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1 Introduction

Explicit computations of 1PI (one-particle-irreducible) 2-point functions on
de Sitter background [1-5], and their use to quantum-correct the linearized
effective field equations, provide strong evidence that inflationary gravitons
modify particle kinematics [6-9] and change force laws [10]. However, there
is a persistent anxiety about the reality of these effects owing to the pos-
sibility of dependence on the gauge used to define the graviton propagator.
The computations mentioned above were all made in a very simple gauge
that breaks de Sitter invariance [11,12]. When the vacuum polarization was
computed in a vastly more complicated, 1-parameter family of de Sitter in-
variant gauges [13], the result looks very different [14], and the enhancement
it provides to dynamical photons is slightly different [15], although it has the
same sign and time dependence.

We seek to establish the reality of graviton corrections to particle kine-
matics and force laws by purging the linearized effective field equations of
gauge dependence. We are developing a technique for accomplishing this by
including generic parts of the quantum gravitational correlations with the
source that disturbs the effective field and with the observer who measures
the disturbance [16]. The technique relies on the position-space version of
a set of identities derived by Donoghue [17-19] that allow one to view the
infrared singular parts of an invariant amplitude as corrections to the 1PI 2-
point function. We have already shown that the technique works, for graviton
corrections to massless scalar exchange on flat space background, by making
the computation in the 2-parameter family of Poincaré invariant gauges and
demonstrating that the corrected 1PI 2-point function is independent of the
gauge parameters [16]. Our goal is to carry out the same computation on de
Sitter background, for which we require a generalization of the 2-parameter
family of flat space gauges. Providing that generalization is the point of this
paper.

In section 2 we review the simple gauge and propose an appropriate 2-
parameter generalization. Constructing the graviton propagator as a general
function of these two parameters is challenging, but almost as much informa-
tion about gauge dependence can be gained by deriving just the first order
variations about the simple gauge. That is done in section 3. We discuss
the results in section 4. Section 5 consists of an appendix in which we derive
explicit forms for the various integrated propagators required for the solution.



2 A 2-Parameter Family of Gauges

Our de Sitter background geometry is given in conformal coordinates on D
spacetime dimensions with spacelike signature,

1
2 2] ;.9 = _
ds* = a®|—dn® + di-di| . a(n) = e (n <0). (1)
The graviton field comes from the conformally rescaled metric, g, (z) =
a?[Nuw + Khw(z)]. Here £? = 167G and graviton indices are raised and
lowered using the Minkowski metric, h*, = n*°h,,.
The simple propagator is defined by the gauge fixing term [11,12],
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(2)

The graviton propagator in this gauge takes the form,

il (x52)) = 3 [Tl x il (252) . (3)

I=A,B,C

The three propagators iA;(x;2') are for minimally coupled scalars with
masses M3 = 0, M3 = (D — 2)H? and M2 = 2(D — 3)H?. The three
tensor factors are constructed from 7, 7,, = 7w + 0°,0%, and 0%,
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where parenthesized indices are symmetrized. The simple graviton propaga-
tor (3) is easy to use for three reasons:

1. In D = 4 its three propagators consist of just one or two terms involving
the two scale factors and the invariant interval of flat space,

1 1 H? 1
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(6)
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2. Its tensor factors are constants; and

3. Its 1PI 2-point functions are elementary functions of Az?, a and a’.
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None of these features pertains for de Sitter invariant gauges [13,14], which
is why only a single loop computation has been made using them.

It is desirable to construct the graviton propagator in a 2-parameter fam-
ily of de Sitter breaking gauges that can be seen as perturbations of the simple
gauge [11,12]. This also permits a 2-parameter family of gauges rather than
the 1-parameter family that would be available without de Sitter breaking,
owing to a topological obstacle which precludes adding de Sitter invariant
gauge fixing functionals [20]. Finally, it is advantageous that the flat space
limit of our gauge condition should agree with the 2-parameter family of
gauges used for the flat space computation [16] which we seek to generalize
to de Sitter. A plausible generalization of (2) is therefore,

aD—2 , . 6
o W FuFu s Fu =" (Pupo = Shpo + (D = 2) Hah,6°, ). (7)

L& =-

GF 5
Note that taking & = = 1 corresponds to the simple gauge (2), and that
taking the flat space limit (H = 0 and a = 1) recovers the family of gauges
in which the flat space calculation [16] was made.

