domains) that ® is a *-homomorphism. It follows then that

{¢n : C*(G) — KT}, is a ucp discrete asymptotic morphism.
We have
lim flon(s; ) en(si) = 1| = lim flon(si)"en(s:) = 1| =0,
n—oo n—oo

so that ¢, (s;) becomes close to unitary elements for sufficiently large
n, for all s; € S. Therefore

lim (n(s0) = ma(50)) = 1imn (ns0) = @ulso)len(s)| ) =0

n—oo

Moreover, we observe that since {¢,, : C*(G) — KT}, is a ucp discrete
asymptotic morphism, we must have for all relations r; € R:

Jim |75 (@n(51), s Onlse)) — 1| = Jim ln(rj(s1,..., s1) = 1)|| =0,
from which we deduce that

lim ||7;(mn(51), .., mn(sk)) — 1|| = 0.

n—o0
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since
lim (on(s;) —ma(s:) =0, i1 =1,.., k.
n—oo

Combining the two lines above, we obtain a contradiction with (7) and
conclude the proof. O

Lemma 5.3. Let G = (S| R) be a finitely presented discrete group.
Suppose that there exist 6 € F and €9 > 0 such that for every al-
most representation o € R.(G;U(c0)) with ¢ € (0,e0), there exists
an asymptotic representation {m}ticp,.00) € Rasym(G; U(K)) such that
lmo(s) — a(s)|| < d(e) for all s € S and ||m:]| < d(g) for all t € [0, 00).
Then G is asymptotically stable.

Proof. This is a routine argument based on functional calculus and
polar decomposition. As observed in the proof of Lemma 2.5, if x,u
are contractions in a unital C*-algebra such that u is a unitary and
|lu — z|| < 1/4, then z is invertible and |ju — x|x|7!|| < 4|ju — z||. Let
0, o0 and {ﬂ't}te[(),oo) be as in the statement. After passing to a smaller
go if necessary, we may arrange that d(e) < 1/4 for all € € (0,¢y).
We attach the path of unitaries 7/.(s) = p,(s)|p,(s)|~! arising from the
polar decomposition of the path r — p.(s) := (1 — r)a(s) + rme(s),
r € [0,1], to the path {m_1(5)}epn,0), 5 € S . It follows from the
observation above that ||7.(s) — o(s)|| < 4d(e) for all € € (0, &) since
d(e) < 1/4. Since R involves finitely many relations and finitely many
generators and since § € F, we see that ||7.| < ¢’'(¢) for some &' € F
that depends only on §, G, S and R and hence only on G, S and R.
U

We work with the following version of asymptotic stability for finitely
generated C*-algebras.

Definition 5.4. Let A be a C*-algebra generated by a finite selfadjoint
set S. We say that A is asymptotically stable if for every finite set
F C A, there exists v € F with the property that for every ¢ > 0 and
(S, e)-multiplicative cpc map ¢ : A — K there exists a cpc asymptotic
morphism {®; : A = K}co,00) such that &g = ¢ and @, is (F,v(¢))-
multiplicative for all ¢ € [0, 00).

It follows that if a finite set F'* C A" was given, one can also arrange
that ®; : AT — KT is (F,v(g))-multiplicative for all ¢ € [0, c0).

The main result of this section is Theorem 5.6 which relates connec-
tivity of C*-algebras to asymptotic stability.
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Let A be a separable nuclear connective C*-algebra. Suppose that A
is generated as a C*-algebra by a selfadjoint finite set S. Suppose that
its K-theory groups K;(A), i = 0,1, are finitely generated and that
A satisfies the UCT. Let P C Proj(A) be a finite set of projections
such that the set {[p] — [s(p)] : p € P}, where s(p) denotes the scalar
component of p, generates K(A) as a A-module, as in Proposition 4.3.

In the next proposition we regard K as the subalgebra K®e of KQK,
where e € K is a fixed one-dimensional projection.

Proposition 5.5. Let A, S and P be as in the paragraph above. Fix
a finite set I C A. Then there is v € F such that for any ¢ > 0
and any two (S, e)-multiplicative cpc maps ¢, : A — K such that
21(p) = ¢1(5(p)) = Us(p) — vy (s(p)) Jor all p € P, there is an (F,(2))-
multiplicative cpc map h: A — C[0,1] @ K, h = (h"),¢jo,1], such that
O = o and K = .

