Entanglement and matrix elements of observables in interacting integrable systems

Tyler LeBlond,! Krishnanand Mallayya,! Lev Vidmar,?3 and Marcos Rigol!

! Department of Physics, The Pennsylvania State University, University Park, Pennsylvania 16802, USA

2Department of Theoretical Physics, J. Stefan Institute, SI-1000 Ljubljana, Slovenia
3 Department of Physics, Faculty of Mathematics and Physics,
University of Ljubljana, SI-1000 Ljubljana, Slovenia
(Dated: January 1, 2020)

We study the bipartite von Neumann entanglement entropy and matrix elements of local operators
in the eigenstates of an interacting integrable Hamiltonian (the paradigmatic spin-1/2 XXZ chain),
and we contrast their behavior with that of quantum chaotic systems. We find that the leading
term of the average (over all eigenstates in the zero magnetization sector) eigenstate entanglement
entropy has a volume-law coefficient that is smaller than the universal (maximal entanglement) one
in quantum chaotic systems. This establishes the entanglement entropy as a powerful measure to
distinguish integrable models from generic ones. Remarkably, our numerical results suggest that
the volume-law coefficient of the average entanglement entropy of eigenstates of the spin-1/2 XXZ
Hamiltonian is very close to, or the same as, the one for translationally invariant quadratic fermionic
models. We also study matrix elements of local operators in the eigenstates of the spin-1/2 XXZ
Hamiltonian at the center of the spectrum. For the diagonal matrix elements, we show evidence that
the support does not vanish with increasing system size, while the average eigenstate-to-eigenstate
fluctuations vanish in a power-law fashion. For the off-diagonal matrix elements, we show that
they follow a distribution that is close to (but not quite) log-normal, and that their variance is a
well-defined function of w = E, — Eg ({Ea} are the eigenenergies) proportional to 1/D, where D is

the Hilbert space dimension.

I. INTRODUCTION

Much work has been done in the past decade to under-
stand the far-from-equilibrium dynamics and description
after equilibration of isolated nonintegrable (generic) and
integrable quantum many-body systems [1-3]. Despite
tremendous progress in recent years [4-13], the micro-
scopics of interacting integrable systems are those that
remain less understood. On the one hand, interactions
are present in those systems as in nonintegrable ones
(making their study challenging), and on the other hand,
they exhibit extensive numbers of local conserved quan-
tities as noninteracting systems do. The presence of such
quantities precludes thermalization in integrable (nonin-
teracting and interacting) quantum systems [14-18].

Thermalization does occur in generic isolated quantum
systems, and is understood to be a consequence of quan-
tum chaos and eigenstate thermalization [1, 19-21]. Es-
sentially, the matrix elements of observables (few-body
operators) O in eigenstates of generic quantum Hamil-
tonians are described by the eigenstate thermalization
hypothesis (ETH) ansatz [1, 22]:

Oap = O(E)ap + ¢ 3BV f0(E,w)Rap, (1)

where E = (E, + E3)/2, w = E, — Eg, and S(E) is
the thermodynamic entropy at energy E. The functions
O(E) and fo(E,w) are smooth, and R, is a normally
distributed variable with zero mean and unit variance
(variance 2) for o # S (o = () in Hamiltonians that
exhibit time-reversal symmetry. The smoothness of the
diagonal matrix elements allows observables described
by Eq. (1) to thermalize (i.e., to be described by tradi-
tional ensembles of statistical mechanics) for experimen-

tally relevant initial conditions. The off-diagonal matrix
elements control the approach to and fluctuations about
equilibrium [1].

The ETH ansatz (1) has been extensively tested in
exact diagonalization studies of nonintegrable Hamilto-
nians [1, 21, 23-38]. While the diagonal matrix elements
display a shrinking support and an exponentially decay-
ing variance with increasing system size in nonintegrable
systems, confirming that the diagonal ETH is valid for
them, the same is not true in integrable systems [9, 23—
25, 28, 38, 39]. In integrable systems, the support of
the diagonal matrix elements need not shrink, and their
variance is expected to decay as a power law in system
size [40-42]. The latter is consistent with the fact that
the variance of the diagonal matrix elements of intensive
translationally invariant observables must vanish at least
as a power law in system size because it is bounded from
above by the Hilbert-Schmidt norm (which vanishes as a
power law in system size) [38].

The off-diagonal matrix elements of observables in the
eigenstates of interacting integrable quantum many-body
systems have received little attention. While such results
have been reported for specific models and system sizes
alongside those of quantum chaotic systems [24, 25, 32],
there has been no systematic study of their proper-
ties. For noninteracting models (or models mappable to
them), the existence of an increasingly large (with in-
creasing system size) fraction of vanishing off-diagonal
matrix elements precludes the definition of a meaningful
function fo(E,w), in contrast to quantum chaotic mod-
els [26]. On the other hand, recent results by two of us
(K.M. and M.R.) in the context of periodically driven
systems provided strong evidence that one can define



(and experimentally measure) a function |fo(E,w)? =
e3E)|0,5]2 for interacting integrable models [43]. Ex-
ploring this, along with other properties of the off-
diagonal (and diagonal) matrix elements in the spin-1/2
XXZ chain, is one of the two central goals of this work.

