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a b s t r a c t 

A novel viscous dissipation potential is proposed for the visco-hyperelastic constitutive 

modeling of short-time memory responses of soft materials, which can capture both lin- 

ear and nonlinear large deformation behaviors over a wide range of strain rates. The pro- 

posed potential is compatible with objectivity and continuum thermodynamics principles, 

consists of physically motivated model parameters, and adds the capability of modeling 

strain rate sensitivity in the small strain regime, which is currently not possible with avail- 

able external state variable driven viscous dissipation potentials. By combining the pro- 

posed viscous dissipation potential with the Mooney-Rivlin strain energy density function, 

a visco-hyperelastic relation is formulated and fit to the rate-dependent tensile stress- 

strain data of human patellar tendon, which was previously modeled using an existing 

viscous dissipation potential. It is demonstrated that the proposed model offers improve- 

ments in fitting accuracy and prevents possible thermodynamic instabilities in quasi-static 

hyperelastic models from corrupting the dynamic response. In addition, the uncomplicated 

mathematical form of the model and the accompanying multi-step multi-start optimiza- 

tion procedure helps prevent numerical instabilities. Multi-deformation mode fitting of hu- 

man brain gray matter under all three primary deformation modes (compression, tension 

and shear) is also considered using a visco-hyperelastic model based on the proposed po- 

tential and the semi-empirical Gent-Gent strain energy density function. It is shown that 

visco-hyperelastic models based on the proposed viscous dissipation potential capture all 

the essential features of the stress-strain data with unique optimal model parameters, giv- 

ing reasonable accuracy in both single and multiple deformation mode cases. Further, it 

is demonstrated that the proposed model is stable and robust with respect to both the 

choice of the hyperelastic strain energy density and the availability of data from multiple 

deformation modes. 

© 2019 Elsevier Ltd. All rights reserved. 

 

 

 

 

1. Introduction 

The mechanical response of rubber-like polymers and many biological tissues involves large deformation, nonlinear

stress-strain behavior, and time-dependence. The first two of these features (large and nonlinear deformations) have been

extensively studied using hyperelasticity theory, which assumes the existence of a strain energy density function that

depends on the instantaneous deformation with respect to some reference state. Accordingly, many empirical (e.g., the
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Fig. 1. Different types of short-time memory visco-hyperelastic constitutive models (with examples of each type). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Mooney-Rivlin model ( Mooney, 1940 ; Rivlin, 1948a ) and the Ogden model ( Ogden, 1972 )) and semi-empirical multiscale

(e.g., the Arruda-Boyce model ( Arruda and Boyce, 1993 ) and the Gent model ( Gent, 1996 )) constitutive models have been

proposed. These models have been implemented to capture quasi-static mechanical behavior of soft materials such as rub-

bers ( Khajehsaeid et al., 2013 ; Marckmann and Verron, 2006 ; Sasso et al., 2008 ), biological tissues ( Avril, 2017 ; Naini et al.,

2011 ; Zhong and Peters, 2007 ), and hydrogels ( Pavan et al., 2010 ; Sasson et al., 2012 ; Zhao et al., 2015 ). Time-dependence, on

the other hand, is a more complex phenomenon that can be broadly divided into long and short-term responses ( Pioletti and

Rakotomanana, 20 0 0 ) based on the relative time-scales of experimental observation and equilibration of microstructure fol-

lowing a deformation. The long-term response includes stress relaxation and creep, as the observation time is very large

compared to the time it takes for the internal microstructure to rearrange or react to the loading. Short-term responses

include rate-dependent stiffening or softening of soft polymers, which are phenomena of special importance in the design

of protective equipment ( Payne et al., 2015 ), study of extreme events such as ballistic impact ( Roberts et al., 2007 ), auto-

mobile crashes ( Parnaik et al., 2004 ), blast ( Jennifer et al., 2001 ), and medical conditions such as whiplash and traumatic

brain injuries ( Doorly and Gilchrist, 2006 ; Harrigan et al., 2010 ). The present work concerns itself with the visco-hyperelastic

constitutive modeling of short-term time-dependent (also called short-time), large and nonlinear deformations of isotropic

soft polymers and biological tissues. 

Constitutive modeling of the short-time response of soft materials has been conducted via two broad approaches: (i)

hereditary integral based models, and (ii) Helmholtz free energy based models (tree chart shown in Fig. 1 ). Hereditary

integral based models are stress-based formulations that describe stress at a given time as a combination of elastic and

viscoelastic responses, the latter being modeled as a fading-memory convolution integral involving relaxation functions to

reflect the deformation history. This approach has been extensively used for rubbers and soft tissues, mainly using quasi-

linear viscoelastic (QLV) models (e.g., Drapaca et al., 2006 ; Fallah et al., 2017a ; Funk et al., 20 0 0 ), and nonlinear finite

viscoelastic models such as the Bernstein–Kearsley–Zapas (BKZ) models (e.g., Shim et al., 2004 ; Yang et al., 2000 ). Although

applicable for a wide range of materials, these models often involve a large number of model parameters for the Prony

series formulation of the relaxation function, and are phenomenological in nature ( Fallah et al., 2017b ). 

Helmholtz free energy based models originate from thermodynamic potentials, and can be broadly divided into (i) ex-

tended hyperelastic models, (ii) models based on multiplicative decomposition of the deformation gradient, and (iii) ex-

ternal state variable driven viscous dissipation-based models. Extended hyperelastic models are based on a standard hy-

perelastic strain energy density function, to which either a strain rate based term is introduced to induce rate-sensitivity

(e.g., Mohotti et al. (2014) ), or the model constants are computed at individual strain rates (e.g., Bracq et al. (2018) and

Naarayan and Subhash (2017) ). Such models, however, are purely phenomenological and do not account for entropy produc-

tion under non-equilibrium deformation, thus conflicting with the principles of thermodynamics. 

Models based on the multiplicative decomposition of the deformation gradient into elastic and viscoelastic parts have

been proposed via micromechanical or continuum-based approaches ( Khajehsaeid et al., 2014 ). The former approach as-

sumes that the viscous behavior of a material is due to a certain micromechanism (e.g., reptation of the elastically inac-

tive network in the Bergstrom-Boyce model ( Bergström and Boyce, 20 0 0 , 1998 ), and chain breakage and reformation in

the Reese model ( Reese, 2003 )), which evolves according to a flow rule. Although this approach connects the mechanics

to microstructural information, it can be complex and particularly challenging for modeling biological tissues for which

the mechanisms associated with viscous effects are far from being fully understood ( Vogel et al., 2017 ). For these ma-

terials, the microstructure, composition, and/or the viscous mechanisms can differ significantly from one to another, and

so the “micromechanical” model parameters may not have any clear meaning ( Xiang et al., 2019 ). Continuum-based ap-

proaches do not consider the underlying microstructure of the material; examples include models proposed by Garcia-

Gonzalez et al. (2018) , Holzapfel and Gasser (2001) and Reese and Govindjee (1998) . The latter two models are based on

the framework of Simo (1987) , and split the Helmholtz free energy into equilibrium and non-equilibrium components, the
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latter described using a set of internal state variables. These type of models have been used to describe viscoelastic and vis-

coplastic deformation of polymers ( Amin et al., 2006 ; Laiarinandrasana et al., 2003 ) and soft tissues ( Haldar and Pal, 2018 ),

but require introduction of a number of internal variables that a priori lack any physical meaning. Note that many of the

models that are based on multiplicative decomposition of deformation gradient also result in a convolution (or hereditary)

integral-based stress equation. 

The final class of short-time memory visco-hyperelastic models use external thermodynamic state variables to relate the

strain rate stiffening or softening of material response to the irreversible thermodynamic processes arising via the evolution

of internal microstructure at high strain rates. First proposed by Pioletti et al. (1998) , these models assume that the entropy

production under non-equilibrium strain rates occurs entirely due to viscous dissipation, which in turn is modeled using

the objective strain rate tensor as an external state variable. In addition to physically based external state variables, these

models feature many benefits: (i) compatibility with the principles of thermodynamics and objectivity, (ii) easy identifica-

tion of model constants, (iii) convenient finite element (FE) implementation, and (iv) the ability to capture large nonlinear

deformations and strain rate dependency of both isotropic and anisotropic materials. Consequently, these models have been

implemented on numerous soft tissues, including ligaments and tendons ( Jiang et al., 2015 ; Limbert and Middleton, 2004 ;

Pioletti et al., 1998 ; Zhurov et al., 2007 ), skeletal muscles ( Lu et al., 2010 ), annulus fibrosus ( Vogel et al., 2017 ), tongue tis-

sue ( Yousefi et al., 2018 ), and brain and pericardium ( Kulkarni et al., 2016 ). The present study considers the external state

variable-based approach for the visco-hyperelastic modeling of soft materials (henceforth, viscous dissipation potential in

this manuscript by-default means it is a function of external state variables). 

External state variable driven viscous dissipation-based visco-hyperelastic models ( Pioletti et al., 1998 ) generally employ

an additive relationship between the hyperelastic nominal stress T 0 
h 
under quasi-static equilibrium and the viscous overstress

T 0 v under high strain rate 

T 0 = T 0 h + T 0 v (1)

where T 0 
h 
and T 0 v are obtained by taking derivatives of the hyperelastic strain energy density function W h (C ) and the viscous

dissipation potential W v ( C , ˙ C ) with respect to the right Cauchy-Green deformation tensor C and its time derivative ˙ C , respec-

tively. Note that ˙ C is the external thermodynamic state variable that is used to describe viscous dissipation effects. W h can

be selected from a number of invariant or principal stretch-based hyperelastic strain energy density forms available in the

literature. On the other hand, W v is expressed in terms of scalar invariants ( Boehler, 1987 ); all existing viscous dissipation

potentials for isotropic solids currently in the literature follow a general form 

W v = W v ( I 1 , J 2 ) = η( I 1 − 3 ) 
β J 2 (2)

where I 1 = tr (C ) is the first invariant of the right Cauchy-Green deformation tensor C , J 2 = tr ( ̇ C 2 ) , and η and β are model

parameters. 

