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Abstract We prove the global existence of an incomplete, continuous-time finite-
agent Radner equilibrium in which exponential agents optimise their expected utility
over both running consumption and terminal wealth. The market consists of a traded
annuity, and along with unspanned income, the market is incomplete. Set in a Brown-
ian framework, the income is driven by a multidimensional diffusion and in particu-
lar includes mean-reverting dynamics. The equilibrium is characterised by a system
of fully coupled quadratic backward stochastic differential equations, a solution to
which is proved to exist under Markovian assumptions. We also show that the equi-
librium allocations lead to Pareto-optimal allocations only in exceptional situations.

Keywords Incomplete markets - Radner equilibrium - Annuity - BSDE - Systems of
BSDEs - Unspanned income

Mathematics Subject Classification (2010) 91B51 - 60H30 - 91B25

JEL Classification D52 - G12

The first author acknowledges the support by the National Science Foundation under Grant

No. DMS-1606253 (2016-2018) and No. DMS-1908255 (2019-2022). The second author
acknowledges the support by the National Science Foundation under Grant No. DSM-1815017
(2018-2021). Any opinions, findings and conclusions or recommendations expressed in this material
are those of the authors and do not necessarily reflect the views of the National Science Foundation
(NSF).

DX K. Weston
kw552 @rutgers.edu

G. Zitkovié
gordanz@math.utexas.edu

Department of Mathematics, Rutgers University, Piscataway, NJ, USA

Department of Mathematics, The University of Texas at Austin, Austin, TX, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00780-020-00415-6&domain=pdf
mailto:kw552@rutgers.edu
mailto:gordanz@math.utexas.edu
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1 Introduction

We prove the existence and study Pareto optimality of a Radner equilibrium in an
incomplete, continuous-time finite-agent market setting. The economic agents act as
price takers in a fully competitive setting and maximise exponential utility from run-
ning consumption and terminal wealth. An annuity in one net supply is traded on a
financial market, and it pays a constant running and terminal dividend to its share-
holders. The agents choose between consuming their income and dividend streams
or investing in the annuity.

Although our setting and the income dynamics are quite general, our financial
market looks relatively simple at first glance. The only available asset is the annuity,
and the agents’ only choice at any given moment is how much to consume, keeping in
mind that the only way to transfer wealth from one time to the next is through the an-
nuity. This apparent simplicity is quite misleading, since the scarcity of the available
traded assets leads to market incompleteness, a notorious difficulty in equilibrium
analysis. Indeed, the fewer assets the agents have at their disposal, the less efficient
the market becomes and the harder it becomes to use the standard tools such as the
representative agent approach. In our case, this lack of assets is pushed to its limit
and it turns out that our market is Pareto-efficient only in very special cases, which
we completely characterise.

Admittedly, it would be more realistic to consider markets with several assets, both
risky and riskless, where the incompleteness is derived from the constraints on each
asset’s ability to incorporate all the risk present in the environment. We believe that
the exploration of such problems is one of the most interesting and important topics
of future research in this area. Unfortunately, the formidable mathematical difficulties
present in virtually all such problems leave them outside the scope of the techniques
available to us today.

One of the advantages of our model is its ability to incorporate various income
stream dynamics, including unspanned mean-reverting income streams (which have
been studied extensively for their empirical relevance; see e.g. Wang [13, 14] and
Cochrane [6]). To the best of our knowledge, our model is the first with exponential
agents to incorporate unspanned mean-reverting income in equilibrium and prove
the existence of such an equilibrium. The general income streams we study lead
to stochastic annuity dynamics, which prevent a money market account from being
replicated by trading in the annuity in equilibrium.

Telmer [11] studies a related equilibrium model with two power utility investors
on an infinite horizon. Rather than a stochastic annuity, the agents in Telmer [11] are
allowed to trade in a zero-net-supply riskless bond at every time period. The results
are numerical and show an effect on asset prices (i.e., interest rates) when agents
cannot hedge against their income streams. Our model proves equilibrium existence
and quantifies the impact of unspanned random endowment on equilibrium annuity
prices.

Our approach crucially relies on the presence of a traded annuity. We also need
utility functions of exponential type and a Markovian assumption on the dynamics of
the income streams in order to obtain conveniently structured individual agent prob-
lems, amenable to a BSDE analysis. Even so, the analysis involves a non-standard
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ansatz for the value function, as we need to formally treat the asset price A as a quan-
tity that in standard models plays the role of a money market account. We are not the
first to introduce a traded annuity into an equilibrium model (see e.g. Vayanos and
Vila [12], Calvet [2], Christensen et al. [5, 4] and Weston [15]). Our contribution is
to recognise the role of a traded annuity price in the individual agent value functions,
even when general income streams render the annuity dynamics computationally in-
tractable.

The backward stochastic differential equation (BSDE)/PDE-system approach to
incomplete market equilibria dates back to Zitkovi¢ [19], Zhao [18], Choi and Larsen
[3], Kardaras et al. [8] and Xing and Zitkovié [16], with the early work relying on a
smallness-type assumption on some ingredient of the model (the time horizon, size of
the endowment, etc.) The mathematical analysis of the present paper is quite involved
and relies heavily on some recent results of Xing and Zitkovié¢ [16], which overcome
smallness conditions and treat the existence and stability of solutions to quadratic
systems of BSDEs. Moreover, the applicability of those results in our setting is not
at all immediate and is contingent on a number of a priori estimates specific to our
model.

Notation and conventions. For J,d € N, the set of J x d-matrices is denoted by
R7*4_ The Euclidean space RY is identified with the set R/*! i.e., vectors in R’
are columns by default. The ith row of a matrix Z € R’*¢ is denoted by Z, and | - |
denotes the Euclidean norm on either R’ *¢ or R

We work on a finite interval [0, T'] with T > 0, where F = (F;);¢[0,7] is the usual
augmentation of the filtration generated by a d-dimensional Brownian motion B. Leb
denotes Lebesgue measure on [0, T].

Stochastic integrals with respect to B are taken for R!*¢-valued (row) processes
as if d B were a column of its components, i.e., f o (1) dB; stands for the (vector)
stochastic integral Z?:l fojnd B} . Similarly, for a process Z with values in R’ xd
[Z;dB; is an R’ -valued process whose components are the stochastic integrals of
the rows Z' of Z with respect to d B;.

