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ABSTRACT
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bution to the self-mass of a massless, conformally coupled scalar on de Sitter
background which was originally made by Boran, Kahya and Park [1-3]. Our
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1 Introduction

Computing fully regulated and renormalized quantum gravitational loop cor-
rections is not easy even on flat space background, and is especially challeng-
ing on curved backgrounds. However, the discovery of a relatively simple
gauge [5,6] for de Sitter background has facilitated computations of the gravi-
ton self-energy [7], the self-energy of massless [8] and massive [9] fermions,
the self-mass of a massless, minimally coupled [10] and conformally cou-
pled [1,2] scalars and the vacuum polarization [11]. These 1PI (one-particle
irreducible) 2-point functions can be used to quantum-correct the linearized
effective field equations to infer loop corrections to forces and mode func-
tions using the Schwinger-Keldysh formalism [12]. For example, the vacuum
polarization i[“HV} (x; ") changes Maxwell’s equation in background metric
g to [13,14],

0u[V=3979" Fpol@)] + [a'a’ ['T] (s )) Aufa') = J(@) . ()

where J#(z) is the current density, A, is the vector potential, and F},, =
0,A, — 0,A, is the field strength. Linearized effective field equations have
been solved for one loop corrections to the graviton mode function (in Hartree
approximation) [15], to the massless fermion mode function [16], to the mode
functions of minimally coupled [17] and conformally coupled [3] scalars, to
the photon mode function [18], and to electromagnetic forces [19].

The results of these studies are fascinating because they often show large
logarithmic corrections to mode functions and exchange potentials. So al-
though the inflationary loop counting parameter of GH? ~ 107 is small,
the large logarithms can make quantum corrections become arbitrarily large
at late times and long distances. However, a note of caution arises from the
observation that any graviton loop correction is liable to depend upon the
gauge fixing procedure. This can be seen explicitly in the ability to make flat
space corrections vary from plus infinity to minus infinity [20]. Although the
flat space gauge dependence must persist in de Sitter results which survive
taking the Hubble parameter to zero, they might have been absent from the
uniquely de Sitter effects responsible for the large logarithms [21]. However,
the one time this was checked by making the vastly more difficult computa-
tion of the vacuum polarization in a different gauge [22], it was found that the
the coefficient of the large logarithmic correction to the photon field strength
does change [23].



A way forward is provided by the recent insight that gauge dependence
in the effective field equations arises from having ignored quantum gravita-
tional corrections from the source which excites the effective field and from
the observer who measures it [24]. It is possible to interpret these source and
observer effects as corrections to the 1PI 2-point function using a series of
relations derived by Donoghue [25,26]. When this is done on flat space all
dependence on the 2-parameter family of Poincaré invariant gauges drops out
of the linearized effective field equation for a minimally coupled scalar [24],
and the equation is presumably completely independent of the gauge fixing
procedure. We seek to include source and observer corrections to 1PI 2-
point functions computed on de Sitter background. The tensor analysis can
be simplified by working with a scalar, however, the minimally coupled case
is undesirable for two reasons. First, as one can see from the electromagnetic
analog (1), one loop corrections are sourced by the integral of classical solu-
tions against the 1PI 2-point function, and neither the mode function [27] nor
the exchange potential [28] is especially simple for the massless, minimally
coupled scalar. Second, it is already known that there are no logarithmic en-
hancements to the massless, minimally coupled scalar mode function because
gravity only couples to the rapidly redshifting kinetic energy [17].

Getting significant corrections seems to require gravitational couplings
such as spin that do not redshift [29]. For scalars that implies either a
conformal coupling or a mass. The many simplifications associated with the
massless, conformally coupled scalar support selecting this system for the
first analysis of source and observer corrections on de Sitter background.
The uncorrected 1PI 2-point function has been computed by Boran, Kahya
and Park [1,2], but their result was complicated by the decision to express
it using de Sitter covariant inverse differential operators.! Frob has also
reported a problem with the flat space limit [4]. For these reasons we will here
carry out an independent computation, taking full advantage of the scalar’s
conformal invariance to derive a considerably simpler result with the correct
flat space correspondence limit. Section 2 presents the relevant Feynman
rules. The primitive one graviton contribution is computed in section 3, and
its renormalization is accomplished in section 4. Section 5 discusses the role
of this result in our program of deriving gauge-independent corrections to
the scalar mode function and exchange potential.

!This decision was made out of deference to concerns over the breaking of de Sitter
invariance by the graviton propagator which no longer seem to be an issue [30-39).



2 Feynman Rules

The purpose of this section is to present the Feynman rules necessary for our
calculation. We first give the action, both in terms of the original and confor-
mally rescaled fields. Then we express the self-mass as a a free expectation
value of first and second variations of the action. The various interactions
are somewhat simplified by using the trace-reversed graviton field. We close
by reviewing the scalar and graviton propagators.

