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We study ground-state quantum entanglement in the one-dimensional Bose-Hubbard model in
the presence of a harmonic trap. We focus on two transitions that occur upon increasing the
characteristic particle density: the formation of a Mott-insulating domain with site occupation one
at the center of the trap (lower transition) and the emergence of a superfluid domain at the center of
the Mott-insulating one (upper transition). These transitions generate discontinuities in derivatives
of the total energy and have been characterized by local (nonextensive) order parameters, so we
refer to them as local quantum phase transitions. We show that a second derivative of the total
energy is continuous with a kink at the lower transition, and that it is discontinuous at the upper
transition. We also show that bipartite entanglement entropies are order parameters for those
local quantum phase transitions. We use the density-matrix renormalization group and show that
the transition points extracted from entanglement measures agree with the predictions of the local
density approximation in the thermodynamic limit. We discuss how to determine the transition
points from results in small systems, such as the ones realized in recent optical lattice experiments
that measured the second-order Renyi entanglement entropy.

I. INTRODUCTION

As a fundamental property of quantum mechanics, en-
tanglement and its measures contain information of non-
local correlations of quantum states [1]. For many-body
lattice systems, entanglement measures provide powerful
tools to characterize their key properties [2-4]. Entan-
glement has also provided new perspectives on quantum
phase transitions [5-8], quantum dynamics and thermal-
ization [9-13], and topological order [14-16]. In addi-
tion to extensive theoretical interest recent experimental
progress with quantum gases, involving quantum inter-
ference [17, 18] and randomized measurements [19], have
made possible studies of quantum entanglement via the
second-order Renyi entanglement entropy.

In this paper, we study quantum entanglement in the
ground state of bosons in one-dimensional lattices in the
presence of a harmonic trapping potential, which mod-
els the experimental system in Refs. [17, 18]. Trapped
lattice systems have been studied systematically [20-43]
since their early experimental realizations with ultra-
cold atoms [44-48]. A special feature of trapped lattice
bosons, different from their homogeneous counterparts,
is the absence of a tradition quantum phase transition
paradigm because the Mott-insulating and superfluid re-
gions can coexist [20, 21, 33]. As a result, the formation
of a Mott-insulating domain at the center of the trap
does not result in a vanishing compressibility, which is a
global order parameter for the homogeneous system.

Instead, the formation of Mott-insulating domains has
been identified using local quantities, such as the lo-
cal compressibility and the fluctuations of the site oc-
cupations [20, 28, 33|, and we refer to them as lo-
cal quantum phase transitions. For trapped spinless
fermions [25, 26, 43], the emergence of a band-insulating
domain at the center of the trap produces a kink in the

second derivative of the total energy as a function of the
characteristic density p = N/R, where N is the total
number of particles and R characterizes the curvature of
the trap [43] [see Eq. (1)]. This motivates our use of the
term quantum phase transition in trapped systems.

Here, we study two local quantum phase transitions
that occur in the Bose-Hubbard model [49] in the pres-
ence of a harmonic trap: the formation of the n = 1
Mott-insulating domain at the center of the trap (re-
ferred to as the lower transition) and the emergence of a
superfluid domain with n > 1 at the center of the n =1
Mott-insulating one (referred to as the upper transition),
where n denotes the site occupations. Both transitions
are driven by increasing the characteristic density p. We
show that the second derivative of the total energy with
respect to the characteristic density is continuous with
a kink at the lower transition (as found in Ref. [43] for
the formation of a band-insulating domain for spinless
fermions), and that it is discontinuous at the upper tran-
sition. The goal of our paper is to characterize those tran-
sitions by means of ground-state entanglement entropies,
which we compute using density-matrix renormalization
group (DMRG) calculations [50-52].

Quantum entanglement in the Bose-Hubbard model
has been widely explored in homogeneous [53-59], as
well as disordered [60, 61] systems. In the homogeneous
case, an area law scaling (with a logarithmic correc-
tion) of the entanglement entropy with the subsystem
size was demonstrated for both the superfluid and the
Mott-insulating phases with a singularity at the tran-
sition point [59]. For a gapped Mott-insulating phase
in one dimension, the relationship between the entangle-
ment spectrum and the interaction strength was analyzed
using perturbation theory [57]. On the other hand, for
trapped systems, previous studies of quantum entangle-
ment mainly focused on free models [43, 62-70].