One major limitation of the form in Eq. (2) is that since it is purely phenomenological, the individual model parameters

do not connect the macroscopic deformation to any physical or micromechanical property ( Pioletti, 2006 ). In addition, as

will be mathematically proven in Section 2 , the small strain uniaxial and shear moduli resulting from a visco-hyperelastic

model based on Eq. (2) are independent of the applied strain rate. This directly conflicts with experimental evidence on soft

polymers and biological tissues ( Arbogast and Margulies, 1998 ; Hrapko et al., 2006 ; Kwon and Subhash, 2010 ; Siviour and

Jordan, 2016 ; Upadhyay et al., 2019a ), many of which exhibit significant strain rate-sensitivity. Furthermore, although these

models have been demonstrated to capture accurately a single primary deformation mode (compression, tension, or shear)

at different strain rates, no attempt has been made to fit combined experimental data from multiple deformation modes.

This is a particularly concerning issue because model parameters obtained from one deformation can yield poor results

for another deformation mode or for a complex tri-axial deformation ( Ogden et al., 2004 ), and consideration of all three

primary deformation modes is usually recommended ( Ogden, 1972 ; Upadhyay et al., 2019b ). It remains to be investigated

how and if these short-time visco-hyperelastic models can capture multiple deformation modes without the addition of an

excessive number of viscoelastic model parameters. 

In this study, a novel generalized form of the viscous dissipation potential is proposed, which not only has physically mo-

tivated model parameters, but also captures the strain rate sensitivity of mechanical response under simultaneous multiple

primary deformation modes. Thus, the proposed form is a significant advancement over existing forms that follow Eq. (2) .

In Section 2 , the continuum mechanical basis for a general viscous dissipation based visco-hyperelastic relation is presented.

In addition, the rate-insensitivity of elastic moduli yielded by the existing form in Eq. (2) is demonstrated, which is a ma-

jor motivation for the present work. In Section 3 , a generalized rate-sensitive viscous dissipation potential is introduced,

which leads to a particular three-parameter form investigated in this study, consisting of separate linear and nonlinear rate-

sensitivity parts. In Section 4 , the proposed viscous dissipation potential is combined with the Mooney-Rivlin strain energy

density function to formulate a visco-hyperelastic model, which is applied to capture the rate-dependent uniaxial tension

response of human patellar tendon ( Pioletti et al., 1998 ). The obtained fitting accuracy and thermodynamic stability are

compared against those resulting from the use of an existing viscous dissipation potential of the form of Eq. (2) . Multi-

deformation modeling is considered in Section 5 , where a visco-hyperelastic model based on the quasi-static Gent-Gent

strain energy density ( Pucci and Saccomandi, 2002 ) and the proposed viscous dissipation potential is used to fit the com-

bined compression-tension-shear data of human brain gray matter ( Jin et al., 2013 ). The robustness of a visco-hyperelastic

model based on the proposed viscous dissipation potential is investigated in Section 6 both with respect to the choice of
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the hyperelastic strain energy density function and the availability of data from different deformation modes. Two addi-

tional single deformation mode applications (uniaxial compression of ballistic gelatin and simple shear of porcine brain) are

provided in Appendix A to highlight the versatility of the proposed model under various types of loading conditions and for

different material systems. Finally, the details of curve fitting/optimization, sensitivity analysis, and thermodynamic stability

analysis are provided in the supplementary material. 

2. Theory and background 

2.1. External state variable driven viscous dissipation-based visco-hyperelastic constitutive modeling 

The reference configuration local forms of the conservation of energy and Clausius-Duhem entropy inequality in contin-

uum mechanics are 

ρ0 ˙ u 0 = T 0 · · ˙ F − ∇ 0 · Q + ρ0 R (3) 

ρ0 ˙ η0 + ∇ 0 ·
(
Q 

θ

)
− ρ0 

R 

θ
≥ 0 (4) 

where ρ0 is the mass density, u 0 is the specific internal energy, T 
0 is the nominal stress tensor, F is the deformation gradient

tensor, Q is the heat flux, R is the rate of internal heating per unit mass, η0 is the specific entropy, and θ is the absolute

temperature. Note that subscript 0 represents the reference system configuration, and the symbol · · defines an alternative

definition of tensor scalar product ( Malvern, 1969 ), such that T 0 · · ˙ F = T 0 
i j 
˙ F ji in rectangular Cartesians. By substituting R from

Eq. (3) into Eq. (4) , and introducing the Helmholtz free energy function, ψ = u 0 − θη0 , 

T 0 · · ˙ F − ρ0 

(
˙ ψ + 

˙ θη0 

)
− Q 

θ
( ∇ 0 · θ ) ≥ 0 (5) 

Assuming isothermal deformation, 

�int = T 0 · · ˙ F − ρ0 
˙ ψ ≥ 0 (6) 

where �int is the local entropy production or internal dissipation ( Limbert and Middleton, 2004 ). For an ideal hyperelastic

material, the Helmholtz free energy function depends only on the current deformed configuration, such that ψ = ψ( F , θ ) .

Such a material under quasi-static (equilibrium) isothermal deformation undergoes zero dissipation, i.e., 

�int = 

(
T 0 

T − ρ0 
∂ψ 

∂F 

)
: ˙ F = 0 ⇒ T 0 

T = ρ0 
∂ψ 

∂F 
= 

∂ W h ( F ) 

∂F 
(7) 

where W h ( F ) is the hyperelastic strain energy density function. In terms of the objective right Cauchy-Green deformation

tensor C = F T · F , 

T 0 
T = 2 F · ∂ W h ( C ) 

∂C 
(8) 

W h (C ) is generally defined in terms of the scalar invariants of C as 

W h = W h ( C ) = W h ( I 1 , I 2 , I 3 ) (9) 

where 

I 1 = tr ( C ) ; I 2 = 

1 

2 

[
( I 1 ) 

2 − tr 
(
C 2 

)]
; I 3 = det ( C ) (10) 

Eq. (7) holds for many biomaterials and polymers in rubbery state under quasi-static deformation. However, material

response may deviate from this ideal behavior under high strain rates. For example, the reptational motion of a secondary

polymer network, which is loosely connected to the primary load bearing polymer network, is a typical phenomenon as-

sociated with time-dependence in the mechanical behavior of elastomers ( Bergström and Boyce, 20 0 0 , 1998 ). In biological

materials, on the other hand, this time-dependent behavior has been attributed to interstitial fluid flow ( Mak, 1986 ), tissue

phase viscous interactions ( Vogel et al., 2017 ), inherent viscoelasticity of fibers and extracellular matrix ( Svensson et al.,

2010 ), and the various biological processes causing the exchange of mass and energy between a cell and its surroundings.

Regardless of the actual mechanism causing viscous effects, it is assumed that for a short-time memory response, the inter-

nal dissipation can be derived from a viscous dissipation potential function W v = W v ( C (n ) ) , n = 0 , 1 , 2 . . . . 

�int = 

( 

2 F ·
∂ W v 

(
C ( n ) 

)
∂ ̇  C 

) 

: ˙ F = 

(
T 0 

T − 2 F · ∂ W h ( C ) 

∂C 

)
: ˙ F ≥ 0 (11) 

where superscript ( n ) denotes the n th derivative of C , which is related to the frame-indifferent Rivlin-Ericksen tensor A 
( n ) 

( Malvern, 1969 ) as 

C ( n ) = F T · A 
( n ) · F (12) 
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Further, assuming the viscous dissipation potential depends on only the first two derivatives ( n = 0 and 1) of C , using the

irreducible integrity basis for the polynomial scalar invariants of tensors C and ˙ C ( Malvern, 1969 ), 

W v = W v 
(
C , ˙ C 

)
= W v ( I 1 , I 2 , I 3 , J 1 , J 2 , J 3 , J 4 , J 5 , J 6 , J 7 ) (13)

where 

J 1 = tr 
(
˙ C 
)
; J 2 = tr 

(
˙ C 2 

)
; J 3 = tr 

(
˙ C 3 

)
;

J 4 = tr 
(
C ̇ C 

)
; J 5 = tr 

(
C ̇ C 2 

)
; J 6 = tr 

(
C 2 ̇ C 

)
; J 7 = tr 

(
C 2 ̇ C 2 

) (14)

Finally, Eq. (11) yields the visco-hyperelastic additive relationship between the hyperelastic stress and viscous overstress

tensor components for the nominal ( T 0 ) and Cauchy stress ( σ) tensors 

T 0 
T = T 0 

T 

h + T 0 
T 

v = 2 F · ∂ 

∂C 
W h ( I 1 , I 2 , I 3 ) + 2 F · ∂ 

∂ ̇  C 
W v ( I 1 , I 2 , I 3 , J 1 , J 2 , J 3 , J 4 , J 5 , J 6 , J 7 ) (15a)

σ = σh + σv = 

2 

det ( F ) 
F ·

(
∂ 

∂C 
W h ( I 1 , I 2 , I 3 ) + 

∂ 

∂ ˙ C 
W v ( I 1 , I 2 , I 3 , J 1 , J 2 , J 3 , J 4 , J 5 , J 6 , J 7 ) 

)
· F T (15b)

where subscripts h and v represent individual hyperelastic and viscous overstress contributions, respectively. Note that the

visco-hyperelastic relations in Eqs. (15a) and ( 15b ) only consider derivatives of C in the current configuration, which depend

on the immediate deformation history and not the entire deformation event; thus, the present formulation is only valid

when deviation from hyperelastic behavior is due to short-term memory effects. 