3 Our Solution for the Propagator

The purpose of this section is to construct the first order perturbations in
da =a—1and §5 = f—1 of the propagator in the gauge (7). We first review
the flat space propagator, and its use in studies of gauge dependence [16], to
make two points:

1. The result will involve convolutions of propagators; and
2. First order perturbations in the gauge parameters provide almost as

much information about gauge as the all-orders result.

We then return to de Sitter to define the necessary integrated propagators,
whose evaluation is consigned to the Appendix. The section closes with
results for the first order perturbations in da and 4.

3.1 Lessons from Flat Space

In the flat space limit of (7) the graviton propagator is [21],
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Here the transverse projection operator is 11, = 1, — “5z~ and the massless

scalar propagator in flat space is,
r(2-1)
Ans AxD-2

First note from the inverse powers of 9 which act on iA(z;2’) that the

general gauge propagator (8) involves the convolution of one propagator with
another [22],!

+4a X

iA(x;2') = = O*ilN(z;2') = i6P (x—a) . (9)
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where p is a regularization scale. The flat space limit therefore implies that
similar convolutions must occur in the general gauge propagator on de Sitter
background.

Now expand the gauge parameters around their “simple” values,

a=1+d0a , =140, (11)

Expanding the general gauge propagator (8) in da and 03 gives,

. a 20 Mpo | - / 40, U O | . ’
Z[M,,Aggt} = [2nu(png)u - ﬁ] iA(x;2") + dax l% iA(x;x)

!The Ax-dependent part of (9) follows from the usual procedure of combining denom-
inators, shifting, Wick-rotating and evaluating the Euclidean-space integration,
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Table 1 concerns gauge dependence in one graviton loop corrections to the
effective field equation for a massless, minimally coupled scalar on flat space
background [16]. The highly gauge dependent contribution from the 1PI

i L o | 55 | 55 i 1 | da | 08
0 || 43 | -3 | -3 | +3 0 o] o0 |3
1 0 [0 ] 0 +1 1| =2 +1 | —4
2 0 [0 ] 0 0 2 1 0| 0] o0
3 0 | 0 | 43| -2 3| 41| =2 +5
4 | +F -3 0| =3 4 | +4 | -1 | +1
51 =2 | 43| -3 | +3 51 0 | 42| —3
Total|| +3 0 0 0 Total| +3 0 0

Table 1: The left hand table gives the various gauge-dependent multiplicative factors for
one graviton corrections to the massless scalar exchange force on flat space background
using the full propagator (8) on the left, and for the first order expansion (12) on the right.
The contribution of the 1PI 2-point function is 4 = 0 and the other values of i correspond
to different source and observer corrections that are precisely defined in [16] and which
are necessary to eliminate gauge dependence.

2-point function is ¢ = 0, and the five source and observer corrections are

reported, both for the full propagator (8) on the left, and for the first three

terms in the expansion (12) on the right. The left hand table follows the
1

cancellation of three distinct combinations of the gauge parameters: «, 73

and % The right hand table follows two: da and 3. So the vastly sim-
pler first order perturbations (12) provide two thirds of the checks available
from the full propagator (8).