The other central goal of this work is to study the
structure of highly excited energy eigenstates by means
of their bipartite entanglement. Recently, much work
has been devoted to understanding entanglement prop-
erties of highly-excited eigenstates of many-body Hamil-
tonians [44-79]. Here we study the average entangle-
ment entropy over all eigenstates of the spin-1/2 XXZ
Hamiltonian in the zero-magnetization sector. We argue
that this average universally reveals the fundamentally
different natures of interacting integrable and quantum
chaotic models. While in both nonintegrable and inter-
acting integrable systems the leading term of the aver-
age entanglement entropy exhibits a volume-law scaling,
we show that the corresponding volume-law coefficient is
markedly different between the two. In quantum chaotic
systems [56] it matches the prediction by Page [80] for
random pure states in the Hilbert space, while it is
smaller for interacting integrable systems. Remarkably,
our results for interacting spin-1/2 integrable systems are
consistent with this coefficient being very close to, or the
same as, the one for translationally invariant free [55]
and (more generally) quadratic [63, 65] fermionic Hamil-
tonians. This suggests that, entanglement-wise, the over-
whelming majority of the eigenstates are very similar be-
tween interacting spin-1/2 integrable Hamiltonians and
noninteracting fermionic Hamiltonians.

The presentation is organized as follows: In Sec. 11, we
discuss the specific integrable and nonintegrable models
and observables considered, as well as details about the
numerical calculations carried out. In Sec. 111, we com-
pare the average entanglement entropy of eigenstates of
the spin-1/2 XXZ chain with that of eigenstates of non-
interacting and nonintegrable models. In Sec. IV, we
discuss the distributions and scaling properties of the di-
agonal matrix elements of two local observables at the
center of the spectrum. In Sec. V, we discuss the off-
diagonal matrix elements of the same observables: their
distributions, scaling properties, and functional depen-
dence of |fo(E,w)|?> on w, for E at the center of the
spectrum. Lastly, in Sec. VI, we summarize our results.

II. MODEL

We study the spin-1/2 XXZ chain with the addition
of next-nearest-neighbor interactions, with L sites and
periodic boundary conditions. The Hamiltonian is

L
=% E (S787. +He.) + A8 Af+1]
i=1

L
X [4(58e) + 25 o)
=1

where SV are spin-1/2 operators in the v € {z,y, 2} di-
rections on site 7, and S’li = Sr + zS’f are the corre-
sponding ladder operators. When A = 0, Hamiltonian (2)
is integrable and can be solved exactly using the Bethe
ansatz [81]. When A # 0, Hamiltonian (2) is quantum
chaotic [82]. We set A = 0 and 1 to compare the in-
tegrable and nonintegrable regimes, respectively. Unless
otherwise specified, we show results for A = 0.55 and
A = 1.1 to illustrate that they are qualitatively similar
in the (nearest-neighbor) easy-plane (A < 1) and easy-
axis (A > 1) regimes.

We study the matrix elements of two local operators:
The nearest-neighbor z-interaction

1 L
A= 23 5785, (3)
i=1

|

and the next-nearest-neighbor flip-flop operator
1 X
B=23 (5785, +He). (4)
i=1

To study the entanglement entropy of energy eigen-
states, as well as the matrix elements of A and B in
those eigenstates, it is important to resolve all the sym-
metries of the Hamiltonian [1, 25]. First, we note that
Hamiltonian (2) conserves the total magnetization in the
z-direction, M* =", gf In this work, we focus on the
zero magnetization sector in chains with even numbers
of lattice sites. The next important symmetry is trans-
lation, which allows one to block-diagonalize the Hamil-
tonian in different total quasimomentum k sectors. All
quasimomentum sectors are used in the average entan-
glement entropy calculations reported in Sec. III. Within
the M* = 0 and k = 0 sector, there are two additional
symmetries, namely, spin inversion (Z3) and space re-
flection (P). In our studies of matrix elements, we focus
on the even-Zs even-P sector within the M?* = 0 and
k = 0 sector. We use full exact diagonalization of peri-
odic chains with up to L = 26 sites. The even-Z5 even-P
sector within the M?* = 0 and k£ = 0 sector of the chain
with L = 26, the largest considered, has 101, 340 states.

