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We propose a more general version of the Trans-Planckian Censorship Conjecture (TCC) which
can apply to models of inflation with varying speed of sound. We find that inflation models with
cS < 1 are in general more strongly constrained by censorship of trans-Planckian modes than
canonical inflation models, with the upper bound on the tensor/scalar ratio reduced by as much as
three orders of magnitude for sound speeds consistent with bounds from data. In particular, models
which satisfy the TCC, and therefore the de Sitter Swampland Conjecture, can still violate the more
general condition for non-classicality of trans-Planckian modes. As a concrete example, we apply
the constraint to Dirac-Born-Infeld inflation models motivated by string theory.

I. INTRODUCTION

Over the past several years, a series of so-called
“swampland” conjectures have been proposed concerning
the consistency of effective scalar field models of inflation
with a UV completion in a theory of quantum gravity,
including the de Sitter Swampland Conjecture and mod-
ified versions [1–3]. These conjectures have been widely
studied, and place strong constraints on models of cos-
mological inflation [4–10], in particular placing canonical
single-field inflation models in tension with current ob-
servational bounds [11, 12].
More recently proposed is the Trans-Planckian Censor-

ship Conjecture (TCC), which postulates that any con-
sistent theory of quantum gravity must forbid quantum
fluctuations with wavelengths shorter than the Planck
length from being redshifted by cosmological expansion
to wavelengths where they become classical perturba-
tions [13]. It is straightforward to show that if inflation
continues beyond a minimal number of e-folds, modes
with wavelengths on observable astrophysical scales to-
day must have been shorter than the Planck length dur-
ing inflation. This “trans-Planckian problem” has been
well studied in the literature [14–21], with the generic
expectation being that such modes are adiabatically ro-
tated into a Bunch-Davies state, and have little if any
effect on cosmological observables unless the scale of in-
flation is very high, and the scale of quantum gravity is
very low [22]. The TCC by contrast, postulates that such
modes are forbidden in any self-consistent UV-complete
theory. In this paper, we investigate the consequences of
this conjecture in a general class of string-inspired infla-
tion models.
In canonical single-field inflation theories, quantum-to-

classical “freezeout” of perturbations happens at approx-
imately the Hubble length. For modes freezing out at the
Hubble length, the TCC can then be formulated as

af
ai

= eN <
H−1

f

lP
=

MP

Hf
, (1)
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where the subscript i represents the onset of inflation,
and the subscript f represents the moment when inflation
ended in a period of reheating, initiating hot radiation-
dominated expansion. The implication of the TCC on
canonical-single field inflation was first studied in [23],
in which a stringent bound on the potential energy was
found

V 1/4 < 6× 108 GeV ∼ 3× 10−10MP . (2)

This low energy scale leads to upper bounds on the first
slow roll parameter, ǫ < 10−31, and the associated ten-
sor/scalar ratio, r = 16ǫ < 10−30. Under the assumption
that the TCC holds, these bounds strongly constrain the
inflationary model space.1

II. GENERALIZED TRANS-PLANCKIAN

CENSORSHIP CONJECTURE

The bounds (1) and (2) apply for the case of infla-
tion generated by a canonical scalar field. However, in
the case of a more general scalar Lagrangian with time-
varying equation of state or speed of sound, the Hubble
length is not the length at which quantum fluctuations
freeze out and become classical [30, 31]. In the more
general case, a general quadratic action for the curvature
perturbation ζ can be written in terms of the dynamical
variable dy ≡ cSdτ as [30]

S2 =
M2

P

2

∫

dx3dyq2

[

(

dζ

dy

)2

− (∇ζ)
2

]

, (3)

where τ is the conformal time, ds2 = a2 (τ)
[

dτ2 − dx2
]

,
and q is a function of the speed of sound cS and the slow
roll parameter ǫ ≡ −Ḣ/H2,

q ≡ a
√
2ǫ

√
cS

. (4)