For a function defined on a domain in RY, the derivative Du is always assumed
to take row-vector values, i.e., Du(x) € RY*! If u is R’ -valued, the Jacobian Du
is as usual interpreted as an element of R’*¢. The Hessian D?u of a scalar-valued
function takes values in R?*4_ and we have no need for Hessians of vector-valued
maps in this paper.

To relieve the notation, we omit the time index from many expressions involving
stochastic processes, but keep (and abuse) the notation d for an integral with respect
to Lebesgue measure.

The set of all F-progressively measurable process is denoted by Prog. L” (Prog)
denotes the set of all ¢ € Prog with fOT lc|” df < oo a.s. The same notation is used for
scalar, vector or matrix-valued processes — the distinction will always be clear from
the context.

The set of all adapted, continuous and uniformly bounded processes is denoted
by S%°. A martingale M for which there exists a constant C > 0 such that

E[(M)r — (M):|F-] = Cas.
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for each stopping time 7 is said to be a BMO-martingale, and the set of such mar-
tingales is denoted by BMO (we refer the reader to Kazamaki [9] for all the neces-
sary background). The family of all processes o € L*(Prog) such that [odBisa
BMO-martingale is denoted by bmo.

2 The problem
2.1 Model primitives

The model primitives can be divided into three groups. In the first one, we describe
the uncertain environment underlying the entire economy. In the second, we postu-
late the form of the dynamics of the traded asset and in the third, we describe the
characteristics of individual agents. A single real consumption good is taken as the
numeraire throughout.

For d € N, we start with an R?-valued state process & whose dynamics is given by

d& = A, &)dt +X(t,&)dBy, gy=x0€RY, 2.1

where the functions A : [0, T] x R — R¢ and ¥ : [0, T] x RY — R¥*4 are measur-
able and satisfy the following regularity assumption:

Assumption 2.1 (Regularity of the state process) There exists a constant K > 0 such
that for all ¢,#' € [0, T], x, x’ € R? and z € RY*! | we have

D) |A(t,x)| < K and |A(t, x) — A(t,x)| < K|x — X'|;

2)|Z(,x)| <K and |Z(t,x) — 2@, x)| <K& —t]+ |x —x'));

3) |21, 0)z] = Lzl

Remark 2.2 Under Assumption 2.1, the SDE (2.1) admits a unique strong solution.
The full significance of the assumptions above, however, will only become apparent
in later sections and is related to the ability to use certain existence results for systems
of backward stochastic differential equations.

Our market consists of a single real asset A in one net supply, whose dynamics we
postulate to be of the form

dA[ = (A[M[ — 1)dt + AIU[ dB[, AT = 1, (22)

with the processes i and o to be determined in equilibrium. This asset can be inter-
preted as an annuity which pays a dividend at the rate 1 during [0, T'], as well as a
unit lump sum payment at time 7.

Let T, the coefficient space, denote the set of all pairs y = (u, o) of processes in
bmo, with 1 scalar-valued and o R'*“-valued. For simplicity, we often identify the
market AY with its coefficient pair y = (u, o) and talk simply about the market y .
The set of all markets given by (2.2) is not bijectively parametrised by I" as not every
y € I' defines a market. Indeed, the terminal condition A7 = 1 imposes a nontrivial
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relationship between p and o; for example, if u is deterministic, o either has to
vanish or one of its components has to be truly stochastic. The set of those y € I
that do define a market is denoted by I';, and its elements are said to be viable. There
are a finite number / € N of economic agents, each of which is characterised by the
following three elements:

1) The risk-aversion coefficient o' > 0: It fully characterises the agent’s utility
function U’ which is of exponential form,

: 1 i
Ul(c)=——e%F¢ for c e R.
al

2) The random-endowment (stochastic income) rate: Each agent receives an en-
dowment of the consumption good at the rate ¢! = €' (t, &), as well as a lump sum
el = e (T, &r) attime T, for some function e’ : [0, T] x RY — R.

3) The initial holding rré € R is the initial number of shares of the annuity A held
by the agent.

With the cumulative endowment rate defined by e = Zilzle", we impose the follow-
ing regularity conditions:

Assumption 2.3 (Regularity of the endowment rates)

1) Each ¢’ is bounded and continuous, and its terminal section ¢’ (T, -) is a.-Holder-
continuous for some « € (0, 1].

2) The cumulative endowment process e; = e(t, &), t € [0, T'], is a semimartingale
with the decomposition

t

t
e(t, &) = e(0, x0) + / Je(s &) ds + / 0u(s. &) d By,
0 0

where the drift function . : [0, T] x RY — R is bounded and continuous and
(0e(s, &)) is a bmo process.

We often overload our notation and write ¢’ both for the deterministic function
e [0, T] x RY — R and the stochastic process e; = e'(t,&;), t € [0, T]. The same
applies to other functions applied to (¢, &) — such as e or pL,.

Remark 2.4 1t is worth stopping here to give a few examples of state processes &
and functions ¢’ which satisfy all the regularity conditions imposed so far. Once the
coefficients A and X for & are picked so as to satisfy Assumption 2.1, Assumption 2.3
is easy to check for a sufficiently smooth e’ by a simple application of It6’s formula.

The more interesting observation is that there is room for improvement. It may
seem that the boundedness imposed in Assumption 2.1 rules out some of the most
important classes of state processes such as the classical mean-reverting (Ornstein—
Uhlenbeck) processes. This is not the case, as we have the freedom to choose both
the state process & and the deterministic function ¢’ applied to it, while only caring
about the resulting composition. We illustrate what we mean by that with a simple
example. The reader can easily add the required bells and whistles to it, and adapt it
to other similar frameworks.
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364 K. Weston, G. Zitkovi¢

We assume d = 1 and that we are interested in the random endowment rate
e'(t,n;), where €' is a bounded and appropriately smooth function and (n;) is an
Ornstein—Uhlenbeck process with the dynamics

dn; =00 —n)dt +oydB;

and parameters 6, o, > 0 and 19, 7 € R. Since the drift function x — 0(5 — x) is
not bounded, the process n does not satisfy the conditions of Assumption 2.1. The
process 1 admits, however, an explicit expression in terms of a stochastic integral of
a deterministic process with respect to the underlying Brownian motion, namely

t
m= i+ (o — e~ + aye " / o dB,. 23)
0

If we define the state process & by
dg=e"""dB;, £ =0,

ie., if weset A(f,x) =0and X(f,x) = e~ the boundedness of the interval [0, T]
allows us to conclude that A and X satisfy Assumption 2.1. Moreover, by (2.3), the
choice fi(t,x) =e (t, 7+ (no — e " + oyx) yields

i, &) =é @, n).