2.2. Motivation 

Since first proposed by Pioletti et al. (1998) , the viscous dissipation potential function has been used in many studies

( Jiang et al., 2015 ; Kulkarni et al., 2016 ; Limbert and Middleton, 2004 ; Lu et al., 2010 ; Pioletti and Rakotomanana, 20 0 0 ;

Yousefi et al., 2018 ), all sharing a common form for isotropic deformation given in Eq. (2) and restated here for convenience

W v = W v ( I 1 , J 2 ) = η( I 1 − 3 ) 
β J 2 (2)

Most commonly, β is taken as unity. It can be verified that for a visco-hyperelastic model of the form in Eq. (15) assuming

incompressibility ( I 3 = 1), by using arbitrary hyperelastic strain energy density forms W h ( I 1 , I 2 ) and Eq. (2) as the viscous

dissipation potential, the Cauchy stress tensor ( Eq. (15b) ) becomes 

σ = −p1 + s 1 B + s −1 B 
−1 + h D B · D · B (16)

where p is the indeterminate Lagrange multiplier for incompressibility constraint, 1 is the unit symmetric tensor, B is the

left Cauchy-Green deformation tensor ( B = F · F T ), D is the rate of deformation tensor ( D = sym ( ̇ F · F −1 ) ), and s 1 , s −1 , and h D
are response functions, which depend on both model constants and the current values of strain and strain rate. Note that

Eqs. (15b) and (16) are equivalent forms, and that while s 1 and s −1 are standard hyperelastic response functions that define

the quasi-static response, h D is the viscoelastic response function that defines the rate-dependent material response. 

Although it is uncomplicated and amicable with FE modeling, Eq. (2) has several major drawbacks. In addition to the

model parameters being purely phenomenological in nature, this form does not capture the strain rate dependence of elas-

tic moduli as observed in many soft materials. This fact can be explained using continuum mechanical analysis of primary

deformation modes of isotropic materials (compression, tension and shear), and will now be demonstrated for an incom-

pressible visco-hyperelastic solid. 

Consider an arbitrary invariant-based hyperelastic strain energy density function 

W h = W h ( I 1 , I 2 ) (17)

By substituting Eqs. (17) and (2) in the visco-hyperelastic Cauchy stress in Eq. (15b) , 

σ = −p1 + 2 
∂W h 

∂ I 1 
B − 2 

∂W h 

∂ I 2 
B 

−1 + 8 η( I 1 − 3 ) 
βB · D · B (18)

Note, to ensure that σ(B = 1 ) = 0 , β > 0 must hold. Comparing Eqs. (18) and (16) , the various response functions are

obtained as 

s 1 = 2 
∂ W h 

∂ I 1 
(19a)

s −1 = −2 
∂ W h 

∂ I 2 
(19b)

h D = 8 η( I 1 − 3 ) 
β (19c)
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Fig. 2. Illustration of the (a) simple shear, (b) uniaxial compression and (c) uniaxial tension deformation states. 

 

 

 

 

 

 

 

 

 

 

For a homogeneous simple shear deformation mode as shown in Fig. 2 (a), the deformation gradient tensor is written

as 

F = 

⎡ 

⎣ 

1 γ 0 

0 1 0 

0 0 1 

⎤ 

⎦ , γ = 

Δ

h 
(20) 

where γ is the nominal shear strain. Using Eq. (20) , deformation tensors B and C , rates ˙ C and D , and the relevant principal

invariants are calculated as 

B = 

⎡ 

⎣ 

γ 2 + 1 γ 0 

γ 1 0 

0 0 1 

⎤ 

⎦ , C = 

⎡ 

⎣ 

1 γ 0 

γ γ 2 + 1 0 

0 0 1 

⎤ 

⎦ , I 1 = γ 2 + 3 (21a) 

D = 

˙ γ

2 

⎡ 

⎣ 

0 1 0 

1 0 0 

0 0 0 

⎤ 

⎦ , ˙ C = ˙ γ

⎡ 

⎣ 

0 1 0 

1 2 γ 0 

0 0 0 

⎤ 

⎦ , J 2 = 2 ̇ γ 2 
(
2 γ 2 + 1 

)
(21b) 

Tensors and invariants from Eq. (21) are used to formulate the Cauchy stress tensor σ in Eq. (18) . Further, the condition

tr σ = 0 can be used to obtain the indeterminate Lagrange multiplier p ; transforming the so obtained σ to the reference

undeformed configuration gives the nominal shear stress as 

T 0 21 = 2 

(
∂ W h 

∂ I 1 
+ 

∂ W h 

∂ I 2 

)
γ + 4 η ˙ γ γ 2 β

(
1 + 2 γ 2 

)
(22) 

Differentiating with respect to γ and taking limit at γ → 0, the shear modulus G 0 is obtained as 

G 0 = 

⎧ ⎨ 

⎩ 

∞ , β ∈ 

(
0 , 1 

2 

)
G 0 ,h + 4 η ˙ γ , β = 

1 
2 

G 0 ,h , β ∈ 

(
1 
2 
, ∞ 

) (23) 

where G 0 ,h is the purely hyperelastic contribution to the shear modulus ( G 0 ,h = [ d 
dγ

( 2( 
∂ W h 
∂ I 1 

+ 

∂ W h 
∂ I 2 

) γ ) ] γ → 0 ). Eq. (23) shows

that for a single value of β = 1 / 2 , the viscous dissipation potential form in Eq. (2) results in a strict linear rate dependence

of shear modulus; otherwise, for any other value of β , a rate-independent modulus is obtained. While the former case is too

stringent for a general material, the latter does not capture the well-established rate-dependence of elastic moduli observed

in many soft polymers. 

A similar result is also obtained for the other two primary deformation modes, uniaxial compression ( Fig. 2 (b)) and

tension ( Fig. 2 (c)). In this case, the deformation gradient tensor relating the reference configuration to the deformed one is

given by 

F = 

⎡ 

⎣ 

λ 0 0 

0 1 √ 

λ
0 

0 0 1 √ 

λ

⎤ 

⎦ , λ = 

L 

L 0 
(24) 
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where λ is the principal stretch ( λ = L/ L 0 ) in the e 1 direction (standard basis { e 1 , e 2 , e 3 }). Using Eq. (24) , the deformation

tensors B and C , rates ˙ C and D , and the relevant principal invariants are calculated as 

B = C = 

⎡ 

⎢ ⎢ ⎣ 

λ2 0 0 

0 
1 

λ
0 

0 0 
1 

λ

⎤ 

⎥ ⎥ ⎦ 

, I 1 = λ2 + 

2 

λ
(25a)

D = 

˙ λ

λ

⎡ 

⎢ ⎣ 

1 0 0 

0 − 1 
2 

0 

0 0 − 1 
2 

⎤ 

⎥ ⎦ , ˙ C = 
˙ λ

⎡ 

⎢ ⎣ 

2 λ 0 0 

0 − 1 
λ2 0 

0 0 − 1 
λ2 

⎤ 

⎥ ⎦ , J 2 = 2 ̇ λ2 
(
2 λ2 + 

1 

λ4 

)
(25b)

Substituting tensors and invariants from Eq. (25) in Eq. (18) yields the Cauchy stress tensor σ . By imposing the condition

σ22 = σ33 = 0 to compute the Lagrange multiplier p , and transforming into the reference configuration, the nominal uniaxial

stress is calculated as 

T 0 11 = 2 
∂ W h 

∂ I 1 

(
λ − 1 

λ2 

)
+ 2 

∂ W h 

∂ I 2 

(
1 − 1 

λ3 

)
+ 4 η ˙ λ

(
λ2 + 

2 

λ
− 3 

)β(
2 λ2 + 

1 

λ4 

)
(26)

Further, the uniaxial elastic modulus E 0 is obtained by differentiating Eq. (26) with respect to stretch λ, and taking limit

at λ→ 1, 

E 0 = 

⎧ ⎪ ⎨ 

⎪ ⎩ 

∞ , β ∈ 

(
0 , 1 

2 

)
E 0 ,h + 12 

√ 

3 η
∣∣ ˙ λ∣∣, β = 

1 
2 

E 0 ,h , β ∈ 

(
1 
2 
, ∞ 

) (27)

where E 0, h is the ideally hyperelastic contribution ( E 0 ,h = [ d 
dλ

( 2( 
∂ W h 
∂ I 1 

( λ − 1 
λ2 ) + 

∂ W h 
∂ I 2 

( 1 − 1 
λ3 ) ) ) ] λ→ 1 ). Again, the viscous dis-

sipation potential form in Eq. (2) does not capture strain rate sensitivity of uniaxial elastic modulus for all but a single value

of β = 1 / 2 , when it imposes a strict linear dependence of modulus with strain rate. 

Note, while the Young’s modulus under quasi-static deformation is always three times the shear modulus as expected

for incompressible materials, at high strain rates, Eqs. (23) and (27) with β = 1 / 2 cause a change in this ratio. This also

changes the Poisson’s ratio ν , which is related to the ratio of uniaxial and shear moduli as ν = ( ( E 0 / 2 G 0 ) − 1 ) . Although

experimentally observed in several studies, there is no evidence that the uniaxial to shear modulus ratio changes in the

dynamic regime by a fixed factor ( 3 
√ 

3 in this case). In summary, the isotropic viscous dissipation potentials currently avail-

able in the literature (i) do not capture strain rate dependence of the elastic moduli except for one specific model parameter

value, (ii) can only describe a specific linear relationship between moduli and strain rate, and (iii) require Poisson’s ratio to

necessarily change by a fixed factor. 