3.2 Integrated Propagators in de Sitter

The insights we have just derived from the flat space limit motivate con-
structing just the order dav and §5 perturbations of the (7) propagator,

i Bo| = i | + 60 x i A0 | + 08 x i[WALL| +00%) . (13)

The flat space limit also implies that these perturbations must involve inte-
grated propagators analogous to (10). To understand more fully what these
are, recall that the O-th order propagator i[,, A), ](x;2') takes the form (3)
where the tensor factors (4-5) represent a sort of 3 4+ 1 decomposition into
purely spatial (A-type), mixed space and time (B-type), and temporal plus
trace (C-type) terms. The corresponding A, B and C' scalar propagators are
most easily represented in terms of the de Sitter length function y(x;z’),

ooist) = Hatn)at) | o7

2 N2
— (In—| — ie) ] Wy
The A-type propagator breaks de Sitter invariance [23,24],
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In contrast, the B-type and C-type propagators are de Sitter invariant,?

o HP(T(D) 421 & [D(n+2) jy\n-2+2 T(n+D—2) ;y\n
o= {546 S O e () )
(16)
HP2(T(2) 4\21 & D \[(n+2-1) y\n-2+2
o= 26 S -5 )
—(n+1)(F(T§))(%) ” (17)

We obviously require the convolution of any pair of these three propagators.
There is also the matter of derivatives, and the crucial factors of 1/a with

2The infinite sums (15-17) might seem intimidating but the simple D = 4 limits (6)
mean that only a few of the lowest terms need to be retained when divergences are present.
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which they are associated on de Sitter. Although the integrated propagators
of flat space (12) always carry two derivatives ag?” X iA(z;x"), those on de
Sitter can also have one derivative or none. Hence our integrated propagators
on de Sitter involve a measure factor of a”, divided by zero, one, or two

powers of a,

IL,(z;2') = —i/dDz aPin, (x5 2)iA, (2 7)), (18)
Jw(z;2") = —i/dDz al VA, (25 2)iA (22 (19)
K, (z;2) = —i/dDz al %A, (25 2)iA, (22) (20)

The Appendix derives explicit results for these expressions.

As explained, the I, (z;2’) integrals carry no derivatives, the J,, (z;2')
carry one derivative, and the K, (x; ") integrals carry two derivatives. Al-
though these derivatives could be reflected outside the z* integration to act
on either of the external variables x# or z/*, the result is cumbersome. (The
procedure is explained in the Appendix.) It is also possible that the effort
would be wasted if reducing the diagram in which the perturbed propagator
resides would be facilitated by retaining the original derivatives, or by reflect-
ing them to the opposite coordinate. We have therefore devised a notation
in which the symbol “D,” that 9 acts on the left hand propagator. The

notation “D,” indicates that %8:0‘55 on the right hand propagator. Some
examples are,

D, Jyp(z;2") = —z'/dDz af‘l%(f;z)iAa(z; '), (21)

DyJpo(z;2") = —i/dDz a? YA (z; z)%@ : (22)

D,D,K,,(z;2") = —i/dDz a?‘zwiAy(z; x') . (23)

3.3 The da and /5 Perturbations

Suppose we invert a full kinetic operator D which can be expressed as the
sum of a 0-th order Dy operator and a perturbation D;. The full propagator
can be expanded in familiar geometric series,

———— =—+—XiDi X —+—xiD; X — xiDy x — +... (24
Di+D;, D, D, "Dy Dy "Dy "D (24)
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The first order perturbation is the second term on the right hand side of (24).
Let us define the kinetic operator of a massless, minimally coupled scalar
as Dy = 0,a”~20". The graviton kinetic operator in our gauge (7) is,

DHPT = %[U“(pﬁo)y — (20[2;&2)77“%”} Dy + (?)H%Dé%ny)(%%
— (O‘T_l)&@al’—?n@(“&” - (0‘2—;5) 0P 20 000 aP ). (25)

Expanding the kinetic operator (25) in da and 5 gives,
DHP7 = DE7 + dax DY + 68 x D™ 4 O(8°) (26)

where the first three operators are,

Dl %nu(pno’)I/DA _ in“”n”"DA + (D_Q)H2CLD5(HO,’]V)(P50)O : (27)
prr —EUMVUPUDA _ (D_Q)HzaDé(uonu)(p(ga)o

_9lrgP=2y g %[QD—28u8uanf + U“UﬁpaoaD_ﬂ , (28)
e — %HMVUWDA B %[QD—2auaunpa T n””@@"a[)_ﬂ , (29)