In this way, we can represent a function of an interesting, but not entirely compliant
state process 7 as a (modified) function of a regular state process &. The function f?
inherits the boundedness (and other regularity properties) of e, thanks to the bound-
edness from above and away from zero of the function ¢ — e~%!.

2.2 Admissibility and equilibrium

Definition 2.5 Given a viable set of coefficients y = (u,0) € I'y, a pair (7, ¢) of
scalar processes is said to be a y -admissible strategy for agent i if

1) |c| + |m(AY u — 1)| € L' (Prog) and 7w AY ¢ € bmo;

2) the gains process X = X™V = w AV is a semimartingale which satisfies the
self-financing condition

dX =7 dA” + (¢ —c+m)dt.

The set of all y-admissible strategies for agent i is denoted by A’ , and the subset of
A’ consisting of the strategies with 77 (0) = g is called A, (7).

For ease of later computation, we note that the dynamics of X /A are

J (5) .S
A A
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Definition 2.6 We call y* € 'y, a set of equilibrium market coefficients (and AY"
an equilibrium market) if there exist y*-admissible strategies (7!, %) € Ag,*(né),
i =1,..., 1, such that the following two conditions hold:

1) Single-agent optimality: For each i and all (7, ¢) € A;* (716), we have

T Aj oAl . T . . . .
IE[/ U"(é;')dt] +E[U (X] " +eb)] zE[/ U’ (ct)dt] +E[U (X7 +eb)].
0 0

2) Market clearing:

I I .
Zfr" =1 and Zéi =e+1on[0,7) and ZX;I’L =1, a.s.
i=1

i=1 i=1

3 Results
3.1 A BSDE characterisation

Our first result is a characterisation of equilibria in terms of a system of backward
stochastic differential equations (BSDEs). These systems consist of 1 + I equations,
with the first component generally playing a different role from the other /. For that
reason, it pays to depart slightly from the classical notation (Y, Z), where Y has as
many components as there are equations and the integrand Z is a matrix process
whose additional dimension reflects the number of driving Brownian motions. In-
stead, we use the notation ((a, Y), (o, Z)), where a is a scalar and Y is R?*!-valued.
Similarly, o and Z are R'*¢- and R/ *“-valued processes, respectively. As usual, we
say that ((a, Y), (0, Z)) is an (S%° x bmo)-solution if all the components of a and Y
are in S and all components of (o, Z) are in bmo. To simplify the notation, we also
introduce the derived quantities

_ I
. o .
k'=—>0 sothath’:l.

o
i=1 ! i=1

Q| —
I
[~
R -
o
=
o

Theorem 3.1 Suppose that Z{:l”é =1 and that each ¢' is a bounded process and
the cumulative endowment process e is a semimartingale with decomposition of the
form p.dt + o.dB, where 1. and o, are bmo processes.

D) If((a,Y), (o,2)) isan (5% x bmo)-solution to

I
1
da:adB+<5[/,Le—5;,((|Z£|2_g_a>dt, ar =0,

dY’:Z’dB+<§|Z’|2+e_“(l+a+Y’—a’e’))dt, Yi=d'eh, (3.1
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366 K. Weston, G. Zitkovi¢

then A = exp(a) is an equilibrium annuity price with market coefficients (i, o) € I'y,
where W is given by

n=ape+ |a|2 - —ZK 1z (3:2)

2) Conversely, suppose that y = (i, o) is an equilibrium. Then there exist unique
processes (Y, Z) € (S°° X bmo)l such that ((log A”,Y), (o, Z)) solves (3.1). More-
over, the strategies ¢' and 7' of Definition 2.6 are unique and given by

A . .
l 1

& = LogA” + 1)+ X Al=—  (Leb®P)- 33)
= g Yo = e )-a.e., 3.

where X' is the unique solution of the linear SDE

A .

vi __ vi - y Xl i
dX'=uX'+ e (logA +YH— dt + X'o dB 3.4

with the initial condition )A((’) = néA(})/,for 1<i<lI.

Remark 3.2 1) We note that the assumptions in Theorem 3.1, which provides a char-
acterisation of an equilibrium, are implied by Assumption 2.3. The full force of As-
sumptions 2.1 and 2.3 will be needed to establish existence in Theorems 3.4 and 3.5
below.

2) Part 2) of Theorem 3.1 states that once an equilibrium y is fixed, all other im-
portant objects featuring in the description of the financial market and agent strategies
are uniquely determined. This is the reason we can (and do) talk about the processes
A, Y, 7l X', ¢ and #' associated to y.

Proof of Theorem 3.1 1) Having fixed an (S°°, bmo)-solution ((a, Y), (o, Z)), we set
A = exp(a) and define p as in (3.2) so that A satisfies (2.2). With the market coef-
ficients y = (u, o) fixed, we pick an agent i € {1, ..., I} and a pair (7, c) € Ag, (716)
and define processes X’, V' and V' by

i .
X'=mwA, V’:—exp(—oc’——Y’), V’:V’—i—/ —exp (—a‘cy) dt.
0

The self-financing property of (7, ¢) implies that the semimartingale decomposition
of V! is given by dV*' = puy dt + oy d B, where

. _yi _yi AR 4 o
uy = —exp(—a'c) + 1 (1—log i )—a’c( 1 ) oy =—-V'Z".