3. A new viscous dissipation potential 

In this section, a novel generalized form of the viscous dissipation potential is proposed to allow flexible modeling of the

strain rate sensitive behavior of soft materials using physically meaningful model parameters. A specific three-parameter

form is defined for further investigation in the later sections. 

3.1. Generalized functional form 

The following reduced form of the viscous dissipation potential ( Eq. (13) ) is considered in this study: 

W v = W v ( I 1 , I 2 , J 2 , J 5 ) (28)

Note that in addition to the invariant J 2 = tr ( ̇ C 2 ) used in Eq. (2) , which captures the effect of strain rate on stress, another

invariant J 5 = tr ( C · ˙ C 2 ) is added in the present formulation to include the effects of the interaction between C and ˙ C on the

viscous dissipation and stress. To justify this, consider an incompressible visco-hyperelastic solid whose strain energy density

and viscous dissipation potentials are given by Eqs. (17) and (28) , respectively. Computing the Cauchy overstress σv from

Eq. (15b) and transforming to the symmetric second Piola-Kirchhoff overstress tensor S v ( σv = F · S v · F T ), 

S v = 4 
∂ W v 

∂ J 2 
˙ C + 2 

∂ W v 

∂ J 5 

(
C · ˙ C + ˙ C · C 

)
(29)

From Eq. (29) , it is clear that while the first term on the right-hand-side (involving invariant J 2 ) captures deformation

rate ( ̇ C ) dependence on stress, the second term, via invariant J 5 , allows for any interaction effects that may exist between

the instantaneous deformation and its rate of change with respect to time ( C · ˙ C and ˙ C · C ). 
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Based on Eq. (28) , the following generalized form of the viscous dissipation potential is proposed 

W v = 

√ 

I 1 − 3 

N ∑ 

i =1 

k 1 i J 
c 1 i 
2 

+ 

√ 

I 2 − 3 

M ∑ 

j=1 

k 2 j J 
c 2 j 
5 

(30) 

where k 1 i , k 2 j , c 1 j and c 2 j represent the ( N + M ) model parameters, whose values can be obtained by fitting experimental

stress-strain data at various strain rates. By combining Eq. (30) with the general hyperelastic strain energy density function

in Eq. (17) , a generalized expression for the visco-hyperelastic Cauchy stress σ ( Eq. (15b) ) is obtained as 

σ = −p1 + s 1 B + s −1 B 
−1 + h D B · D · B + h D2 [ B · ( B · D · B ) + ( B · D · B ) · B ] (31) 

where the response functions s 1 , s −1 , h D and h D2 depend on both the model constants and the current values of strain and

strain rate, and are given as 

s 1 = 2 
∂ W h 

∂ I 1 
(32a) 

s −1 = −2 
∂ W h 

∂ I 2 
(32b) 

h D = 8 
√ 

I 1 − 3 

N ∑ 

i =1 

k 1 i c 1 i J 
c 1 i −1 
2 

(32c) 

h D2 = 4 
√ 

I 2 − 3 

M ∑ 

j=1 

k 2 j c 2 j J 
c 2 j −1 

5 
(32d) 

The present work is the first to define rate-dependent response functions h D and h D2 for the formulation of the general-

ized visco-hyperelastic Cauchy stress tensor. For a simple shear deformation ( Fig. 2 (a)), by using the tensors and invariants

from Eq. (21) , J 5 = ˙ γ 2 ( 4 γ 4 + 9 γ 2 + 2 ) using Eq. (14) , the condition tr (σ) = 0 t o obtain the indeterminate Lagrang e multi-

plier p , and transforming to the reference configuration, the nominal shear stress is obtained as 

T 0 21 = 2 
(

∂ W h 

∂ I 1 
+ 

∂ W h 

∂ I 2 

)
γ + 

N ∑ 

i =1 

2 c 1 i +1 k 1 i c 1 i ˙ γ
2 c 1 i −1 γ

(
1 + 2 γ 2 

)c 1 i + 

M ∑ 

j=1 

2 c 2 j +1 k 2 j c 2 j ˙ γ
2 c 2 j −1 γ

(
2 γ 4 + 

9 
2 
γ 2 + 1 

)c 2 j 
(33) 

Further, the infinitesimal strain shear modulus is obtained by taking the limit of the derivative with respect to γ at γ → 0

G 0 = G 0 ,h + 

N ∑ 

i =1 

2 c 1 i +1 k 1 i c 1 i ˙ γ
2 c 1 i −1 + 

M ∑ 

j=1 

2 c 2 j +1 k 2 j c 2 j ˙ γ
2 c 2 j −1 (34) 

Using the same approach, this time with the invariants and tensors from Eq. (25) , J 5 = 2 ̇ λ2 ( 2 λ4 + 
1 
λ5 ) using Eq. (14) , and

the condition of uniaxial deformation, i.e., σ22 = σ33 = 0 , the nominal uniaxial stress is given by 

T 0 11 = 2 ∂ W h 

∂ I 1 

(
λ − 1 

λ2 

)
+ 2 ∂ W h 

∂ I 2 

(
1 − 1 

λ3 

)
+ 

N ∑ 

i =1 

2 c 1 i +1 k 1 i c 1 i 
(
˙ λ
)2 c 1 i −1 (

2 λ2 + 
1 
λ4 

)c 1 i √ 

λ2 + 
2 
λ

− 3 + 

M ∑ 

j=1 

2 c 2 j +1 k 2 j c 2 j 
(
˙ λ
)2 c 2 j −1 (

2 λ4 + 
1 
λ5 

)c 2 j √ 

2 λ + 
1 
λ2 − 3 

(35) 

Further, the infinitesimal strain modulus during uniaxial deformation is obtained by taking the limit of the derivative

with respect to λ at λ→ 1 

E 0 = E 0 ,h + 

N ∑ 

i =1 

2 c 1 i +1 3 c 1 i + 
1 
2 k 1 i c 1 i 

∣∣ ˙ λ∣∣2 c 1 i −1 + 

M ∑ 

j=1 

2 c 2 j +1 3 c 2 j + 
1 
2 k 2 j c 2 j 

∣∣ ˙ λ∣∣2 c 2 j −1 
(36) 

From Eqs. (34) and (36) , it is clear that the proposed generalized viscous dissipation potential ( Eq. (30) ) not only enables

modeling of strain rate sensitivity, but also permits flexibility in the relation between elastic moduli (and hence the Poisson’s

ratio) and strain rate through its model parameters. That is, while k 1 i and k 2 j control the rate of increase of elastic moduli

with applied strain rate, c 1 i and c 2 j are related to the curvature associated with this change. Accordingly, in this study, the

parameters k 1 i and k 2 j are called the “rate sensitivity control parameters”, and c 1 i and c 2 j are called the “rate sensitivity

indices”. 
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3.2. Particular form for further investigation 

An efficient and reliable constitutive model should contain the minimum number of model parameters necessary to cap-

ture the essential features of a given experimental phenomenon ( Beda, 2014 ; Yang et al., 20 0 0 ). Excessive number of model

parameters not only render the mathematical form overly complicated and non-physical, but may also lead to non-unique

optimal parameter sets, especially in case of nonlinear formulations ( Ogden et al., 2004 ; Puglisi and Saccomandi, 2016 ). With

this motivation, the following reduced form ( N, M = 1, c 11 = 1) of Eq. (30) is proposed 

W v = k 11 
√ 

I 1 − 3 J 2 + k 21 
√ 

I 2 − 3 J c 21 
5 

(37)

In Eq. (37) , k 11 is the linear rate sensitivity control parameter, which is associated with a linearly increasing elastic

modulus with strain rate (consider c 1 i = 1 in Eqs. (34) and (36) ), and k 21 and c 21 are the nonlinear rate sensitivity control

parameter and the strain rate sensitivity index, respectively. 

In addition to fewer model parameters, a good judgement of initial guesses (starting point for optimization) dur-

ing nonlinear least-square fitting with experimental data is crucial in achieving unique model parameters ( Beda, 2014 ;

Destrade et al., 2017 ). Random initial guessing of model parameters can lead to very different optimum solution sets while

fitting the same experimental data, which is a serious drawback of many popular nonlinear hyperelastic constitutive models

whose parameters lack physical significance (e.g., Ogden model ( Ogden, 1972 )). The proposed viscous dissipation potential’s

only nonlinear model constant, c 21 , holds a physical meaning pertaining to the curvature of the increase of initial moduli

with strain rate, and thus can be estimated a priori by plotting experimentally obtained elastic modulus versus strain rate

data. This leads to a reasonable estimate for the initial guess as well as a measure to discard unreasonable solutions a pos-

teriori. In this way, the proposed dissipation potential can capture nonlinear strain rate sensitivity effects, and at the same

time prevents the numerical instabilities associated with nonlinear models. 