From expression (24) the da perturbation of the propagator is,
i[wAs] (5a') = /dDzz[WAgﬁ] (w:2) x D2 5 i[5A%, ] (z0') . (30)

We next substitute expressions (3) for the 0-th order propagator, and (28)
for the da perturbation of the kinetic operator. After some tedious manip-

ulations the result can be expressed in terms of the integrated propagators
(18-20),

: 4H?
7 {UVA?U} = 4(D _2)H260(uﬁl/)(p50())[BB — mEMVEPO'ICC
4H

+D—_3{_(D_2)ﬁuy50(pE0')JAB — ﬁ“VEpUDOJAC + Euy(so(pﬁg) JCB

E.E,,
+ 5_5 DOJCC}

n 4H
D-3

{—(D— 2)ﬁp050(uﬁy) Jga — ijﬁpa'DoJcA



= E,.E, 4DyDy [ _
+60(uDV)EpJJBC+ 5_5 DOJCC}+m{nuunpaKAA+EqupaKCC

4 —
_ﬁquPUKAC _E/WﬁpoKCA} + D——3 {5(OPDU)D0 [_WHVKAB +EMVKCB:|

DU 1 Kia B |4 DB 333 DA

X Kpp —50(pbo)50(uﬁy)KBB+D0§(Hﬁy)(p50?KAB +E(pﬁg)(“(su())'D0KBA}. (31)

Recall that 7 = n + §,0%, and E* = (D — 3)d",0%, + 7.
By analogy with (30), the 65 perturbation is,

i[ﬂ,,Aga} (x;2) = /dDzi[WAgﬁ} (x5 2) % z'Dgﬁw X i|:75A20.:| (z;2") . (32)

Substituting the 0-th order propagator (3) and the 63 perturbation of the

knietic operator (29) gives,

_ A(D—1)H?
| = A7 7

¢ [MVApcr} - (D—3)2

+EqupU[CC} o 4ﬁuu

{(D_Q)ﬁ/u/ﬁpalAA - {WMVEPU_I—EMVW/)U} Tac

D -2 D-3
ﬁpo’D(%(KAC_KAA) 4EHV
D -3 (D-3)(D-2)
oo D6 (Kcc—Keca) | 4y [= =
D -3

{EPEKA 4 +20°,Dg)DoK a5 + 6°,6°, DK ac

{EPEUKCA +26°,Dey Do K

+50p600D§KCC +

— MuwDo’(Kea— K AE,,
+20°, D, DoK pa+0°,0°, Dy? K a+ - o Ko AA)} P

D -3 (D-3)(D-2)
T Do’ (Kco—Kac) (33)
D -3 '
Unlike the o perturbation (31), the 68 perturbation has only diagonal tensor
factors and involves no J,, (z;2’) integrals.

X{ﬁuﬁuKAC +26O(M§V)DOKBC +50u501/D02KCC +

4 Discussion

This paper concerns gauge dependence in the graviton propagator on de Sit-
ter background. In section 2 we generalized the simple gauge condition (2)
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to a 2-parameter family of gauges (7). The flat space limit of this family
coincides with the gauges employed in a study of how source and observer
corrections cancel gauge dependence in the effective field equation [16]. In
section 3 we argued that just the first order perturbations around the sim-
ple gauge provide two thirds of the checks made in that study. Our results
for these first order perturbations are equations (31) and (33). They are
expressed in terms of integrated propagators that are evaluated in the Ap-
pendix. All our work was done in D spacetime dimensions to facilitate the
use of dimensional regularization.

Even the first order perturbations are very complicated, and we do not
advocate using them for routine calculations. Their purpose is to provide
an explicit check that our technique for canceling gauge dependence [16]
works on de Sitter background. Establishing that fact is crucial, but once it
has been done, we expect that future computations will be made using the
simple gauge propagator [11,12]. The advantages of this propagator are that
its D = 4 limit is simple, that its tensor factors are independent of space and
time, and that the 1PI 2-point functions it produces are elementary functions
of the scale factors and the conformal coordinate interval. This is why just
one loop computation has been done in another gauge, and that computation
was only made to check gauge dependence.