In a recent study [43], we showed that the ground-state
entanglement entropy of trapped spinless fermions in one-
dimensional lattices serves as an order parameter for the
local quantum phase transition that occurs when a band-
insulating domain forms at the center of the trap. Here,
we demonstrate that the same is true for what we refer to
as the lower and upper transitions in the trapped Bose-
Hubbard model. We show that about the lower transition
there exists a scaling function that is a universal function
of the characteristic density p for any given value of the
strength of the on-site repulsion, similar to what was pre-
viously found for spinless fermions [43]. While the lower
transition is characterized by a smooth decrease in the
entanglement entropy, the upper transition is character-
ized by a sharp increase. We outline a scaling analysis
that enables one to determine the critical characteristic
density for the latter transition in the thermodynamic
limit.

The use of the entanglement entropy for studying both
transitions allows us to determine the critical values of
the characteristic density much more accurately than us-
ing local properties [33]. We also study the entanglement
entropy for small numbers of particles, of the order acces-
sible in current experimental setups [17]. We carry out
extrapolations for those particle numbers and show that
the critical characteristic densities can be extracted in a
robust way.

The presentation is organized as follows: In Sec. 11, we
introduce the model and use the local density approxima-
tion (LDA) to determine the critical characteristic den-
sities in the thermodynamic limit. We study the ground-
state bipartite entanglement entropy upon the formation
of the n = 1 Mott insulator (lower transition) and the
emergence of the n > 1 superfluid (upper transition) in
Secs. IIT A and III B, respectively. A summary of our
results in presented in Sec. IV.

II. MODEL AND LOCAL DENSITY
APPROXIMATION

We study the one-dimensional Bose-Hubbard model in
the presence of an external harmonic confining potential.
The Hamiltonian can be written as
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where B;r (b;) is the creation (annihilation) operator of a
boson at site i, n; = IA)IIA)Z-, t is the hopping amplitude,
and U is the strength of the on-site repulsion. The total
number of lattice sites is L (taken to be even), R de-
termines the curvature of the harmonic trap, and we set
the trap center to be at g = (L + 1)a/2. In a system
with N particles, the characteristic density p is defined

as p = N/R [22, 25]. We use p and the strength of the
on-site repulsion U to characterize the properties of the
trapped system. In what follows, we set the hopping am-
plitude ¢t = 1 as the unit of energy and the lattice spacing
a = 1 as the unit of distance.

The results reported throughout this paper are from
DMRG simulations carried out using the ITENSOR li-
brary [71]. We set the maximum bond dimension for the
matrix product states to be 3200, the truncation error
cutoff to be 10712, and the maximum number of bosons
per site to be 6. The convergence criteria is set such that
the energy difference between two consecutive sweeps is
smaller than 107!,

In homogeneous systems (R72 = 0) [see Eq. (1)],
the Bose-Hubbard model is known to exhibit a Mott-
insulating phase for U > U} when the particle occu-
pation n is an integer number, and a superfluid phase
otherwise [49]. In trapped systems, superfluid and Mott-
insulator domains can coexist. One can understand this
within the local density approximation (LDA) [27, 32].
Within the LDA, one replaces the confining potential
term in Eq. (1) by an effective local chemical potential,
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where « is the distance from the center of the trap and pq
is the chemical potential at the center of the trap. The
region about site x is thought of as a homogeneous system
with chemical potential p(x). Depending on p(x) and U,
one can then have different local “phases” (domains) in
different regions of the trap.

Hence, within the LDA, in order to compute the site-
occupation profiles in a harmonic trap n(z) = n[u(z), U],
all one needs to do is to compute the site occupations
n(u,U) in a homogeneous system. Using DMRG, we
compute p(n,U) in finite homogeneous systems with Ly
sites and N particles (n = N/Lg) and open bound-
ary conditions. The chemical potential is obtained as
u(n,U) = E(N,U) — E(N —1,U), where E(N,U) is the
ground-state energy of a system with N particles and
on-site repulsion U [73]. We then perform an interpola-
tion (using a Hermite interpolation method with a cubic
order) to make p(n,U) a continuous function and to es-
tablish the inverse relation n(u,U). The next step is to
determine the offset o in Eq. (2), i.e., the chemical po-
tential at the trap center. The lower (upper) transition
occurs when fy just reaches (leaves) the n = 1 Mott-
insulating phase, po = i (U) = E(Lo,U) — E(Ly — 1,U)
(o = pu(U) = E(Lo +1,U) — E(Lo, U)].