Young’s inequality implies that py < 0 and that the coefficients pwy and oy are reg-
ular enough to conclude that V' is a supermartingale for all admissible (7, ¢). There-
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fore,
T . . . .
E|:f U’(cs)dsi| +E[U' (X%} + €p)]
0
1 T . 1 o .
= TE[/ —exp (—a’cs)ds}——l.]E[exp(— o (X +ep)]
o 0 o
= — <E[/ —exp (—Olle)dSi| —Elexp(—a' X% /AT — Y’T)])
0

: 1. 1 o .
Z—]E[VI]S—VIZ——CX (—(X’T[l_Yl).
o ri=2i% o P 0~ fo

Next, in order to characterise the optimiser, we construct a consumption process for
which puy = 0. More precisely, we let the process X' be the unique solution of (3.4)
and define ¢’ and 7' by (3.3). It follows immediately that (7*, ¢') € A;, () and that

the process X' is the associated gains process. The choice of ¢, through X', makes
the process V! a martingale and the pair (7', ¢') optimal for agent i.

Turning to market clearing, we define the process F = a + Z{zlxi Y! —&e, whose
dynamics are given by

1
dF = (a +Y Kz - &ae) dB + exp(—a) Fdt, Fr=0. (3.5)

i=1

In other words, the pair (¥, ¢) = (F,0 + Z{leizi — ao,) is an (§°° x bmo)-solu-
tion to the linear BSDE

dY =t dB +exp(—a)Ydt,  Yr =0.

Since a is bounded, the coefficients of this BSDE are globally Lipschitz and therefore,
by the uniqueness theorem (see Zhang [17, Theorem 4.3.1]), we can conclude that
F = 0. This implies that

1
a+ZKiYi:de on [0, T],
i=1

and so

The form of the dynamics (3.4) of each X' leads for X = Zi]:lf( ! to the dynamics

~ ~ 1 A ~
dX = (Mx— XX) dt + Xo dt. (3.6)

@ Springer



368 K. Weston, G. Zitkovi¢

The assumption that Zné = 1 implies that Xo = A, which in turn implies that
the process A is also a solution to (3.6). By uniqueness, we must have X=Aand
conclude that the clearing conditions are satisfied.

2) We define a =log AY and note that it satisfies the equation

1
da=ocdB+ (M -5 lo|> — exp(—a)) dt,  ar=0. (3.7)

Since both p and o are bmo processes, we get for a the lower bound

T 1 T
—a; = IE|:/ (,uu — 5%2 — exp(—au)) du .7-}:| < ]ET|:/ Wy du
¢ t

where C > 0 is a constant which depends only the bmo-norm of w. This gives an
upper bound on exp(—a) which in turn, when plugged back into (3.7), implies that
|a| is uniformly bounded (by a constant which depends only on the bmo-norms of
and o).

The bound on a we just obtained ensures that the equations for Y in (3.1) admit
unique (S*° x bmo)-solutions (see Zhang [17, Theorem 7.3.3]). The utility maximi-
sation problem

-7:1:|§C,

T
E[/ Ui(c,)dt} +E[U (X} + €})] — max!
0

over (¢, ) € .Ag/ admits a (Leb x PP)-a.e. unique solution, and so we can follow the

argument in 1) to show that ¢ and 7 introduced in (3.3) achieve equality in (3.5).
Finally, similarly as in the proof of 1), the market clearing conditions imply that

L
1 2 — 1 Ly 74,2
n=50 =aue—5;K 124,

which in turn guarantees that ((a, Y), (o, Z)) solve (3.1). O

Remark 3.3 Careful inspection of the proof of Theorem 3.1 shows that the presence
of a traded annuity in the economy allows the individual agent value functions to be
decomposed in the form

—exp —aiX—;.—Yi (3.8)

A[ ! ’ '

in which the annuity appears as a state process. In fact, the form of (3.8) is unchanged
even in the presence of additional traded securities; it only requires the annuity to be
one of the (possibly multiple) traded securities.

3.2 Existence of an equilibrium

Next we show that under additional assumptions on the problem ingredients — most
notably that of a Markovian structure —, the characterisation of Theorem 3.1 can be
used to establish the existence of an equilibrium market.
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An incomplete equilibrium with a stochastic annuity 369

Theorem 3.4 Under Assumptions 2.1 and 2.3, the system (3.1) admits an
(8% x bmo)-solution.

The BSDE characterisation of Theorem 3.1 immediately implies the main result
of the paper.

Theorem 3.5 Under Assumptions 2.1 and 2.3, there exist viable market coefficients
y* = (u*, 0*) such that A" is an equilibrium market.

Proof of Theorem 3.4 In certain situations, it will be convenient to standardise the
notation; so we also write Y° for a, Z° for o, and we set

: 0, i =0,
g’(x):{ - !

ate' (T, x), 1<i<lI.

The dt-terms in (3.1) define the driver f : [0, T] x R? x RIF! x RUFDxd _, RI+1
in the usual way, namely

1
B 1
O, x,y, ) = ap.(r, x) — 5} K 2P = exp (—y0),
=1

. 1 . , .
fl(t,x,y,Z)=§|21|2+6Xp(—y0)(1+y0+y’—oe’e’(t,x)), i=1,..., 1
The system (3.1) written in the new notation becomes
av} = 1.5, Y, Z)di + Z{dB,, Yp=g'Er),  i=0,...1

Step 1 (truncation). We start by truncating the driver f to obtain a sequence of
well-behaved, Lipschitz problems. More precisely, given N > 0, we define

1y (x) =max (min(x, N), —N) forx e R
and

gn(2) = lzlwv(z]) for z € R1*4,

so that ¢y and gy are Lipschitz functions with Lipschitz constants 1 and N, respec-
tively. Moreover,

iv() =N and |gn(2)]| =N lz|.

Using the functions defined above, we pose for each N € N a truncated version of
(3.1),

1
1
da :O'dB +<&Me — EZK-KqN(ZZ) _e—lN(a)) dt,
= (BSDEy)

. . 1 ) . .
dY' =Z7"dB + (EqN(Zl) +e VD14 y(@) + v (Y — a’e’)> dt,
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370 K. Weston, G. Zitkovi¢

with the terminal conditions Y} = ty (g}.) and ar = 0. Moreover, we define the driver
t,x,y,2) —~ f(N) (t,x,y, z) from the dz-terms in the standard way.

