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Abstract

Four-dimensional (4D) flat Minkowski space admits a foliation by hyperbolic slices. Eu-
clidean AdSs slices fill the past and future lightcones of the origin, while dSs slices fill the region
outside the lightcone. The resulting link between 4D asymptotically flat quantum gravity and
AdS;/CFTs is explored in this paper. The 4D superrotations in the extended BMS, group are
found to act as the familiar conformal transformations on the 3D hyperbolic slices, mapping
each slice to itself. The associated 4D superrotation charge is constructed in the covariant phase
space formalism. The soft part gives the 2D stress tensor, which acts on the celestial sphere at
the boundary of the hyperbolic slices, and is shown to be an uplift to 4D of the familiar 3D holo-
graphic AdSj3 stress tensor. Finally, we find that 4D quantum gravity contains an unexpected
second, conformally soft, dimension (2,0) mode that is symplectically paired with the celestial
stress tensor.
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1 Introduction
The metric for flat 4D Minkowski space (M) in hyperbolic coordinates is

2_ 22, 2 dp* | 5
ds* = —dr*+ 71 7 + p dzdz (1.1)

where 7 is the Lorentz-invariant distance from the origin and labels the three-dimensional hyperbolic
slices in the parenthesis. In order to cover all of My we take 7 positive in the future lightcone of the
origin, negative in the past lightcone and both 7 and p imaginary outside the origin; see Figure 1.
Equation (1.1) represents My as a kind of non-compact compactification to AdSs. Hyperbolic
slicings have been studied for example in [1-4].!

In this paper, we take inspiration from the prescient paper of de Boer and Solodukhin [1].
These authors conjectured that the infinite-dimensional 2D conformal symmetry of AdS3; quan-
tum gravity should uplift to M, quantum gravity, with separate symmetries for the past and the
future. Somewhat later, the existence of such conformal symmetries, coined superrotations, was
conjectured in [7—10] by relaxing an overly-restrictive assumption about the asymptotic behavior
of the gravitational field in the original papers of BMS [11-13]. More recently [14, 15], using the
subleading soft theorem of [16], the existence of a single conformal symmetry of quantum gravi-
tational scattering in My was proved. The past-future pair of conformal symmetries of [1,7-10]
was reduced to a single conformal symmetry by a matching condition required for the consistency
of the scattering amplitudes. The reduced symmetry acts in the standard fashion on the celestial
sphere at null infinity. This suggests a holographic relation between quantum gravity on My and an
as-yet-to-be-understood “celestial conformal field theory” on the celestial sphere at the boundary.

!See e.g. [5,6] for an alternate approach to My holography as the flat space limit of AdSs quantum gravity rather
than an uplift of AdS3 quantum gravity.



Figure 1: Penrose diagram of hyperbolic slicing of Minkowski space. The slices correspond to
surfaces of constant 7. The slices in the past and future lightcones of the origin have the geometry
of Hs, and the slices with spacelike separation from the origin have the geometry of dSs.

Despite the natural role played by the hyperbolic slicing (1.1), much of the work on superro-
tations has used retarded Bondi coordinates (see [3,4,17] for important exceptions). The main
reason for this is simply that research on asymptotic structure near null infinity over the last half
century primarily uses Bondi coordinates and many formulae are readily available; some references
are [7—10,18-20]. However, even the global SL(2, C)1,orentz Subgroup is obscure in these coordinates
which are not well-suited for the study of superrotations. A central purpose of this paper is to
recast some of the recent results into hyperbolic coordinates and elucidate the connection between
M, and AdSs3 holography. One hopes that our detailed understanding of AdS holography can be
uplifted and applied to flat space holography.