The critical characteristic density p'"(U) is, subse-
quently, obtained via a numerical integration of n(zx),
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In this paper, we focus on interaction strengths U >
U=! for which there is always a Mott insulator at n = 1.

A state diagram constructed using the LDA as ex-

plained before with results from homogeneous systems
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FIG. 1. State diagram of the trapped Bose-Hubbard model in
Eq. (1) (see also Ref. [33]). Labels for U > U?=' indicate the
states of the trapped system exemplified in the corresponding
insets: (I) n < 1 superfluid profile, (II) n = 1 Mott-insulator
at the center of the trap surrounded by n < 1 superfluid re-
gions, and (III) n > 1 superfluid region at the center of the
n = 1 Mott insulating domain that, in turn, is surrounded by
n < 1 superfluid regions. The critical values of the char-
acteristic density p for the transition from (I) to (II) (i,
lower transition, down-triangles) and from (II) to (III) (pg,
upper transition, up-triangles) were obtained using the LDA
[Eq. (3)] from calculations in homogeneous systems with size
Lo = 200. We also show results (stars) for the extrapolated
(Lo — o) LDA predictions, see Fig. 2. The vertical dashed
line indicates the critical value U2~ = 3.28 for the formation
of n =1 Mott insulator in the homogeneous system [72, 73].

with Ly = 200 is shown in Fig. 1. The different states
on the p—U plane for U > U"=! correspond to (see
site-occupation profiles in the corresponding insets): (I)
n < 1 superfluid profile, (II) n = 1 Mott insulator at
the center of the trap surrounded by n < 1 superfluid
regions, (III) n > 1 superfluid region at the center of
the n = 1 Mott-insulating domain that is surrounded by
n < 1 superfluid regions. Note that the lower transition,
i.e., the transition from (I) to (IT), occurs for values of
pL that are very close to p. = 8/ [43]. The latter is the
critical characteristic density at which a band insulator
forms at the center of the trap for spinless fermions [or
hard-core bosons, which are the U — oo limit of Eq. (1)].

State diagrams computed using the LDA based on
results from homogeneous systems with finite Lg suf-
fer from finite-size effects as the functions n(u,U) and
1,4, (U) obtained that way are not the ones in the ther-
modynamic limit. Remarkably, for Ly > 100, finite-size
effects are small in the scale of the state diagram in Fig. 1.
In Fig. 2, we show p\* calculated from different n(u, U)’s
obtained in systems with up to Ly = 300 for U = 5
and 10. Small but non-negligible differences in p\,* are
found for both transitions. We extrapolate the results to
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FIG. 2. Scaling of the LDA results for the critical character-
istic densities of the local quantum phase transitions in the
trapped Bose-Hubbard model. The open symbols denote re-
sults for finite systems with Lo sites, the dashed lines are fits
of pk* to cubic polynomials in 1/ Lo, and the stars denote the
extrapolated results at Lo — co. (a) and (c) pL for the for-
mation of the n = 1 Mott insulator at the center of the trap
(lower transition) for U = 5 and 10, respectively. (b) and (d)
pe for the formation of the n > 1 superfluid domain at the
center of the n = 1 Mott-insulating one (upper transition) for
U =5 and 10, respectively.

Lo — oo (stars in Fig. 2) by fitting p4*(U) with cubic
polynomials in 1/Lqy (dashed lines in Fig. 2). In Fig. 1,
we compare the extrapolated results (stars) and the re-
sults for Ly = 200 (triangles). The differences are not
noticeable. The results for pl;*(U) after extrapolation
are used as the reference transition points in Sec. III.

IIT. LOCAL QUANTUM PHASE TRANSITION

We turn our attention to using quantum entanglement
to detect the transitions shown in Fig. 1. Even though
those transitions occur locally in space, they still exhibit
signatures of quantum phase transitions [74]. In par-
ticular, a second derivative of the ground-state energy
exhibits indications of nonanalytic behavior at the tran-
sition points in the thermodynamic limit.