The bare Lagrangian for gravity (D-dimensional spacelike metric g, )
plus a massless, conformally coupled scalar ¢ is,

_ [R=(D-2)(D-1)H?*|\/=g 1 » 1,D-2\ ,
L= 167G 30u00u 09" 3 (519 Ry (’)
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where G is Newton’s constant and H is the Hubble constant. The background
geometry is,

1

ds* = a?|—dn® + d7-d7| |  a= ~Hy (3)

where the D — 1 spatial coordinates can be any real number —oo < zt < 400,
but the conformal time is negative definite —oco < 1 < 0. Our work is
dramatically simplified by conformally rescaling the metric and the scalar,

_ ¢
Guv = a2g,uu = a2 (n,uu + "ih,uu) ) (b = D_q > (4>
a2
where k? = 167G and graviton indices are raised and lowered with the

Minkowski metric, h*, = n*”h,,. Up to a surface term the conformal rescal-
ing allows us to express the Lagrangian as,

D-2) o — L
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1 1 1 1
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Note that §* and R are infinite order in the graviton field.



The single graviton loop contribution to the self-mass of ¢ can be ex-
pressed in terms of free expectation values of variations of the action,

—iM?(z;2) = <Q|T*{ [5§(i>]h$ . [5;ii’>]ha+ [#ﬁ%@/)] hh} (6)

where the T*-ordering symbol indicates that any derivative is acted outside
the time-ordered product of the fields. The self-mass of the original field ¢
is easy to recover,

—iM*(z;2) = (ad') T x —iMP(z;2]) | (7)

The first term in (6) corresponds to the left hand diagram of Figure 1 while
the second term is represented by the middle diagram.
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Figure 1: One graviton contributions to —iM?(z;z’). Graviton lines are wavy and scalar
lines are straight. Counterterms are denoted by a cross.

The variations in expression (6) are,

52(5 = 0.(ya70.9) - HE2)ory g, (5)
W = 0,(\/-35 0,07 (z—2)) — i(%)ﬁﬁ(@(m—x/) - (9)

It is best to break (8) up into two parts,

5%?;) —0u(\-35"0.8) . 5%?;) - _i(%ﬁﬁ\/?, (10)

and similarly for the 2nd variational derivatives. The variation of S, can be
usefully further decomposed with the identity,

\/fgfg =0, [\/:a(gwfpw - gwf’/’/u”

+y/-gg" (I*,,17, - 17,17,) . (11)
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Hence we have,

%S(b;) — 1 (m)@ (T - )] (12)
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The expansions of all variations in powers of the gravitons are simplified
using the trace-reversed graviton field,

~ 1

hyw = hyw — 577,“,h ) (14)

The expansion of the two first variations are,

[5:;(5)] = iR [190] (15)
i8S ik D—2 D01
ld&(aﬂw = —(p)dla. + g5l (16)

The second variations are simplest when expressed using both h,, and iAzW,

[m} iK%, [[ﬁw’hvp—in“”ﬁ”"hm}ayél)(x—x’)], (17)
0% Sy (D 2)
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56(z)dp(a') D—1

Note that the two graviton fields in each of these expressions are both eval-
uated at the point z#.
The propagator of ¢ is the same as for a massless scalar in flat space,

) [_%Epa’uﬁup,a+iﬁpa’uhm,“] 5D(‘T_x,) . (19)
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The graviton propagator is defined by adding the gauge fixing term [5, 6],

| . 1
Lgr = _§aD WEE, . Fy=1 (hup«f - §hp<w + (D_Q)Hahup(soa)-
(21)
The graviton propagator in this gauge takes the form,

i (x52)) = 3 Tl x il (a52) . (22)

[=AB,C

The three propagators iA;(x;z’) are for minimally coupled scalars with
masses M5 = 0, M% = (D — 2)H? and MZ = 2(D — 3)H?, so our four
scalar propagators obey the equations,
i0P(x—2a')

D2
- (23)
Because —iM?(x;2') is quarticly divergent at one loop we only need the first
few terms in the expansions of the three iA;(x;x’) [5,6,40],

iN(z2)  T(2+1) H? r(2+2) H*

O*iA(x; ") = i6P (v—a') | {82—(D—2)Ha80—]\/[?a2} iA(z;2) =

8= (aa') ™' 87T (D—4) (aa’Az?)T 2 " 6472 (D—6) (aa’ Az?)= 3
HP=2T(D-1) D HP  T(D) adAx?
— meot(—— ) —In(aa’)| + +---, (24
(4m)z D(H) [reot( 2 ) ~n(aa)] (4m)z D(5+1) 4 (24
A, — z'A(:L’;Dx’) r(gD H? ] +r(§+§) H*
(aa’)27' 1672 (ad’Az?)272 12872 (ad/Az?)27?
HP=2T(D-2) HP T(D-1)ad Az?
——— s - ——— 5 4o, (25)
(471')5 F(E) (477')5 F(?“‘l) 4
o _iA(a) (D-GT(F-1)  H? (D-8)T(2)  H*
iAc= o, D D, D D_5
(aa’)2 327 (aa’Az?)= 25612 (ad/Ax?)z