1 Warm Inflation [24–26] and modified initial states for perturba-
tions [27–29] have been proposed as means to avoid these con-
straints.
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Defining a canonically normalized scalar mode function
v ≡ MPqζ, the associated mode equation becomes

v′′k +

(

k2 − q′′

q

)

vk = 0, (5)

where a prime denotes differentiation with respect to y.
The freezeout radius Rζ for which the quantum modes
cease oscillation and become effectively classical is then

R−2
ζ = q′′/q. (6)

Approximate scale invariance is obtained for Rζ ≃
−y/

√
2, which is in general dynamically completely in-

dependent of the Hubble length, and may be larger or
smaller depending on the details of the dynamics. The
usual limit of canonical single-field inflation can be ob-
tained by taking cS = 1 and ǫ ≃ const. ≪ 1, so that

q′′

q
≃ a′′

a
≃ 2a2H2, (7)

so that the freezeout horizon corresponds to the comov-
ing Hubble length Rζ ≃ (aH)

−1
. Mode freezing oc-

curs as long as the freezeout horizon shrinks in comov-
ing coordinates. (This can happen even in the case of
non-inflationary expansion, for example in models with
cS > 1 [31–34].)
In this paper, we consider the generalization of the

TCC to the case of non-canonical inflation models, with
time-varying speed of sound cS . In such models, also
known generically as k-inflation [35], the freezeout length
is given not by the Hubble length, but by the acoustic
length,

Rζ ≃ cS
aH

. (8)

For cS < 1 the acoustic horizon can be much smaller
than the Hubble length, and sub-Planckian fluctuations
can become classical without violating the Hubble TCC
condition (1). A schematic diagram of this possible sce-
nario in k-inflation is shown in Fig. 1.
In order to incorporate models with a non-canonical ki-

netic term, we formulate a Generalized Trans-Planckian
Censorship Conjecture (GTCC) as

ln
cS(a)MP

H(a)
> ln

a

ai
, (9)

where ai is the scale factor at the beginning of the in-
flationary phase. For any k-inflationary model, this rela-
tion should be satisfied at any moment during the infla-
tionary phase or sub-Planckian length scale modes would
become classical via crossing of acoustic horizon. How-
ever, unlike the evolution of Hubble radius during infla-
tion, which can only monotonically increase within the
range 1 > d lnH−1/dN ≥ 0, the speed of sound does
not have any restriction besides the range probed by
Cosmic Microwave Background (CMB) non-Gaussianity

FIG. 1. This diagram shows how a k-inflation model can sat-
isfy Eq. (1) but still can make trans-Planckian fluctuations
classical via the crossing of acoustic horizon (red, wavy line).

In this ln
Lphy

lP
vs ln a

ai
diagram, the evolution of the phys-

ical length of modes is given by the family of straight lines
with slope equal to 1. A mode with negative y-intercept was
smaller than the Planck length at the onset of inflation. To
satisfy TCC, the Hubble radius H−1 (black) cannot inter-
cept with the limit case k−1

TCC(ai) = lP . However, to satisfy
GTCC, no mode originated from a length scale shorter than
lP can intercept the acoustic horizon. (Labels indicate the
physical wavelength of a comoving wavenumber k.)

measurements [36]. For instance, the constraint from
non-Gaussianity is cS > 0.079 (95%, T only). However,
outside of scales probed by CMB non-Gaussianity, there
is considerably more freedom for variation in cS , and cor-
responding bounds on inflation.

A key point is that the evolution of the sound speed
in non-canonical models is independent of the potential
of the scalar field responsible for inflation. Therefore the
dynamics of the freezout length – here the acoustic hori-
zon – are likewise independent of the potential. Bedroya
and Vafa [13] showed that trans-Planckian censorship in
a canonical Lagrangian can be used to derive the de Sit-
ter Swampland conjecture [2, 3]. However, this linkage
is not preserved for more general Lagrangians, including
those typical of inflationary models in String Theory (see
Sec. IV.) For cS < 1, trans-Planckian censorship is al-
ways the stronger of the two constraints, in the sense that
a model which satisfies the canonical version of the TCC
(and therefore the de Sitter swampland conjecture), can
still violate the GTCC.
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III. SIMPLE EXAMPLES

In this section, we consider three simple applications
of the GTCC under the approximation that the Hubble
length H−1 can be taken to be approximately constant.
(We discuss time-dependence of H−1 in Sec. IV.) We
further consider only the k-inflation models satisfying one
of the following two conditions:2

• The acoustic horizon decreases monotonically.