The Cauchy stress tensor ( Eqs. (31) and (32) ) and the nominal stresses under simple shear and uniaxial deformation

( Eqs. (33) and ( (35) ) are obtained for a visco-hyperelastic model with Eq. (37) as the viscous dissipation potential as 

σ = σh + σv = −p1 + 2 
∂W h 

∂ I 1 
B − 2 

∂W h 

∂ I 2 
B 

−1 + 8 
√ 

I 1 − 3 k 11 B · D · B + 

4 
√ 

I 2 − 3 k 21 c 21 J 
c 21 −1 
5 [ B · ( B · D · B ) + ( B · D · B ) · B ] 

(38a)

T 0 21 = 2 

(
∂ W h 

∂ I 1 
+ 

∂ W h 

∂ I 2 

)
γ + 4 k 11 ˙ γ γ

(
1 + 2 γ 2 

)
+ 2 c 21 +1 k 21 c 21 ˙ γ

2 c 21 −1 γ
(
2 γ 4 + 

9 

2 
γ 2 + 1 

)c 21 

(38b)

T 0 11 = 2 ∂ W h 

∂ I 1 

(
λ − 1 

λ2 

)
+ 2 ∂ W h 

∂ I 2 

(
1 − 1 

λ3 

)
+ 4 k 11 ̇ λ

(
2 λ2 + 

1 
λ4 

)√ 

λ2 + 
2 
λ

− 3 + 

2 c 21 +1 k 21 c 21 
(
˙ λ
)2 c 21 −1 (

2 λ4 + 
1 
λ5 

)c 21 √ 

2 λ + 
1 
λ2 − 3 

(38c)

The above equations will be used in the modeling of experimental stress versus strain response under different primary

deformation modes. A detailed description and background of the fitting procedure can be found in the supplementary ma-

terial. Briefly, the purely hyperelastic model parameters are obtained from the quasi-static experiment data (lowest strain

rate) under different deformation modes using linear or nonlinear least squares optimization depending on the selected

model type. Once the hyperelastic model parameters are obtained, data from higher strain rate tests are added to the ob-

jective function (see supplementary material) and a nonlinear least squares optimization algorithm is used to determine the

remaining model constants. In particular, the Lsqcurvefit function of MATLAB is used with the trust-region-reflective (TR)

method ( Coleman and Li, 1996 ). As stated earlier, the nonlinear parameter obtained from the shear and uniaxial modulus

versus strain rate plots (if available) is used as the initial starting point. In addition, the necessary limit of the strain rate

sensitivity index ( c 21 > (1/2); see the supplementary material) is used to provide a lower bound for the solution search. The

convergence criterion is set such that the algorithm stops when either the Newton step becomes smaller than 10 −8 , the

supremum norm of the objective function gradient becomes less than 10 −12 , or the number of iterations surpass 30 0 0. To

further ensure uniqueness of the obtained model parameters, a multi-start optimization is conducted by defining a uniform

distribution grid of 120 points around the initial guesses ( c 21 bounded to ±2; bounds for control parameters decided on a

case-by-case basis). Only the globally minimum solution is selected as the optimal set of model parameters. It is verified

that the same unique global solution is obtained even if the grid density is increased (doubled or tripled). The relative errors

are calculated for each deformation mode and strain rate as the measure of the goodness of fit 

er r i = 

∣∣ f i ( �i , p 
∗) − τ0 , exp 

i 

∣∣
max 

{
0 . 1 max 

(
τ0 , exp 

)
, τ0 , exp 

i 

} , i = 1 , 2 , . . . , m (39)

where τ 0 ,exp 
i 

is the i th data-point of the measured nominal stress at some strain value �i , and f i ( �i , p 
∗) is the i th component

of the vector containing symbolic nominal stress equations formulated using a particular visco-hyperelastic model, p ∗ being

the optimized model constants. Note that the term (0.1max ( τ0, exp )) is added in the denominator to avoid division by very

small stresses in the small strain regime, which otherwise would result in fallaciously large error values. 
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Fig. 3. Experimentally obtained uniaxial tension stress-strain data of patellar tendon and its numerical fitting using the Pioletti and the proposed visco- 

hyperelastic models (3- and 1-parameter) at various strain rates: (a) quasi-static (0.003 s −1 ), (b) 0.055 s −1 , (c) 0.85 s −1 , and (d) 0.12 s −1 . (e) Comparison of 

the average (%) relative errors at different strain rate levels. (f) Model response in the small strain regime ( < 1%), showing that the Mooney-Rivlin model 

results in a physically implausible compressive stress for a tensile strain in this region. 

 

 

 

 

 

 

 

 

 

 

 

 

4. Model performance comparison with an existing viscous dissipation potential 

So far, two advancements over the existing viscous dissipation potentials in the literature are clear: the proposed po-

tential ( Eq. (37) ) is based on physically motivated parameters and provides the capability to flexibly capture the strain rate

sensitivity of stress-strain data in the small strain regime. In this section, the fitting performance of a visco-hyperelastic

model formulated using the proposed viscous dissipation potential is compared with that formulated using an existing

viscous dissipation potential. Specifically, the rate-dependent tensile response of human patellar tendon as reported by

Pioletti et al. (1998) is investigated, which was modeled by these authors using the first external state variable-based viscous

dissipation potential (hereinafter referred to as the Pioletti model) 

W v = W v ( I 1 , J 2 ) = 

η′ 
4 

( I 1 − 3 ) J 2 (40) 

where η′ is a model parameter. As Eq. (40) consists of only a single model parameter, a reduced one-parameter form of the

proposed dissipation potential ( k 21 = 0) is also considered for comparison. A two-parameter Mooney-Rivlin model ( W h =
A 10 ( I 1 − 3 ) + A 01 ( I 2 − 3 ) ; A 10 and A 01 are model constants) is used as the hyperelastic strain energy density function in all

cases. The resulting visco-hyperelastic uniaxial nominal stress equations for the proposed models (from Eq. (38c) ) are 

Proposed model ( 3 -parameter ) : T 0 11 = 2 A 10 
(
λ − 1 

λ2 

)
+ 2 A 01 

(
1 − 1 

λ3 

)
+ 4 k 11 ̇ λ

(
2 λ2 + 

1 
λ4 

)√ 

λ2 + 
2 
λ

− 3 + 

2 c 21 +1 k 21 c 21 
(
˙ λ
)2 c 21 −1 (

2 λ4 + 
1 
λ5 

)c 21 √ 

2 λ + 
1 
λ2 − 3 

(41a) 

Proposed model ( 1 -parameter ) : T 0 11 = 2 A 10 
(
λ − 1 

λ2 

)
+ 2 A 01 

(
1 − 1 

λ3 

)
+ 4 k 11 ̇ λ

(
2 λ2 + 

1 
λ4 

)√ 

λ2 + 
2 
λ

− 3 (41b) 

In case of the Pioletti model ( Pioletti et al., 1998 ), the visco-hyperelastic uniaxial nominal stress equation from

Eq. (26) (by substituting β = 1 and η = ( η′ / 4 ) ) is 

Pioletti Model : T 0 11 = 2 A 10 
(
λ − 1 

λ2 

)
+ 2 A 01 

(
1 − 1 

λ3 

)
+ η′ ̇ λ

(
λ2 + 

2 
λ

− 3 
)(
2 λ2 + 

1 
λ4 

)
(42) 

Eqs. (41) and (42) are now used to fit the experimental uniaxial tension data. Fig. 3 compares the fitted curves to the

experimental data and Table 1 lists the obtained model parameters and average residual error (from Eq. (39) ). Note, all three
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Table 1 

Model parameters and overall average residual error of fit across the investigated strain rates obtained using 

the proposed visco-hyperelastic ( Eq. (41) ) and Pioletti et al. (1998) ( Eq. (42) ) models. 

Proposed visco-hyperelastic model (3-parameter) 

A 10 (MPa) A 01 (MPa) k 11 (MPa.s) k 21 (MPa.s) c 21 err (%) 

144.29 −144.71 −67.18 74.05 1.00 3.85 

Proposed visco-hyperelastic model (1-parameter) 

A 10 (MPa) A 01 (MPa) k 11 (MPa.s) err (%) 

144.29 −144.71 9.90 5.73 

Pioletti et al. (1998) 

A 10 (MPa) A 01 (MPa) η′ (MPa.s) err (%) 

144.29 −144.71 545.2 10.92 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

models assume material incompressibility, which is a common assumption for most biological tissues and gels because they

consist mostly of water ( Wex et al., 2015 ). 

The quasi-static stress-strain response of all three models are identical ( Fig. 3 (a)) because the same hyperelastic model

is used. Under dynamic strain rates ( Figs. 3 (b–d)), both the one and three-parameter forms of the proposed model perform

better in capturing the experimental data when compared to the Pioletti model. This is also evident from the average resid-

ual errors in Fig. 3 (e). As the Pioletti model is rate-insensitive in the small strain regime (does not allow elastic moduli

to change), the deviation of its fitted response from the experimental data is prominent in the early part of the dynamic

stress-strain plots. This leads to an early peak in the relative error versus stretch plots (see the supplementary material).

The proposed viscous dissipation potential captures rate sensitivity of elastic moduli, and thus such error peaks are miti-

gated. Note, the strain rate sensitivity index c 21 of the three-parameter form of the proposed viscous dissipation potential

is unity ( Table 1 ), which indicates a linearly rate sensitive mechanical response. Interestingly, with the same number of

model parameters, the single-parameter form of the proposed viscous dissipation potential reduces the average residual fit-

ting errors to approximately half when compared to the Pioletti model (see Table 1 ). Therefore, the proposed model offers

a considerable improvement in fitting performance over the Pioletti model. 

From Table 1 , the obtained hyperelastic constants from quasi-static stress-strain data do not follow the necessary con-

dition of thermodynamic stability for the Mooney-Rivlin model in uniaxial deformation ( ( A 10 + A 10 ) > 0 ) as suggested by

Upadhyay et al., 2019b . This is evident from the region of the tensile stress-strain curve very close to zero strain as shown

in Fig. 3 (f), where the Mooney-Rivlin model predicts a negative (compressive) stress under a tensile stretch, which is a

physically implausible state. While the elastic modulus in the proposed model increases with strain rate, thus ensuring

thermodynamic stability of the dynamic response, it remains constant in the case of Pioletti model, which yields a physi-

cally implausible infinitesimal strain response in every dynamic strain rate level (see Fig. 3 (f)). Consequently, the proposed

viscous dissipation potential prevents the choice of quasi-static hyperelastic model from exclusively determining the stabil-

ity of the modeled stress-strain data, which underscores an important advantage of using it in viscous dissipation-based

visco-hyperelastic models. 