In Fig. 3, we show results for the discrete second deriva-
tive of the ground-state energy density £ = E/R in the
presence of the harmonic trap [Hamiltonian (1)],

B(p) = E(p+dp) - ?%Ea(;) +E(p—0p) @)

across the lower [Figs. 3(a) and 3(b)] and upper
[Figs. 3(c) and 3(d)] transitions. In our calculations,
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FIG. 3. Discrete second derivative E”(p) of the ground-state
energy in the trapped Bose-Hubbard model for (a) U = 5 and
(b) U = 8 across the lower transition (i.e., the transition in
which the n = 1 Mott insulator forms at the trap center) and
for (c) U = 5 and (d) U = 6.25 across the upper transition
(i.e., the transition in which the n > 1 superfluid forms within
the n = 1 Mott insulator). To compute the derivative, we fix
R and change N in steps of variable numbers of particles to
achieve “closed shells” in the site occupation profiles. Results
are shown for two values of R for each value of U such that
at pb*(U) (from LDA, vertical dashed lines) the number of
particles in the system is N> as follows. Squares: (a) N! =
200 (R = 78.79), (b) N = 200 (R = 76.75), (c) N* = 150
(R = 51.49), and (d) N = 80 (R = 22.70). Circles: (a)
N! =300 (R = 118.18), (b) N! = 300 (R = 115.13), (c)
N¥ =200 (R = 68.65), and (d) N* = 100 (R = 28.38). The
solid lines depict results obtained within the LDA (with Lo =
200). Small finite-size effects are apparent in the departure of
the LDA kinks in (a) and (b) from the thermodynamic limit
predictions for p. (dashed line).

we fix R and change p by increasing N. The numeri-
cal results for E”(p) (symbols in Fig. 3) provide strong
indications that, in the thermodynamic limit, E”(p)
is continuous with a kink developing at p! [Figs. 3(a)
and 3(b)] whereas it is discontinuous at p¥ [Figs. 3(c)
and 3(d)]. These features are better seen in the results
obtained for E”(p) within the LDA (reported as contin-
uous lines). The behavior of E”(p) at the lower transi-
tion [Figs. 3(a) and 3(b)] is qualitatively similar to the
one found at the critical characteristic density at which
the band-insulating domain forms for trapped spinless
fermions [43].

The goal of our paper is to use entanglement measures
to detect the local quantum phase transitions in the Bose-
Hubbard model in the presence of a harmonic trap [see
Eq. (1)]. We split the system into two halves, A and A.
For the ground state |m), the reduced density matrix of
subsystem A is pg = Trz|m)(m|. We are interested in
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FIG. 4. Entanglement entropy for the ground state of the
homogeneous Bose-Hubbard model [R™2 = 0 in Eq. (1)] in
the n = 1 Mott-insulating phase. Main panels: (a) von

Neumann entanglement entropy Si(l)\? and (b) second-order

Renyi entropy Séo) as functions of the interaction strength
U. The symbols show the numerical results. The solid lines
are results obtained evaluating Egs. (5) and (6) using only
the seven largest eigenvalues of the entanglement spectrum
(obtained numerically). The dashed lines are the theoreti-
cal results obtained evaluating Egs. (5) and (6) using only
the three largest eigenvalues of the entanglement spectrum
with A; [see Eq. (8)] computed to leading order in 1/U [57].
The insets: (a) Ap and (b) Ay vs U. The symbols depict
the numerical results, whereas the solid lines show results of
fits to A; = a;/U? for U > 100, which yield ap = 4.00 and
a1 = 5.33. The DMRG results were obtained in an equal
bipartition of a homogeneous chain with Lo = 200.

the von Neumann entanglement entropy,
Sox = —Tr{palnpa} == Xjln\;, (5)
J

and the more general Renyi entanglement entropy of or-
der a (Syn is the @ — 1 limit of S, ),

1 o 1 o
_aln[Tr{pA }:1_aan)\j. (6)
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where \; are the eigenvalues of p4, which are computed
using DMRG. S5 is the Renyi entanglement entropy that
was measured in recent quantum gases experiments.
For trapped spinless fermions in one-dimensional lat-
tices, the formation of a band insulating domain at the
center of the trap leads to a vanishing entanglement en-
tropy [43]. Similarly, here we expect the formation of a
(gapped) Mott-insulating domain with n = 1 (lower tran-
sition) at the center of the trap to result in a reduction of
the entanglement entropy. In contrast, we expect the for-
mation of the (critical) superfluid domain with n > 1 at



the center of the Mott-insulating one (upper transition)
to result in an increase in the entanglement entropy. We
show in Secs. IIT A and 111 B that, as a result of the afore-
mentioned expected changes, the entanglement entropy
can be used as an order parameter for both local quan-
tum phase transitions.