In Section 2 we present formulae and conventions for the hyperbolic foliation of My. In Section
3 we show that superrotations have a simple description in terms of vector fields that are tangent to
the slices. In Section 4 we evaluate the boundary and bulk superrotation charges in the covariant
phase space formalism. For the bulk expressions, both the soft parts (which are linear in the
metric field) and the hard parts (which involve radiation flux) are evaluated as integrals over
hyperbolic slices which hug null infinity where the weak field expansion becomes exact. The soft
charges are constructed from uplifts of the holographic stress tensor of AdS; quantum gravity [21],
providing a precise relation between M4 and AdS3 holography. In Section 5 we explicitly evaluate
the hard charge for matter sourced by point particles, and find that it reduces to an integral of
the subleading soft factor [16]. Section 6 demonstrates that the total charge conservation, which
involves contributions from two Hj slices and one dSj slice, is equivalent to the subleading soft
theorem. In Section 7 we relate the soft covariant charges to the celestial stress tensor. Section 8
identifies a weight (2,0) mode which is not pure gauge and has a canonical symplectic pairing with



the superrotation Goldstone mode. This new (2,0) mode is potentially related to new conformally
soft theorems and symmetries, but further investigations are left to future work. The appendix
gives details of the linearized Einstein equation in the hyperbolic slicing.

2 Preliminaries

In hyperbolic coordinates (7, p, z, Z) the Minkowski metric takes the form

2 2 2 dP2 2 =
ds® = —dr*+ 71 o +pidzdz | . (2.1)
These are related to the usual Cartesian coordinates
ds®* = —(dX°)% + (dX1)? + (dX?)* + (dX?)? (2.2)
by
T o= V(X0)2—(X1)2—(X2)% - (X?)?
Xt 4ix?
C X0+ X3 0 3
X'+ X
p = (2.3)

VX = (X1 = (07 = (X2

with inverse

X0 = %Tp(1+22+p_2)

x! - %T,o(zw)

X? = —%T,O(Z—f)

X3 = %rp(l—zz—p*). (2.4)

The hyperbolic coordinates represent Minkowski spacetime as a foliation (labelled by 7) of 3D
constant curvature hyperbolic spaces. We label the spacelike slices in the future (past) lightcone of
the origin by 7 > 0 (7 < 0). We are especially interested in the 7 — 0o slices which approach Z*.
We denote them by H ;E The de Sitter slices at spacelike separations from the origin are labelled by
positive imaginary 7. The asymptotic 7 — o0 slice is denoted dsg. This is illustrated in Figure 1.
The p = oo boundary of Hy will be referred to as the “future celestial sphere” and denoted CS™.
The analogously defined past celestial sphere will be denoted CS™.
The nonzero connection coefficients are

2
T peT 1 1
SF;p:p27 F;E:77 FzT:;v sz:_;
p 1 1T 1 1
F';E:—E, F;_:;, Fjp:;7 F;T:;’ ng_; (25)

3 Superrotation Vector Fields

3D Euclidean quantum gravity on an asymptotically hyperbolic space H3 has a conformal symmetry
which acts as [21,22]

1 1
CY = Yzaz - §3ZYZp3p — 2710262}/2827 (31)
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where Y? is a conformal Killing vector. This is the conformal symmetry of the holographically
dual CFTy which lives on the S? boundary [23,24]. This 3D vector field lifts to 4D, where it
maps the hyperbolic slices to themselves and generates the superrotations of 4D quantum gravity
in asymptotically flat space [1,8,14,16]. In hyperbolic coordinates only one component of the 4D
metric (2.1) is transformed:

7_2
Lyg.. = —?831/2. (3.2)

This term is independent of p and therefore sub-subleading in the large p expansion of the metric.
In the 3D case, this component of the metric is proportional to the holographic 2D stress tensor in
the Fefferman-Graham construction [21,25,26].

A special role will be played in the following by the choice of vector field

(3.3)

We define
1 1 1

Cw = Cy:ﬁ Tw—z 2(w — z)2p8p P2 (w— 2)362

Any more general superrotation vector field (y can then easily be obtained from (,, via the relation

(3.4)

o le) = — 7{ dwY ey (2). (3.5)

- 2mi
4 Covariant Phase Space Charge

In this section we compute the covariant phase space charge Q% ({y) as developed in a number of
references including [27-34].