III. ENTANGLEMENT ENTROPY

In this section, we study the entanglement properties of
eigenstates {|a)} of Hamiltonian (2) in the zero magneti-
zation sector. We consider a bipartition into a subsystem
A and its complement A that consist of Ly and L — La
consecutive lattice sites, respectively. We calculate the
bipartite entanglement entropy of an eigenstate |a) as

Sa==Tr{paln(pa)}, (5)

where p4 = Trz{|a){a|} is the reduced density matrix
of the subsystem A. We average S, over all Hamiltonian
eigenstates in the zero magnetization sector to obtain the
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FIG. 1. Average entanglement entropy S, in the zero-

magnetization sector (half-filling for free fermions), for three
paradigms of many-body quantum systems: the spin-1/2
XXZ model [A = 0 in Eq. (2), an interacting integrable
model], a nonintegrable model [\ = 1 in Eq. (2)], and free
fermions [which are mappable to the spin-1/2 XX spin chain,
Eq. (2), with A=X=0]. (a) S vs La for L =22 (A =055
in the interacting models). The dashed line shows the re-
sults for random pure states from Eq. (6) in the thermody-
namic limit. The dashed-dotted line is the average for free
fermions in all particle sectors at L = 36 (the same results
reported in Fig. 1 in Ref. [55]). Panels (b) and (c) show
finite-size scaling analyses at La/L = 1/2. We normalize S
by S&max = §.. (%, %), see Eq. (6), and plot the results vs
Smax t5 show that S = S™2* for the nonintegrable model in
the thermodynamic limit and to improve the scaling analyses
in our small systems. (b) Normalized averages as functions of
1/S52* at the nonintegrable point and for free fermions. Lines
are two-parameter fits to co + 01/5*;‘;':" with cg = 0.999 (with
1 minus the coefficient of determination, 1 — R? = 4.3 x 107%)
and ¢ +c¢1 /528 with ¢p = 0.536 (with 1 — R* = 2.5 x 107?),
respectively, for L > 14. (¢) Normalized averages at A = 0.55,
1.0, 1.1, and 1.45 in the spin-1/2 XXZ model as functions
of 1/4/Smax. Lines are single-parameter fits to the function
Stree (%) + d1/\/5'§§;?," for systems with L > 14. Inset in (c),
5 =1 — R? of the fits t0 Sxxz + di// S*;ggx as a function of the
volume-law coefficient sxx, chosen. Note that the minima are
very close to Stree (%) for A ~ 1, and depart from that value
as the quality of the fit worsens when departing from A =1
(presumably because of stronger finite-size effects).

average entanglement entropy S = D~'Y o Sa, where
D= (L52)'

The upper bound for the entanglement entropy of pure
states in a given magnetization sector (or, equivalently,
in a given particle-number sector when mapping spin-1/2
systems onto hard-core bosons or spinless fermions), for a

given Ly /L, depends both on the magnetization and on
La/L. The leading term, which scales with the volume,
depends on the magnetization [56, 61]. There is also a
subleading, O(1), term that depends on La /L [56].

In the zero magnetization sector, for L4 < L/2, the
leading and first subleading terms in the average entan-
glement entropy of random pure states with normally
distributed real coefficients are [56]

L La)2

= LaIn(2)+
A 2 2 (5
Lo ym(1- Loy 1 (%)
= LaIn(2) + L Lo A, (6)
: 2 2( L)

On the r.h.s. of Eq. (6), the first two terms are the up-
per bound for the entanglement entropy of pure states
in the M?# = 0 sector [56], while the third term is the
generalization of the correction derived by Page [80] for
the M?* = 0 sector of a system with conserved M?*. Mo-
tivated by the numerical results in Ref. [56], we think of
Sran (LA7 LTA) as an upper bound for the average entan-
glement entropy over all eigenstates of any given physical
Hamiltonian, with Sg‘ralx = Sian (%, %) as the maximum.
The dashed line in Fig. 1(a) shows Syan (LA, L—If) in the
thermodynamic limit.

On the opposite (low-entropy) side of physical Hamil-
tonians, one has noninteracting (free) fermions. Transla-
tionally invariant free fermionic Hamiltonians exhibit the
same leading term of the average entanglement entropy
as the XX model, Eq. (2), with A = X =0 [65]. It was
proved in Ref. [55] that the leading (volume) term of the
average entanglement entropy over all (i.e., including all
particle-number sectors) eigenstates in those models is

_ L L
Sfree <LA; TA> = Sfree (TA> LA 11’12, (7)

with Sgree (0) = 1, and 0 < Sgrec (LTA) < 1for Lp/L >
0. In Ref. [55], Stree (LTA) was computed numerically
[dashed-dotted line in Fig. 1(a)] and, for Ly = L/2,
it was found that Sgee (%) = 0.5378(1). Subsequently,
it was conjectured that sgee (LTA) is universal for all
translationally invariant quadratic fermionic models [63,
65]. The horizontal lines in Figs. 1(b) and 1(c) show
Stree (%) /Sgﬁx