• The acoustic horizon grows monotonically and at
most as quickly as the wavelength of comoving wave
modes, d ln (cS/H) /dN < 1.3

For models satisfying one of the above conditions, we
can use the GTCC (9) to place an upper bound on the
duration of inflation by taking the end of inflation to be
the earliest time at which the GTCC is saturated, so
that the relation (9) translates to an upper bound on the
number of e-folds of inflation,

Ntot < ln
cS(ae)MP

He
, (10)

where Ntot = ln ae/ai is the total number of e-folds dur-
ing inflation, while cS(ae) and He are the values of the
speed of sound and Hubble parameter at the end of in-
flation, respectively.
Another issue we have to consider for k-inflation is that

the condition of solving the horizon problem in k-inflation
models is different from that in canonical models. This
is because mode freezing happens when modes cross out-
side of the acoustic horizon instead of the Hubble radius,
which in general happens earlier in k-inflation than in
the equivalent canonical case (Fig. 2). If we consider a
comoving wave mode with wavelength of order the hori-
zon size today, k0 = (a0H0), the condition for horizon
exit of the same mode during inflation at scale factor ai
is

k0 =
aiHi

cS (ai)
. (11)

Therefore, the condition for solution of the horizon prob-
lem in a general k-inflation model is

cS(ai)

aiHi
≥ (a0H0)

−1. (12)

This reduces to the usual condition in the canonical case
for cS = 1.
We first consider a simple model with power-law be-

havior of cS :

cS(N) = cS(ai)e
sN , (13)

2 Notice that under the di Sitter limit, those two conditions on the
form of the acoustic horizon reduce to conditions on the speed
of sound, but generally they are not.

3 The reason of this condition is given in Fig. 4.

FIG. 2. A schematic picture of a k-inflation model violating
TCC and a canonical case with the same evolution of Hubble
parameter satisfying TCC. Both of them saturate the condi-
tion of solving the horizon problem. Since the k0 mode always
exits the acoustic horizon before exits the Hubble radius, the
k-inflation requires more e-folds to solve the horizon prob-
lem compared to the canonical case. As a result, the kGTCC

mode also exits the acoustic horizon earlier than the kTCC

mode does.

where s < 1, as a pedagogical example to show how the
maximum energy bound changes due to the non-trivial
speed of sound. After this example, we derive the bound
on the inflationary energy and the tensor/scalar ratio
for models satisfying the constraint that cS is mono-
tonically decreasing, or monotonically increasing with
d ln (cS/H) /dN < 1. We first assume instantaneous re-
heating after inflation and a radiation-dominated uni-
verse throughout the rest of thermal history after re-
heating in Secs. III A and III B, which is similar to the
analysis of Ref. [40]. In Sec. III C, we use conserva-
tion of entropy after reheating to calculate the bound
without assuming a radiation-dominated post-inflation
expansion, and we show that the shift in bound due to a
non-thermal expansion history is small. We also gener-
alize to the case of non-standard reheating,4 which adds
logarithmic corrections. All of the results in this section
are based on the same assumption made in the original
paper [23], i.e. H ≈ Hinf = const. In Sec. IV, we
then consider the more complicated case of power-law k-
inflation with varying Hubble parameterH (t), motivated
by known implementations in string theory, for which the
dynamics is generated by a brane evolving in a Klebanov-
Strassler throat. Lastly, since we only consider the above
mentioned special type of k-inflation models in the rest

4 The case of non-thermal post-inflationary history in the canoni-
cal case is discussed in Ref. [41].
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of the paper, we will refer Eq. (10) as the GTCC unless
otherwise stated.

A. A power-law behavior of speed of sound

FIG. 3. A schematic diagram of a k-inflation model with
power-law increasing speed of sound: cS(N) = cS(ai)e

sN ,
while s is some number within the range 0 < s < 1. To find
the upper bound on Hinf , we saturate the bound from GTCC
(10) at ae and the bound from solving horizon problem (12)
at ai.