4.1 Boundary Charge

Under suitable conditions, the charge Q7 ((y) generates (via Dirac brackets or commutators) the
superrotations on spacelike surfaces ending at the future celestial sphere CS™. For simplicity we
will restrict to situations in which the Bondi news vanishes on CSt.2 The charge is given by the
formula in e.g. [30,31]

1 1
to F=lim — [ d®2p°7F, 4.1
¢ 167 Jose  pooo 327 / 2T (41)
where 1
F,uu = §quyh + v,uhu)\C)\ + vACuhu)\ + V)\h#/\Cy + vVhC# - ('u A V)’ (4'2)

with p,v =0,1,2,3. Here h,, denotes the linearized, on-shell metric perturbations

v = M + Iy (4.3)

where 1), is given in (2.1). Before proceeding further, in order to avoid long expressions, we make
the radial gauge choice
hey =0, (4.4)

2 A time translation can always be used to position the two-sphere CS* at early times before any news has emerged
on Zt. On the other hand, primaries in a conformal basis [35] typically have divergences in the radiation flux at
CS™ [36]. Our analysis would require modifcations to handle such cases, including additions to the charge as discussed
in [32].



which can also be written X*h,, = 0. Inserting the expression (3.1) for the superrotation vector
field and using radial gauge (4.4) we find

fﬁTf;p::@fL-z)pﬁywhpz-»gaEYth¢+2a;y2hﬁ}. (4.5)
Under the integral we may integrate by parts with respect to z, yielding the expression
3 _ vz _ 31 Pg2; _
p°TF:, =Y*(10; —2) [p°hy, 2azhpz 20,h,5| . (4.6)

As in [3], the boundary conditions are chosen to ensure that the charge is 7-independent and finite
for p — o0, so that it does not depend on a choice of slice. Finiteness of the charge requires that
the leading p behavior is h,, ~ p~3, h.z ~ pY, which is compatible with the linearized analysis in
the appendix. Moreover we assume that the Bondi news vanishes at CS™. Otherwise, as mentioned
above, there are correction terms to the charge [32]. The finite and 7-independent final boundary
expression for the superrotation charge is

1
+ _ . 2 _vz| 31(0) (0)
Q" (¢y) = T6m plgn - d°zYy [p hy? —20:h .z ], (4.7)

where the superscript (0) indicates the 7-independent piece of the given metric component.

4.2 Linearized Bulk Charge

Having found an expression for the charge Q% as a surface integral over CS™, we now write a
bulk expression for the linearized charge as an integral over H; . This involves integrating by
parts and using the linearized vacuum FEinstein equations. We denote the linearized charge as
Q; (¢) because, as we shall see, it is the same as the soft part of the full nonlinear charge. The
nonlinearities are incorporated in the next subsection, where we also discuss the validity of the
linearized approximation.

Starting with the boundary definition of the linearized charge Q;C (¢), the desired bulk expres-
sion follows from an application of Stokes’s theorem and the linearized constraint equations. By
construction the bulk charge is the symplectic product of the metric variation L¢g,, produced by
¢ with the linearized metric perturbation A,

Q;(C) = (ﬁgg, h)Hér = /HT dZ"P”/\Wﬁ(gmv“hw, (4.8)
3

where ( , ) Ms
7 and the required components of P (given in full in [32]) are given below. Since the symplectic
product is conserved on-shell (assuming appropriate smoothness conditions at CS™) this expression
does not depend on the choice of hyperbolic slice 7. We will take 7 — co. In the quantum theory,
h,, then becomes a free field operator, and commutators with Q; formally generate linearized
superrotations of the metric on H?‘f .

In the case at hand, the only nonzero component of the metric variation is (3.2) and we need
only the component P?*?? = —L_ The linearized charge reduces to the simple expression

is the symplectic product on a three-manifold M3, H3 is any hyperbolic slice of given

~ 8ntip
1 d*zdp 0 1 d*zdp 0
o= | oL M):—/ Ly nd) 4.9
QS (CY) S Aj 7_2,03 Y 9z2zz 167 )+ ,03 z ZZ ( )

(0)

where hzs is the T-independent part of hzs.



We note that Lyg.., as given in (3.2), involves only the order p” metric perturbation,® which
has been identified [21] as the holographic stress tensor in the context of AdS3 quantum gravity.
This gives a precise connection of the superrotation generators for M, quantum gravity as an uplift
of the generator of conformal transformations for AdS3. More specifically, the soft part of the
charge which generates 4D superrotations in the causal domain of ng is the symplectic product
on the 3D hyperbolic slice of the linearized 4D metric perturbation with the Y?-variation of the
3D holographic stress tensor.