In Fig. 1(a), we show the average entanglement en-
tropy over all eigenstates within the half-filled sector
of noninteracting fermions, as well as within the zero-
magnetization sector of integrable (A = 0.55 and A = 0)
and nonintegrable (A = 0.55 and A = 1) points of Eq. (2),
for chains with L = 22. The results at the noninte-
grable point are closest to the thermodynamic limit ones
for random pure states. Figure 1(b), for Ly/L = 1/2,
shows that the small differences seen in Fig. 1(a) ap-
pear to vanish in the thermodynamic limit, in agreement
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EEVs (Oaa) of local observables A [(a) and (b), see Eq. (3)] and B [(c) and (d), see Eq. (4)] at integrable [(a)

and (c), A = 0] and nonintegrable [(b) and (d), A = 1] points of Hamiltonian (2), plotted vs the eigenstate energies per site
E./L, for each eigenstate |a). Results are shown for chains with L = 22, 24, and 26 sites, and are superposed to demonstrate
non-shrinking (shrinking) support in the integrable (nonintegrable) case. A = 0.55 in all plots (qualitatively similar results
were obtained, not shown, for other values of A). (Insets) A quantifier for the support of the EEVs, s = max(’Oaa - O—w“)7

where Oqn. is the running average over 201 EEVs centered at Oa. and max(-) is taken over the central 50% of the spectrum,

plotted as a function of L.

with complementary results reported in Ref. [56]. For
free fermions, on the other hand, the results in Fig. 1(a)
are closest to the thermodynamic limit ones obtained in
Ref. [55] by averaging over all fillings. Figure 1(b), for
La/L =1/2, shows that the differences seen in Fig. 1(a)
appear to vanish in the thermodynamic limit as expected
(the zero magnetization sector is the one dominant in the
thermodynamic limit when averaging over all fillings).

The numerical results at the interacting integrable
point (A = 0.55) in Fig. 1(a) are in between the ones for
random pure states and the noninteracting ones. How-
ever, the finite-size scaling analysis reported in Fig. 1(c)
for Ly/L = 1/2 suggests that the leading term of the
average entanglement entropy at A = 0.55 (easy-plane
regime), is very close to, or the same as, the one for
noninteracting fermions. As a matter of fact, finite-size
scaling analyses in Fig. 1(c) for A = 1.1, 1.45 (easy-axis
regime) and A = 1.0 (Heisenberg point, the most sym-
metric point in the spin-1/2 XXZ model) suggest that
this is true independently of the value of A.

The finite-size scaling analyses in Figs. 1(b) and 1(c)
suggest that the qualitatively new effect of interactions
in integrable systems is subleading, as they change the
first subleading term from O(1) in noninteracting models
[the leading correction to S/S™Ma% in Fig. 1(b) is o< 1/L4]

to O(v/La) in interacting integrable models [the leading
correction to S/Sma* in Fig. 1(c) is o< 1/y/La].

ran

IV. DIAGONAL MATRIX ELEMENTS

In this section, we study expectation values of observ-
ables in eigenstates of interacting integrable and nonin-
tegrable Hamiltonians, referred to in what follows as the
eigenstate expectation values (EEVSs) of the observables,
in the even-Zy even-P sector within the M?* = 0 and
k = 0 sector (see Sec. II).

In Fig. 2, we show the EEVs of observables A and B as
functions of the eigenenergies per site (E, /L) for differ-
ent chain sizes at integrable [Figs. 2(a) and 2(c)] and non-
integrable [Figs. 2(b) and 2(d)] points of Hamiltonian (2).
At the nonintegrable point, for both observables, one can
see in the plots that the support (maximum spread) of
the EEVs around each F, /L (away from the edges of the
spectrum) shrinks upon increasing the chain size L. The
scaling of a quantifier of the support, see the insets in
Figs. 2(b) and 2(d), indicates that the support vanishes
exponentially fast with increasing L. This suggests that,
in the thermodynamic limit, the EEVs are described by
the smooth function O(F), which, in turn, is the ther-
mal expectation value of observable O at energy E [1].
Hence, one expects all EEVs at the nonintegrable point
away from the edges of the spectrum to be thermal in the
thermodynamic limit. On the other hand, at integrabil-
ity, Figs. 2(a) and 2(c) show that the support of the EEVs
is wide and does not shrink with increasing system size
[see the insets in Figs. 2(a) and 2(c)]. The wide non-
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FIG. 3. Normalized 2D histograms of the EEVs of A [(a)
and (b)] and B [(c) and (d)] as functions of E./L at the
integrable point (A = 0.55 and A = 0) of Hamiltonian (2).
We show the microcanonical average (calculated for L = 26
using 6 E/L = 0.05) as a solid (red) line. Results are reported
for L =22 [(a) and (c)] and L = 26 [(b) and (d)].

shrinking support indicates that at the integrable point
ETH is not satisfied, as nonthermal states persist in the
thermodynamic limit. The next question to address at
the integrable point is how those EEVs are distributed.

In Fig. 3, we show the normalized distribution (color
coded) of the EEVs for observables A and B for two dif-
ferent system sizes (L = 22 and 26) at the integrable
point in Fig. 2, along with the microcanonical averages
(solid lines) for the respective observables. The micro-
canonical averages are calculated using the results from
L = 26 in an energy window JE that is small enough to
yield a smooth curve independent of . By comparing
the results for L = 22 and L = 26 for each observable,
one can see that, despite the large non-vanishing sup-
port, the distribution of EEVs (on the y-axis) becomes
increasingly peaked (with increasing system size) about
the microcanonical average (further evidence for this is
reported in Fig. 5). Similarly, on the z-axis, the distri-
bution becomes increasingly peaked about the center of
the spectrum (E,/L = 0). The latter occurs because of
the known Gaussian behavior of the density of states in
local Hamiltonians [1, 83, 84].