HP2T(D-3) HP T(D-2)ad Az?
4mZ TE) " umEr@+1) 2

The three tensor factors of (22) are constructed from 7y, 7, = M, +
6°,0°, and 8°,,

(26)

2
A _ = = = = B| _ 0 = 0
{HVTpo} - 277u(p770—)u - D——?) nuunpa ) [HVTpcr} = —40 (unu)(p(s o) (27>
2E,, F
JIC| = TR E,. =(D-3)8 6 +7 2
[u po':| (D-Q)(D-?)) ) H ( 3) w 1/+n,uu7 ( 8)



where parenthesized indices are symmetrized. In addition to reducing the
number of terms in each interaction, the trace-reversed graviton h,, has a
simpler propagator than h,,. The mixed propagator is,

Z[NAVA } [5a5ﬁ nl“’n } [aﬁAPU} = 277u(p770 RIAV

0 20000 E o
+400,77,,00 1D a—iAp| — e iAa—ilAc] . (29)
Note from the propagator expansions (24-26) that the differences [iA 4 —iAp]
and [iA4 —iA¢] are less singular near coincidence than any of the iA;. The

fully trace-reversed propagator is,

i[;ﬁ/ApU} {50{56 - _npon } [ VAaB} = [277u(p770)v - nuvnpo}iAA
D— 2)

400,709 18— i8] —2( 5=

08600508 [ida—iAc] . (30)
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3 Primitive Contributions

The purpose of this section is to evaluate the left hand and middle diagrams
of Figure 1. We first compute the simpler, middle diagram, which is based on
the interactions (17-19). Then we tackle the more difficult, middle diagram
which is based on products of the interactions (15-16). The section closes
with a total for all primitive diagrams.

3.1 4-Point Contributions

The middle diagram of Figure 1 consists of a single, differentiated and coinci-
dent graviton propagator evaluated between the interactions (17-19). When
one takes the coincidence limit before differentiating, the only spacetime de-
pendence is the In(a) part of the iA 4 propagator,

, , HP=2D(D—-1) 7D H2In(a)

iAa(z;2')| = — 1 T [meot(=7) ~2In(a)| = Aot — 5 (31)
HP=2D(D—-2) H?

Ap(z: 2| = — — — =B 2

! B(LU7ZZ,’) x'=x (477-)% F(%) 1672 0 (3 )
HP=21(D-3) H?

Aoz 2| = — =Cp . 33

iAc(z;2") x,:m+(4ﬂ)% (D) 602 0 (33)




Note that only Ag is divergent. Taking the coincidence limit after differenti-
ating produces only finite results,

0,0, i a(x;2") = _%guy (H])j% (é )) — - ;H‘; G > (34)
0.0,ilp(z;)| = +%g,w ( )g Eg ; — +3§—; 9w 5 (35)
0.0,ilc(w:a')| , = —gu X a ) Eg +1§ — —321—; v - (36)
3.1.1  —iM3(x;a))
What we might call —iM3(z; 2') is the free expectation value of (17),
—iM3 = ir29, <Q T* [ﬁﬂﬂ(x)hvp(x) - ”Tfﬁﬂa(x)hm(x)] 9,07 (z—2") Q> (37)

v

= imzﬁu{ [z [“A”A”p} (x;2) — %

The two contracted propagators we require are,

0[P Ao (2 @] 8,,5D(:L’—:L")}. (38)

i[PAY ] =n" [(D-1)iAp+2iAc] + 7 [Dids—(D—2)iAp—2iAc], (39)
i[7A ] = D(D—1)iAs +2(D—1)iAp + 2%Ac . (40)
Substituting (39-40) in (38) and making use of (31-33) gives,
2

r csD (o
—iMj (a5 2) = —%D(D—l)Aoa 0 l%] + k2D ANV [M}

a/)— Do

(aa’)=
(41)

3.1.2  —iM2(x; ')
What should be called —iM2, (x; ') is the free expectation value of (18),

M3, = <Q T*l (;5 S ] Q> laa A= (w5 )
——apz[aﬂAA} (z;2) — %a [mm ]( )Z,ZJ 6P (z—a') . (42)



Because the three propagators inside the square bracket of (42) are singly
differentiated, only the In(a) part of the iA 4 can contribute, and only when
differentiated with respect to time. Hence the first and the third propagators
give nothing, and the contribution from the second propagator is finite,

k2H*a?