4.3 Exact Bulk Charge

In the previous subsection, the surface charge Q1 ((y) on CS™ was reexpressed as a bulk integral over
ng in the linearized approximation. For a generic slice in a generic asymptotically flat spacetime
ending on CS™, nonlinear corrections are important, and there is no useful bulk expression for the
charge. However, it is natural to take 7 — 0o, in which case (assuming no stable black holes) the
slice hugs ZT, the fields become weak, and corrections to the linearized approximation are easily
incorporated.

In order to obtain the bulk expression on H?jr from the boundary expression on CS™ one inte-
grates by parts and uses the constraint equations G, = 877T;,. In the linearized approximation,*
the nonlinear terms on the left hand side and the entire right hand side are set to zero. In the full
theory, the constraints reduce (for 7 — o) to

—167Tyy = —2Gry = Ohry — Vo Vah,® — VOV uhro + Vo Vb 40,V o Vih®? —0,,0h, (4.10)

where the stress tensor is understood to contain both matter contributions and the quadratic
gravity wave stress tensor. Corrections which are cubic or higher in h,, vanish for 7 — oco. The
full expression for the charge is then

Q*(¢) = Q4(O) + 95(Q), (4.11)
where Q¥ (€) is given in (4.8) and the hard charge is
040 = [ asre,
Hy
1
- = / d*zdp p Ty uCH. (4.12)
2 H;f
For (y as in (3.1), (4.12) becomes
Qf(&y) = 1 2zdppr?| Ty — P 0.7 - L o2y
H 2 H; TZ 2 TpUz 2/)2 TzU,
1 2 3 P L
= -3 Y® T;. 0.1y — —0;T:z|. 4.1
2/H;d zdppT [ +2(9 o 2p282 (4.13)

Since the matter stress tensor generates diffeomorphisms on the matter fields, this manifestly
generates the hard action of the superrotations.

3In Section 5, to facilitate the connection to the soft theorem, a physically equivalent vector field ¢}, =
Cw (1 + 0O (p%)) which differs at further subleading orders is introduced.

4The linearized vacuum equations in hyperbolic coordinates are given in Appendix A.



5 Massive Point Particles

In this section we compute the hard charge for a collection of N massive point particles with inertial
trajectories, which are given in Cartesian coordinates by

o
i (\) = X+ b, (5.1)

mg
where k=1,..., N and p% = —mi. We follow the analogous treatment of massless point particles

presented in [37]. The massive point particle trajectories asymptote at late times to a fixed point
(Pks 2k, Zk) on Hy with A = 7. In the coordinates (2.3) this point is determined by

14 22 + P,;Z
.1 e Pk 2o+ Z
L _ Yk _ Pk k k
Thﬁnolo Txk (T) mg 2 —i(Zk — Ek) ’ (52)
1 — 2,2, — pi
The stress tensor of the kth particle is
PiDy
(X)) = / AAEZE S (X — 2 (V). (5.3)

mg

Substituting into the first line of (4.12) we find the simple expression
+ _ .
Qy(Q) = — Jim ;(Pk Ol (- (5.4)
To easily connect to the soft theorem, we use the vector field [36, 38|

1
o = 30RX" (0,00 — 4,920,) log(— - X)), X
where ¢ is the null vector that points towards w on CST,

¢ =1 +ww,w+ o, —i(w—w),l —wn). (5.6)

G = Cuw (1 +0 (;)) (5.7)

near CST and hence gives the same total charge as (. Since QF(¢/)) = QF((w), the two vector
fields have the same Ward identity and conservation law.® The vector field ¢/, arises naturally in
the study of conformal primary wavefunctions [35,36] as well as in the study of massive matter [3].
The utility of ¢/, over (,, in the present context is its simple relation to the momentum space version
of the subleading soft factor [3,16]. We further define polarization tensors

ghtt =ghtel | el =cehel el (w,w) = L(ﬂ), 1, —i,—w), eh(w,w)

wTw? \/5

One then finds that (5.4) becomes, after significant algebra,

M R %
Qjch) = 5 X [ st op |Pefmselitie], (59)
k

This vector field satisfies

1 .
= ﬁ(w, 1,4, —w). (5.8)

