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Hybrid Nonsmooth Barrier Functions With
Applications to Provably Safe and Composable
Collision Avoidance for Robotic Systems

Paul Glotfelter

Abstract—Robots are entering an age of ubiquity, and to oper-
ate effectively, these systems must typically satisfy a series of con-
straints (e.g., collision avoidance, obeying speed limits, maintaining
connectivity). In addition, modern applications hinge on the com-
pletion of particular tasks, such as driving to a certain location or
monitoring a crop patch. The dichotomy between satisfying con-
straints and completing objectives creates a need for constraint-
satisfaction frameworks that are composable with a pre-existing
primary objective. Barrier functions have recently emerged as
a practical and the composable method for constraint satisfac-
tion, and prior results demonstrate a system of Boolean logic for
nonsmooth barrier functions as well as a composable controller-
synthesis framework; however, this prior work does not consider
dynamically changing constraints (e.g., a robot sensing and avoid-
ing an obstacle). Consequently, the main theoretical contribution
of this letter extends nonsmooth barrier functions to time-varying
barrier functions with jumps. In a practical instantiation of the
theoretical main results, this letter revisits a classic problem by for-
mulating a collision-avoidance framework and composing it with
a nominal controller. Experimental results show the efficacy of this
framework on a light detection and ranging (LIDAR)-equipped
differential-drive robot in a real-time obstacle-avoidance scenario.

Index Terms—Optimization and optimal control, robot safety,
autonomous vehicle navigation.

1. INTRODUCTION

HE introduction of robots to new application domains,
T such as precision agriculture and autonomous transporta-
tion, creates a new set of associated challenges [1], [2]. In
these domains, truly independent operation is predicated on
the satisfaction of certain constraints such as avoiding colli-
sions, occupying a designated area, or maintaining connectivity
to a base station. Often, these constraints are safety critical,
particularly in dynamic, human-occupied spaces, so provable
constraint-satisfaction guarantees are valuable [3]. Moreover,
most applications rely on the completion of an ever-changing
primary objective, such as driving a passenger to various des-
tinations or monitoring different crop patches, which induces
varying constraints. For robots to thrive in these domains, they
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require constraint-satisfaction frameworks that can synthesize
safe controllers for various objectives.

Barrier functions have recently reemerged as a provably cor-
rect constraint-satisfaction method for robotic systems and have
been applied to a variety of scenarios, including autonomous
transportation, remote-access testbeds, temporal-logic specifi-
cations, and quadrotor teams [3]-[9]. When utilized as con-
straints in an optimization program, barrier functions enable a
composable controller-synthesis framework that can minimally
modify a primary controller to satisfy the specified constraints.
Moreover, some of this prior work has focused on Boolean
composition of smooth barrier functions [6], [9], [10]; however,
smooth barrier functions are limited because Boolean composi-
tion of set-based constraints typically involves set intersections
and unions, which introduces nonsmoothness. Resolving this is-
sue, recent results have extended barrier functions to Nonsmooth
Barrier Functions (NBFs) and developed a complete system of
Boolean logic through min and max operators [11]. Moreover,
other work has addressed NBF-based controller synthesis [12].

Prior approaches to set invariance in robotics include [13]-
[15]; the use of barrier functions distinguishes this letter from
the existing literature. In addition to provable guarantees for
forward set invariance, barrier functions offer a number of ad-
vantages, namely their implicit formulation for general dynam-
ical systems and composability. The implicit nature of barrier
functions relates to Lyapunov functions in that satisfying a par-
ticular inequality point-wise across the state space provides a
global set-invariance result, meaning that barrier-function-based
controller-synthesis frameworks do not necessarily require sim-
ulation of the system over an interval (e.g., as in model predic-
tive control). The computational significance of this is demon-
strated in [8], where such a framework is used to synthesize
controllers for 80-dimensional ensemble systems of differential-
drive robots at 100 Hz. Furthermore, barrier functions are com-
posable, which means that arbitrary controllers, such as those
generated by the methods of [14], [16], can be easily incor-
porated during barrier-function-based controller synthesis. For
further advantages of barrier functions, see [3], [5]-[7], [11].

As for this letter’s contribution, prior work on NBFs, par-
ticularly in [11], [12], does not address time-varying NBFs,
inhibiting their application in robotics scenarios where unex-
pected events and dynamic environments may induce changing
objectives and constraints (e.g., an autonomous vehicle avoid-
ing a previously unsensed obstacle). Accordingly, the main
contribution of this work formulates Hybrid NBFs (HNBFs):
time-varying NBFs with jumps. This work also addresses a
practically useful class of controlled HNBFs and presents a
quadratic-program-based controller-synthesis method with the
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aforementioned advantages. HNBFs are superficially similar in
their hybrid nature to the switching sequences presented in [17],
[18] and much other work on hybrid systems. However, the anal-
ysis in this letter differs by focusing on set invariance rather than
stability.