Note, although the thermodynamic constitutive (T-C) inequality for the polynomial hyperelastic models ( Upadhyay et al.,

2019b ) excludes the Mooney-Rivlin model as a reasonable constitutive equation for capturing the quasi-static tensile re-

sponse of human patellar tendon, the present work makes no attempt to fit a different hyperelastic model to the stress-

strain data. This is because for the purposes of comparing the two viscous dissipation potentials (which define the overstress

exclusively), only the accuracy of the selected hyperelastic model is of concern and not the thermodynamic acceptability. 

The proposed viscous dissipation potential ( Eq. (37) ) is also employed to individually fit the rate-dependent stress-strain

data in the other two primary deformation modes: compression and shear, as shown in Appendix A . In particular, the very

high strain rate compression stress-strain data of ballistic gelatin and the simple shear data of porcine brain tissue are

investigated. The former allows the investigation of model applicability in a much wider strain rate range and in a system

that exhibits nonlinear strain rate sensitivity. Additional single deformation mode examples of Styrene-ethylene-butylene-

styrene (SEBS) gel, ballistic gelatin and polydimethylsiloxane (PDMS) elastomer are provided in the supplementary material

(compression stress-strain modeling of SEBS gel is compared against a recently proposed extended hyperelastic model used

for this material). 

5. Combined multi-deformation mode analysis of human brain gray matter 

Brain is a complex multiphasic structure composed of white and gray matter, blood vessels, membranes, voids, and

fissures, all filled with or surrounded by cerebrospinal fluid. The mechanical response varies between these tissue types,

brain-region where specimens are extracted from, and also the age and gender of the test subjects ( van Dommelen et al.,

2009 ). The average mechanical response of brain tissue has been modeled extensively using globally isotropic constitutive

equations (e.g., refer ( Mihai et al., 2017 ) for a review of isotropic hyperelastic models used for modeling brain tissue). It is

now well established that while gray matter is nearly isotropic, white matter is anisotropic ( Budday et al., 2015 ; Prange et al.,
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Fig. 4. Experimentally obtained stress-strain plots of human brain tissue gray matter in (a) uniaxial and (b) simple shear deformation, and the numerically 

fitted response obtained using the proposed visco-hyperelastic model. Inset of (b) shows the zoomed-in shear response for < 20% shear strain. Plots of 

relative errors (%) versus (c) uniaxial stretch and (d) nominal shear strain. (e) Average (%) relative errors at different strain rate levels and deformation 

modes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

20 0 0 ; Prange and Margulies, 2002 ). As the proposed viscous dissipation potential assumes material to be isotropic, in this

section, the strain rate dependent multimodal deformation response of human gray matter under compression, tension

and shear as reported by Jin et al. (2013) is investigated. The simultaneous consideration of multiple deformation modes

extends the single deformation-mode analysis conducted in the previous subsection, and will highlight the versatility of the

proposed model. 

Figs. 4 (a) and (b) show stress-strain responses under uniaxial (compression and tension) and shear deformation at three

strain rate levels with reported error bars, respectively. The inset in Fig. 4 (b) shows the experimentally reported shear stress-

strain data for shear strain γ < 0.2. Notice the order of shear stress values for the three investigated strain rates in this

region (data points corresponding to γ =0.05, 0.10 and 0.15). Based on the entire uniaxial response and the shear response

for γ ≥ 0.2, the stress at a particular strain increases with strain rate (a stiffening behavior). This, however, is not noticed

in this small strain region ( γ < 0.2), where, for example, the reported quasi-static stress for γ =0.05 is greater than both

dynamic stresses (5 s −1 and 30 s −1 ). It seems that this “softening” behavior is an experimental error, the probable reasons

being poor accuracy of load-cell during low load, or issues regarding determination of reference position in soft materials

testing ( Destrade et al., 2017 ; Vogel et al., 2017 ). Therefore, the three data points in this region corresponding to γ =0.05,

0.10 and 0.15 are disregarded in numerical analysis; in place of these values, the interpolated values based on the rest of

the data are used. 

To model the quasi-static stress-strain data, the semi-empirical Gent-Gent model ( Pucci and Saccomandi, 2002 ) is used.

The reason behind choosing this model is its physical interpretation in regard to the molecular (non-Gaussian statistical)

theory ( Puglisi and Saccomandi, 2016 ) and its ability to fit both single and combined deformation modes with reasonable

accuracy and only three model parameters ( Ogden et al., 2004 ). Mathematically, the Gent-Gent strain energy density func-

tion is 

W h = −μJ m 

2 
ln 

(
1 − I 1 − 3 

J m 

)
+ 

3 C 2 
2 

ln 

(
I 2 
3 

)
(43) 

where μ, J m and C 2 are model parameters. Note that J m represents the limiting value of I 1 − 3 , when molecular chains in a

polymer network are in their fully stretched state. By combining the quasi-static strain energy density in Eq. (43) with the
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Table 2 

Model parameters and overall average residual error of fit when combined 

tension-compression-shear response of human brain gray matter ( Jin et al., 

2013 ) is modeled using the proposed visco-hyperelastic model ( Eq. (44) ). 

μ (kPa) J m C 2 (kPa) k 11 (Pa.s) k 21 (Pa.s) c 21 err (%) 

0.73 1.60 0.46 18.03 −2.29E-6 2.28 20.14 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

proposed viscous dissipation potential ( Eq. (37) ), a six-parameter visco-hyperelastic constitutive model is formulated; the

uniaxial and simple shear nominal stresses are given by ( Eqs. (38b) and ( 38c )) 

T 0 11 = 

μJ m 
J m −( λ2 + 2 

λ
−3 ) 

(
λ − 1 

λ2 

)
+ 

3 C 2 

(
1 − 1 

λ3 

)
(
2 λ+ 1 

λ2 

) + 4 k 11 ̇ λ
(
2 λ2 + 

1 
λ4 

)√ 

λ2 + 
2 
λ

− 3 + 

2 c 21 +1 k 21 c 21 
(
˙ λ
)2 c 21 −1 (

2 λ4 + 
1 
λ5 

)c 21 √ 

2 λ + 
1 
λ2 − 3 

(44a)

T 0 21 = 

μJ m γ

J m − γ 2 
+ 

3 C 2 γ

γ 2 + 3 
+ 4 k 11 ˙ γ γ

(
1 + 2 γ 2 

)
+ 2 c 21 +1 k 21 c 21 ˙ γ

2 c 21 −1 γ
(
2 γ 4 + 

9 

2 
γ 2 + 1 

)c 2 

(44b)

Figs. 4 (a) and (b) show the numerically fitted stress-strain curves using Eqs. (44a) and ( 44b ) in uniaxial and shear states,

respectively; corresponding relative errors of fit are shown in Figs. 4 (c) and (d). Table 2 lists the obtained model parameters

and the overall average residual error of fit. 

From Table 2 , it can be inferred that the overall mechanical response of human brain gray matter is nearly linearly

rate sensitive with a very small nonlinear rate sensitivity control parameter k 21 ; disregarding this parameter completely

(using k 21 = 0) increases fitting error to 21.59% (visible fitting change only in the large strain region of compression stress-

strain plot at 30 s −1 strain rate). Fig. 4 (e) compares the average relative errors for different applied strain rates. The Gent-

Gent model in quasi-static tension, compression and shear results in average fitting errors of 14.01%, 27.89% and 15.13%,

respectively; these average errors become 26.83%, 17.99% and 17.32% in the dynamic regime when the proposed viscous

dissipation potential is added to formulate the visco-hyperelastic model ( Eqs. (44a) and ( 44b )). Clearly, by adding only three

viscous parameters to the quasi-static hyperelastic model, the proposed visco-hyperelastic model captures all the major

features of the dynamic stress-strain data and results in a similar level of accuracy as the quasi-static fit. The present study

is the first to model simultaneously all three primary deformation modes of human brain gray matter in both quasi-static

and dynamic strain rates. 

For an additional example of porcine brain tissue in combined compression and tension, see the supplementary material.

6. Robustness of the proposed viscous dissipation potential 

In this section, the compression-tension-shear stress-strain data of human brain gray matter ( Jin et al., 2013 ) is further

analyzed using visco-hyperelastic models based on the proposed viscous dissipation potential to investigate their robustness

with respect to two factors: (i) choice of the hyperelastic strain energy density function for quasi-static data fitting, and (ii)

availability of data from different deformation modes. 

One desirable feature of a visco-hyperelastic model is its robustness with respect to the choice of hyperelastic strain

energy density function. To evaluate this, the Gent-Gent model ( Eq. (43) ) is replaced with three common polynomial-based

hyperelastic models and one logarithmic Gent model ( Gent, 1996 ) to formulate different visco-hyperelastic models with a

common viscous dissipation potential ( Eq. (37) ). The strain energy density forms of these hyperelastic models are given as 

2 -parameter Mooney − Rivlin : W h = A 10 ( I 1 − 3 ) + A 01 ( I 2 − 3 ) (45a)

3 -parameter Mooney − Rivlin : W h = A 10 ( I 1 − 3 ) + A 01 ( I 2 − 3 ) + A 11 ( I 1 − 3 ) ( I 2 − 3 ) (45b)

5 -parameter Mooney − Rivlin : W h = A 10 ( I 1 − 3 ) + A 01 ( I 2 − 3 ) + A 11 ( I 1 − 3 ) ( I 2 − 3 ) 

+ A 20 ( I 1 − 3 ) 
2 + A 02 ( I 2 − 3 ) 

2 (45c)

Gent : W h = −μJ m 

2 
ln 

(
1 − I 1 − 3 

J m 

)
(45d)

The obtained model parameters from the visco-hyperelastic modeling of the combined tension-compression-shear data

of human brain gray matter ( Jin et al., 2013 ) are listed in Table 3 . 