We note that when a Mott-insulating domain forms at
the center of the trap, due to the presence of a finite cor-
relation length, the bipartite entanglement entropies in
the trapped system are expected to approach the values
in the Mott-insulating phase in a homogeneous system,
which we denote as S\(,?\I) and S’((XO). In the main panel of
Fig. 4(a) [Fig. 4(b)], we plot the ground-state von Neu-

mann entanglement entropy S‘(,(I)\I) (the second Renyi en-
tanglement entropy Séo)) in the Mott-insulating phase of
the homogeneous Bose-Hubbard model vs U. S\(,?\I) and

Séo) can be seen to vanish as a power law in 1/U with
the leading-order scaling

S~ )/, S ~1/U?, (7)

Those scalings can be obtained analytically from a per-
turbative expansion (in 1/U) of the entanglement spec-
trum [57]. The three lowest eigenvalues have the form

Mo=e B0 N\ == et (8)

where, to leading order, A;’s (i = 0,1) scale as a; /U2
We find, numerically (see the insets in Fig. 4) that g =
4.00 and a1 = 5.33, which agree with the values ag = 4
and «; = 16/3 obtained perturbatively [75].

In the main panels in Figs. 4(a) and 4(b), we compare

the numerical results obtained for S\(,(I)\? or S&O) with re-
sults obtained evaluating Egs. (5) and (6) including only
the seven largest eigenvalues (obtained numerically) and
the three largest eigenvalues obtained analytically with
A; = a;/U? [see Eq. (8)]. The agreement between all the
results is excellent for U > 10.

A. Formation of the n =1 Mott insulator at the
center of the trap

Here, we study the entanglement entropy across the
transition from states (I) to (II) in Fig. 1. Namely, the
transition in which the n = 1 Mott-insulating domain
forms at the center of the trap (lower transition).

The main panels of Fig. 5 show plots of Syn vs p across
that transition for four values of the on-site interaction
strength U. To change p, we fix the number of trapped
particles N and change R. In each panel in Fig. 5, we
show results for four different values of N. For all values
of U and N, one can see the expected decrease in Syn
towards 55(1)\? as p increases beyond p’ (predicted by the
LDA, vertical dotted lines). We also note that, for each
value of U, the results for different numbers of particles
can be seen to cross very close to the transition point pl.
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FIG. 5. Syn for the trapped Bose-Hubbard model when the
n = 1 Mott-insulating domain forms at the center of the trap
(lower transition). Main panels: (a) U = 5 for trapped sys-
tems with N = 150 (dashed line), N = 200 (dashed-dotted
line), N = 250 (dashed-double-dotted line), and N = 300
(dotted-double-dashed line) particles. (b)—(d) U = 6.25, 8,
and 10, respectively, for trapped systems with N = 100 (solid
lines), N = 150 (dashed lines), N = 200 (dashed-dotted
lines), and N = 250 (dashed-double-dotted lines) particles.
The vertical dotted lines show the LDA predictions for pl.
The insets: Syx vs g = (p— pL)N for the same results shown
in the corresponding main panels. The horizontal dotted lines
show 55(1)\1) for n = 1 homogeneous systems with the same val-
ues of U [see Fig. 4(a)].

Motivated by that crossing, we study the scaling of S,y
vs p close to pl. The insets in Fig. 5 show plots of Syx vs
p = (p—p.)N that exhibit excellent data collapse. (The
collapse improves as U increases as this reduces finite-
size effects.) This suggests the existence of a universal
scaling function,

Sun(U) = FO([p — p(U)]N) (9)

for the local quantum phase transition for all interaction
strengths U > U.. Note that in the insets, for large values

of p, Syn converges to S‘(,?\? (dotted lines) as advanced. As
in the study of trapped spinless fermions in Ref. [43], we
find that the behavior of the second Renyi entanglement
entropy S in trapped bosonic systems is qualitatively
similar to the one discussed before for S,n, so we do not
report results for Sy here.

Next, we explore whether measurements of the entan-
glement entropy in smaller systems, such as the ones that
are currently accessible experimentally [17], allows one to
determine p.. In order to address this question, we focus
on the second Renyi entanglement entropy as this is the
one that is of relevance to experiments.