The chief source of complication in our analysis is the factors of 1/a and
1/a? that accompany derivatives inside convolutions of propagators (19-20).
This becomes apparent in the Appendix, when comparing the trivial result
(43-44) for the I, (x;2") convolution, which contains no factors of 1/a, with
the terrific effort expended to determine the J,,(z;2’) and K, (x;2') con-
volutions. In addition to facilitating checks of gauge dependence, this work
should prove useful for computing the expectation values of gauge invariant
measures of back-reaction [25]. Were we to push one order higher in the
perturbations da and 03 there would be another convolution, but no more
factors of 1/a within any one integration, so perhaps the extra labor would
not be prohibitive. Note that including even one quadratic perturbation in
flat space would suffice to cover the full range of checks available in Table 1
from the all-orders result. Further, only two convolutions are required for
the full propagator (8) in flat space, so perhaps an all-orders result could be
obtained as well in de Sitter.

Finally, we should lay out our program of research concerning gauge de-
pendence on de Sitter background:
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1. Use the one graviton loop contribution to the 1PI 2-point function
of a massless, minimally coupled scalar [3] to check for logarithmic
corrections to the mode functions and the scalar exchange potential.

2. Use the simple propagator to include source and observer corrections
to see how large logarithms are affected.

3. Re-do 1-2 using (31) and (33) to check that source and observer cor-
rections cancel gauge dependence.
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5 Appendix: Integrated Propagators

This appendix concerns technical details of the three integrated propagators
(18-20). We begin by explaining how to reflect derivatives from one argument
of a propagator to the other. We then give exact results for /,,(z;2’), and
derive expansions for J,, (z;2') and K, (z;2").

5.1 Reflecting Derivatives

Although we choose to keep the derivatives of (21-23) on the dummy variable
2", they could be reflected to the external variables using some identities
which were originally derived in [26]. Of course space derivatives reflect the
same as on flat space background,

;1A (z;2') = =0 iA, (x; ') . (34)
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Reflecting the time derivatives requires that we explain the relation between
the index v in the scalar propagator iA,(z;z’) and the scalar mass m,

V:\/(D;”z—%ﬁ. (35)

The three scalar propagators we employ correspond to masses and indices,

D—-1
2 _ _
A — mA—O 5 Vpg = (T) ) (36>
5 9 D—-3
B = m%=(D-2)H> VBz(T)sz—l, (37)
D—
C = mi=2D-3)H> |, o= (75) —vp—1. (38)
The temporal reflection identities are,
00+ (va—v)Ha|id(w;2") = =0+ (va+v—1)Hd |id, (z;2)) , (39)
00+ (vatv)Halid (w;2') = —[0)+ (va—v—1)Hd|id, 1 (z;2) . (40)
The specific reflection identities we need are,
dida(wia’) = —|0)+ (D—2)Hd|idp(z;2') (41)
(Oo+Ha)idp(x; ) = —[0)+ (D-3)Hd|idc(x;a') . (42)
5.2 Results
Exact results can be derived for I, (z;z") [27],
, iA, (") —iA, (z; 2)
INV(x;z) = = mi_m?/ ) H 7é v, (43)
L) = —= A (a:0) (44)
R O QuHZop MU

where from now on we use a shorthand notation v, =pu. Although an asymp-
totic expansion can be derived for J,, (z; 2’) [25], it is better, for our purposes,
to use the reflection identities (41) and (42) to express all the J-propagators

12



in terms of derivatives of the K-propagators,

Jaa = W{[&ﬁ( —2)Ha|Kpa+ [0)+ (D—z)Ha/}KAB}, (45)
Jop = {aoKABwoKBA} (46)
Joo = { 0 + Ha| Kpc + 04 +Ha]KCB} (47)
Tap = {ao+ 2)Ha|Kpp + [ + (D~ 3)HQ]KAC} (48)
T = {[ao+ (D=2)Ha] Kpc + [0 + Ha'| Ka (49)
Toe = g ac + [+ Ha Kns | (50)

Thus we only need to compute the simpler K-propagators, which we do in
the remainder of the appendix. If necessary, analogous relations express-
ing [-propagators in terms of the derivatives of the J-propagators can be
constructed and used to check the correctness of the solutions.