Proof. For acpcmap 6 : A — B, and F' C A, we shall use the notation

(8) 01r = max [|6(ab) — 6(a)0(b)]].
For € > 0, define

9 €) = su inf |h

) W)= st iy

where (@, 1) runs in the set of pairs of (S, ¢)-multiplicative cpc maps
A — K such that ¢4(p) — 1(s(p)) = ¢¢(p) — ¥x(s(p)) for all p € P, and
h = (h"),efo,1 Tuns in the subset L(,¢) of cpc maps A — C[0,1] ®
K ® K with the property that A(®) = p and h(V) = 4.

We shall prove that lim._,ov(¢) = 0. Seeking a contradiction, sup-
pose that there exist a decreasing sequence ¢, — 0 and vy > 0 such
that v(g,) > 70 for all n > 1. It follows that there exists a sequence
(@n, ¥n)n where o, 10, : A — K are (5, ¢,)-multiplicative cpc maps
such that (,)s(p) — (0)s(5(2) = ($)s(p) — (n)s(s(p) for all p € P
and such that for any sequence (h,), with h, € L(p,,1,), one must
have |h,|r > 7o for all n > 1. Equivalently: sup,.c |h£f)|p > Y.
The sequences (¢,,), and (¢,), can be viewed as the components of
cpc maps A — [], K. Moreover, they induce cpc maps

O V:A— By = I, K
D, K
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such that ®(a*a) = ®(a)*®(a) and ¥(a*a) = V(a)*V(a) for all a €
S = S*. Since S generates A, it follows by Proposition 1.5.7 from [1]
(on multiplicative domains) that both ® and ¥ are *-homomorphisms.
Since (@n)s(0) — (Pn)a(5()) = (Wn)a(p) — (Wa)(5()), it follows by
Proposition 4.3 that ® and ¥ have the same KK-class in KK (A, B')
for some separable C*-subalgebra B’ of B, that contains ®(A)U¥(A).

Since A is nuclear and connective, it follows by [7] that there is a
cpc asymptotic morphism {H; : A — C[0,1] ® Bo ® K}icjo,00), Hy =
(Ht(r))re[o,u such that Ht(o) = & and Ht(l) = U for all t € [0,00). We
identify B, with the B, ® e corner of B, ® K. Fix a sufficiently
large to such that |Hy, | < 70/3. Since A is nuclear, by the Choi-Effros
theorem, there is a cpc lifting

h:A—C0,1]® (HK) ® K

of H;,, whose components are cpc maps h, : A — C[0,1] ® K® K.
Since h is a lifting of Hy,, we have that limsup,, ||hn(a)|| = ||Hy(a)]|
for all @ € A. Since |Hy,|r < 70/3, it follows that there is ny such that
|hnlF < 70/2 for all n > ny. Since Hy, is a homotopy from ® to V¥, it
follows by a similar argument that

lim || (@) = @n(a)l| = lim [|43Y(a) = ¥u(a)]| = 0,

for all @ € A. Consider the cpc maps a,, 5, : A = C[0,1] @ K@ K
defined by o) = (1 —7r)on + rh and B = (1 - r)hS}’ + 7y,.
The concatenation of homotopies !, h{) and B{" gives a cpc map
hn: A= C[0,1]@ K@ K. Since |¢n|r, [tn|r — 0 and |hy,|p < 40/2 for
all n > ng, we see that |ay,|p, |Bn|lr < 70/2 for all sufficiently large n.

It follows that there is n; > ng such that h, € L(p,,¥,) and

’Bn|F = max{|an|r, |An|r, [BulF} < 70/2

for all n > ny. But this means that vy(e,) < 7o/2 for all n > ny which
is a contradiction, since we started with v(e,) > v for all n > 1.

Let j be the embedding j : K= K®e C K® K. So far we have
obtained a homotopy h; : A — KQK from joyp to joy. Let w : KQK —
K be an isomorphism. Then woh; : A — K is a homotopy from wojop
to w o j o. There is a continuous path {g; }icp,1] of *-endomorphisms
of K from idg to w o j, since both these endomorphisms preserve the
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rank of projections. We obtained a homotopy as in the statement by
concatenation of the homotopies g; o ¢, wo h; and g;_4 0 . O

Theorem 5.6. Let A be a nuclear C*-algebra. Suppose that A and its
K-theory groups are finitely generated and that A satisfies the UCT. If
A is connective, then A is asymptotically stable.