Because of their recent renewed interest, the modern for-
mulation of barrier functions has not been widely applied to
classic robotics problems. Accordingly, to demonstrate a prac-
tical application of HNBFs in robotics, this letter revisits an
established problem: collision-avoidance for arbitrary primary
objectives. Specifically, HNBFs are used to encode a collision-
avoidance algorithm that composes with the primary controller
of a light detection and ranging (LIDAR)-equipped differential-
drive robot.

This letter is organized as follows. Sec. II contains back-
ground material, including tools from [11], [12], [19]-[22]. Us-
ing these tools, the main theoretical results in Sec. III extend
NBFs to HNBFs and applies them to controlled systems. For
use in the subsequent experiment, a general measurement model
and a composable collision-avoidance framework for control-
affine systems are formulated. To demonstrate the proposed
method, Sec. IV instantiates this framework for a LIDAR-
equipped differential-drive robot in local coordinates, and in
Sec. V, the robot uses the framework to achieve collision-free
navigation. Sec. VI concludes the letter.

II. BACKGROUND MATERIAL

The proposed HNBFs require tools from nonsmooth anal-
ysis and the theory of discontinuous dynamical systems. As
such, this section introduces background material including:
notation, system of interest, discontinuous dynamical systems,
nonsmooth analysis, Boolean logic for barrier functions, and
controller synthesis for NBFs.

A. Notation

The symbol x stands for the Cartesian product. The nota-
tion R >, represents the set of nonnegative real numbers greater
or equal to a; a.e. denotes almost everywhere in the sense of
Lebesgue measure. The expression B(z',§) denotes an open
ball of radius & centered on a point ' € R™. The operation
co represents the convex hull of a set. A functiona: R — R
is extended class-K if « is continuous, strictly increasing, and
a(0) =0.

B. Control-Affine Systems

Many robots can be modelled as control-affine systems (e.g.,
differential-drive robots, quadrotors) of the form

i(t) = f(z(?)) + g(=(t))u(z(), ), z(to) = z0,t0 € R, (1)

where f : R" — R", g: R" — R™ are locally Lipschitz con-
tinuous; u : R™ x R — R™ is measurable and locally bounded
in both arguments. In this case, u is not necessarily continu-
ous, so these assumptions model discontinuities in the control
input, which inevitably occur during controller synthesis in the
context of this work. For additional information and definitions
(e.g., locally bounded), see [22, p. 44, p. 49].

For differential equations, such as (1), solutions may not exist.
Toward analyzing discontinuous differential equations, apply-
ing Filippov’s operator K[f + gu] : R™ x R — 2R" yields a
particular system to which solutions exist. This operator maps
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discontinuous differential equations, as in (1), to a solution-
bearing differential inclusion. At a point (', '),

K +gul(@,¥)
= co{ lim f(z:) +g(z)u(;, ) : z; — o', 7, ¢ Np, N,
@

where N is a particular zero-Lebesgue-measure set and NV is
an arbitrary zero-Lebesgue-measure set [20, Thm. 1].
For a general differential inclusion,

i(t) € F(z(t), 1), z(ty) = o, to € R, 3)

on a set-valued map F : R® x R — 2R"  a Carathéodory so-
lution is an absolutely continuous function z : [tp, t] — R™
such that (t) € F(z(t),t) almost everywhere on [tg,t1] > ¢
and x(t9) = xp. Such solutions exist if F' is compact-, convex-
valued, nonempty, and locally bounded; for each fixed ¢, the
function ' — F(z’',t') is upper semi-continuous; and for each
fixed «/, the function ¢' — F'(z/,t') is measurable [22, p. 44,
p. 49]. In terms of completeness of solutions, this work requires
that solutions exist but does not require that they exist for all
time.

Combining these results, Filippov’s operator in (2) automati-
cally satisfies these properties. That is, Carathéodory solutions
to the differential inclusion

i(t) € K[f + gul(z(t),t), z(to) = 0, t0 €R, ()

always exist. See [22] for a comprehensive coverage of discon-
tinuous dynamical systems.

This work provides results for the general differential inclu-
sion in (3) as they apply to the dynamical system in (1) via (2).
In practice, the explicit computation of Filippov’s operator is
not required; instead, theoretical validation eliminates the need
to calculate (4).

C. Nonsmooth Barrier Functions and Boolean Logic

Barrier functions provably guarantee forward invariance of
a set that captures domain-specific constraints (e.g., an au-
tonomous vehicle staying in a lane or avoiding collisions). De-
note h : R™ x R>;, — R as the barrier function. The goal be-
comes to ensure forward invariance of the set

C={(z",t') e R" x Rxy, : h(z',t') > 0}.
It turns out that forward invariance can be guaranteed when
?‘]’(I(t)a t) = —Ct’(h(f.[:(t), t)': G.B.[tﬂ., tl] 31, (5)

for every Carathéodory solution, for some locally Lipschitz ex-
tended class-KC function o : R — R [11].