-z Pk -q

5Their soft and hard parts, however, are not separately equal. We find it curious that, even though their difference
is trivial, some computations are easier with (], while others are easier with (.



where the tensors
J,i“’ = a:ZpZ — x%p;: (5.10)

are the boost and angular momentum charges of the kth particle. The quantity in square brackets
in (5.9) is immediately recognizable as the soft factor in the subleading soft graviton theorem.

6 Subleading Soft Theorem

In this section we argue that the Ward identity of our charge implies the subleading soft graviton
theorem [3,16]. In [14] the classical conservation law associated to superrotations is expressed as a
sum of integrals over ZF in Bondi coordinates,

Qs(Y)+Qu(Y) =0, (6.1)
with
QsY) = L d2zquZu83Nz——1/ d?2dvY *v02 N%
16m T+ * * 167 T— z i

1 1
Qu(Y) = / d?zdur?Ys: <Tuz — 2u8ZTuu> — / d?zdv r?Y; <Tvz — 2@%), (6.2)
I+ -

where we take Y? = 0, N, is the Bondi news, and we raise and lower sphere indices using the round
metric on the unit sphere S2. It was shown in [14] that the quantum version of this conservation law
is equivalent to the subleading soft graviton theorem [16]. This conservation law can be expressed
as the equality of two total charges, one incoming and one outgoing.

In the present paper, in contrast, we have three hard and three soft charges associated to the
three slices ng , dsg, and H; , depicted in Figure 1. We accordingly decompose

Qs(Cn) = Q5 (Ch) + Q5(¢h) + Q5(Ch)
Qn () = Qi (Cw) + Qu(Cl) + Qg (C)-

Here we show Qg(¢) = Qs(-1-) and Qp(¢’)) = Qu(-L), and therefore that the subleading soft

w—z w—z
graviton theorem is equivalent to the conservation law on hyperbolic slices

(6.3)

Qs+ Qu =0. (6.4)

First, we show that

QH(CL,):QH( ! ) (6.5)

w—z
We can consider the hard charge for massive or massless matter. Massive particles cannot reach

the asymptotic dsg and therefore contribute only to the Qﬁ charges. As computed in the previous
section, the left hand side is

1 2 1 83 pZEMV;ggJ]Zaqa p;g,uu;iijjl'ja(ku
[ et | oot g7 it T 69
w—z k Pk - q ; Ppj-q

where pj are outgoing and p; are incoming momenta. One finds that the same expression holds
when we act with the hard charge on massless particles, with the momenta p; taken to be null.
This agrees with Qg in (6.2) (see [14]) and shows that the hard charges are the same.



Next, we wish to verify agreement between the soft terms evaluated in Bondi and hyperbolic
coordinates, i.e.

Qs = Q5(Cl,) + Q3%(¢,) + Q5 (¢)- (6.7)

In order to do so, we rewrite the first line in the Bondi expression (6.2) as

QS:/I+*J+/_*J, (6.8)

J =P L gV uhaodat. (6.9)

with

Note the use here of V, rather than ? 1, which appears in the gravitational symplectic pairing (4.8).
Since [ duu N3z is the subleading soft graviton insertion, and the Bondi news, up to superrotations,
falls off faster than 1 (or 1) at the boundaries of Z [14,39], we do not expect new soft contributions
from “capping” ZT at past and future timelike infinity i*. The soft charge (6.8) then becomes

Qs = / *J. (6.10)
HiudsuH;

Now that we are integrating over a surface without boundary, we are free to switch from V, to

% u because they differ by an exact form. The resulting integrand is the same one defining our
soft charges, so we have

Qs = Q5(Cl) + Q5(CL) + Q5 (). (6.11)

Since it has already been shown that the quantum version of (6.1) is the subleading soft graviton
theorem, we have demonstrated the desired equivalence of the quantum matrix elements of Qg(¢],)+
Qp(¢,) = 0 to the subleading soft graviton theorem.