—iME () = ot (z—a') . (43)

The second 4-point contribution is,

472
LMy (v;7) = <Q 7" l%] ) Q>
) [—8“8;4”?’ A (@2’ + %&8’@’ (7o (2 xf)] 0P (z—1') . (44)

k2 ,D—2
-5 (5

By virtue of the delta function, each of the two propagators in (44) is finite

and consists of a sum of the three terms (34-36), so it remains only to deter-

mine the coefficients. Those of the second propagator come from expression

(40), and the first propagator derives from a single contraction of (30),
D-1

i[PA"AEp} =47 [—(D_g)z‘AA + (D-1)iAp + Q(gig)mcl

- D—1y . . 2
+6M(D—2)[(D_3)1AA—2AB - D—32AC] . (45)

Combining everything gives,
242

i0t(z—1') . (46)

3.2 3-Point Contributions

The left hand diagram of Figure 1 represent the free expectation values of
product of first variations (15-16) at points z* and x*. Each term involves
the product of a (possibly differentiated) graviton propagator multiplied by a
(possibly differentiated) scalar propagator. The first and second derivatives
of the scalar propagator are,

. , r'2) Az
DuiA(z;2’) = — 27:% Aajg ; (47)
s : . NRNCOIN DAz, Az
Ou0yil(z;a’) = 66007 (x—a') + 27:% A;Z) ASL’;+2 . (48)



Note that the action of two time derivatives of either propagator will produce
a delta function, which evaluates the other propagator at coincidence. We
have already reviewed the coincidence limits (31-33) of the components of
the graviton propagator. A key point about the scalar propagator is that its
coincidence limit, and that of its first derivative, both vanish in dimensional
regularization. Note also that some of the expressions in this subsection were
checked using the symbolic manipulation program “Cadabra” [41,42].

3.2.1  —iM? (z;2)

The free expectation value of the product of two factors of (15) is,

—iM? (z;2)) = —m28u8;<§2

1 [ )0,300) < esta) o) a9
_ —ﬁaua;{z[@Aﬂ (z;2") x 8, 0Li A (x; x')} . (50)
Performing the inner contractions over v and o gives,

—iM? (2;2') = —n2aua;{¢A AP 0-0'iA + (1A —iAB) [555{;V-v’

_ _ D-2
0120} + 587" 00 + T 000 i — 2(D—3)(iAA—iAC)56‘5880 ()ZA}. (51)
Because the scalar propagator (unlike the graviton propagator!) depends only
on the coordinate difference (x — 2’)*, we can convert primed to unprimed
derivatives 8L = —0,. We can also use the propagator equation (23) to
eliminate double time derivatives,

00hiA(z; ') = i6P (x—a') — VA (z; ) . (52)
These reductions uncover a local part and a nonlocal one,

— D—2
_Z'Msa(l'; x’) = ,{2(%8;{ [n“PiAA — P (IAA—iAR) + Q(D__B)(gg(gg

X (ZAA-ZAC)] i6” (v —a') + (iAa—ilp) | (3605 +7"7) V2 + 253“5”’00@

D—2- . . .
-2(D—_Z)))(ZAA-ZAC)55<S§V2ZA}. (53)
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Further reducing the local contributions of (53) is easy. The coincident
propagators can be read off from expressions (31-33), and the three tensor
structures can be consolidated to two using 0yd0) = 7** — n*?. The three
nonlocal contributions of (53) require more work. We first extract derivatives
using the relations,

1 1 1, D 1
aoai(AxD‘2) “AgD1 T E(D——Z%)aoai(Axw%) ’ (54)
1 1 1 D D—-1 1
Vz(AxD—z) XAgD—1 Z[(D——B)Vz = (D_g)aﬂ A (99)
We also need the identity [43],
1 D-YnZigP(x—a') 1 In(p?Ax?
% Ag2D—6 £ IZT(%Z_ 1(;: ) _ §(D—4)32 (n(luAix?x)) + O((D—4)2).
(56)

Relations (54-56) imply,

: : : _ H?00; n(;H?Az?)+
(IAA—iAR)0gO;iA = = { A2 , (57)
H?V? (fIn(: H2A2?)+1 3H?0? (In(p*Az?)
. o 2. _ _ 2 4
(iAa—iAp)VIA 1674 { Ax? } 12874 { Ax? }
pPH? (D-1)D(Z) i6P (z—a) 69)
1677 (D—3)(D—4) (aa) -2

. o 9. _
(1A4=iAc) VA 1674 N 12874 | A2

_,LLD_4H2 2(D-1)0(2) i0P (z—a")
1677 (D=2)(D~4) (aa’)?~

where we have ignored terms that vanish at D = 4. Putting everything
together gives,