However, if the barrier function is not continuously dif-
ferentiable but is locally Lipschitz, as in this letter, calculat-
ing h can no longer be done via the usual chain rule. For-
tunately, the generalized gradient of [19] can be employed.
At a point (z',t') € R" x R.¢,, the generalized gradient oh :
R™ x R, — 2R"*R js defined as

Oh(z',t')
= co{ lim Vh(zi, i) : (i, ts) = (¢, ), (xi, ) # 2 },
(6)
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where (2;, designates the zero-measure set on which A is non-
differentiable, (2 is any zero-Lebesgue-measure set, and Vh is
the usual gradient [19, Thm. 2.5.1].

The generalized gradient in (6) is useful because it provides
analysis of derivatives along Carathéodory solutions to a differ-
ential inclusion. Specifically, given a Carathéodory solution to
(3), the time derivative of the function ¢ — h(z(t), t), satisfies

h(z(t),t) > min 8h(z(t),t)" (F(z(t)) x 1) (7)

almost everywhere on [ty,t;] = ¢t [21], [23]. Importantly, the

inequality in (7) circumvents the calculation of i(z(t), t), which
is particularly useful for controller synthesis. Now, combining
(5) with (7) yields the desired forward-invariance result [11].
Note that for sets A, B C R", ATB=1{a'b:a € A,be B},
such as in (7).

NBFs inherently capture Boolean composition. That is, bar-
rier functions composed with A, V, and — operators. For exam-
ple, an autonomous vehicle must stay in the designated lane and
not violate the speed limit. The results of [11], [12] show that
max, min, and negation form a full system of Boolean logic
with logical operators defined as

hi A he = m_in{hl s hg}
hi V he = max{hl, hg}
—lhl = —hl. (8)

Note that the logical operations are point-wise applied. For ex-
ample, (hy A h2)(-) = min{h(-), ha()}. This system of logic
can generate complex constraints for robotic systems from ba-
sic component functions. Moreover, the generalized gradient
becomes straightforward to estimate, and the corresponding
controller-synthesis framework only requires knowledge of the
component functions.

The generalized gradient of such an NBF, at (z/,¢') € R" x
R.;,, satisfies the inclusion

oh(z',¥)ceco | ) ohi(z,1),

iel(z',t")

where I(z',¢')={i: hi(z',t') = h(«',¥')} is the active-
function map [19, Prop. 2.3.12]. That is, the convex hull of
the generalized gradients of the active component functions
(i.e., those currently attaining the max or min) encapsulates the
generalized gradient of the NBF.

In [12], the NBF framework is extended to controller syn-
thesis for Boolean compositions. In particular, the work in [12]
develops an almost-active gradient for specific NBFs, as in (8),
that yields a validating controller when included as a constraint
to a QP. Moreover, Filippov’s operator on the controller does
not have to be explicitly computed, and, despite the required
analysis, the controller-synthesis framework can, effectively, be
automatically applied.

In this case, the continuous differentiability of the component
functions becomes a key property. The almost-active set for
a so-called smoothly composed NBF, as in (8), is defined, at
(z,t') e R" x Rsy,, as

Lz, t)) = {i : |h(2', 1) = h(, V)] < €}
Similarly, the almost-active generalized gradient is

8ch(z', ) =co | 0Oh(,1).

il (z',t")
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For such smoothly composed NBFs, [11] shows that includ-
ing the almost-active generalized gradient as a constraint in an
optimization program produces a potentially discontinuous but
validating control input, assuming that the resulting controller
is measurable and locally bounded [12, Thm. 3].

ITI. MAIN RESULTS

This section contains the main results of this work: the for-
mulation of HNBFs, Control HNBFs (CHNBFs), and piece-
wise-constant CHNBFs, with the appendix containing proofs of
the theorems. The piece-wise-constant CHNBFs are particularly
useful for applications with varying constraints. To demonstrate
their applicability, this section also formulates a general-purpose
collision-avoidance and controller-synthesis framework for the
system in (1) in terms of a piece-wise-constant CHNBF that rep-
resents dynamically appearing obstacles. Despite the breadth of
analysis required to prove the theorems, this framework essen-
tially depends on solving a QP with distance measurements as
constraints, and it is simple to apply, effective, and computa-
tionally feasible.

A. Hybrid Nonsmooth Barrier Functions

To account for the time-varying nature of the problem as
well as potential jumps, the formulation of HNBF:s first requires
a modification to the concept of forward invariance, which is
captured by the following two definitions.