Proof. Let S and P be as in Proposition 5.5. Let F' C A be a finite set.
Let v € F be given by the conclusion of Proposition 5.5. Let ¢ : A — K
be an (5, ¢)-multiplicative cpc map. Since K,(A) is finitely generated,
there is €9 > 0 such that if € € (0,¢), then the map p — ¢4(p), p € P,
induces an element of « of KK (A, C), as explained in Section 4. Since
A is separable nuclear and connective, KK (A,C) = [[A,K]] by the
main result of [6]. It follows that there is a cpc asymptotic morphism
{U, : A — K}icjo,00) such that |Vy|sup < € for all t € [0,00) (see (8)
for this notation) and [[¥;]] = a. In particular ¢4(p) = (¥1)y(p) for
all p € P. By Proposition 5.5, there is an (F,~(e))-multiplicative cpc
map h : A — C[0,1] ® K, h = (h(r))re[o,l], such that h(® = ¢ and
h() = ¥;. Define a new cpc asymptotic morphism {®; : 4 — K};c0,00)
by concatenation of the families of maps ¢ — h(®), ¢ € [0,1] and t > W,
t € [1,00). Define ¥ € F by 7(¢) = max{e,v(¢)}. Then ¥ € F and
{®; : A = K}licpo,0) satisfy the conditions from the Definition 5.4
of asymptotic stability since |¥|r < ¢ and |h®|p < e. The version
F* C AT is proved by a minor modification of the argument above. [

Let us recall that for a group G the augmentation ideal I(G) is the
kernel of the trivial representation C*(G) — C. I(G) is generated by
the finite set {s —1:s € S}.

Proposition 5.7. Let G be a finitely presented amenable group as in
(1). If the C*-algebra I(G) is asymptotically stable in the sense of
Def. 5./, then G s asymptotically stable in the sense of Def. 2.}.

Proof. Let n € F be given by Lemma 5.2. Let o € F be given by
Lemma 5.1 applied to G and F' = S. Suppose that I(G) is asymptoti-
cally stable and let v € F be given by Definition 5.4 applied for the set
F={s—1:s€ 8} CI(G) or equivalently to F* =S C G C I(G)™.

We are going to show that 0 := a + n oy o a has the properties
from the equivalent definition of asymptotic stability of G as specified
in Lemma 5.3.
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Indeed, suppose now that 0 € R.(G,U(c0)) is given. By Lemma 5.1,
it follows that there is an (5, a(¢))-multiplicative ucp map ¢ : C*(G) —
K* with ¢(I(G)) C K such that [|¢(s) — o(s)|| < a(e) for all s € S.

Since I(G) is asymptotically stable, by our choice of v and Defini-
tion 5.4 applied for the input ¢, there exists a cpc asymptotic morphism
{®@; : I(G) — K}iepp,o0) such that {@; : I(G)t = C*(G) = K }iefo,00)
satisfies @ = ¢ and ®;" is (S, v(a(e)))-multiplicative for all ¢ € [0, 0o).
Fix €9 > 0 small enough such that for any ¢ € (0,¢q) it follows that
v(a(g)) < 1. Then by Lemma 5.2, the formula m(s) = ®;7 (s)|®; (s)| ™
defines a unitary-valued map such that ||m|| < n(v(a(e))) and ||m(s) —
Ot (s)|| < n(v(ale))) for all € € (0,g0). It follows that

Imo(s) — ()]l < [lmo(s) — @5 (s)]| + ll(s) — o ()l < n(v(ale))) +ale)
for all s € S. Note that ®; (s) € U(K) since ®;(I(G)) C K. It follows
that m,(s) € U(K) for all s € S as required. O

Proof of Theorem 2.7

Let G be a finitely presented amenable discrete group such that
K,(C*(@)) is finitely generated. Let I(G) be the kernel of the trivial
representation C*(G) — C. By definition, a discrete group is connec-
tive if the C*-algebra A = I(G) is connective. By Theorem 5.6, it
follows that A is asymptotically stable in the sense of Definition 5.4.
By applying Proposition 5.7, we obtain that G is asymptotically stable.

Proof of Corollary 2.9
A Bieberbach group is a torsion free group G given by a short exact
sequence
127" —G— H —1,

where H is a finite group, called the holonomy group of G. It is known
that G acts by rigid motions on the Fuclidean space R™ and that the
classifying space of G is a closed flat manifold BG' = R"/G, [2]. The
classifying spaces of finitely generated torsion free nilpotent groups are
finite simplicial complexes. It was proved in [6] and [7] that the groups
from the statement of the corollary are connective. Since these groups
are also (elementary) amenable, we conclude the proof by applying
Corollary 2.8.
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