In Fig. 4, we plot the many-body density of states
DOS(E,) as a function of the energy per site E,/L at
integrable and nonintegrable points along with Gaussian
functions that have the same mean and variance as the
data. The Gaussian functions agree well with the numer-
ical results. This makes it apparent that, even for the
small chains that one can solve using full exact diagonal-
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FIG. 4. Densities of states (DOS) as functions of E,/L for

L = 18 through L = 26 at integrable [(a), A = 0] and non-
integrable [(b), A = 1] points (A = 0.55). The solid (black)
lines are Gaussian functions with the same mean and variance
as the data. (Insets) Variances of the data vs L, along with
power law fits of the variances to ¢1 L™ 2.

ization, the density of states is very close to a Gaussian
function (away from the edges of the spectrum). This is
true regardless of whether the Hamiltonian is integrable
or not. The insets show that the variances in our cal-
culations decay as a power law in L, with a power that
is close to the expected L~! behavior. This shows that,
with increasing system size, the overwhelming majority
of eigenstates of local Hamiltonians are at the center of
the spectrum (with a vanishing energy per site in our
case). In what follows, we focus our scaling analyses on
that region of the spectrum (F,/L ~ 0).

To quantify the differences seen in Fig. 2 between the
EEVs of observables in integrable and nonintegrable sys-
tems, we study the average of the absolute value of the
eigenstate-to-eigenstate fluctuations [31, 33, 37]

‘5an¢| = |Oaa - Oa+1a+1| 5 (8)

where the index « labels the eigenenergies E, (sorted
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FIG. 5. Scaling of the average eigenstate-to-eigenstate fluc-
tuations |00a«| [see Eq. (8)] for A [(a) and (b)] and B [(c)
and (d)] at two integrable [(a) and (c¢), A = 0] and two non-
integrable [(b) and (d), A = 1] points of Hamiltonian (2). We
report results for A = 0.55 and A = 1.1. The symbols show
the numerical results, while the lines depict fits to the func-
tions fit(L) = ¢1/v L+ c2/L [(a) and (c)] and ¢1 (LD)~°2 [(b)
and (d)] for L = 22 through L = 26.

in increasing order), and |...| denotes an average over
the central 20% of eigenstates. To carry out an accurate
comparison between our results for |00, | and the ETH
ansatz for quantum chaotic systems, a modification needs
to be introduced to the ansatz in order to tailor it to our
observables of interest. This modification is related to
the fact that we focus on intensive operators that are
defined via extensive sums, as seen in Egs. (3) and (4),
in the presence of translational invariance. The Hilbert-
Schmidt norm of those operators scales as 1/v/L [38], as
opposed to the O(1) Hilbert-Schmidt norm one has in
mind when writing Eq. (1). As a result, for the diago-
nal part of our operators A and B, Eq. (1) needs to be
rewritten as:

e_S(Ea)/Q
VL

Since we are focusing on the regime E,/L ~ 0, in
which S(E,) ~ In(D) (D is the dimension of the Hilbert
space of the symmetry sector studied), we expect the
average eigenstate-to-eigenstate fluctuations of O to be
o (LD)fl/Z. For integrable systems, on the other hand,
the average eigenstate-to-eigenstate fluctuations are ex-
pected to be proportional to 1/v/L [42].

In Fig. 5, we show the finite size scaling of |0Ayq]
[Figs. 5(a) and 5(b)] and |§Baq| [Figs. 5(c) and 5(d)]
at two integrable [Figs. 5(a) and 5(c), A = 0] and two
nonintegrable [Figs. 5(b) and 5(d), A = 1] points. For
the nonintegrable points, we observe a near perfect scal-
ing o« 1/v/LD for both observables. This is in agree-
ment with the ETH ansatz and indicates that the scal-
ing is robust against the parameters of the model and

Oqa = O(Eoc) + fO(EouO)Raa . (9)

the choice of observables. On the other hand, at inte-
grability, [0 Ane| and [6Baa| exhibit a much slower de-
cay with increasing system size, and also exhibit very
strong finite-size effects. While we expect the decay to
be o 1/v/L [42], this is not the exponent of the power
law we find if we fit the data to ¢y L™°2. Instead, we have
fitted the data to the function fit(L) = ¢;/VL + ¢2/L
and we find a reasonably good agreement. This suggests
that higher powers of 1/ V'L still play an important role
in the system sizes accessible to us through full exact
diagonalization.