—iMZ, (") = [(g ;)(A°_§A1)+4i]a a’{%}

B s )

K2 H20*V? {%ln(zfﬂm )+1 }_3H2H282(382_2V2) {111(#%”2)} (60)

H2V2{%ln(iH2Ax2)+1} 3H282{ 2Ax}
(

, (59)

1674 Az? 12874 Ax?
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where the constants Ay and A; are,

_ HP?I(D-1)
" umE (D)

chot(%)

3.2.2  —iM2(z;2') and —iMZ (z;2))

Although there are two products of (15) and (16), we first consider the prod-
uct of (15) at z# with (16) at 2/#, and then derive the crossed contribution
by interchanging the coordinates,

—Zbe(x,x)
<= D fmiin i 5] o
_ %( ) {82A(:px) [a;,a;+gpo__8§}i[;fwﬂ(z;x,)}’ (63)

5 ooy afio.-in

slsy
D—3

[~(D-1)9” + (D-2)V"] [ZAA—ZACH } (64)

If we keep the 0, derivative outside the curly brackets the terms inside diverge
only cubicly, which reduces the number of terms that must be retained in
the expansion of the three iA;(x;z"). Our strategy is accordingly to extract
derivatives from the curly brackets.

The three tensor factors inside the large square brackets of (64) have the
3 4+ 1 decompositions,

_v/2 818/
woR—gryr) = ( /o /0 "oy /) ) 65
(n ) 8.0 0?0, . (65)
/v v ek / - 0 068;1
(@ +a3)% = (50 5") - (66)
) 10
- (0 0). (67)

We next use the propagator equations (23), and the fact that the coincidence
limit of 0,iA(z; ") vanishes, to contract the factor inside the large square

12



brackets of expression (64) into the derivative of the scalar. The results are,

l rgum = l— (V2 = 2(D-1)H?"]iAc

+|V? = (D-2)(D-1)Hd'd} (%)] Boi A + 90, iApORIA ,  (68)

l ] il = 90/, iApOGA + [, (D—2)Ha'dy — 0,0, [iAa0iA . (69)

The next step is to act the derivatives in expressions (68-69), combine
terms and extract derivatives. These manipulations are very tedious so we
only present the results, dropping terms that vanish for D = 4,

v T 92 1 (D?+10D—8)H2a
8VZA: D 2 D + D
8 2(D=2)% | (aa’Axt)z7']  8(D—2)%(aa/Azt)z
_1(3D—4) HG,ASL’O —I-E(D_Q) H2AI(2)
2\ D—1 (aa/)g—lezp—z 2\D—1 ( )5—2Ax2D—2
B (D+1)(D2—7D+8)H2 _(D—l) H3d' Axg }
8(D—1)(D—2)(aa’) 2 2A22P-4 D=2/ (qa’) T2 Az2D4
r3(2) E(D—z)[(D )Ha+(2D— 3)Ha——(D 2) H?aa' Az
P |2\ \D—-1 (aa’) %~ Ax2D~2
(D—4)H? (D—2)HaA:):0 (D>*~7D+8)(D+1) Ha
A(aa’) 32 |\D—1/ Ax?P=2 4(D—-2)(D—1) Ax2D—4

D—1\ H?ad' Az
“(pmg) pe | (0

me (Lo, ( —o? 1 (5D—12)H?%a
O\ = 5 5 = —
87 2(D=2)* | (aa’ Axt) T~ 8(D—2)(aa’Ax4)7_1
+1 (BD—4) Ha,/Al’o 1 (D—2) HzAl’%
2\ D—1"/ (qa) 2 1Az2D-2  2\D—1/ (qq/)3~2Ag2D~2

+DH2[—(D—3) (D 2)Ha' Az }

8(D—2)(aa’) = "2Ag2D—1 )

We now substitute expressions (70-71) in (64) and extract derivatives
from each term until the expression becomes integrable. At that point di-
vergences are localized and the unregulated limit is taken on the nonlocal
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terms. Relevant identities are,

1 Ko%i6P (x—2') 0 [In(pu?Ax?)
_ A el Vil 9
ArD2 ' T 3(D_2) 32[ Az |’ (72)
Axy KoyidP(x—2')  0p0* [In(u?Ax?)
A0z T 3(D-2) 6 | A2 | (73)
Az? KiéP(x—2') 0 [In(p?Az?)—2] V2[ 1
A 7 Ty "6 ae | T s A (™
1 D W 0 [In(u?Az?)
Al’o 80 1
Appd _5[A—x2]’ (76)
where the constant K is,
D—4,_2
w2
K = 77
2(D-3)(D-4)T'(2 - 1) (77)
The final result is,
N 2 292 [;5D (ol 2 [isD(r 0
LN (') = K°A; {8 82 [zé (xDx)] N 30 [zé (xDx)]}
(D—l)(D—?)) S8H (aa’)7_l D—1 (aa’)?_2
REH2( 11y 175 1., ).u
+247T2 {_EV - Ea — §Ha 80}15 (x—2a)
K2ZH? (0207 (1 _,[In(u2Az?) o 2 [ In(2Az?)
a1 [P 9