In Fig. 6, we show results for Sy vs p for the same
values of U as in Fig. 5 but for trapped systems with
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FIG. 6. Sz vs p across the lower transition for small numbers
of particles. Main panels: (a) U = 5 for trapped systems
with N = 16 (dashed-dotted line), N = 20 (dashed-double-
dotted line), N = 24 (dotted-double-dashed line), and N =
28 (dashed line) particles. (b)—(d): U = 6.25, 8, and 10,
respectively, for trapped systems with N = 8 (solid lines),
N = 12 (dashed lines), N = 16 (dashed-dotted lines), and
N = 20 (dashed-double-dotted lines) particles. The insets:
p at the crossing points px of curves for particle numbers N
and N + 4. The values of U are the same as those in the
main panels. The solid lines show results of fits of px to a
quartic order polynomial of 1/N* (N* = N+2). The smallest
numbers of particles used in the fits are N = 20 in (a) and
N = 8 in (b)—(d). The horizontal dotted lines are the LDA
predictions for p.

an order of magnitude smaller number of particles (same
order of magnitude but still larger number of particles
than in experiments [17]). As expected because of large
finite-size effects, in Fig. 6, the curves for Sy do not cross
at the same value of p for different values of N. The
crossing points between curves for the closest number of
particles can be seen to move towards smaller values of
p (towards pl) as the number of particles increases.

In the insets in Fig. 6, we plot p at the crossing points
between curves for systems with Ny = N and No = N+4
particles (denoted as px) vs the (inverse) average num-
ber of particles N* = (N1 + N3)/2. We extrapolate the
results to N* — oo by fitting px vs 1/N* to a quartic
order polynomial in 1/N* (dashed lines). The extrapo-
lated results can be seen to give a good estimate of p.
(shown as horizontal dotted lines), which suggests that
experimental measurements of S in slightly larger sys-
tem sizes than those currently accessible could be used
to determine p!, in the future.

The results in Fig. 6 make apparent that finite-size
effects decrease significantly as U increases and departs
from the critical value of U"=!. As U approaches U"=!
from above, the insets in Fig. 6 show that, for the same

numbers of particles, the crossing points px depart from
pL. In addition, for small values of U, the curves for
the closest number of particles may fail to cross or may
not show a clear crossing point because of overlapping
for a range of values of p. For U = 5, the latter is the
case for the Sy curves corresponding to N = 16 and 20
in Fig. 6(a). This occurs because the lower transition
(the formation of the n = 1 Mott domain) is not well
separated from the upper one (the formation of the n >
1 superfluid domain at the center of the n = 1 Mott-
insulating one) due to the smallness of the Mott gap. As
one approaches U?=! larger system sizes are needed both
experimentally and theoretically to determine pL(U).

B. Formation of the n > 1 superfluid domain at the
center of the n =1 Mott insulator

Here, we study the entanglement entropy across the
transition from states (II) to (III) in Fig. 1. Namely, the
transition in which the n > 1 superfluid domain forms
at the center of the n = 1 Mott-insulating one (upper
transition).

Figures 7(a), 7(c), and 7(e) show the bipartite entan-
glement entropy S,n as a function of p across the upper
transition for U = 5, 6.25, and 8, respectively. To change
p, we fix the number of trapped particles N and change
R. In the finite systems studied, the values of S,N can

be seen to increase from Si?\? (horizontal dotted lines)
as the site occupations in the center of the trap become
larger than one, and then plateau at a value of S,y that
depends on the number of particles in the trap. The
increase in Syn due to the emergence of the n > 1 super-
fluid domain at the center of the trap becomes sharper as
U increases and, for each value of U, it becomes sharper
as N increases. Also, for each value of U as one increases
N, the sharp increase in SyN occurs at a value of p that
approaches the LDA prediction p¥ in the thermodynamic
limit. The sharp increase observed in S,n as N increases
for each value of U resembles the jump of E”(p) seen in
Figs. 3(c) and 3(d) at p¥.

In what follows, we directly use the sharp increase in
Syn when n > 1 to carry out scaling analyses to predict
the critical characteristic densities p¥(U) in the thermo-
dynamic limit. We choose reference transition points p
for each value of N, see the crosses in Figs. 7(a), 7(c),
and 7(e), defined as

Sen(p) = (S + 5m%) /2, (10)

where S\(,?\% (S™2¥) is the minimum (maximum) Sy right
before (after) the rapid increase.