V. OFF-DIAGONAL MATRIX ELEMENTS

In this section, we study the off-diagonal matrix el-
ements of observables in the eigenstates of Hamilto-
nian (2). We focus on their distributions, scaling prop-
erties, and functional dependence of |fo(E ~ 0,w)|? on
w, for eigenstates that are in the even-Zy even-P sector

within the M* = 0 and k = 0 sector (see Sec. II).

A. Distribution

We first study the distribution of off-diagonal matrix
elements of observables A and B within 200 energy eigen-
states at the center of the spectrum of a chain with L =
26 sites. In this eigenstate window, E = (E,+FEg)/2 ~ 0
and w = |E, — Eg| ~ 0. For nonintegrable systems, this
window is small enough to have fo(FE,w) approximately
constant, so that the probability distribution of O, is
determined by R.g.

In Fig. 6 we show the probability distributions of A,z
and B, at integrable and nonintegrable points of Hamil-
tonian (2), with A = 0.55. At the nonintegrable point,
Figs. 6(b) and 6(d) clearly show that the numerical re-
sults are well described by Gaussian distributions, as
expected. At the integrable point, on the other hand,
the distributions are fundamentally different [Figs. 6(a)
and 6(c)]. While they also have approximately zero
mean, they exhibit sharp peaks at the origin. Analy-
ses of the distributions of In |Oyp| (shown in the insets)
provide a better insight into the distributions of O,g.
We find that, for our observables, the In|O4g| distribu-
tions have skewed normal-like shapes [insets in Figs. 6(a)
and 6(c)]. Gaussian distributions with the same mean
and variance as our numerical results for In|O,g|, shown
as continuous lines in the insets, illustrate the Gaussian-
ity and skewness of the In|O,g| distributions. The corre-
sponding log-normal distributions, shown as continuous
lines in the main panels, capture some of the features
observed in the distributions of O,g but fail to describe
them quantitatively. Which distribution fully character-
izes our results for O,p at integrability remains a ques-
tion for future studies.

We have also studied the distributions of A,g and
Bap for E = (E, + Eg)/2 ~ 0 and w > 0, obtaining
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Probability distributions P(Oap) for observables A [(a) and (b)] and B [(c) and (d)] at integrable [(a) and (c),

A = 0] and nonintegrable [(b) and (d), A = 1] points of Hamiltonian (2) with A = 0.55. We consider 200 energy eigenstates
at the center of the spectrum. The insets in (a) and (c) show the probability distributions P(In|Oag|), along with Gaussian
distributions (continuous lines) with the same mean and variance. The continuous lines in the main panels in (a) and (c) are
the corresponding log-normal distributions. The dashed lines in panels (b) and (d) are Gaussian distributions with the same

mean and variance as the distributions P(Oag).

qualitatively similar results to those shown in Fig. 6 for

E = (Ey+ Eg)/2 ~ 0 and w ~ 0. Next, instead of re-
porting those distributions for w > 0, we study the ratio

To(w) = [Oap /0] » (10)

where o and 3 are eigenstates that satisfy |E|/L < 0.025,
w = |E, — Eg| takes values that vary throughout the en-

tire spectrum, and (... ) denotes a running average of the
relevant quantity over eigenstates within a small w win-
dow. If O,p has a Gaussian distribution with zero mean,
then T'o(w) = 7/2 irrespectively of model parameters
and the observable considered.

At the nonintegrable point, Figs. 7(b) and 7(d) show
that both T'4 (w) and T'g(w) are almost indistinguishable
from 7/2 for w < 5. Discrepancies from /2 can be seen
for w 2 5. In this regime, we find in the next section that
the variance of the off-diagonal matrix elements decreases
rapidly with increasing w. For 5 < w < 8 in Figs. 7(b)
and 7(d), T's(w) and T'p(w) appear converged to results
that could signal a small system-size-independent devia-
tion from the Gaussian distribution prediction. However,
finite-size effects are evident for w = 8 [where I' 4 (w) and
I'p(w) decrease with increasing system size] and could
also be affecting the regime 5 < w < 8. Thus, whether
I'o(w) agrees with the Gaussian distribution prediction

FIG. 7.

I'o [see Eq. (10)] for observables A [(a) and (b)]
and B [(c) and (d)] at integrable [(a) and (c), A = 0] and
nonintegrable [(b) and (d), A = 1] points (A = 0.55) and
different system sizes. We compute I'o using eigenstates that

satisfy |E|/L < 0.025. The averages |Oap| and |Oap|? are
calculated with eigenstates in a window dw = 0.175 centered
at points in w separated by Aw = 0.025.

at high values of w is something that requires future in-
vestigation. However, for w < 5, our results are a strin-



gent test of the Gaussianity of the distributions of Oqp
in the nonintegrable case.

In contrast, at the integrable point, Figs. 7(a) and 7(c)
show that T'4(w) and I'g(w) depend on w, L, and the
observable considered. This shows that the distribution
of Oup is not Gaussian at any w. A second point to
be highlighted from the behavior of I'p(w) at integrabil-
ity is that, since I'p(w) increases with increasing system

size L, |Onp|? decreases more slowly with increasing L

than |Oa5|2. Since [O4p4)? is the quantity that enters in
fluctuation dissipation relations [1, 26], transport proper-
ties [27, 85], and heating rates under periodic driving [43],
in what follows we focus on the scaling of |O,|? with in-
creasing system size, and on the smooth function that
characterizes the dependence of |Oyp]? on w.