We determine the K-propagators by solving the two equations of motion
they satisfy,

I
(O — M2) K (a;2') = — X B (z:2), (51)
(0 = M2) K (50 = % X il (2 7). (52)

Instead of the two coordinates x and 2/, it is convenient to use different
variables — the de Sitter invariant distance y defined in (14), and the two-
time variables u=In(ad’) and v=In(a/a’). Furthermore, it is convenient to
rescale the K-propagators,

K HP2L(552) e

MV([L’;ZIZ'/) = W X ﬁ X ’Cw/(yauav)a (53)

and to consider the difference and the sum of the equations (51) and (52),
respectively,

0,9 0 0 0
{8%{ h ( )8_y} _4Sh(v)%8_y
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0 0 0 (ur-1v?)
+[2y0_y+2%+D_3] w1 Ko (y, u,v)
= sh(v) il (y,u) + ch(v)id, (y,u),  (54)
0 0 v, 0 0
{{(43/ y )ay <D 2—|—20u>y 8 sh (2)8u+2(D 2)] 9
0? 0 0 o 0
~g g 03| 5 — (09,
2., 2 D—3)2
_I'(lu v ) - ( ) }’Cw/(y>u>v)
2 4
= ch(v) i, (y,u) +sh(v)id,, (y,u),  (55)

where the sources on the right hand side are rescaled sums and differences
of the scalar propagators (15-17), defined as,

iy (y,u) = [%ﬁ]_ X %{iAu(LL’;SL’/) + A, (x;2")| . (56)

We solve the equations (54) and (55) as a power series in y around y=0. In
order to satisfy the original equations (51) and (52), this power series has to
take the form,

_ Q(EMV)O ) _774 Q(F,uu)o
Kwlvwo) = 5253 7+ oog
B3 e I TGy

where numerical factors have been taken out for convenience, and where the
coefficients (E,,), and (F),), that we need to determine are functions of
variables © and v in general. The equations of motion for these coefficients
follow from the full equations (54) and (55). It is useful to define an analogous

power series expansion of the sum and the difference of the scalar propagators
from (56),

AT (550) = (%)‘*i_ojo (D)7 — @], 69

o0 D—-4

i) = S n(E) T = @un(Y)]. (59)

n=0
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where the coefficients of these expansions can be read off by comparing (56)
to the power series of the scalar propagators (15-17),

_ r(52)
(S = 2(n+ 1T (52 4n) (n20)

{P(g;(;fj:n)r(%—mn) F(g+q+n)r(%—y+n)’ (60)
EAIEn M) T
@ = sromter o -, (61)
@b = grpyra =D (©2
@ = ~5rr 1), (63
@i = rT ot ] (o)
(Qick = zryg))r_(l'@)%) [_?115—%1))$(D—2)1(D—3)_“}’ (65)
(@b = grprrne (P - 3% 1) (66
@i = sathi (21

il e
where the constant A; is,

A = —%ﬂco‘c(wg) : (68)

and where ¢(z) = ["(z)/I'(2) is the digamma function. Note that some
coefficients from the integer series depend linearly on u =In(aa’), and that
this dependence descends from the de Sitter breaking part of the A-type
propagator (15).

Since the equations for the coefficients of the non-integer power series (57)
decouple from the equations for the integer ones, we solve for them separately
in the following subsections.