For each N € N, f (N) is continuous in all of its variables, uniformly Lipschitz
in both z and y, and f W )(t,x, 0,0) is bounded. Assumption 2.1 guarantees that
the function F(N)(t,x, y,2) = —f(N)(t,x, v, zE_l(t,x)) has the same properties.
Therefore we can apply Proposition 5.1 below to conclude that there exists a solution
(Y™ Z(N)y to (BSDEy) of the form

N N
WV =v®Wa g, ZV=w®a, ),

with v : [0, T] x RY — R/*! bounded and w®™ : [0, T] x RY — RU+D*d gych
that Z®) is a bmo process. We note that existence for (BSDEy) is also guaranteed
by the classical result in Pardoux and Peng [10, Theorem 3.1], but only in the class
S? x H? which is too big for our purposes.

Step 2 (uniform estimates). The bounds guaranteed by Proposition 5.1 below all
depend on the truncation constant N; so our next task is to explore the special struc-
ture of our system and establish bounds in terms of universal quantities. A universal
constant, in this proof, will be a quantity that depends on the constants o', the time
horizon T and the S®-bounds on ¢’ and e, but not on N. We denote such a constant
by C and allow it to change from line to line.

Let (@™, YE)y (@) 7z(V))) be the solution to the truncated system from
Step 1 above. It follows from the dynamics of a¥) and the fact that gy (z) > 0 for all
z € R that a™) — [ @p, dt is a supermartingale so that for all 7 € [0, T,

T
a,(N) > E[a(TN) - / apedt M
t

fti| =—(T —Dllapellse,  ie,a  =-C.

Next we turn to Y™) and use the fact that the components of ¥ are coupled only
through a. In this way, we can get uniform bounds on Y**®") if we manage to produce
a uniform bound on the function of a appearing on the right-hand side of (BSDEy).
We start by using the easy-to-check inequality

exp(—x)(1+ |x]) <exp(2x™) for all x € R
and the fact that (¢ (x))~ < (x)~ for all x to obtain that for all # € [0, T'],
exp (— v (a™)) (1 + v (@™)]) = C.

Moreover, it is readily checked that we can construct a bounded measurable function
sV . RIxd _ R gyuch that

d
gn(2) =z26M () = Zz,-Sj’(N)(z) forz=1(z1,...,2j) € RIxd,
j=1

Therefore, fqp each i, there exist_s a probability measure P! (=P'"¥) ~ P under WhiCh
the process B' = B+ [, 8V (Z"(M)) dt is a Brownian motion on [0, T]. Since Z"+()
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is guaranteed to be in bmo for P, it remains in bmo under the_: measure Pi (see Kaza-
maki [9, Theorem 3.3]). Therefore, the process f 7N Bt is a P -martingale gnd
we can take the expectation of the ith equation in (BSDEy) with respect to P* to
obtain

7O = [ (e ) 7]

~

+ | E'fexp(-— LN(aS(N)))(l + |LN(as(N))|)|]:z]dS
(

| =l
t

T . . PR
o [ B o (— e (70 — el 7]
t

T T
§C(1+/ E'|y: ™) ’]-}]ds) §C(1+/ y’(s)ds),
t t

where y' (1) = ||Yti’(N)‘||Loc. Here, L™ refers to L®°(2, F,P), and | - ||z is its re-
spective norm. Thus y* satisfies

T
yi(t)§C<1—|—/ y"(s)ds> forall z € [0, T,
t

for some universal constant C. Gronwall’s inequality therefore implies that the value
yi ) = ||[YE-M) | Soo 18 bounded by another universal constant, and so we conclude
that there exists a universal S®°-bound on all the Y.

Our next goal is to produce universal bmo-bounds on the processes Z»"). This
will follow by using the universal boundedness of the Z-free terms in the driver
of YW from (BSDEy) obtained above in Step 2. Since the ith component of the
driver f™) depends on Z™ only through Z">), for 1 <i < I, we can apply stan-
dard exponential-transform estimates. We adapt the argument in Briand and Elie [1,
Proposition 2.1] and define

exp(2|x]) — 1 —2|x]|
4

forx e R,

¢(x) =

noting that both ¢ and ¢’ are nonnegative and increasing, while ¢ € C*(R) with
¢" —2|¢'| = 1. Thus, for any stopping time 7 in [0, T], It6’s lemma implies that

]
]

. T . .
p(YEMY < B (vi M) Frl+ E[ / 16" (YoM C(1 + 1Y || g00)

T /11 . ) . .
+E[ / (‘EW(Y;’(N))MZ;(N)F - ¢”(Y;’<N>)|Z;*<N>|2)ds
T

T
<¢p(IY"Mge) +C /0 ¢ Y "M 50) (1 + 1Y) || go0)ds

T .
—E[f VAR ff].
T
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Since ¢ is nonnegative, rearranging terms yields

T .
E[/ |z M)24
T

ff} < (17" M ) go0)

T
e /O & (17PN g) (14 75N [ g )ds.

The right-hand side admits a universal bound (independent of N and 7), and hence
so does the left-hand side.

Finally, we go back to the equation in (BSDEy ) satisfied by a™) and note that
the term exp (—ty(a™)) is bounded because (a™¥))~ is. We can bound a™ from
above in an N-independent manner, by a combination of the bmo-bounds on Z®™)
and the sup-norm of .. By taking expectations and using the universal boundedness/
bmo-property of all the other terms, we conclude that ™) also admits a universal
bmo-bound.

Having the universal bounds on Y™ and a™™), we can remove some of the trunca-
tions introduced in (BSDEy). Indeed, for N larger than the largest of the S°°-bounds
on Y™ and ™| we have

i (Y — i () @™y =a™.

Therefore, there exists a constant Ng such that for N > Ny, the processes (¥ N gWN ))
together with (Z W) oW )) solve the intermediate system

!
B 1 . .
da=0dB + (aue —3 ZKJqN(ZJ) — exp(—LNO(a))> dt,
j

dY' =Z'dB (BSDE})

1 . ‘ -
+ <§61N(Z’) + exp(—tnp (@) (tng (V') + iy (@) —a' e + 1)) dt

with the same terminal conditions as (3.1).