In Figs. 7(b), 7(d), and 7(f), we show how p changes
as one changes the number of particles in the trap for
the same values of U as in Figs. 7(a), 7(c), and 7(e), re-
spectively. We observe that p moves towards the LDA
predicted p¥ (see the horizontal dashed lines) when in-
creasing N. A linear fit of p vs 1/N for largest number
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FIG. 7. (a), (c), (e) Syn in the trapped Bose-Hubbard model
across the formation of the n > 1 superfluid domain at the
center of the trap (upper transition). (a) U = 5 for trapped
systems with (from right to left) N = 100 (solid line), 120
(dashed line), 140 (dashed-dotted line), 160 (dashed-double-
dotted line), and 180 (dotted-double-dashed line) particles.
(¢) U = 6.25 for trapped systems with (from right to left)
N = 50 (solid line), 60 (dashed line), 70 (dashed-dotted line),
80 (dashed-double-dotted line), and 90 (dotted-double-dashed
line) particles. (e) U = 8 for trapped systems with (from right
to left) N = 26 (solid line), 30 (dashed line), 36 (dashed-
dotted line), 40 (dashed-double-dotted line), and 46 (dotted-
double-dashed line) particles. The crosses indicate the refer-
ence transition points p in Eq. (10), and the horizontal dotted
lines show Sg?\}) for n = 1 homogeneous systems with the same
values of U [see Fig. 4(a)]. For clarity, we cut the Syn vs p
curves at the maximum values in the plateau. (b), (d), (f) p
vs 1/N for U = 5, 6.25, and 8, respectively. The solid lines
are linear fits to 1/N for the six largest values of N shown for
each value of U. The horizontal dashed lines show the LDA
predictions for pg.

of particles reported in the figures is used to extrapolate
p¥ to N — oo (see the solid lines). The results of the ex-
trapolations agree well with the LDA predictions. This
shows that one can use S,y from calculations in finite
systems to determine the upper transition for trapped
bosons in the thermodynamic limit. Moreover, for large
values of U [see Fig. 7(f) for U = 8], the linear relation
between p and 1/N extends to the system sizes accessible
in current experiments (N ~ 10).

We have checked that the second Renyi entanglement
entropy (not shown here) exhibits a behavior across the
upper transition that is qualitatively similar to the one
shown for the von Neumann entanglement entropy as also
found across the lower transition.

IV. SUMMARY

We studied bipartite entanglement entropies in the
ground state of the one-dimensional Bose-Hubbard model
in the presence of a harmonic confining potential. When
increasing the characteristic density, this inhomogeneous
system undergoes local quantum phase transitions that
are characterized by nonanalytic behaviors of the ground-
state energy. Specifically, we showed that the second
derivative of the total energy with respect to the char-
acteristic density is continuous with a kink at the lower
transition and that it is discontinuous at the upper tran-
sition. We also showed that bipartite entanglement en-
tropies serve as order parameters for those local quantum
phase transitions.

The first transition studied is the formation of the
n = 1 Mott insulator at the center of the trap (lower
transition). We showed that this transition is accompa-
nied by a smooth decrease in the entanglement entropy
to the value of the corresponding Mott-insulating phase
in the homogeneous system. A simple rescaling of the
characteristic density resulted in data collapse for the
various entanglement entropy curves for different system
sizes about the critical characteristic density p'.. The
second transition studied is the emergence of the n > 1
superfluid domain at the center of the Mott-insulating
one (upper transition). In this case, the entanglement
entropy exhibits a sharp increase at a characteristic den-
sity that approaches the critical characteristic density p¥
as one increases the number of particles in the trap. We
used an extrapolation scheme to determine the critical
characteristic density p¥ from the finite-system-size cal-
culations that yielded accurate results.

A special focus was devoted to entanglement entropies
of small systems, of relevance to current ultracold gases
experiments [17, 18]. We showed that, for sufficiently
large values of U, the critical characteristic densities for
both transitions in the thermodynamic limit can be pre-
dicted using appropriate finite-size scaling analyses of the
entanglement entropies. Despite the fact that we only
studied ground-state properties, we expect the observed
behavior of the entanglement entropies across the transi-
tions to be preserved at low temperatures [43], which is
expected to be the case in experiments.
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