The result for —iM2, (x;2') follows by simply interchanging z# and z'*.
Most of the terms in (78) are already reflection symmetric, and a few simple
reductions suffice for those which are not,

34,(8240"7) [z’dD(as—x’)] 64,00 [iéD(x—x’)]
(D—-1)2(D=3) | (aa’)72 (D—1)2(D—=3) | (aa’)%2
H*a?i6*(z—2")
1272  (79)
—%H(a’@o+a0{])i54(:)§—x’) _ —%H2a2i54(x—x’) | (80)
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The final result for sum is,
KZA; D?0? [ioP(z—2')] = 60-0 [idP (x—2a')
—iM;, ab+ba = o 2 D +
(D-1)(D-3) 4H? | (aa’)2 7! D-1 (aa’)_ -2
/{2H2{_11v2_1_7 5

4 2 O ol g4 g
Y 3 68 2Ha}15(x x')

K2ZH? (0207 (1 _,[In(u2Az?) 5 2 | In(p2Ax?)
b e R e [N

3.2.3 —iME(x;2')

The last of the 3-point contributions is the free expectation value of the
product of two (16) interactions. We begin by reducing this to propagators
and performing the initial contractions,

S22 N 2/ D—2y2
—iMy, (25 2") = _E(ﬁ)
><<Q T*[(j)( ) (0.0, + ’Z;“"ZW”( )% d(a') [8;8;+%]E’“(:c’>HQ>, (82)

_ 16(%) iA@:2')[0,0, +”“”a ] 010+ 7”’”_82} A (@a), (83)
D—2\2. "o 2D -3 9 2
- ‘E(ﬂ) m{[z(a-a) —2(5 )70 ] iy

I N[ . 2 (D_1)2 2 /2 2v7/2
HOLY V(184 ~ilg) = 55| 500" = (D-1)2'V

—(D-1)0"*V? + (D—Q)v2v’2] (ZAA—ZAC)}. (84)

Because this contribution begins with no derivatives extracted, it is necessary
to retain up to second order terms in the propagator expansions (24-26).

At this stage our strategy is to eliminate factors of 9% and & using
the propagator equations (23). We can also eliminate factors of dyd) by
employing the reflection identities [31,44,45],

Oida(r;a') = —|0h +(D—2)Ha|iAp(x;2') , (85)
(Go+Ha)idp(w;a) = —[0)+ (D-3)Hd|idc(x;a') . (86)
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Significant reductions are,

i0P (x—2a')

00(962AA == W - v2iAB 5 (87)
. i0P (x—2a') 9. : o -
DoOhiAp = — 53 ViiAa + (D—2)H{a801AA—a 80ZAB} . (88)
cSD (o
it = ”Sgi_f) — V2iAp + (D—3)H [adhiA p—a'0hiAc)]

+(D—3)H?a%Ap . (89)

The reflection identities (85-86) can also be used to reach a manifestly re-

flection invariant form. Note also that we can ignore factors of i6?(x — ')

because the coincidence limit of iA(x; ') vanishes in dimensional regulariza-

tion. The final result for this stage of the reduction is,

k? /D—2\2. .

—E (m) ZA{ —Q(D— 2)H(a86+a/80)V21AB

+2(D—-2)(D—1)H?ad'V?iAp — 2(D—1)*(D—4)H?ad' (ad)+d'8,)iAc
2D(D—1)*(D-3)(D—4) 2(D-1)(D-2)

—iM2(z; 1)) =

H4 2 12 A H 1oy
D-9) a“a iAo + (D—3) (a0y+a'0y)
xV2(iAa—iA¢) — 4(D—1)H?ad (24 H?ad Axj) VA
D_2 4/ - .
The next step is to act the derivatives using the identities,
L, 1 ] 2N H||AZ|)?
(ady+a aO)l(aa’A:)sZ)N = T (ad)NTAg2NA (91)
1] 2N(D—1) 4AN(N+1)||AZ|?
2 _
\ [szzv T T Ap2N+2 + A2N+4 ) (92)
o[ JAZ]* ] 2(D-1)  2(N+1)(D+3)[AZ|
\ Ar2N+2 | Ag2N+2 Ap2N+4
4(N+1)(N+2)||AZ||*
+ Ap2N+6 - (93)

The final step is to extract derivatives using expressions (72-76) and the new
relations,

|AZ]|? [ Vv? 0?