Step 3 (Bensoussan—Frehse conditions and the existence of a Lyapunov function).
Mere boundedness in S x bmo is not sufficient to guarantee subsequential conver-
gence of the solution Y™ aM) of the truncated system to a limit which solves (3.1)
or (BSDE’N). It has been shown, however, in Xing and Zitkovié [16, Theorem 2.8],
that an additional property — namely the existence of a uniform Lyapunov function —
will guarantee such a convergence. The existence of such a function can be deduced
from another result of the same paper, Xing and Zitkovi¢ [16, Proposition 2.11], once
its conditions are checked. That proposition states that a uniformly bounded sequence
of solutions of a sequence of BSDEs such as (BSDE ) admits a common Lyapunov
function if the structure of its drivers satisfies the so-called Bensoussan—Frehse condi-
tions uniformly in N (see Xing and Zitkovié [16, Definition 2.10] for the definition).
The result of [16, Proposition 2.11] applies here because our system is of upper trian-
gular form when it comes to its quadratic dependence on z. More precisely, the driver
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of the system (BSDE ) can be represented as a sum of two functions fl(N) and fz(N)
given by

ape(t, x) — exp (—y, (), i=0,
I x5, 2) = 3 exp (=i 00 (v ) + g 0°)
—ale(t,x)+ 1)), 1<i<lI,

Iy agn@, =0,

(V)i
L)t x,y,2)= .
? Lan @), 1<i<I,

where the convention that @ = Y° and o = Z° is used. Therefore, there exists a uni-
versal constant C such that for all 0 <i < I, we have

1Y @ x, v, 0l < €

as well as

(MY (@ x, .2 < c<1 + Z|qN<zf)|) < c<1 + Z|zf|2).

j=1 j=1

Therefore, f) can be split into a subquadratic (in fact bounded) and an upper tri-
angular component, allowing us to conclude that a uniform Lyapunov function for
(f )y N=>N, can be constructed.

Step 4 (Passage to a limit). It remains to use Xing and Zitkovi¢ result [16, The-
orem 2.8] to conclude that a subsequence of (M) converges towards a continuous
function v : [0, T] x R — R/*! such that ¥; = v(t, &) and Z, = Dv(t, &) solves
the limiting system

1
da=0dB+ <&ue — = Zxﬂzfﬁ —exp(— LNO(a))> dt,
2 4

. ; 1 . . .
dY'=7'dB + <§|zl|2 +exp (= tng (@) (tnvy (Y1) + tnp (@) — ' e’ + 1)) dt

fori=1,...,1, where a = Y° and o = Z° as above. As far as the conditions of
[16, Theorem 2.8] are concerned, the most difficult one, the existence of a Lyapunov
function, has been settled in Step 3 above. The other conditions — the uniform Holder-
boundedness of the terminal conditions and a priori boundedness — are easily seen to
be implied by our assumptions. Finally, since Y is a pointwise limit of a sequence of
functions bounded by Ny, the same processes (Y, Z) also solve the original BSDE
(3.1) (without truncation at Ny). O

4 On Pareto-optimality of the equilibrium

One of the most important properties of incomplete-market equilibria is that they typ-
ically do not produce Pareto-optimal allocations. Our model is no exception; as the
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main result in this section shows, it describes a genuine incomplete-market equilib-
rium since it leads to a Pareto-optimal allocation only if the endowment processes e’
satisfy a special pointwise relation.

4.1 Allocations and Pareto-optimality

For two elements U = (u,i,...,u,ﬁ) € [—00,0)!, k =1,2, we write U; < U, if
u' <ubforall 1 <i <I.IfU; <U, butu’ < u)) for some i, we write Uy S Uy.

To simplify the notation in the following definition and the sequel, we denote by
v the measure Leb + (7} on [0, T'].

Definition 4.1 An I-tuple A = (c',...,c!) of progressively measurable processes
is called an allocation.

1) The utility of the allocation A = (c!, ..., c!), denoted by U/ (A), is the I-tuple
!, ...,ul), wherefor1 <i <1,

T . . T . . . .
u' =E[/ U'(ch) v(dt)i| =E[/ U' (cf)dti| +E[U' (cp)] € [-00,0).
0 0
2) An allocation A = (c!, ..., ¢!) is said to be feasible if

Zci =e+1 v-a.e.
i

3) A feasible allocation A is said to be Pareto-optimal if

there is no other feasible allocation A’ such that U (A) S U(A").

The following lemma is a restatement of the second welfare theorem in our set-
ting. It formulates and proves the well-known characterisation of Pareto-optimality
in terms of “marginal rates of substitution” in our setting. We give a short and self-
contained proof adapted to our framework.

Lemma 4.2 Suppose that A is a feasible allocation with U(A) € (—o0,0)!. Then
the following two statements are equivalent:

1) A is Pareto-optimal.

2) The process alct —alcl is v-a.e. constant, for all pairs 1 <i, j <1.

Proof “2) = 1)” Suppose that 4; = (c,l, e, c,{), k =1, 2, are two feasible alloca-
tions with utility vectors U (Ax) = (u}, ..., ul) € (—o0,0)’. We assume that 2) holds
for A, so that there exist constants m’ > 0 such that

miexp(—aic’i) =mjexp(—ozjc{) v-a.e., foralli, j. “.1)

Thanks to the concavity of the utility function U’ and the fact that its derivative is
exp (—a'-), we have for all i the v-a.e. inequality

miUi(cé) < miU"(c"l) +miexp (—aic’i)(cé — c’i).
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Feasibility of both allocations together with (4.1) implies that
Zmiué < X:m’u’1
i i

Consequently, we cannot have U(A;) < U(A2) which in turn implies that A; is
Pareto-optimal.

“1) = 2)” We argue by contradiction and assume that 4 is a feasible allocation
with U (A) € (—o0, 0)! for which 2) fails for some pair of indices i # i>. The idea is
to construct a better allocation by transferring some consumption good from i to i
and vice versa, while keeping everything else the same. There is no loss of generality
in assuming that iy = 1,i, =2 and I =2.