Definition 1: A sequence {7y }3°_ , is a switching sequence
for (3) if and only if it is strictly increasing, unbounded, and
11 = to. With respect to {73 }3°_ ;, let

K
K;l :lrlf{KG N : [tﬂ,tl] - U [Tk,'rk+1) .

k=1

Definition 2: AsetD C R™ x R is hybrid forward invariant
with respect to (3) and a switching sequence {7 }3°_ ; for (3) if
and only if for every Carathéodory solution starting from z at
to,

(z(7x), ™) € D,VE < K¢, = (z(t),t) € D,

Yt € [to, 1]

Def. 2 captures the desired behavior of the system. Informally,
if the system starts in the set and every jump remains within
the set, then the system cannot leave the set. With regards to
composable collision avoidance as presented in Sec. III-B, this
assumption implies that no obstacles instantaneously appear
too close to the robot. The following two definitions construct
candidate HNBFs as well as the conditions under which they
are valid.

Definition 3: A function h : R" x R>;, — R is a candidate
Hybrid Nonsmooth Barrier Function (HNBF) for (3) if and only
if there exists a switching sequence {73 }3°_ ; for (3) such that,
for every k € N, h is locally Lipschitz continuous on R" x
[Ty Tk +1)-

Remark 1: In the context Def. 3, the generalized gradient
of h is only defined on each open interval (73, 7% + 1), as it
requires that the function be defined on an open set; though,
local Lipschitz continuity holds on [, 7% 4 1)-

Definition 4: A candidate HNBF h : R" x R-;, — R for
(3) by the switching sequence {73 }3°_ ; is a valid HNBF for (3)
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if and only if the set

C={(z,t) € R" x Ry, : h(, ') > 0}

is hybrid forward invariant via (3), {75 }3°_

Def. 4 departs from the formulation of NBFs in [11, Def.
4]. Instead, Def. 4 only requires positivity of the function
t — h(z(t), t) and does not require C to be nonempty, which has
been recognized to be superfluous since the forward-invariance
statement is an implication. The robustness properties of asymp-
totic stability to C' are precluded by the potential jumps in the
system, and recovery of this property is left to future work. In
this work, the set C still remains attractive; however, the system
will not be able to reach C' asymptotically due to potential jumps.
Regardless, the following results utilize the above definitions to
guarantee hybrid forward invariance.

Theorem 1: Let h : R™ x R, — R be a candidate HNBF
for (3) under the switching sequence {7 }3°_ ;. If forevery k €
N, there exists a locally Lipschitz extended class-AC function
a* : R — R such that

min Oh(z’, )" (F(',t') x 1) > —a* (h(z, 1)),

Yz’ € R™,t' € (1g,Tk11), then h is a valid HNBF for (3).

Following from Thm. 1, the next results concern a class of
piece-wise constant HNBFs for controlled systems, and the sub-
sequent section utilizes them to encode a series of collision-
avoidance constraints that stem from range and bearing mea-
surements. Toward this end, the following definition and result
capture the notion of a CHNBFE. By definition, valid CHNBFs
for (1) are valid HNBFs for (4).

Definition 5: A candidate HNBF h : R" x R-;, — R for
(1) under the switching sequence {7 };°_, is a valid Control
HNBF (CHNBF) for (1) if and only if there exists a measurable
and locally bounded function w : R™ x R — R™ such that for
every k € N there exists a locally Lipschitz extended class-/C
function o : R — R satisfying

min dh(z',t)" (K[f + gu](z’, ') x 1) > —a* (h(<, 1)),

V' e R"™, t' e [Tk,'rk+]).

Theorem 2: Let h* : R™ — R, k € N, be a collection of
valid CNBFs, in the sense of [12, Def. 4], for (1) under the
control laws and extended class-K functions, ¥ : R" — R,
of : R — R,k € N;and let {74 }3°_ ;| be a switching sequence
for (1). Then, the function h : R" x R>;, — R defined as

h(z',t') = k¥ (2'),Yk € N,Vt' € [, 75s1), V2 € R"

is a candidate HNBFE. Moreover, h is a valid CHNBF for (1)
with the input u : R" x Rs;, — R™ defined as

u(',t') = u*(z'),Vk € N,Yt' € [, + 1), V2 € R™.

Remark 2: In this theorem, the choice of the switching in-
terval remains arbitrary. Moreover, the controller « in the proof
is only defined on R™ x R, ; however, it can be extended to
R"™ x R, without affecting measurability and local bounded-
ness, by setting it to zero on the region R" x R, .

In Thm. 2, the collection of CNBFs is not time varying, as is
allowed for by Thm. 1; this choice is made so that Thm. 2
resembles the upcoming collision-avoidance algorithm, and
such an extension (i.e., to make each h* : R" x Rs;, — R,

k:R"™ x Rs;, — R™) would be possible. Regardless, with
these results, the next subsection revisits a classic problem, col-
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lision avoidance, where the collision avoidance algorithm is
encoded via an HNBF as in Thm. 2.