15



5.2.1 Non-integer power series

The equations for the non-integer power series coefficients, descending from
Eq. (54) are,

2% [shz(%)(EW)o] — sh(v)%(EH,,)o =sh(v), (69)
2£%|%h2(g)(fzw)n]——sh(v)é%(lzw)n (n>1)
-1 o\ 0 (ur-v?)
= 7(7@—%) l(?n—l—l—Q%)% T ](E/w)n—l
+5h(v) (S, )n-1 + ch(v) (Sp)n-1- (70)
while the ones descending from Eq. (55) are,
a% [sh(v)(EW)o} —2 sh2(g)a%(Ew)o = ch(v), (71)
S h)(Bu] — 250 (2) (B + () (n> 1)
1 D-2 D—4 0 0?
=) l<"_T> (5 +25) * 3w
0? 0 (D-3)%* (u*+v?)
+555+(Lﬁ4ﬁ55+— i 5 ]uz»nq

+ch(v) (Sh)n1 +sh(v) (Sp)nr. (T2)

The leading coefficient that simultaneously solves (69) and (71), and is
finite in the time coincidence limit (i.e. limit v —0) is unique,

(Buw)o =1, (73)

and is independent of the indices (u,v = A, B,C). This solution is taken
as the germ of the recurrence in (70), which can be easily integrated as it
is only a first order differential equation. Iterating this equation generates
higher coefficients of the expansion, and all the integration constants are
uniquely fixed by demanding expressions to be finite for v — 0. The first
couple of higher order coefficients are,

070 | 2y |

(Ew)r = (Si)o+ (74)
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(Bw)s = (S5)+ 3(u%—1?) lBsh(U)—v[1—|—2ch(v)]]

2(D—4)(D—6) 3sh*(%)
(u2—1?) leh(%) —vch(%)]

2(D—4)(D—6) sh’(¥)

(W2 =v?) (i’ +12=3) [sh(v)—v]
2(D—4)(D—6) sh®(%)

+

+ (75)

Specialization of the expressions above to particular types A, B, C' is simply
accomplished by plugging in the specific parameters (36-38). As opposed to
the general case where the coefficients take complicated forms above, in the
special case of diagonal propagators (v=pu) we can solve the recurrence in a
closed form to all orders,

(Eﬂ,u)(] = 1 ) (EML>“ = (S:p)"—l ) (n Z 1) . (76>

5.2.2 Integer power series

The equations for the coefficients of the integer power series in (57) that
descend from (54) are,

250 [ (5)Fi | = shi0) )

2 l(2ﬁ+D—3)g—M](Fw)o

(D—4)|\ Ou v 2
= sh(v) (Qu)o + ch(v) (@, )o (77)
2% lshQ(g)(Fw)n] - sh(v)%(FW)n (n>2)
= G| (e p s ) g - U
+sh(v) (Q}F,)n-1 + ch(v) (Qy, )n-1, (78)

and the equations that descend from (55),

R R R e (LY
+<D2_4) [% + % + (D—B)% + (Df) e ;FV )] (Eluv )o
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o ]+ [ 2w () 2 (B, (n>2)
= (nil) [88—; + 88_; + (2n—|—D—5)(%
+(n—1)(n+D—4) + (Df’) _ i W(FW),H
+ch(v) (@, )n—1 +sh(v) (Qp)n-1- (80)

In the equations above the first two leading coefficients satisfy two coupled
equations (77) and (79), as opposed to the equations for non-integer coeffi-
cients where only the leading coefficient appears in the leading order equa-
tions. This difference complicates the problem since now the first two leading
coefficients are required to set off the recurrence defining the higher order co-
efficients.

For the diagonal propagators we can find the coefficients at all orders in
a closed form,

(D-4), . . (2D-3)T(D-2)

(Faa)o = 1 (QAa)o — 2T(D)T(Z50) (81)
(Faahs = (@ = 535 Fosy 8

(Faa)n = (QAa)n-1, (n>2) (83)

_ (D-2)(D—4), .

(Fp)o=1— W(QBB>OU7 (84)
(FBB)n = (QER)n-1, (n>1) (85)

(FCC)O _ (D4_2) (Qé‘c)o 4 %e—(D—4)u : (86)
(Foo)n = (Qbc)n-1- (n>1) (87)

The homogeneous parts of the solutions for the leading coefficients were fixed
by requiring that the limit D — 4 of the full propagator exists off-coincidence.