In this simple example, we consider a varying speed of
sound as

cS(N) = cS(ai)e
sN , (14)

where s = const. is the first flow parameter of speed
of sound [45, 46] and we only consider s < 1. This in-
cludes any power-law decreasing speed of sound model
(s < 0) and power-law increasing speed of sound model
with d ln cS/dN < 1.5 Notice that the horizon problem
cannot be solved by this type of model when s > 1, since
the sound horizon grows more quickly than the physical
wavelength of modes, which therefore never freeze out.
The upper bound on the inflationary energy Hinf is de-
rived by saturating the condition of solving the horizon
problem (12) and GTCC (10) as shown in Fig. 3.
By substituting Eq. (14) into the GTCC (10), we have

Ntot < ln
cS(ae)MP

He
= ln

cS(ai)MP

Hinf
+ sNtot, (15)

5 Note that we adopt the opposite sign convention for N from the
convention used in Refs. [45, 46].

where H ≈ Hinf = const is used. Meanwhile, the condi-
tion of solving the horizon problem (12) under the sim-
plification of a radiation-dominated universe (assuming
instantaneous reheating) reduces to the form

ln
H−1

0

H−1
inf

− 2 ln cS(ai) ≤ 2Ntot. (16)

From Eqs. (15) and (16), we can obtain the upper bound
on Hinf as a function of the model parameter s:

Hinf

MP
. (10−20)

3−3s
3−s cS(ai)

4−2s
3−s . (17)

whereH0 = h×2.13×10−42 GeV with h = 0.7 andMP =
2.435 × 1018 GeV are used. Notice that since we have
saturated the bound from solving the horizon problem,
cS(ai) is roughly bound by the CMB non-Gaussianity
measurement and cannot be arbitrary small. With s = 0,
Eq. (17) gives the bound in a constant speed of sound
scenario as

Hinf

MP
. 10−20c

4/3
S , (18)

which reduces back to the canonical result if we further
set cS = 1.

B. Bounds as functions of cS(ai) and cS(ae)

From the previous example it is not hard to see that the
specific time dependence of cS does not matter, as long
as inflation ends whenever the first trans-Planckian mode
crosses the acoustic horizon. For this type of model, the
GTCC (9) reduces to the form (10), we then can de-
rive the upper bound on Hinf as a function of cS(ai)
and cS(ae). While this bound applies to a broad class of
models, one can engineer exceptions by a suitable choice
of time dependence for cS . For example, Fig. 4 shows a
counterexample that the GTCC (9) cannot simply re-
duce to the condition (10) since in this scenario, the
point saturating the GTCC bound (9) cannot be con-
sidered as the end of inflation due to the following period
of d ln (cS/H) /dN > 1, in which case ae reduces to its
value in the corresponding canonical inflation model.
To find the upper bound on Hinf in terms of cS(ai)

and cS(ae), we directly use the GTCC (10) and Eq. (16)
to obtain

1

3
ln

MP

H0
− 2

3
ln[cS(ae)cS(ai)] . ln

MP

Hinf
, (19)

which leads to

Hinf

MP
. 10−20(cS(ae)cS(ai))

2/3, (20)

by using H0 = h × 2.13 × 10−42 GeV with h = 0.7 and
MP = 2.435× 1018 GeV.
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FIG. 4. The GTCC (9) cannot reduce to the condition (10)
in the scenario shown here. The point where the GTCC is
saturated, a′, cannot be considered as the end of inflation
due to a following period of d ln (cS/H) /dN < 1. Gener-
ally speaking, the criterion is whether or not the average
value [d ln (cS/H) /dN ]

av
< 1 from a′ to ae. To discuss the

GTCC (9) constraint on the duration of this type of mod-
els, we need to introduce an extra model-dependent param-
eter, ln ae/a

′, and use cS(a
′) instead of cS(ae). In the re-

mainder of this paper, we restrict our discussion on models
with monotonic decreasing cS or monotonic increasing cS with
d ln (cS/H) /dN < 1.