7 Celestial Stress Tensor

So far we have not explicitly shown that the action of the charge Qg((/,), as suggested by the form
of (3.2), corresponds to conformal transformations on the celestial sphere. A fast way to do this
is to expand the Bondi news in asymptotic graviton creation and annihilation operators and then
use the results of [15]. One finds

ZQS(C{U) = 7ZUI§UMRS, (71)
where ’7;52,]\/[ RS is the subleading soft graviton mode [15]
3 d?z
%Iq(yMRS = ——— lim (1 + w0, / a(wa) — a’ (w 7 79
W\/%wao( ) (wiz)z;( ( Q) +( Q)) ( )

and a_ and ai are asymptotic graviton annihilation and creation operators. As shown in [15],
by reverse-engineering the subleading soft theorem of [16], normal-ordered insertions of 7,XM%S in
the 4D S-matrix obey the Ward identities of a 2D stress tensor, and therefore generate conformal
transformations of the celestial sphere. In particular, if we pick a contour C and integrate

1

2mi

fc dwY W TEMES (7.3)

for an arbitrary Y (w), the corresponding S-matrix insertions generate conformal transformations
on the celestial sphere associated to the holomorphic extension of Y% into the interior of C. Thus
1Qs(¢},) is the celestial stress tensor.



8 Dual Stress Tensor

In U(1) gauge theory, large electric gauge transformations . on the celestial sphere are generated by
a current .J,, with left /right conformal dimensions (1, 0) [36,40,41]. This current can be constructed
from the symplectic product of the Goldstone mode wavefunction d. A4, with the linearized gauge
field operator at null infinity. The Goldstone wavefunction has a symplectic partner which is not
pure gauge and leads to a second, symplectically conjugate (1,0) current Sy, [41]. S, is related to
large magnetic gauge transformations [42].

We note briefly here that a similar structure exists for the stress tensor T,EM RS which, like J,,,
is constructed from the symplectic product with a (2,0) Goldstone mode wavefunction dyg,,. In
the normalization conventions of [36], to which we refer the reader for details, the (2,0) Goldstone
mode is®

oldstone 1
hG ldst - _6 [vugzl/;w + VVC;L;’LU] . (81)

prww

This wavefunction has a (2,0) symplectic partner that is not pure gauge. The symplectic partner
is the A = 2 conformal primary wavefunction [36], where for general A
BAE (X ) = 1[(=4 - X)Ouwdu + (8ug - X)au)[(=q - X)Ouwty + (Ouwq - X)av] (8.2)
HY;ww ’ 2 (_q . X F ZE)A+2
These solutions are labelled by + for ingoing versus outgoing, the complex parameter w for the
point where the radiation flux crosses the celestial sphere, and A for the SL(2, C) conformal weight.
In hyperbolic coordinates (7, p, z, )7

0 0 0 0
5 2 5 3 _ T
hAi r2-4A 0 4(;UA+Z4) 2(;UA+21) i(Asz) 8.3
R D)3 5—3)% —(5—352 | - .
e = e =P+ p 7 F A 0 AEh o S 53
0 —2(w—2) —(w—2)> 1
pAF3 P pAT2
For A = 2 one finds the simple result [36, 38]
1
hfw;ww = ﬁh,g?}gionev (84)
which is not a pure diffeomorphism. The symplectic product (4.8) of these two modes on Hg’ is®
Goldstone 7 2+i _ m
(hw'tou S e; hvv ZS)H;‘ - W(S(g) (85)

This resembles an off-diagonal central charge. The symplectic product over a complete spacelike
Cauchy slice Y3 is

= i 8.6
23——5W (€)- (8.6)
Naively, the right hand side vanishes due to the factor of the imaginary part of the conformal weight
€. However, we leave it in this form as in some contexts there may be compensating conformally
soft poles in e. A second conformal weight (2,0) operator on the celestial sphere (in addition to
T.EMRS) can be constructed explicitly from the mode (8.4). Potential implications of two weight
(2,0) operators for the structure of the soft gravitational S-matrix are left to future work.