The failure of 2) implies that there exists a bounded progressively measurable
process § such that

T T
E[/ exp (—a'c)s; v(dt)] >0> E[/ exp (—a’c?)s; v(dt)] 4.2)
0 0
Forany e € (—1,1)\ {0} and i =1, 2, we have

1 . . .
U (e +28) — U (¢))] < exp (—a'c)| “—

le]

—a'es -1
a'e ’

Since § is bounded, the dominated convergence theorem implies that

T T
lim ]E|:/ l(Ui(c;' +¢e8;) — Ui(cﬁ)) v(dt)} = IE|:'/ exp (—a'c)s, v(dt)}
AN 0 & 0

for i =1, 2. Thanks to (4.2), for a small enough value of g9 > 0, we have

T T
E[/ U'(c! +805,)v(dt)] > EU Ul(c})v(dz)],
0 0

T T
E[/ U?(c? — £08;) v(dt)] > EU U?(c?) v(dt)].
0 0

Therefore, the utility of the feasible allocation (c1 + 808, 2 — £0d) strictly dominates
that of A = (c', ¢?), implying that .A cannot be Pareto-optimal. O

4.2 Equilibrium allocations and conditions for Pareto-optimality

As in Remark 3.2, 2), each pair y = (u, o) of equilibrium market coefficients comes
with a unique set of strategies ¢', &' for the agents, as well as related gains pro-
cesses X', 1 <i < I. These ingredients can be used to construct a feasible allocation

A@y) = (c!, ..., c") as follows: We set

ci=¢lforte[0,T) and ch=Xi+el =l 4l
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Theorem 4.3 Under Assumption 2.3, let y be a pair of equilibrium market coeffi-
cients with associated annuity price process A, agent strategies ', ¢' for 1 <i <1
and allocation A(y). We define

T
——exp( /—ds) E’:Dre’T—{—/ Dye dt
0

for 1 =i <1.Then the following statements are equivalent:
1) The random variables o' E* — o) E/ are constant a.s., forall 1 <i, j <1.
2) The allocation A(y) is Pareto-optimal.

Proof We associate to y the agent strategies (77, ¢')1<;<; as well as the processes A,
a=IlogA, Xi, Yiand Z',1<i <1, as explained in Remark 3.2, 2). We also record
the following identity which follows directly from (3.3) and is used in both parts of
the proof: we have

. . r te1 .
a’éi:a‘éé—i—a,—ao—i—/ Z;dBS—i—/ <§|Z;|2+1/AS) ds. 4.3)
0 0

“1) = 2)” Assumption 1) implies that there exist constants k' such that

T
E'=h' +«'E as., where E = Drer +/ Dye; dt.
0
The self-financing conditions of Definition 2.5 imply that given a fixed admissible
consumptlon process ¢, its (only) financing portfolio process 7 admits the dynam-
ics dm = A(e ¢ + m)dt with mo = 7. Setting L, = exp (— fo 1/A; ds) so that
D =L/A, we obtain

L
d(m L) = —(e; — ¢) dt. 4.4)
A;
Together with Lo = 1 and Ar =1, (4.4) yields a relationship of the form
Dr(ef +mr) + / Dic;dt =my+ Drey + / Die;dt =my+ E'. 4.5)
0 0

Moreover, it follows that the agent i can produce a pair (c, ) with prescribed values
for ¢ and 77 if and only if these values satisfy the budget constraint (4.5). It also
follows that the optimisation problem faced by agent i depends on the process e’
and the initial holding rré only through the sum 716 + E'. In particular, thanks to the
uniqueness of the optimal consumption process ¢, the same ¢’ (and therefore, by
Lemma 4.2, the same verdict on Pareto-optimality) will be obtained if we replace
each e’ by the process «’e and adjust the initial holding 7 by the constant A'.

In this new market, all agents have identical random endowments; so by unique-
ness, the associated processes Y defined in (3.1) agree. Consequently, the processes
Z' are also identical, and we can use (4.3) to conclude that the processes o’ ¢’ agree
up to a constant (Leb @ [P)-a.e. By continuity, the same is true for t = T a.s., and we
can use Lemma 4.2 to conclude that the allocation A is Pareto-optimal.
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“2) = 1)” The Pareto-optimality assumption 2) implies via Lemma 4.2 that the
processes a’¢l agree up to an additive constant v-a.e. Representation (4.3) im-
plies that the processes Zi,1<i <1, coincide (Leb ® P)-a.e. Thus the difference
A =Y! — Y/ admits the dynamics

dA:Z(A—(a’e’—a-’e/))dt, Arzot’eT—oz’ejT a.s. (4.6)

As in the proof of “1) = 2)”, (4.6) solves to give
D (o' e — ozfe"r) +/ D;(a'e; — ale )dt Y/ a.s.,
0

which immediately implies 1). g

S Bounded solutions of Lipschitz quasilinear systems

The main result of this section, Proposition 5.1, collects some results on systems of
parabolic equations with Lipschitz nonlinearities on derivatives up to the first order.
We suspect that these results may be well known to PDE specialists, but we were
unable to find a precise reference under the same set of assumptions in the literature
and therefore decided to include a fairly self-contained proof.

In the sequel, D denotes the derivative operator with respect to all spatial variables,
i.e., all variables except ¢. For d, J € N and 8 > 0, we define the following three
Banach spaces, where we always use Lebesgue measure on RY:

1) L® =L®R?; RY) or L® = L>®°([R?; R’*?), depending on the context;

2) whoe = whoo(R9; RY), with the norm [|U || 1.0 = | U|l100 + | DU ||.00;

3) ]L,l = ]Ll ([0, T); W1-°°); this is the Banach space of Borel-measurable func-
tions u : [0, T] — W1 endowed with the exponentially weighted norm

T
lullg 1 = / e PTDNu(e, )|y dr.
B 0
The infinitesimal generator of the state process £ is given by
1
Au(t, x) = Du(t, x)A(t, x) + 5 Tr (D*u(t, ) (1, )BT (2, %))

for (1, x) € [0, T] x R4.