B. Composable Collision Avoidance

Using the main results of Sec. III-A, this section formulates
a CHNBF for composable collision avoidance. Here, a sce-
nario is modelled in which a sensor (e.g., LIDAR, infrared)
or a map provides piece-wise-constant relative measurements
to points that a robot must avoid. The system is assumed to
evolve according to control-affine dynamics as in (1), and = is
assumed to be the position of the robot. Formally, the measure-
ment model takes the form of a piece-wise-constant set-valued
map M : R, — 2®" that returns a finite set of points over
intervals indicated by a switching sequence {7x }3°_ ;. That is,
M) =M@#"),vt,t" € [Tk,Tk + 1). As such, the shorthand
M(m) = M(¥'),t € [k, Tk+1), indicates the points over the
interval [73, 71 1 ). The set-valued map M takes finite values in
R"™ with cardinality satisfying |M (7 )| = Ni.Theindexi € N;
denotes a corresponding measurement m; € M (7).

The value N represents the number of points to be avoided
over the interval |1, 7 ; 1). For each of these points on the
interval, the barrier function

hi(2') = ||z’ — mi|® —d®, m; € M(ty), i € Nk, (9)
encapsulates the constraint that the robot should remain at least

a distance d away from the point m; on the k'" interval. Then,
the NBF given by

;{
k_ hft

i=1

represents the constraint that all of these sampled points must
be simultaneously avoided over a specific interval.

For controller-synthesis purposes, the almost-active gradient
must be calculated. For this case, the almost-active gradient on
an interval k at a point z’ is given by

Ochf () =co | ) VH(2),

ielk (z)

where VhF(z') = 2(z' — m;). Importantly, this procedure
greatly prunes the number of constraints that must be included
for controller synthesis, as only those measurements which are
relatively close to the robot must be utilized.

Splicing the component functions together, the CHNBF h :
R™ x Rs¢, — R defined as

h(z',t') = h* ('), Yk € N,Vt' € [, 7641), Y2’ € R", (10)

is a candidate CHNBF by direct application of Thm. 2. To
synthesize a controller for the CHNBEF, it suffices to consider
the controller for each set of measurements, as per Thm. 2.
Since each of the individual gradients at each point in time
is smooth, the results of [12] apply, and utilizing the almost-
active gradient as a constraint to an optimization program yields
a collision-avoiding controller. Let a nominal controller u}*™
R™ — R™ represent the primary objective, then the solution to
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Algorithm 1: Collision-Free Controller Synthesis.

Input: Nominal controller: up°™ (xz(t))
Current measurements: M (73, )
Output: Collision-free controller: u(x(t), t).
hi (z(t)) — [lz(£) — mq||* — d?,Ym; € M(7y)
h* ((t)) « min; {h (z(£))}
IE(x(t)) — 0
fori=1: N, do
if |hF (z(t)) — R*(z(t))| < € then
I¥ (x(2)) U {3}
u(x(t),t) < arg min, cgm [Ju — ™ ((1))[?
sit 2(2(t) — mi) " (f(z(t)) + g(e(t)u) >
—a” (R (z(t)))vi € I (x(2))

the QP

u* (z') = arg min [lu —u*™ (') ||
uelk™

st 202" —mq) " (£(2') + g(2')u) = —aF (K (")),

Vi e IF(x)) (11)
is a validating controller on each interval, by the results in [12,
Thm. 3], assuming that the controller exists and is measurable
and locally bounded. Specifically, each NBF R* is a valid CNBF
under »* and of. Accordingly, the CHNBF in (10) is a valid
CHNBEF for (1) by Thm. 2. Note that each o is, effectively, a
design parameter. In practice, by [12, Thm. 3], the almost-active
gradient does not have to be included as a constraint directly.
Rather, just the gradients of the component functions must be
included, eliminating the convex-hull operation. In general, the
QP in (11) is not feasible for every possible system. Rather, if
the solution exists and is measurable and locally bounded, then
Thm. 2 holds.

Alg. 1 combines these results into a cohesive procedure for
calculating collision-free controllers; a consequence of this for-
mulation is that the synthesized controller tries to match the
nominal controller but will preferably ensure collision avoid-
ance. The QP may be solved through many software libraries
such as the MATLAB optimization toolbox or the Python library
CVXOPT. The complexity of Alg. 1 depends on determining
the e-close points to the minimum (linear complexity) and solv-
ing a QP. Typically, strongly convex QPs, a class to which this
algorithm belongs, have a runtime that is cubic in the number
of decision variables. Assuming a standard conversion of in-
equality constraints to equality constraints, the runtime should
be on the order of O((m + Ny)*) for most solvers. Finally,
note that while the barrier functions, hf, are hand designed, the
composition is automatically computed by Alg. 1.