Goldstone 3 2+ie
(hww 7hvv )

5Tn [36] this mode is denoted h*=9,,.,w, where the tilde indicates the fact that it is the shadow of a mode with
conformal weight 0 in the basis (8.2).

"We note that these modes generically have radiation flux though CS* [36] and so do not obey the boundary
conditions for the charge defined on that surface.

8Useful formulae for evaluating these integrals can be found in [38,43,44].
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A Linearized Einstein Equations

In radial gauge, h;, = 0, the Einstein equations take the form

2 2 2
G = % (T@T + p0, +3 — pzazaz) hpp + — pr —(p0p + 2)(0zhp, + 02hyz)

A4 7hZZ hié S5 1 2 T - o Uz 2_2 hzf
+ 7 (0zhzs + O hzz) + — 4<78 p-0, 288

p 1 2
Grp = (70r —2) |:7_3hPP + W(azhpz + 0zhpz) + W(l - ﬂap)hzz]

1 2 2
Gop = ——ghpp — W(ﬁgh,}z + Ozhpz) — W(aghzz + 02hszz)

2
2 (#a& — 70 — pdy +2 — 2@3;) h.s

p47'2
2
p 1
G, = (Ta’r - 2) [_2738 hop+ 53 2.3 (pa +3>h p2 3(8 hee = azhzz)]
P 1 292 1 2p
z z - T T oUzUz h ¥4 z
G, 22;9 pp+22<787 70 p288>p+p 07h,
+W(P8 - 2)(a’hzz - azhzi)
p 1
G = —25 a%pp+ 3 (0 +1)0:hpe + o5 (1202 — 70, — p*0) + pO, )=
1
p 9 A2 2 1 292 2 02
G,; = @ <—T EL + 70, — p8p — 4+ 1026zaz> hpp + ﬁ(_T 87. +70- + 1Y 8;) - pap)hzz
p
_ﬁ(pap + 1)(82hpz + azhpz)- (Al)

Note that the Einstein equations completely decouple under different 7 scalings, so it is natural to

(n)

decompose the metric in a 7 expansion as hy,, = >, 7 "hu (p, 2, Z).

(0)

Working in “on-shell gauge” of the free Einstein equations we arrived at an equation for h;;
by itself. The gauge assumes that

Xthy, =0 (A.2)
Vehy =0 (A.3)
gwjhuu = 07 (A4)

where X* are Cartesian coordinates. Note that in hyperbolic coordinates (A.2) is equivalent to
hr, = 0. The G, equations all follow from these gauge conditions, and G, and Gz are equivalent

(0)

in this gauge. The G, equation can be used to eliminate h( ) in favor of hz; (up to integration
constants). Plugging into G gives

0= p*(pd, + 4)(p,, + 2)(p0, — 2)p0,hSY) + 80 (00, + 2)(p0, — 2)0.0:hY) + 16(0.05)*h{Y. (A.5)

Given a solution of (A.5), the other metric components in the gauge (A.2) are constrained.
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Linearized metric perturbations along a vector field {49, are given by

2
5gTT - *7—87'57
T 1
0grp = Op&r + ;(T@T — 2)5,)
1 2T
6gpp = 2(0,+ )€, — &
pp 1( p p) p 2

6977 = ;(7-87' - 2)5,2 + az&'

2
5gpz = (ap - ;)fz + azgp

5gzz = 28zéz
0g.2 = 0.6+ 0:E, + ngp - p27—§’r- (A'G)

Setting dg,, = 0, we must have 0;&; = 0. We can satisfy the conditions with & = 0 and &, &, &
72, but this is not completely general. We can also let &,(p, 2, Z) be a generic function and choose
the O(7) pieces of the other components accordingly. The general solution, using 7 weight notation
,Sn), is

57' = 5&0)(% 2y 2)

& = T (p2,2) +TOEY

& = 7°67(p,2,2) +70.6"

& = 7¢(p,2,2) + 10:£0. (A7)

Here we treat the 7 dependence as not included in ffln). We see the free data for these residual
diffeomorphisms are four free functions of three variables, and that these free functions only affect

the hf;,l) and h,(fVQ) pieces of the metric in hyperbolic coordinates.
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