B. Variance

In Fig. 8, we show normalized distributions (color
coded) of log;, |Aag|? and log,o | Bag|? versus w at inte-
grable and nonintegrable points of Hamiltonian (2), for
eigenstates that satisfy |E|/L < 0.025. These results
were obtained for A = 0.55 in chains with L = 26. While
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FIG. 8.  Normalized 2D histograms of log,, |Ous|® vs w,
for observables A [(a) and (b)] and B [(c) and (d)] at inte-
grable [(a) and (c), A = 0] and nonintegrable [(b) and (d),
A = 1] points of Hamiltonian (2) with A = 0.55. We consider
eigenstates that satisfy |E|/L < 0.025. The solid (red) lines
are averages calculated using all the matrix elements in win-
dows of widths dw = 0.175 centered at points separated by
Aw = 0.025. The red dashed lines show the values of w up to
which results for |Oag|? are included in the scaling analyses
of Fig. 9.

107¢

o 107F

10°F (LD)'I'OI

-1.00
107t =~ (LD)

L (LD)"I‘OI

10* 10° 10° 10* 10° 10

LD LD

FIG. 9. Scaling of |Aag|? [(2) and (b)] and |Bag|? [(c) and
(d)] vs LD at integrable [(a) and (c), A = 0] and noninte-
grable [(b) and (d), A = 1] points (A = 0.55 and 1.1) of
Hamiltonian (2). The straight lines show power-law fits to
the results for L = 22 through L = 26. The average over
|Oap|? for different system sizes was calculated using eigen-
states that satisfy |E|/L < 0.025. For the integrable cases
we used eigenstates with w < 9 [see the vertical dashed lines
in Figs. 8(a) and 8(c)], while for the nonintegrable ones we
used eigenstates with w < 15 [see the vertical dashed lines in
Figs. 8(b) and 8(d)]. These ranges of w were the ones popu-
lated with matrix elements for the system sizes considered.

for all values of w the distributions are clearly different
between the integrable and nonintegrable cases in that
the former have a much broader support, neither of them
has an increasing fraction of matrix elements that vanish
with increasing system size as in quadratic models [26].
This means that one can define a meaningful average
|Oapl|? for each value of w, which, given that Ong =~ 0,
is also the variance of Oqp. In Fig. 8, we also plot the
variances of On5. Again, while they are quantitatively
different between the integrable and nonintegrable cases,
the overall behavior is qualitatively similar. They exhibit
a slow decay at intermediate values of w (0.5 S w < 4)
and a fast decay at larger values of w.

Next, we study how |O,p|? scales with increasing the
system size (and, hence, with increasing the dimension
D of the Hilbert space). In the quantum chaotic case, we
expect the scaling to be the one prescribed by the ETH.
However, as we did when studying the fluctuations of the
diagonal matrix elements in Sec. IV, we need to update
the ETH ansatz to account for the fact that our trans-
lationally invariant operators A and B have a Hilbert-
Schmidt norm that scales as 1/ VL. The ETH ansatz for

the off-diagonal matrix elements of A and B has the form

e—S(E)/2
VL
where E = (E, + E3)/2, w = E, — Eg, and S(E) is

the thermodynamic entropy at energy E. Since we are
focusing on the regime F/L ~ 0, in which S(F) ~ In(D),

Oap = fo(E,w)Rugs, (11)
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FIG. 10. Smooth functions |fo(E ~ 0,w)|? [see Eq (12)]
for observables A [(a) and (b)] and B [(c¢) and (d)] vs w at
integrable [(a) and (c), A = 0] and nonintegrable [(b) and (d),
A = 1] points (A = 0.55) for different system sizes L. The
straight continuous lines are exponential fits « exp(—aw) to

|[fo(E =~ 0,w)|? for L = 26. The insets in (a) and (c) show
|fo(E ~ 0,w)|* vs w?, at high w, for different system sizes L.
The straight dashed lines are Gaussian fits o exp(—bw?) to
|fo(E ~ 0,w)|? for L = 26.

we expect [Oq ]2 o< (LD)™!, where D is the dimension of
the symmetry sector studied. Figures 9(b) and 9(d) show
that this is indeed the way |Oqs|? scales with increasing
system size. More remarkably, as shown in Figs. 9(a)
and 9(c), the same is equally true for the integrable case
as conjectured in Ref. [43].