From Table 3 , it is clear that the individual model parameters of the polynomial-based hyperelastic models do not show

any correlation even when fitting the same quasi-static data. On the other hand, the common model parameters of the

quasi-static Gent and Gent-Gent models ( μ and J m ) have similar values. Likewise, the model parameters of the proposed

viscous dissipation potential also retain similar values (range of values are k ~ 17–19 Pa.s; k ~ 0 Pa.s; c ~ 2.01–2.28).
11 21 21 
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Table 3 

Model parameters obtained when combined tension-compression-shear response of human brain gray matter 

( Jin et al., 2013 ) is modeled using the visco-hyperelastic model based on the proposed viscous dissipation potential 

but with different choices of hyperelastic strain energy density function. 

Hyperelastic model choice Model parameters 

Quasi-static Dynamic 

Name Value (kPa) Name Value (Pa.s) 

2-parameter Mooney-Rivlin A 10 −0.06 k 11 17.61 

A 01 0.71 k 21 −3.56E-6 

c 21 (dimensionless) 2.23 

3-parameter Mooney-Rivlin A 10 0.21 k 11 18.22 

A 01 0.35 k 21 −4.99E-5 

A 11 0.24 c 21 (dimensionless) 2.01 

5-parameter Mooney-Rivlin A 10 −0.97 k 11 17.41 

A 01 1.58 k 21 −6.97E-6 

A 11 −7.26 c 21 (dimensionless) 2.18 

A 20 4.68 

A 02 2.59 

Gent μ 1.12 k 11 18.47 

J m 1.75 k 21 −9.74E-6 

c 21 (dimensionless) 2.15 

Gent-Gent μ 0.76 k 11 18.03 

J m 1.60 k 21 −2.29E-6 

C 2 0.46 c 21 (dimensionless) 2.28 

Table 4 

Model parameters of the proposed visco-hyperelastic model obtained by fitting different sets of single and multiple deformations, and the 

associated average fitting error when data of combined tension-compression-shear is predicted (individual mode fitting errors are listed in 

square brackets; C, T, and S represent compression, tension and shear, respectively). 

Deformation mode(s) considered μ (kPa) J m C 2 (kPa) k 11 (Pa.s) k 21 (Pa.s) c 21 err (%) 

Compression only 6.58 6.87 −3.72 11.64 −2.79E-5 2.01 66.20 [C 9.18, T 80.37, S 109.05] 

Compression + Tension −0.18 3839.63 1.88 23.21 −2.10E-2 1.50 28.36 [C 23.70, T 14.71, S 46.67] 

Compression + Tension + Shear 0.76 1.60 0.46 18.03 −2.29E-6 2.28 20.14 [C 21.28, T 22.56, S 16.59] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This highlights the robustness of the proposed viscous dissipation potential in capturing the strain rate dependent stress-

strain response, which is not contingent on the choice of a particular quasi-static hyperelastic strain energy density equation.

Another desirable feature of a constitutive model is its robustness with respect to other deformation modes

( Destrade et al., 2017 ). For example, it has been shown that the Ogden model parameters obtained by fitting tension stress-

strain data can be completely different from those obtained by fitting equi-biaxial data, leading to a very poor prediction

in the latter deformation ( Ogden et al., 2004 ). At the same time, if both deformation modes were considered together,

then a good agreement between model and experimental data was observed. Yielding very different set of model pa-

rameters from different experiments is an undesirable behavior, especially in modeling dynamic response of soft materials

where certain deformation modes (e.g., unconfined compression) are more commonly tested than the others (e.g., simple

shear). As dynamic uniaxial compression stress-strain data is more commonly reported for many soft materials than ten-

sion data ( Leclerc et al., 2012 ; Nie et al., 2009 ), which in turn is more common than simple shear data ( Luo et al., 2019 ;

Upadhyay et al., 2019a ), the effect of considering only the more commonly available deformation modes on the extracted

model constants needs to be examined. Two cases are investigated, (i) when only compression stress-strain data is used,

and (ii) when combined compression-tension stress-strain data is used to obtain the model constants of Eq. (44) . The model

parameters obtained in these cases are used to predict stress-strain data of all primary deformation modes (including those

not considered in fitting). 

Table 4 lists the obtained model parameters by using fewer deformation modes, along with those obtained by using all

three primary deformation modes ( Table 3 ). In addition, the overall average residual errors of fitting/predicting the three

experimental data as well as average residual error for individual deformations (in square brackets) are listed. It is seen that

compared to the model parameters of the quasi-static Gent-Gent model ( μ, J m and C 2 ), which do not show any trend when

successive deformation modes are added, the parameters of the proposed model ( k 11 , k 21 and c 21 ) show lesser change in

terms of both magnitude and sign. This exercise highlights the stability and robustness of the proposed model with respect

to the availability of deformation data types. A similar robustness was observed when the stress-strain data of porcine brain

tissue was modeled using the proposed potential (see the supplementary material). In every case, the fitting accuracy is

reduced for the deformation mode that is not considered in the original fitting procedure. 
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It is important to note that not all materials exhibit similar strain rate sensitivities in every primary deformation mode.

For example, based on the uniaxial stress-strain data of annulus fibrosus, Vogel et al. (2017) reported that while the maxi-

mum tensile stress doubled when the applied strain rate was increased from ~10 −4 to 10 −1 s −1 , the maximum compressive

stress increased by 15 times during the same strain rate increase. When the proposed viscous dissipation potential is used to

individually model these tension and compression responses with the Gent-Gent model for quasi-static fitting, the obtained

model constants are { k 11 = 0.00 MPa.s, c 21 = 0.62, and k 21 = 0.14 MPa.s} and { k 11 = 0.00 MPa.s, c 21 = 0.67, and k 21 = 0.83 MPa.s},

respectively. On the other hand, when combined tension-compression data is modeled, model constants are { k 11 = 0.10 MPa.s,

c 21 = 0.63, and k 21 = 0.31 MPa.s}. Clearly, the model parameters vary from one deformation mode to the other in order to

accommodate the asymmetric nature of strain rate sensitivities; in this case, the nonlinear rate sensitivity control parame-

ter k 21 is ~6 times larger in compression as compared to tension. This eventually causes a relatively poor combined fitting

accuracy, and a higher-order form of the proposed generalized viscous dissipation potential ( Eq. (30) ) may be required to

achieve a better fitting accuracy. On the other hand, for materials in which strain rate sensitivity of individual deformations

is not significantly different, the proposed model offers an elegant three-parameter form that captures all major features of

the combined stress-strain data with good accuracy. 

7. Summary and conclusion 

The present study focuses on modeling the visco-hyperelastic short-time memory response of soft materials using the

external state variable driven viscous dissipation-based approach, which describes quasi-static equilibrium and dynamic non-

equilibrium effects using a hyperelastic strain energy density and a viscous dissipation potential, respectively. As an impor-

tant contribution of this work, it is demonstrated that all existing viscous dissipation potentials available in the literature

lack the ability to capture a generalized strain rate dependence of elastic moduli and Poisson’s ratio, which directly con-

flicts with the abundant experimental evidence of strain rate sensitivity in soft materials. In addition, the parameters of the

available models are purely phenomenological. Based on this motivation, a novel viscous dissipation potential form is pro-

posed, which not only allows strain rate dependence of elastic moduli and Poisson’s ratio, but is also posed with physically

motivated model parameters. 

The proposed generalized viscous dissipation potential uses the objective Cauchy-Green deformation tensor and its

time rate of change as external state variables via four invariants ( I 1 , I 2 , J 2 , and J 5 ). By combining this form with a gen-

eral invariant-based hyperelastic strain energy density function, a generalized visco-hyperelastic model is formulated. It is

demonstrated that the resulting formulation allows flexible modeling of both linear and nonlinear strain rate effects on

elastic moduli via its “rate sensitivity control parameters” and “rate sensitivity indices”. 

In order to demonstrate the salient features of the proposed model, a reduced three-parameter form of the generalized

viscous dissipation potential is formulated, which consists of a linear rate sensitivity control parameter k 11 , a nonlinear rate

sensitivity control parameter k 21 , and a nonlinear rate sensitivity index c 21 . While the former two control parameters dictate

the rate at which moduli change with strain rate, the latter index defines the curvature associated with this change; thus,

the model parameters are based on a physical phenomenon. As the reduced dissipation potential form consists of only a

single nonlinear model parameter whose initial guess during numerical optimization can be estimated a priori, it offers

mathematical simplicity and promotes uniqueness of optimal model parameters. A multi-step optimization procedure is

designed to fit experimental stress-strain data whose search region is restricted via thermodynamics-based inequalities (see

supplementary material). A multi-start scheme is used to further validate uniqueness of model parameters and to eliminate

local minima. Thus, the proposed formulation captures nonlinear behavior while at the same time preventing numerical

instabilities characteristic of many nonlinear constitutive equations (e.g., the Ogden model). 