We can re-derive the bound onHinf (17) for the power-
law speed of sound example from Eq. (20) by the follow-
ing procedure. We first substitute the GTCC (10) into
Eq. (14) for cS(ae) to have

cS(ae) < cS(ai)
1/(1−s)

(

MP

Hinf

)s/(1−s)

. (21)

Substituting Eq. (21) into Eq. (20), we again have the
upper bound on the energy scale during inflation as

Hinf

MP
. (10−20)

3−3s
3−s cS(ai)

4−2s
3−s . (22)

Next, we use this result, Eq. (20), to derive the up-
per bound of the first slow roll parameter ǫ and the ten-
sor/scalar ratio r for k-inflation with H ∼ Hinf . The
power spectrum of curvature perturbations for k-inflation
is given by

Pζ(k) =
1

8πM2
P

H2

cSǫ

∣

∣

∣

∣

kcS=H

, (23)

and the power spectrum of tensor modes is

Pt(k) =
2

πM2
P

H2

∣

∣

∣

∣

k=H

. (24)

For k-inflation, the tensor/scalar ratio is given by [42, 43]

r ≡ Pt(k∗)

Pζ(k∗)
= 16ǫc

(1+ǫ)/(1−ǫ)
S ≃ 16cSǫ, (25)

with cS and ǫ evaluated at the time when the k∗ mode
exits the sound horizon, and approximating the Hubble
parameter as constant between k∗ = H and k∗cS = H.
Substituting the upper bound Eq. (20) into Eq. (23)
with Pζ(k∗) ∼ 10−9, we have the upper bound for the
first Hubble slow roll parameter as

ǫ . 10−32 (cS(ae)cS(ai))
4/3

cS(a∗)
, (26)

where a∗ is the time when the pivot k∗ mode exits the
sound horizon during inflation. From this upper bound
on ǫ, the upper bound for the tensor/scalar ratio is given
as

r . 10−31(cS(ae)cS(ai))
4/3. (27)

Eq. (27) shows that for k-inflation, the condition that
no trans-Planckian mode becomes classical by the mech-
anism of inflation sets a more stringent upper bound on
the tensor/scalar ratio than in the equivalent canonical
case. For example, in the simplest case that the speed
of sound is also a constant during inflation, Eq. (27)
reduces to

r . 10−31c
8/3
S , (28)

where cS = 1 reduces to the canonical result. We can give
a rough estimate by using the current bound on the speed
of sound from CMB non-Gaussianity, cS(a∗) > 0.079
(95% from temperature data)[36], and assuming that
both cS(ae), cS(ai) ∼ 0.08, which lowers the upper bound
on r by a factor of (0.08)8/3 ∼ 10−3. Thus, the bound on
the tensor/scalar ratio can be tighter by several orders of
magnitude when we consider a general k-inflation model
with cS < 1.
For the power-law speed of sound model we considered

in Sec. IIIA, we can obtain the tensor/scalar ratio as a
function of model parameter s by substituting the upper
bound of Eqs. (21) and (22) into Eq. (27), which leads
to

r . 10−31+ 80s
3−s cS(ai)

4(2−s)
3−s . (29)

C. A more accurate estimation and including an

extended reheating process

To obtain a more accurate account of the evolution of
universe, we can use the conservation of entropy after
reheating to estimate of number of e-folds required to
solve the horizon problem (see, e.g. [23, 44]). However,
as we will see later that the results differ at most only
by one magnitude from the simplified setting we’ve used
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so far; moreover, the effect of cS(ai) and cS(ae) remains
exactly the same.
Without referring to the simplified geometrical picture

as we did previously, solving the horizon problem in any
k-inflation model requires that the comoving Hubble ra-
dius today fits in the comoving acoustic horizon at the
beginning of inflation

cS(ai)

aiHi
≥ (a0H0)

−1, (30)

which can be written as

cS(ai)e
Ntot

areh
ae

a0
areh

≥ Hi

H0
, (31)

where areh is the scale factor at the end of reheating and
the factor a0/areh can be evaluated by the conservation
of entropy after reheating

a0
areh

=

(

g∗(Treh)

g∗(T0)