Proposition 5.1 Suppose that the Borel-measurable functions g : R* — R’ and
F:[0,T] x R4 x RY x R4 — R’ are such that for some M and for all t, x, y1,
¥2, 21, 22, we have

(a) [g(x)| = M;
(b) [F(z,x,0,0)| = M;

© |F(t,x,y2,220) — F(t,x, y1, 20l = M(|y2 — y1| + |z2 — z11).
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Moreover, suppose the functions A and X satisfy the conditions of Assumption 2.1
(with the constant K). Then the following hold:
1) The PDE system

ur+ Au+ F(-,-,u, Du) =0, u(T,)=g 5.1

admits a weak solution u on [0, T]. Moreover, u(t,-) € Wl’oofor allt €[0,T) and
there exists a constant C =C(J,d, M, T, K) € [0, oo) such that

T
lu(t, Ype < C forallt €[0,T] and f I Du(t, )|y dt < C.
0

2) Let u denote a solution of (5.1) as in 1) and let (§;):c[0,1] be a strong solution
of the SDE

dét = A(t,gt)dt + E(t,gt)dB[

Then the pair (Y, Z) defined by Y; = u(t,&) and Z; = Du(t,&)2(t, &) is an
(8°° x bmo)-solution to the system

dY} =—F'(t,&.,Y,, 2,57 (t,&))dt + Z dB, (5.2)
with terminal conditions Y; = gi(éT), i=1,...,1.

Proof Throughout the proof, C denotes a constant which may depend on J,d, M, T
or K, butnoton B, t, s or x, and can change from line to line; we call such a constant
universal. The assumptions on F imply that uniformly in  and for all U, V € W1,
we have

|F@, -, U, DU)—F(t,-,V,DV)|po <CU = V1
and
NE@, -, U, DU)|po < CA+U|ly1.00). (5.3)

Let p(z, x; s, x") denote a fundamental solution associated to the operator % + A,
ie., (t,x)— p(t,x,s,x) solves

pr+Ap=0 fort,x €[0,s) x R?
classically and satisfies the boundary condition

lim | v @)p, x,s,x)dx =y (')

t/'s JRd
for each bounded and continuous 1. We refer the reader to Friedman [7, Theo-
rem 1.6.10 and the discussion preceding it] for the existence of a positive funda-

mental solution under the conditions of Assumption 2.1. Moreover, equations (6.12)
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and (6.13) of Friedman [7, Chap. 1, Sect. 6] state that there exist universal constants
C, A > 0 such that for # < s and all x, x’, we have

Ipt, x,s,x")| < Conlt,x,s,x),
5.4)

|0y, p(t,x,5,x)| <C @it x,5,x")
— 1

forallk=1,...,d, where

1 1
t,x;s, ! = ¥ = 2
Ol X8 X = S AR exP( 2 )

is the scaled heat kernel (which is itself a fundamental solution associated to the
operator o 41 A2A) These properties allow us to define for each u € ILI the function

®[u] : [0, T] x R4 — R by
T
Ddlu](t, x) :/ / F(s,x',u(s, x"), Du(s, x")) p(t, x; 5, x")ds dx’. (5.5)
Rd Jt

Estimate (5.3) guarantees that ®[u] is well defined with ®[u](z, ) € L°°. The
Gaussian bounds in (5.4) imply that one can pass the derivative under the integral
sign to obtain

T
BkaIJ[u](t,x):/ / F(s,x’,u(s,x’),Du(s,x’))axkp(t,x;s,x’)dsdx’. (5.6)
R4 Jt

Consequently, t — ®[u](t, -) is an a.e. defined measurable map from [0, T'] to wloe

for each u € ]L1 To bound the norm of ®[u], we start with the estimate, fuelled by
(5.4),

T
1PLu(t, e < C / (14 (s, )1y 1)
t

J
X /]Rd (P(t,x;s,x/) +Z|8xkp(t,x;s,x’)|> dx'ds

k=1

_Cf,T \/Sth(l + (s, )l ) ds.
Furthermore, (5.5) and (5.6) imply that
! 1
1Ll §C/ eﬂ(t—T)/t -

/ (1+I|u(s )”Wloo)dsf %eﬂ(’_T)dt
0

s —t

(14 llus, ) llyioo) ds dt

( + llus, Yl ) Exf(y/Bs) ds

\

_ Gy
7
T( +||u||L1)
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recalling that we allow the constant C to change from line to line. A similar compu-
tation also yields

C
1Pu] = @lvllipy = —=llu = vl (5.7

VB

Next, for g € L°°, we define

Ygl(t, x) = /Rd g(xXp(t, x; T, x")dx'

so that as above,

W1, Hlwiee <

C C
00 , v <— 0
mllgllm M Lgips ﬂllgllL

and ¥[g] e ]L}g for each g € IL°°. Therefore, the function
[[u] = ®lu] + V[g]

maps H—‘}s into L,ls and (5.7) implies that it is Lipschitz with constant C/,/B. Since C
does not depend on B, we can turn I' into a contraction by choosing a large enough 8
and conclude that I admits a unique fixed point u € IL}S. The integral representations
in (5.5) and (5.6) allow us to conclude that # and Du are continuous functions on
[0, T) x RY. Moreover, thanks to the Markov property of £, we have

T
u(r,f»:E[g(sTH / F(s.8)ds
t

f,] a.s.,

where
f(s,x)= F(s,x, u(s, x), Du(s,x)) e R/,
Since || f(t, )llpee < CA + [lu(t, -)lly1.0) for all ¢, the map ¢+ [lu(z, -)|ly1.0 be-

longs to ]L,ls’ and (stripped of its norm) the space L}s does not depend on the choice
of B. Therefore,

T
llu(r, &) — Elg(E)|FilllLeo S/ IfGs, peds — 0 ast—T.
t

Since g is bounded, we have |u(¢, )|~ < C for all t. Moreover, the martingale
Elgr)|Fi], 0 <t < T, admits a continuous modification; so the process Y de-
fined by

u(t, &), t<T,
Y[ -
L’(ST), t=T,

is a.s. continuous. This allows us to conclude furthermore that Y; + fot f(s, &),
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0 <t < T, is a continuous modification of the martingale

l

making Y a semimartingale. To show that (Y, Z) as in the statement indeed solves
(5.2), we need to argue that M; — M must be of the form fot Du(s, &)X (s, &) dBs.
This can be proved by approximation as in the proof of Xing and Zitkovi¢ [16,
Lemma 4.4].

The last step is to argue that (Y, Z) is an (S°° x bmo)-solution. The function u
is uniformly bounded, so it suffices to establish the bmo-property of Z. This can be
bootstrapped from the boundedness of Y by applying It6’s formula to the bounded
processes exp (cY i), i=1,...,J, for alarge enough constant c. A similar argument
is already presented in the proof of Theorem 3.4; so we skip the details. |

T
M, =E[8(§T) +/0 f(s, &) ds
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