IV. ComMPOSABLE COLLISION-AVOIDANCE FOR
DIFFERENTIAL-DRIVE ROBOTS

Previous sections detailed the general methods and theoret-
ical constraint-satisfaction guarantees afforded by the CHNBF
controller-synthesis framework summarized in Alg. 1. The pur-
pose of this section is to formulate these methods for a particular
choice of dynamics in order to achieve composable collision-
avoidance for LIDAR-equipped differential-drive robots. More-
over, Alg. 1 is encoded in the local coordinates of the robot,
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Fig. 1. The differential-drive robot, modeled by unicycle dynamics as in (12),
is equipped with a LIDAR. The point p is a distance [ from s, the center of the
robot and the LIDAR, which returns the vector R(—8)(m — s).

meaning that the robot does not need to estimate its global state;
this formulation also makes the collision-avoidance algorithm
independent from the particular objective at hand.

A. CHNBF Controller Synthesis in Local Coordinates

The CHNBF controller-synthesis method in Alg. 1' must be
adapted to apply to LIDAR-equipped differential-drive robots,
which are modelled by unicycle dynamics:

©=wvcos(f) y=wsin(l) 0=uw, (12)
where s = [, y]" is the position; 6 is the heading; and v, w are
the linear and angular velocity control inputs, respectively. The
LIDAR is located at s.

Under unicycle dynamics, direct application of Alg. 1 results
inlimited control authority because w does not appear in the time
derivative of the position of the robot. Thus, Alg. 1 is instead
formulated for a particular output of the state such that satisfying
the collision-avoidance constraints for the output is sufficient to
ensure collision-avoidance for the state; this output is chosen to
be a point p orthogonal to the wheel axis of the robot as in Fig. 1,
which is given by the following expression: p = s + [R(0)e,,
where e; = [1,0]T and R(6) is the counterclockwise rotation
matrix given by

cosf

?

R() — [ —sine]

sinfl  cosf
note that R(f) = R"(—6) and R(—0) = R(¢ — 0)R(—).

Underpinning this choice of output is a near-identity dif-
feomorphism (NID), as presented in [24], which provides the
following invertible mapping

v 1 0 cos(6)
“Tlol T Lo 1] [ -sin()
Denote by r the radius of the robot. Now, observe
that ||p — m;|| < ||s — m;|| +{. Then, picking d > r+ [, en-
sures that ||s —m;|| > 7, when ||p —m;|| > d. Considering

p as the state variable, the barrier functions in (9) become
hE(p) = ||[p — m;||? — d%. Accordingly, it must be that

2(p—mi) p > —y(hf(p))*,¥i € If (p) (13)

to satisfy Alg. 1, where h(p) — h(p)? is the selected extended
class-KX function and v > 0. Applying identity transformations

sin(f)

mejszRvmp

'In the following sections, time dependence is suppressed for clarity.
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.

Fig. 2.

(Left) The primary objective of the robot is to sequentially visit four points in the obstacle field. (Right) Using the controller-synthesis framework in

Alg. 1 and Sec. IV, the robot navigates without collision; the numbers above the robot indicate its progress along the trajectory.

to (13) yields the following equations:
2(p —mi) ' p=2(p— mi) R(O)R(—O)p
= 2(R(—0)(s —m;) +ley) Ll
(lp = mall® = d)* = (IR(~6)(s — m) +lea || — d?)*.

Thus, the constraint in (13) can be written in local coordinates,
and yielding the QP

u*(p) = arg min || G(u — u™)|”

uc
st.2(R(—0)(s —m;)+ley) L7u

> — (|R(—0)(s — ms) +lex | — d°)* Vi e I* (p),
(14)

where G is a positive-definite weight matrix (in Sec. V, G =
L~1) and «f°" is the nominal control input to the unicycle
in local coordinates. The QP in (14) selects a collision-free
control input and can be solved onboard the robot without global
information because R(—8)(s — m;) is in the coordinate frame
of the robot. Also, note that R(—€)(s —m;) is not the static
LIDAR reading at time 7. However, denoting the position and
heading of the robot at the time 73, by s;, and 6;_, R(—8)(s —
m;) can be written:

R(=6)(s = my) = R(—8)(s — 57, + 57,
— R(-6)(s — 5) + R(=0)(s5, — 1)

= R, —0) (RO (s~ 5n) ~ BB mi — s)

—m;)

)

LIDAR measurement
(15)

Thus, R(—6)(s — m;) can be obtained using LIDAR measure-
ments and local change in state (e.g., from encoders).

In summary, Alg. 2 shows the local formulation of the
CHNBEF controller-synthesis framework for LIDAR-equipped
differential-drive robots,? providing onboard composable, prov-
ably safe, and computationally straightforward collision avoid-
ance. Because Alg. 2 is decoupled from the nominal controller,
it can be easily integrated into a ROS node, providing plug-and-
play collision avoidance for arbitrary objectives.