)1/3
Treh

T0
, (32)

where g∗ is the effective number of relativistic degrees
of freedom, with g∗(Treh > 100 GeV) ≈ 106.75 and
g∗(T0) ≈ 3.38 by considering only Standard Model par-
ticle content. By assuming an instantaneous reheating
immediately after inflation, i.e. areh/ae = 1 and substi-
tuting Eq. (32) into Eq. (31), we have

ln cS(ai) +Ntot & 66.08 + ln
Hi

Treh
, (33)

where ln(T0/H0) ≈ 67.23 is used. Since we assume an
instantaneous reheating, we also have the relation

ρe = 3M2
PH

2
e =

π2

30
g∗(Treh)T

4
reh. (34)

Then by substituting the GTCC (10) and Eq. (34) into
Eq. (33) with Hi ∼ He ∼ Hinf = const., we obtain a
more accurate result

Hinf

MP
. 10−19.3(cS(ae)cS(ai))

2/3, (35)

which only differs from the result (20) by a factor of
10−0.7 ≈ 0.2, and the effect of speed of sound is un-
changed.
We can also consider an extended reheating process

with a constant value of ǫ, which leads to the relation

ln
areh
ae

=
1

ǫ
ln

He

Hreh
. (36)

To maximize the effect of this correction, we consider the
limit that reheating happened just before the Big Bang
nucleosynthesis, where Treh ∼ TBBN ≈ 4MeV . Then
the Hubble parameter at the end of reheating is given by

3M2
PH

2
reh =

π2

30
g∗(Treh ≈ 4MeV )T 4

reh, (37)

with g∗(Treh ≈ 4MeV ) ≈ 10.75. By substituting Eqs.
(32), (36) and (37) into Eq. (31) , we obtain the condition
of solving the horizon problem as

ln cS(ai) +Ntot & 114.7− 95.64

ǫ
+

ǫ− 1

ǫ
ln

Hinf

MP
, (38)

where Hi ∼ He ∼ Hinf is used. Then by substituting
GTCC (10) into Eq. (38), we have

ln [cS(ae)cS(ai)]−
(

114.7− 95.64

ǫ

)

&
2ǫ− 1

ǫ
ln

Hinf

MP
,

(39)
which can be written as

Hinf

MP
. 10

−49.8ǫ+41.54
2ǫ−1 (cS(ae)cS(ai))

ǫ
2ǫ−1 . (40)

With ǫ = 2, Eq. (40) reduces to result by assuming an
instantaneous reheating

Hinf

MP
. 10−19.4(cS(ae)cS(ai))

2/3. (41)

By substituting ǫ = 1, the upper bound of Hinf increases
significantly with the effect of speed of sound being mag-
nified slightly as

Hinf

MP
. 10−8.3cS(ae)cS(ai), (42)

which reduces to the result found in [40] when cS(ae) =
cS(ai) = 1 (see also [41]).
To understand why the equation of state during re-

heating changes the exponent of sound speed Eq. (40),
we can also assume an arbitrary energy scale of Hreh

satisfying He > Hreh > HBBN ≈ 4MeV , and we also
assume g∗(Treh) ≈ 106.75 in order to simplify the discus-
sion. Following the same procedure to obtain Eq. (39),
we then have

ln [cS(ae)cS(ai)] & 66.7+
2ǫ− 1

ǫ
ln

Hinf

MP
+
2− ǫ

2ǫ
ln

Hreh

MP
,

(43)
which can be written as

ln [cS(ae)cS(ai)] & 66.7 +
3

2
ln

Hinf

MP
+

2− ǫ

2ǫ
ln

Hreh

Hinf
.

(44)
Now we can see that the reason why the exponent factor
changing from 2/3 in Eq. (35) to ǫ/(2ǫ − 1) in Eq. (40)
depending on the equation of state of the reheating pro-
cess is due to the fact that the last term in Eq. (44) is
also related to Hinf and can be absorbed into the form
of (43). We also can see that if Href ∼ He, the last term
in Eq. (44) is insignificant and the exponent dependence
on the speed of sound is approximately 2/3.