Armed with this knowledge, we can now extract the
smooth function |fo(E ~ 0,w)|?, which is independent
of system size for nonvanishing values of w [1], that char-

acterizes |Oqp/|2. That function, calculated as
|[fo(E =~ 0,w)|* = LD[Oqsl? , (12)

is plotted in Fig. 10 for our two observables of interest,
at integrable [Figs. 10(a) and 10(c)] and nonintegrable
[Figs. 10(b) and 10(d)] points, for the three largest sys-
tem sizes studied. As advanced, we obtain nearly perfect
data collapse for different system sizes. At the noninte-
grable point, |fo(E ~ 0,w)|? exhibits finite-size effects
for w 2 10. This is the result of running out of spectrum
in our finite-system calculations. However, Figs. 10(b)
and 10(d) show that, with increasing system size, the re-
sults for different values of L agree over a larger range
of values of w. Overall, the results in Fig. 10 strongly
suggest that the function |fo(FE,w)|? is a well-defined
smooth function of £ and w (independent of system size
for nonvanishing values of w) both in interacting inte-
grable and nonintegrable systems.

Finally, we would like to discuss the decay of | fo(E ~
0,w)|? for large values of w, after the slow decay men-
tioned before. [The behavior of |fo(E ~ 0,w)|? for very
small values of w is of much interest, but it is also more
challenging to address computationally [1]. It will not

be discussed here.] As shown in Fig. 10, at both the in-
tegrable and nonintegrable points, |fa(E ~ 0,w)|? and
|fB(E ~ 0,w)|? can be well described by exponentials af-
ter the initial slow decay. This is well known for noninte-
grable systems [1], and we find that it also occurs for inte-
grable ones. However, at the integrable point we find yet
another regime beyond the exponential one. As shown
in the insets in Figs. 10(a) and 10(c), we find that the
final decay of | f4(E ~ 0,w)|? and | fg(E ~ 0,w)|? to zero
(within machine precision) is nearly perfectly Gaussian.
Whether a Gaussian decay occurs at nonintegrable points
for larger values of w than those accessible to us via full
exact diagonalization remains an open question. Upon
replotting the |fo(E ~ 0,w)|? data reported in Ref. [37]
for the Holstein polaron model, which was shown to be
a quantum chaotic model, we found that it can be well
described by a Gaussian decay (without any exponential
part). This suggests that Gaussian decays of |fo(E,w)|?
with w are not unique to integrable models.

VI. SUMMARY

We studied the bipartite von Neumann entanglement
entropy and matrix elements of local operators in highly
excited eigenstates of interacting integrable (the spin-1/2
XXZ chain) and nonintegrable models.

For the average entanglement entropy over all eigen-
states in the zero magnetization sector, we found that the
leading term is extensive at interacting integrable points
with a coefficient of the volume-law that is smaller (for
nonvanishing ratios L /L) than the universal ln2 coef-
ficient in quantum chaotic models. Finite-size scaling
analyses suggested that the coefficient at Lp/L = 1/2,
and for arbitrary ratios La /L (not reported), is (almost)
independent of the XXZ chain anisotropy parameter A,
and that it is very close or equal to that of translationally
invariant free fermionic Hamiltonians. Since the average
entanglement entropy over all eigenstates is dominated
by eigenstates at “infinite temperature”, the presence, or
lack thereof, of interactions (and their values) at inte-
grability may play no role in the leading extensive term.
What may be essential is that the system is integrable
so that it has an underlying quasiparticle description.
Hence, we find it plausible that all translationally invari-
ant (two-state per site) integrable models (noninteracting
and interacting) have the same average entanglement en-
tropy for any given ratio L /L. If this is the case, then
one could think of two universality classes for the average
entanglement entropy of all “g-bit” based physical Hamil-
tonians, (translationally invariant) free fermions charac-
terizing integrable models, and random matrices charac-
terizing nonintegrable ones.

For the diagonal matrix elements of observables at
the center of the spectrum and at interacting integrable
points, we showed evidence that the support does not
vanish with increasing system size and that the av-
erage eigenstate-to-eigenstate fluctuation vanishes as a



power law in system size. At nonintegrable points, how-
ever, both the support and the average eigenstate-to-
eigenstate fluctuation vanish exponentially with increas-
ing system size. For the off-diagonal matrix elements
with E = (E, + Eg)/2 at the center of the spectrum,
we showed that at interacting integrable points they fol-
low a distribution that is close to (but not quite) log-
normal, and that their variance is a well-defined function
of w = E, — Eg whose magnitude scales as 1/D, where
D is the Hilbert space dimension. The latter is a known
property of the off-diagonal matrix elements of observ-
ables in nonintegrable models, which, however, exhibit
a Gaussian distribution. We also studied the smooth
function |fo(E ~ 0,w)|? that characterizes the variance
and contrasted its behavior at interacting integrable and
nonintegrable points. It was recently argued that this
function can be measured in experiments with periodi-
cally driven systems, both nonintegrable and interacting
integrable ones, by studying how heating rates change
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when changing the frequency of the drive [43]. An in-
teresting open question is whether the Bethe ansatz can
be used to analytically learn about the smooth function
|fo(E,w)|? in interacting integrable systems. This would
pave the way for an analytic understanding of the effect
of interactions in the matrix elements of observables in
many-body quantum systems.
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