The off-diagonal coefficients are considerably more difficult to solve for,
and we give the solutions for the coefficients in terms of the power series in v,

o

(Fw)n = Z(FMV)Z ot (88)

k=0
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This expansion, together with power series in y from (57), makes the answer
for the off-diagonal K-propagators take the form of a double power series in
terms less and less singular in the space-time coincidence limit. The solutions
for the coefficients in (88) are found by expanding the hyperbolic functions
in Egs. (77-78), and organizing the equations by orders in v. The two leading
equations (77) and (79) have to be solved first, as they couple only (F),,)o
and (F,,)1. We give the first several terms in the v-expansion of these two
in the following form,

(D—4)

(Flw )t W(wa)o ; (Fu)o =0, (89)
2 —D(D—4) 2 0 1 0 N
(Fu ) = 4(D—1)(D—2)l ‘(p_z@]{ﬁ{l)‘m%( )0

+(1+a%) l(D_B)(%+ (023)2 - (MQ;L;/2)1D4((5§%I)/02)}’ (90)

0o _ 2 4(F/W)g +
Fu = {152+ @

- l(D—:s)(% + (Df)z - (M%;ﬂ)] (2:?5;)2(3 } . (91)

F = o - e
{p@an- Y m - (5-5) i o)
Fuk = g @~ oy (Pt (93)

which is also the order in which they are conveniently solved for. In the
expressions above all the coefficients are assumed to be (at most) linear
functions of u, as is also true for the coefficients (64-67). The leading co-
efficient in (89) and other homogeneous solutions are chosen such that (i)
the regular (D—4) limit of the full K-propagators exists, (ii) the subleading
coefficients take simpler form. This choice is consistent due to the fact that

the (Qy,) coefficients of the three types (u,v) = (A, B,C) satisfy a consis-
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tency relation,
0, (D-1)* (p*+1?)

(D— 1)%+ TR 5

2_1/2 D
) Q- 2@ =0,
(94)
which guarantees that the solutions of the leading Eqs. (77) and (79) that
we found are consistent with higher order equations Eqs. (78) and (80).
The higher order coefficients are now easily generated from the lower
order ones (89-93), by using either of equations (78) or (80), e.g.,

0o _ 2 2 +
Ful} = gy 2t + (@

(Q;u)o +

[<D e (A D

(Fu)h = (D+1 1+ H( R+ Qe (0
(FW)% B D+3 (D+2) [ D—l—2 au]{(D+4)Elu2_V2)(FW)%

g O ) G o

5.2.3 Final expressions

Having solved for all the coefficients of the diagonal K-propagators, we can
write the full solutions in a closed form,

2AT(3)  2(2D-3)
[ r'(D-1) (D—2) —(Q—y)uvty”, (98)

o+ D s - RO e

)
e D21 (D=2 _ 6—(D—4)u
Keelwia') = S 1001+ T | ooy + gy || (100

where we define the primitive function I[f(y)] = [Ydy’ f(y'). Four relations
deriving from the reflection identities (41) and (42),

QoK+ [0+ (D-2)Hd|Kpp = 0, (101)

KBB(JJ Z’)
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O Kaa+ [0+ (D—2)Ha|Kpp = 0, (102)
(00 + Ha| Kpp + [0+ (D-3)Hd | Kce = 0, (103)
0h+ Hd'|Kpp + [0 + (D=3)Ha| Kco = 0, (104)
can be used to check the consistency of the solutions.

The off-diagonal K-propagators can be given in terms of the power se-
ries (57), where the coefficients of the non-integer powers are given by (73-75)
and the recurrence relation (70), and the leading coefficients of the integer
powers are given in (89-93), with Eqgs. (77) and (80) generating the higher
coeflicients.

The expressions for the J-propagators are obtained from (45-50), by act-
ing first-order the derivative operators on the K-propagators whose solutions

we have found here. A number of relations that relate the J-propagators with
the I-propagators can be derived from reflection identities (41) and (42), e.g.

JoJaa + [86 + (D—Q)Ha/} Jpp = Hlsp, (105)
%JAA + [80 + (D—Q)HG}JBB = Hlup. (106)

and can be used to independently check the validity of the solutions.
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