IV. NON-CANONICAL INFLATION IN STRING

THEORY

In this section, we investigate how the GTCC (10)
constrains the parameter space of the Dirac-Born-Infeld
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(DBI)-power-law inflation [37–39, 46], which is motivated
by known implementations in string theory. We use the
simplified geometrical picture, radiation-dominated af-
ter inflation, with instantaneous reheating since we have
shown in Eqs. (20) and (35) that the effect of the speed
of sound does not change under this simplification.
We first relax the approximation that H ≃ const. dur-

ing inflation by considering a special class of models of
k-inflation with a power-law background expansion. In
power-law models, the Hubble parameter during inflation
is given by

H(N) = Hie
−ǫN , (45)

where ǫ = const. is the first Hubble slow roll param-
eter. Incorporating the change of Hubble parameter,
Hi = Hee

ǫNtot , the condition for sufficient inflation be-
comes

ln
H−1

0

H−1
e

− 2 ln cS(ai) < 2(1− ǫ)Ntot. (46)

Saturating Eqs. (10) and (46), we obtain

(3−2ǫ) ln
MP

He
= ln

MP

H0
−2(1−ǫ) ln[cS(ae)]−2 ln[cS(ai)],

(47)
which can be rewritten as

He

MP
=

(

H0

MP

)
1

3−2ǫ

[cS(ae)]
2−2ǫ
3−2ǫ [cS(ai)]

2
3−2ǫ . (48)

Next, the speed of sound is given by the relation

cS(N) = cS(ai)e
sN , (49)

where s = const. Using Eq. (49), we can write cS(ae) as

cS(ae) = cS(ai)e
sNtot . (50)

From Eqs. (10), (46) and (50), we can derive the relation

3− 2ǫ− s

1− s
ln

MP

He
= ln

MP

H0
− 4− 2ǫ− 2s

1− s
ln[cS(ai)],

(51)
which can be rewritten as

He

MP
=

(

H0

MP

)

1−s
3−2ǫ−s

[cS(ai)]
4−2ǫ−2s
3−2ǫ−s . (52)

To apply the upper bound on He, Eq. (52), to the DBI-
Power-Law inflationary model, we can expand the expo-
nential factors to the first order of ǫ, s, since the bound
from the tilt of scalar power spectrum already limits the
size of them to be small[47]. The first order approxima-
tion of Eq. (52) is given by

He

MP
=

(

H0

MP

)
1
3+

2
9 (ǫ−s)

[cS(ai)]
4
3+

2
9 (ǫ−s)

. (53)

Notice that since we have saturated the lower bound of
Ntot from solving the horizon problem and both ǫ, s ≪ 1,
we can use Ntot − N∗ ∼ 2.7 and Ntot ∼ 46.2, which
are calculated from the H = Hinf canonical case with
the pivot scale k∗ = 0.05Mpc−1. Therefore, we have
cS(ai) ∼ cS(a∗)e

−2.7s ∼ cS(a∗) > 0.079. Substituting
H0

MP
∼ 10−60 and cS(ai) ∼ 0.079, we obtain

He

MP
= 10−20(1+ 2

3 (ǫ−s))(0.079)
4
3+

2
9 (ǫ−s), (54)

which qualitatively shows that especially for the decreas-
ing speed of sound case in the DBI-Power-Law models,
i.e. s < 0, the constraint on He is more severe.
To evaluate the bound on ǫ and r, We first substitute

Eqs. (45) into Eq. (23) to obtain

Pζ(k) =
1

8πM2
P

H2
e

cSǫ
e2ǫN

∣

∣

∣

∣

kcS=H

, (55)

and then use the approximation mentioned above:
cS(ai) ∼ cS(a∗) > 0.079 and N∗ ∼ Ntot − 2.7 ∼ 45
to have

ǫ < 10−32(0.079)
5
3 10

40
3 (2s+ǫ) ∼ 10−32(0.079)