~
local change in 6 local change in &

ZFor simplicity, Alg. 2 directly uses the LIDAR measurements under the
assumption that the local changes in 6 and s are negligible on the interval; the
local state estimation in (15) can be used if this assumption is invalid.

Algorithm 2: Local Collision-Free Controller Synthesis for
LIDAR-Equipped Differential-Drive Robots.

Input: Local nominal unicycle control input: u°™
Current LIDAR measurements: laser _scans
Output: Collision-free unicycle control input: u*.
fori=1: N; do
hY « || —laser_scans; + le; |2 — d?
VhF «— 2 (—laserscans; + le;)
h* «— min; {hF}
I* — 90
fori=1: N; do
if |h¥ — h*| < ¢ then
I¥ Ui}
uf — arg min, cg: || G(u — up™)|?
st. (VRE)TL=1u > —(RF)3, Vi e IF

B. Parameter Selection

The values of € and ~ are chosen experimentally using the
following rationale. Increases in € result in a larger almost-active
set, generating more constraints and increasing the runtime of
the QP; the increase in the runtime is tempered by the practical
benefits to collision avoidance from accounting for an increased
number of nearby measured points. The choice of + is informed
by its effect on yh(p)? : if - is small, then yh(p)® becomes small
around h(p) = 0, preventing the robot from making progress
toward the measured points; for larger ~y, the robot approaches
measured points more freely.

V. EXPERIMENTAL RESULTS

The theoretical results in Sec. I1I and the application of Alg. 2
to differential-drive robots in Sec. IV are validated using a
TurtleBot3, a LIDAR-equipped differential-drive robot; all com-
putations are performed onboard the embedded computer of the
robot using local information because the methods proposed in
Sec. IIT and Sec. IV are formulated to achieve collision avoid-
ance independent of the primary objective. To demonstrate this
point, a primary objective of sequentially visiting four points
Z = {21, 29,23, 24} is chosen, which is shown in Fig. 2. Here,
the nominal controller representing this primary objective is a
proportional controller that switches when the robot is within a
threshold of a point, where switches concur with new measure-
ments.
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Fig. 3. min; (h(p(t),t)) > O indicates that the robot maintains a distance

greater than r from all measured obstacles.

The local formulation of the CHNBF controller-synthesis
method in Alg. 2 was implemented on the embedded com-
puter of the TurtleBot3 as a ROS node in Python. The update
rate of the LIDAR is 200ms; however, given the laser scanner
measurements, Alg. 2 runs in approximately 10ms, suggesting
that the possible performance of Alg. 2 is approximately 100Hz
using the local estimation detailed in (15). In this implemen-
tation of Alg. 2, raw laser scanner measurements, admissible
because of the controlled environmental conditions of the lab-
oratory setting, were used. Notably, due to the form of Alg. 2,
the navigation objective is independent of the ROS node, so any
primary objective (i.e., nominal controller) could be integrated
without modification of the ROS node.

In the experiment captured in Fig. 2, the TurtleBot3 syn-
thesizes a controller that minimally modifies the nominal con-
troller while satisfying the CHNBF constraints to avoid colli-
sions (¢ = 0.2, v = 100, G = L', and d = 0.2 m). The left-
mostimage of Fig. 2 highlights the obvious collisions that would
occur if the robot were to execute the nominal controller without
accounting for obstacles. In the rightmost image of Fig. 2, the
trajectory of the robot is sampled, showing that by executing the
synthesized controller, the TurtleBot3 successfully navigates
the obstacle field. To quantify this success, Fig. 3 shows that
min; (h(p(t),t)) = 0 throughout the experiment, implying that
the TurtleBot3 maintains a distance at least  from all measured
obstacles.

VI. CONCLUSION

This work presented a hybrid extension of nonsmooth bar-
rier functions and provided an associated controller-synthesis
framework. These objects can encapsulate safety constraints
for robotic systems and, due to their hybrid nature, represent
dynamic changes. To demonstrate the practical nature of the
theoretical results, a LIDAR-equipped mobile robot utilized the
controller-synthesis framework to generate a collision-free con-
troller in a navigation scenario.

APPENDIX

This appendix contains the proofs of Thms. 1 and 2.

A. Proof of Theorem 1

Let x : [tp,t1] — R™ be a Carathéodory solution to (3) and
assume that (z(7;), 1) € C,Vk < K, . Let t' € [tg, ;]. It re-
mains to be shown that (z(¢'),t') € C. Since {7:}}°_, is a
valid switching sequence, there exists a unique interval such
that ¢/ € [1g, 7 1 1) for some k.