N 10201 T ap_zp| K0 =)
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4 2 2
% l4(D(?2j)L(11))V—1)D 8<(ll))+12)§D Kig?(x—a)
292 4 2 2 4
_[5;48 +§f21 [%1 +@l§]’ (55)
ﬂ%ﬁ“ﬁz SN %(%)K@'éD(w—x’) - 31—%2 liln(,u;ﬁxz)] + %2 lﬁ]a (96)
o L ki)
_53_@22 lln(fﬁxz)l N 5V2 l:ﬂ] B Z_g{ln(uzmw (07)

where we recall the definition (77) of the constant K. Amazingly, the final
result turns out to be both finite and local,

k2H? (1 4 2
—iM(2; ') = 972 {§82 — §V2 + §H2a2}i54(x—x’) : (98)

3.3 Total Primitive Contribution

The total primitive contribution comes from combining expressions (41),
(43), (46), (60), (81) and (98),

, —Kk2A,0%0"? i0P (x—a 19x2A P (x—a
—iM g (252) = - 5 [ ( 2_1)] - L9.0 [(7D2)]
4AD-1)(D=3)H?| (aa')z 12 (aa')2
3 = = [i6P(z—2')] K*H?*[139 , 17_, 9 9.
+kK (A0+ Al)V V' l ()32 1 19 ﬂﬁ ——V H i0* (z—a")
/<02828’2 n(p?Ax?) B k2H?(190* —18V?0?) ln(,uzAx2)
38474 Am2 38474 Ax?
K2H20?V? [ In( H2Az?)+1 (99)
1674 Ax? '

Recall that the constants Ay and A; were defined in expression (61). Note
also that we have expanded the complications functions of D that multiply
Ag and A; around D = 4 and used the limits,

H2

1]‘71£n>4(D 4)><A0—hm(D 4)x Ay = R (100)
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Finally, note that the flat space limit of our result comes entirely from the
mixed contribution (81),

lim [—i 02, (2

H—0 prim

,)} R 2uP- 4F( YO ioP (x—2') K205 lln(,uQAxZ)]

1677 (D—1)(D—3)(D—4) 384r'| Ax? '

(101)

It is cheering to see that the finite part of this obeys the flat space corre-
spondence limit found by Frob, cf. eqn (58) of [4].

4 Renormalization

On de Sitter background, and using our gauge [5, 6], four counterterms are
required to renormalize —iM?(z;2’) at one loop order. Each involves two
scalars and four derivatives distributed variously over the scalars and metrics.
How to express them is motivated by the effects of conformal rescaling (4),

J—gR = aP? [\/?gﬁ—z(p—nﬂaa“(\/*’ggﬂo)
—D(D—1)H2a2¢—>§§00] (102)
Dgz)—}(%)}w = #[ﬁa@——(g i)Raﬁl (103)

where the covariant scalar d’Alembertian is,

O

1
7= u(V=99"0,). (104)
The best arrangement of counterterms seems to be,

D-2 D-2 R
O I

! i BV=g _0"R=g
2%0099° 5=y~ aprp -1y 1Y)

The noncovariant term proportional to v is the price of using a de Sitter
breaking gauge. Note also that a general metric background might require
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additional counterterms involving other curvatures which degenerate to the
Ricci scalar on de Sitter, R, = ﬁ(gupgw7 — YuoGuvp) R
Specializing the counter-Lagrangian (105) to de Sitter gives,

_ Oé(&zq;)z B 27T 127 YA Ta Trr2 5~2 49
de Sitter  2a2 58 PH ¢ — §ai¢ai¢H - 5625 H a” . (106)

The second variations of each of the four terms in the counter-action gives,

_0PAS —aa2a'2[7i5D(x_z/)} (107)

56(2)50() ad
MQASB _ 202-¢D(, . ./

53(2)50(@) = —[H0%0" (z—2), (108)
M2AS’Y _ 22D/ . 1

a0 +yH V76" (x—2') , (109)
- C2

_ 0TS S H2ieP (e (110)

6o (z)dg(a’)

Comparison with the primitive result (99) implies the following values for
the four counterterms,
—/€2A1
= n > 111
T AD-DD-—3ym (111)
19524,  139x2

— 112
K2 3 17K
7= m(AO“‘gAl) 1372 + Vi (113)
2
6 = 0+ + 5ﬁn . (114)

2472

With these choices the renormalized result becomes,

o [ [In(aa’) i0*(x—a')
Z‘]\41“2on( ) 28282{ [ 9672 _aﬁn‘| T}
+k2H?0- 8’{ [ +ﬁﬁn] it (z—x )}

—k*H?*V -V { [ +’}/ﬁn‘| it (r—x )} — SgnriHYa%i6* (x—2')
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RPPO7 (1 L [In(pPA2?) ]\ s2H?(190'—18V%0?) [In(p?Aa?)
38474 Ax? 38474 Ax?