5
3 10

80
3 s.
(56)

In [47], the value of 2ǫ + s is bound by the measure-
ment of the tilt of scale power spectrum in this special
model 0.045 > 2ǫ+ s > 0.0263, which incorporated with
Eq. (56) should become 0.045 > s > 0.0263. This con-
straint on the parameter s rules out all the UV models in
the DBI-Power-Law inflation. Substituting the maximal
value of s into Eq. (56), the bound on ǫ is

ǫ < 10−32(0.079)
5
3 101.2 ∼ 10−33, (57)

which gives a bound on the tensor/scalar ratio of r <
10−33. By substituting s = 0.045 into Eq. (54), we can
also estimate the corresponding energy

He

MP
. 10−21, (58)

which is a free parameter in the original phenomenolog-
ical model. This result shows that although the DBI-
Power-Law models still has region in parameter space
satisfying GTCC, the corresponding energy scale at the
end of inflation is strongly tightened by Eq. (58); mean-
while, the decreasing speed of sound scenario in this par-
ticular model is completely ruled out if we assume the
GTCC.

V. CONCLUSIONS

In this paper we construct a generalization of the
Trans-Planckian Censorship Conjecture to include mod-
els with variable speed of sound, since in such models
mode freezing and the quantum-to-classical transition
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happen at the acoustic horizon rather than the Hubble
length,

Rζ ≃ cS
aH

. (59)

The condition that trans-Planckian quantum modes
never be redshifted into classical states is then

ln
cS(a)MP

H(a)
> ln

a

ai
, (60)

which cannot directly constrain the duration of k-
inflation in the most general sense, i.e., more model-
dependent parameters must be introduced. However, for
models with monotonic decreasing cS or monotonic in-
creasing cS with d ln (cS/H) /dN < 1, the GTCC (9)
directly gives a bound on the duration of inflation as

Ntot < ln
cS(ae)MP

He
, (61)

which reduces to the canonical Censorship Conjecture in
the limit that cS = 1. For cS < 1, inflationary evolution
is more tightly constrained than for the canonical limit,
since the sound horizon can be several orders of magni-
tude smaller than the Hubble length. The upper bound
on the Hubble parameter corresponding to the condition
(61) is

Hinf

MP
∼ 10−20 [cS(ae)cS(ai)]

2/3
, (62)

and the corresponding upper bound on the tensor/scalar
ratio is

r < 10−31 [cS(ae)cS(ai)]
4/3

, (63)

We apply the generalized bound to power-law DBI in-
flation models, taking into account the time-evolution of

the Hubble parameter, and derive an upper bound on H
at the end of inflation,

He

MP
∼

(

H0

MP

)

1−s
3−2ǫ−s

[cS(ai)]
4−2ǫ−2s
3−2ǫ−s . (64)

where ǫ is the first slow roll parameter, and cS ∝ esN .
In particular, we note that DBI inflation models with
decreasing speed of sound are ruled out entirely by the
GTCC. This is especially interesting, because these are
models explicitly constructed in string theory – pre-
sumably a self-consistent UV-complete theory – which,
if we forbid classicalization of trans-Planckian modes,
nonetheless lie in the swampland. In this paper, we ap-
ply the general GTCC (9) to the specific case of DBI
inflation, but it would be interesting to investigate its
consequences in other string-based models for inflation.
Finally, we comment on the relation derived in Bedroya

and Vafa [13] connecting trans-Planckian censorship with
the de Sitter Swampland conjecture [1] bounding the
slope of the scalar field potential. In the more general
case considered here, the correspondence no longer holds,
because the speed of sound has independent dynamics
not determined by the potential. Moreover, the general-
ization of the de Sitter Swampland conjecture to the case
of non-canonical Lagrangians is not obvious. See, for ex-
ample, Ref. [48] for a discussion of this issue. Trans-
Planckian censorship, however, is a physical condition
which is well-defined in non-canonical models, and any
constraint arising in the non-canonical case with cS < 1
is by construction more restrictive than any correspond-
ing constraint in the canonical limit, because the sound
horizon is always smaller than the Hubble length.
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