To investigate the advancement in fitting accuracy offered by the proposed dissipation potential compared to existing

forms, visco-hyperelastic models based on the Mooney-Rivlin hyperelastic strain energy density are formulated using the

proposed viscous dissipation model and an existing Pioletti model to fit uniaxial tension stress-strain data of human patellar

tendon. It is demonstrated that the ability of the proposed form to allow strain rate sensitivity in the infinitesimal strain

regime not only significantly improves the overall fitting accuracy, but also prevents the thermodynamic stability of the

model response from being dictated completely by the choice of the hyperelastic strain energy density function. While the

hyperelastic two-parameter Mooney-Rivlin model caused both quasi-static and dynamic model responses to be physically

implausible in the early part of the stress-strain curve, the proposed viscous dissipation potential via its strain rate sensitive

model parameters prevented thermodynamic instability in the dynamic regime. Thus, an appreciable improvement over

existing viscous dissipation-based models is obtained. 

In addition, the combined compression-tension-shear response of human brain gray matter is modeled using a visco-

hyperelastic model composed of the quasi-static Gent-Gent strain energy density and the proposed viscous dissipation po-

tential. It is seen that with only three additional model parameters, the proposed dissipation potential reasonably captures

all the qualitative features of the dynamic response (viscous overstress) and results in a similar level of accuracy as the

quasi-static fit. Note, however, that the fitting accuracy is decreased in combined deformation mode fitting as compared

to single deformations. Additional single and combined multiple deformation mode applications of different materials are

provided in the Appendix A and the supplementary material, which highlights the wider applicability of the proposed form

as compared to the existing models. In particular, the ballistic gelatin example demonstrates model applicability in a much

wider strain rate range, and the SEBS gel stress-strain modeling comparison with an extended hyperelastic model shows that
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the proposed form, in addition to being consistent with both material frame-indifference and continuum thermodynamics

principles, provides similar level of accuracy with fewer model parameters. 

Further, by replacing the quasi-static portion of the visco-hyperelastic model with different polynomial and logarithmic

strain energy density functions, it is shown that the visco-hyperelastic models based on the proposed potential are ro-

bust with respect to the choice of the hyperelastic strain energy density equation. Note, however, that the accuracy of the

visco-hyperelastic model depends, in part, on the quasi-static strain energy density, and a better hyperelastic model (for a

particular case) can reduce overall residual errors in both quasi-static and dynamic regimes. A similar robust response is

observed when only compression, compression-tension, and combined compression-tension-shear stress-strain data is fitted 

using the proposed model; although the fitting accuracy in a particular deformation mode improves when its stress-strain

data is considered, the model constants do not show significant changes. Interestingly, the rate sensitivity indices ( c 21 ) of

all the investigated materials (including those in the supplementary material) exist in a narrow range (0.5–2.3), suggesting

stability of this parameter across different materials and its importance in modeling strain rate effects. It is also observed

that the viscous overstress is most sensitive to changes in this parameter (see supplementary material). 

Recall that the proposed viscous dissipation potential assumes incompressibility and isotropy in the material. While most

hydrogels, tissues, and elastomers are nearly incompressible, many soft tissues are anisotropic. In addition, a relatively poor

accuracy is obtained when the material exhibits highly asymmetric strain rate sensitivities in different deformation modes.

Lack of dynamic stress-strain data over a wide strain rate range in several deformations (e.g., high strain rate stress-strain

data in tension and shear) is also an existing challenge. In future work, improvements pertaining to anisotropic modeling

and description of asymmetric strain rate sensitivities will be pursued. 
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Appendix A. Additional single deformation mode examples 

A.1. Ballistic gelatin: Uniaxial compression 

A popular surrogate material in terminal ballistics, ballistic gelatin is also used in the study of tissue damage dur-

ing crash/stab wounds and traumatic brain injury (TBI), and as a brain tissue engineering scaffold f or tissue regenera-

tion and growth (Sotudeh Chafi et al., 2007 ; Subhash et al., 2012 ; Tian et al., 2005 ; Zhang et al., 2005 ). Naarayan and

Subhash (2017) reported high strain rate compression stress-strain data of 10% w/w ballistic gelatin using polymer split-

Hopkinson pressure bar (PSHPB) experiment. Fig. A.1 (a) shows the engineering stress-strain plot for five average true strain

rate levels. Eq. (41a) is used to numerically fit the data, which is a five-parameter visco-hyperelastic model based on the

quasi-static two-parameter Mooney-Rivlin strain energy density; the fitted curves are also shown in Fig. A.1 (a). Note that the

relation ˙ λ = λ ˙ ε t is used to transform the reported true strain rate ( ̇ ε t ) by Naarayan and Subhash (2017) to the engineering
strain rate ( ̇ λ) required in Eq. (41a) . The obtained model constants and average error of fit are given in Table A.1 . 

Fig. A.1 (b) shows the percentage relative errors of fit resulting from the proposed model; barring very small strains, a

good agreement between the model and the experimental data is observed. The obtained model constants reveal a nonlinear

strain rate sensitivity. The average relative error in every strain rate is less than 25% ( Fig. A.1 (c)); in all but the 2500 s −1 

strain rate case, the proposed viscous dissipation potential has resulted in an improved fit when compared to the quasi-

static fitting by the Mooney-Rivlin model. When compared to the tensile stress-strain data of patellar tendon ( Fig. 3 ), the
Table A.1 

Model parameters and overall average residual error of fit when ballistic 

gelatin compression response ( Naarayan and Subhash, 2017 ) is modeled 

using the proposed visco-hyperelastic model ( Eq. (41a) ). 

A 10 (kPa) A 01 (kPa) k 11 (kPa.s) k 21 (kPa.s) c 21 err (%) 

46.22 25.47 0.04 −1.16 0.78 16.56 

https://doi.org/10.13039/100000001
https://doi.org/10.1016/j.jmps.2019.103777
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Fig. A.1. (a) Experimentally obtained uniaxial compression stress-strain data of ballistic gelatin ( Naarayan and Subhash, 2017 ) and its numerical fitting 

using the proposed visco-hyperelastic model. (b) Percentage relative error as a function of uniaxial stretch at various strain rates. (c) Average (%) relative 

errors at different strain rate (true) levels. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

mechanical response of ballistic gelatin in Fig. A.1 (a) exhibits larger strains, an increased nonlinearity, and a highly rate

sensitive response. The proposed model captures all features of this deformation with good accuracy (average percentage

residual, 16.56%), which underlines its utility in large strain visco-hyperelasticity. Interestingly, the error decreases with

increasing strain rate, and falls below 5% at the highest strain rate, as shown in Fig. A.1 (c). 

A.2. Human brain tissue: Simple shear 

Donnelly and Medige (1997) studied the average single pulse shear response of human brain tissue under small to mod-

erate strain rates using a single lap shear test. Thirty tests for each of the quasi-static and three dynamic strain rates (30,

60 and 90 s −1 ) were conducted; the average stress-strain data is shown in Fig. A.2 (a). Note, the original stress-strain calcu-

lations by Donnelly and Medige (1997) incorrectly computed true shear stress as σ12 = T 0 
21 

√ 

1 + γ 2 citing a “reduced area

of the sample” (this error is also noted by Rashid et al. (2013) ). The sample area in reality does not change in simple shear,

and σ12 = T 0 
21 

holds; this correction has been applied in the stress-strain plots of Fig. A.2 (a). It is seen that the quasi-static

shear response is highly linear (similar behavior was reported for porcine brain by Rashid et al. (2013) ), suggesting suit-

ability of a single-parameter neoHookean model ( Rivlin, 1948b ; Treloar, 1944 ) to capture rate-independent response. The

proposed viscous dissipation potential function ( Eq. (37) ) is considered to model the rate-sensitive response; the resulting

visco-hyperelastic shear stress is 

T 0 21 = 2 A 10 γ + 4 k 11 ˙ γ γ
(
1 + 2 γ 2 

)
+ 2 c 21 +1 k 21 c 21 ˙ γ

2 c 21 −1 γ
(
2 γ 4 + 

9 

2 
γ 2 + 1 

)c 21 

(46)

where A 10 is the model parameter of the neoHookean model ( W h = A 10 ( I 1 − 3 ) ). Note, several studies ( Etoh et al., 1994 ;

McElhaney et al., 1973 ) have reported bulk moduli of brain tissue that are ~10 5 times larger than its shear modulus; thus,

the assumption of incompressibility in the present study is well justified. The fitted stress-strain curves using Eq. (46) are

shown in Fig. A.2 (a); the model constants and average residual error are given in Table A.2 . 
Table A.2 

Model parameters and overall average residual error of fit 

when human brain tissue shear response ( Donnelly and 

Medige, 1997 ) is modeled using the proposed visco- 

hyperelastic model ( Eq. (46) ). 

A 10 (kPa) k 11 (Pa.s) k 21 (Pa.s) c 21 err (%) 

0.47 12.37 −0.21 1.23 7.18 
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Fig. A.2. (a) Experimentally obtained simple shear stress-strain plots of human brain, and the numerically fitted response obtained using the proposed 

visco-hyperelastic model; in the inset, the initial shear modulus versus strain rate from the experiments and the proposed model. (b) Relative errors (%) 

versus shear strain, and (c) average (%) relative errors at the four investigated strain rates. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the rate sensitivity control parameters and index in Table A.2 , it can be inferred that the shear response is nearly

linearly strain rate sensitive, with k 21 two orders of magnitude smaller than k 11 . This is also apparent from the shear mod-

ulus versus strain rate plot shown in the inset of Fig. A.2 (a). Both experiments and model show a linear increase in shear

modulus with strain rate, further corroborating the ability of the proposed model to accurately capture strain rate sensitivity

of elastic moduli. Further, a very good agreement with the experimental stress-strain data is observed ( Fig. A.2 (b)), which

is also evident from the low average residual fitting error ( Fig. A.2 (c)). Thus, the proposed model, with only four model

constants, accurately captures the shear stress-strain response of human brain in the investigated strain rate range. 
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