K2H?0*V? [ In(; H?A2?)+1
1674 [ Ax? {115)

aa’

5 Conclusions

The point of this exercise has been to begin the process of purging gauge
dependence from the linearized effective field equations in cosmology by in-
cluding quantum gravitational corrections from the source which disturbs
the effective field and from the observer who measures the disturbance [24].
To simplify the tensor algebra it makes sense to work with the effective field
equations for a scalar. We might have employed the existing result for the
self-mass of a massless, minimally coupled scalar [10]. However, that is known
to cause no secular growth for the scalar mode function [17], and the classi-
cal solution for the exchange potential [28] is so complicated that computing
its one loop correction would be daunting. The next simplest sort of scalar
is the conformally coupled case; with an arbitrary R¢? coupling the scalar
propagator becomes much more complicated.

Our result for the one graviton loop correction to the self-mass of a confor-
mally coupled scalar is equation (115). The linearized, effective field equation
for this scalar is,

82(x) — /d% M2 () (') = J(x) (116)

where tildes denote conformal re-scaling (4) and we employ the Schwinger-
Keldysh formalism [46-53] to make the effective field equation both real and
causal. This is a diagrammatic technique for computing true expectation
values which is almost as simple as the Feynman rules that produce the sorts
of in-out matrix elements we have computed in this paper. For our purposes
the rules are [12]:

e Every line carries a 4 polarity corresponding to the usual case of a field
being evolved forward in time (+) or being evolved backwards (—);

e The ++4 propagator agrees with the Feynman propagator, and the ——
propagator is its complex conjugate, while the +— and —+ propagators
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are obtained by replacing the interval Az? in expression (20) with,
2 2

— (n—n'+ie)", (117)
2 2

— (n—n'—ie) : (118)

2 _ - o
Ari_ = Hx—x

2 _ - o
Aa:_+ = H:)j—x

e There are only all 4 vertices, which are the same as for the Feynman
rules, and — vertices, which are complex conjugated;

e Every 1PI N-point function of the Feynman rules corresponds to 2V
1PI N-point functions in the Schwinger-Keldysh formalism; and

e The effective field equation (116) uses,
M (z;2') = M2, (z;2") + M?_(x;2") . (119)
It is therefore trivial to convert our in-out result (115) into the analogous
Schwinger-Keldysh result.

The next step in our program is to solve equation (116) for one loop
corrections to the plane wave mode function and to the exchange potential:

J.5)=0 = o(n. @) = {e™™ + w2 (n. k) + O(") ™7 (120)

J(n, T) = 6%(%) {14 &®:(n, [|7]) + O(x")} - (121)

dr|Z]
Although we do not need the § counterterm (110) to remove ultraviolet di-
vergences, we expect that its finite part in expression (114) can be chosen to
free uy(n, k) of any secular enhancement. However, we also anticipate that
the one loop correction to the potential will take the same form that was
found for scalar corrections to gravitational potentials [54],

@1(77, f) = ﬁ + k’gHz ln(a) + k3H2 1n(aH||57’||) s (122)
where ki, ko and ks are constants. The term proportional to k; descends
from known effects in flat space and is anyway negligible at large distances.
However, the potentially large logarithms proportional to ks and ks are de
Sitter effects associated with inflationary particle production. It is the gauge
dependence of these effects that we seek to establish by checking that they
persist when source and observer effects have been included. The next steps
in our program are therefore:
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1. Solve equation (116) for the case (121) to verify (122); and

2. Show that the constants ks and/or ks are nonzero when source and
observer corrections have been included.

It is worth mentioning other approaches to defining gauge independent
correlators. The simplest is by taking the expectation values of (necessarily
nonlocal) invariant operators [4,21,55-60]. A closely related program is
the gravitational dressing advocated by Giddings and collaborators [61-64].
Proposals have also been made for defining invariant observables in loop
quantum gravity [65,66] and in algebraic quantum field theory [67]. Finally,
we should mention the technique of cosmological averaging [68].

Before closing we should also comment on the previous computation of
—iM?(x; x') by Boran, Kahya and Park [1,2]. Although this was a significant
piece of work, it suffers from three problems. First, the earlier result was
expressed in terms of unwieldy, de Sitter covariant differential operators,
rather than the simple, de Sitter breaking operators 9* and V? that we
employed in expression (115). The de Sitter operators are so complicated
that comparison is not easy but the two results do not agree. Second, Frob
has identified a problem in the flat space correspondence limit of the earlier
computation [4], which our result avoids. Finally, using the earlier result to
solve equation (116) for case (120) results in one loop corrections wuy (7, k)
that grow like In(a) [3], whereas it is obvious from our result (115) that the
arbitrary constant dg, can be chosen to absorb any such enhancement.
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