1309

Consider the interval [, ']. If t' = 73, then (z(¢¥'),t') € C.
Otherwise, t' > 7. Since h is a candidate HNBEF, it is locally
Lipschitz on the interval [ry,#']; thus, the function [ry,?] =
t — h(z(t),t) is absolutely continuous. Moreover, since h is a
candidate HNBF, dh exists on (73, ¢'), and by assumption (7),

h(z(t),t) > min Oh(x(t),t)" (F(z(t),t) x 1)
> —a* (h(z(t), 1))

almost everywhere on (73,t') > ¢, which is almost every-
where on [r;,t']. Because h(z(7:),7:) >0, h(z(t),t) >
0,Vt € [rx,t'], by [11, Lem. 2]. Thus, (z(¢'),t') € C. [ |

B. Proof of Theorem 2

The proof proceeds by showing & is a candidate HNBF, writ-
ing Oh in terms of each dh*, showing that u is measurable
and locally bounded, and writing K[f + gu] in terms of each
K|[f + gu®]. Then, the desired result follows from the appli-
cation of Thm. 1. In each of these five cases, notation for the
switching sequence is reused.

To show that k is a candidate HNBF, consider the switching
interval given by assumption, and let £ € N. By assumption,
h(z',t') = h*(x'), ¥t € [k, Tk11). Consequently, h is also lo-
cally Lipschitz on R" x [rj, 74 1), since t’ — h(z’,t’) remains
constant on this interval. Thus, % is a candidate HNBF.

Now, consider Oh(z’,t') on the set R™ x (7p,7r41) 3
(z',t'). Let Q2+ be the zero-measure set in R™ where hF is
nondifferentiable. Then, = Qr x R, is zero-measure in
R™ xR, By (6),

oh(,t')
= co{ lim Vh(z;, ;) : (i, ;) = (&',), (i, t:)
¢ Qh,Q} — coA.
Take z € A. By definition of h, h(x;,t;) = h¥(x;), so

z = lim Vh(z;,t;) = lim VA (z;) = lim [Vzhk(xi)T,O]T

i—00

*
= [lim V, (2T, 0} € ORF(z') x 0

i—00
This follows from (6), because dh* (') can be taken as
Ok () = co{ lim Vo () : 25 — =’ 2 & Qg }
T— 00

Thus, 8h(z', ') C OhF(z') x 0, because dh* (z') x 0 is convex
and A C 9h* (') x 0 implies that coA C dh*(z') x 0.

Now, consider the proposed control input u. To be a valid
input, it must be measurable and locally bounded. To show that
u is locally bounded, take (z',t') € R™ x Rsy,. There exists
a unique interval k such that ¢’ € [rg,7r,1). Since each " is
locally bounded, there exists a d; > 0 such that ||u* (y)|| < M,
Yy € B(z',61).

Because the switching sequence is strictly increasing, there
exists a d > 0 such that [t/, ¢ + 2] C [r%, 7+1). Accordingly,
foreveryy € B(«,61). s € [t + &l [u(y, )| = [[u* (v)]| <
M, showing that  is locally bounded.
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It remains to be shown that u is measurable. Let O be an open
set in R™. Then, it must be shown that u~1(0) = {(«/, 1) €
R™ x Ry, - u(z',t') € O} is measurable. This set is equivalent
to

U (&) e R" x [, mip) s (o, ¥) € O}
k=1

Examining any k£ € N yields that
{(2,t) € R" X [1%,Tiy1) s u(z', ') € O}
= (ukJ—I(O) x [Tk': Tk+1)7

because u*(z') = u(z/,#') on R™ x [rg,7k41). Thus, if z’
is such that u*(z') € O, then u(z’,#') € O for every t' €
[7%, Tk+1). Each u* and every [ry, 7, 1) is measurable, so the
set u~1(0), is measurable.

Since u is measurable and locally bounded, consider K [f +
gu] on any interval [ry, 7y 1 ). By definition, there exists a zero-
measure set N fl such that for any other zero-measure set N'!,

K[f + gul(«,t) =
co{ lim f(x;) + g(zi)u(zi, ¢') :x; — 2’ 7; ¢ N},Nl},
for every =’ € R", ¢’ € [rg, T4 1). Now, consider K[f + gu”].

By definition, there exists a zero-measure set Nf such that for
any other zero-measure set N2

K[f + gu*)(z') =

CO{ lim f(z;)+ g(:ci)uk(:ci) e A N‘?,NE},
forany z’ € R"™.

In each of these definitions, set N! = Nf and N2 = N}.
Consequently, since u(x’,#') = u* (z') for every ' € R", t' €
[Tk Tht1)s

K[f +gul(z',t') = K[f + gu*] ('),

V' e R"™, t e [Tk,'rk+]) .

It remains to be shown that h is a valid HNBF for (4) under the
control input u. Take any k& € N; by the above results, examining
any =’ € R", t' € (7,751 ) yields

min Oh(z,t)" (K[f + gu](z',t) x 1)
= min0h* (¢/) K [f + gu*](z')
> —ak (W (2') = —a* (h(, ¥)),
so h is a valid HNBF for (4) by application of Thm. 1. |
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