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ABSTRACT

The mixing efficiency of stratified turbulence in geophysical fluids has been the subject of considerable
controversy. A simple parameterization, devised decades ago when empirical knowledge was scarce, has held
up remarkably well. The parameterization rests on the assumption that the flux coefficient I" has the uniform
value 0.2. This note provides a physical explanation for I' = 0.2 in terms of the ““marginal instability” property
of forced stratified shear flows, and also sketches a path toward improving on that simple picture by examining

cases where it fails.

1. Introduction

A central goal of turbulence research is to predict
fluxes of momentum, mass, and other scalars through a
given turbulent flow. A simple and flexible approach to
this problem is the flux-gradient formalism (Boussinesq
1903; Pope 2000), which requires the use of an effective
(or “eddy”) viscosity and corresponding diffusivities for
mass and any other relevant scalars. An essential step
toward prediction is to explore the variability of these
quantities over the diverse turbulence regimes found in
nature. Unfortunately these quantities are generally dif-
ficult to measure, so we must devise indirect methods. For
the case of mass, the eddy diffusivity K, can be written as

Kp :Fﬁ’ (1)

where ¢ is the viscous dissipation rate of turbulent ki-
netic energy, N is the buoyancy frequency, and I is an
unknown function, defined implicitly by (1), that we
refer to as the flux coefficient. In the ocean, N and & are
measured routinely, so if the value of I is available, (1)
yields K,,. One can then take advantage of the fact that
different scalar concentrations diffuse at similar rates
and therefore use K, as an approximation for the dif-
fusivity of heat, salt, CO,, or any other scalar.

Denotes content that is immediately available upon publica-
tion as open access.

Corresponding author: W. D. Smyth, bill.smyth@oregonstate.edu

DOI: 10.1175/JPO-D-20-0083.1

Eventually we hope to be able to calculate values of I
for all the various processes that mix geophysical fluids.
In the interim, we use the provisional value I' = 0.2. This
is an oversimplification, but when checked indepen-
dently as described below, I' = 0.2 gives accurate dif-
fusivity estimates remarkably often. As emphasized in
the recent review of Gregg et al. (2018), “The reasons
for this agreement ... are not fully understood, nor are
the circumstances under which it might fail.”” The dual
purposes of this note are therefore (1) to propose an
explanation for the prevalence of I' = 0.2 and (2) to
explore the boundaries of its validity.

a. Definitions

A quantity closely related to I' is the mixing efficiency
(Gregg et al. 2018). For any thermodynamic process,
efficiency is the ratio of the work done to the energy
input. We therefore define mixing efficiency in the con-
text of the turbulent kinetic energy equation. Consider
homogeneous turbulence in a sheared, stably stratified
environment. Under the Boussinesq approximation, the
evolution of the turbulent kinetic energy k is controlled
by the sum of three processes:

% =K, —K,N* —&. ()
The first term on the right-hand side, the product of the
eddy viscosity K,,,, and the squared shear of the mean
horizontal velocity S°, represents the input of kinetic
energy to the turbulence from the mean current. The
second term is the rate of working against gravity, and
the third is the rate of viscous dissipation.
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On average, we can assume that the turbulence is in
equilibrium with whatever is forcing it, so the time de-
rivative in (2) vanishes and the remaining three terms
balance. Rearranging, we can see this as a budget for the
energy gained from the mean shear:

K,S$*=K,N* +&. 3)

Some of this energy goes into work against gravity, and
the rest is dissipated by viscosity (the first and second
terms on the right-hand side, respectively). The flux
coefficient I' is the ratio of the rates of these two
processes.

The mixing efficiency as defined above is the ratio
of the first two terms on the right-hand side of (2):
(K,N*)/(K,,S%). This is also called the flux Richardson
number Ry, which can be written as the ratio of the
gradient Richardson number, Ri = N?/S?, to the turbu-
lent Prandtl number Pr, = K,,/K;:

_Ri
f Prt '

(4)

In equilibrium, when (3) holds, I' and Ry are simply
related:

r=—=>_ 5)

Inasmuch as both I" and Ry are generally much less than
1, they are nearly equal. In the literature one can find
either Ryor I referred to as the “mixing efficiency,” but
only Ryis consistent with the standard thermodynamical
definition.

b. History

In the initial theoretical estimate of Ry, Ellison (1957)
noted that turbulence can do only a limited amount of
work against gravity relative to its energy supply. After
numerous assumptions, he proposed that turbulence
could not be sustained unless Ry < 0.15. Arya (1972)
later refined Ellison’s assumptions and amended this
estimate to 0.2. Laboratory measurements by Britter
(1974) gave the range 0.18-0.2.

The default oceanic value Ry = 0.17, or I' = 0.2, was
first proposed by Osborn (1980) and is still in use today.
Naturally, Osborn was aware that I' varies but, lacking a
way to predict the variations, he made the simplest as-
sumption possible. Today, we seek to parameterize I' in
terms of other quantities that are readily measured ob-
servationally or computed in numerical models (e.g.,
Bouffard and Boegman 2013; Mashayek et al. 2017b). In
this note I will lay out some physical considerations that
may help to guide that effort.
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The flux coefficient can be estimated from ocean mi-
crostructure measurements using the temperature vari-
ance equation for stationary, homogeneous turbulence
(Osborn and Cox 1972; Oakey 1982), which results in

x N?
where y is the temperature variance dissipation rate and
0, is the vertical gradient of the mean potential tem-
perature. This approximation assumes that K, equals
K7, i.e., that heat and salt diffuse at the same rate.
Estimates made in this way tend to agree with the
Osborn’s (1980) value to within a few tens of percent, a
reasonable tolerance given the natural intermittency of
turbulence and the difficulty of making delicate mea-
surements in the ocean environment. Using (6) with
profiler measurements made in the Rockall Trough,
Oakey (1982, 1985) found a distribution of values with
median I" = 0.26 (or Ry = 0.21). Moum (1996) measured
overturns in the thermocline off Northern California,
and found a median I" of 0.25 (R = 0.20). From pro-
filer measurements in the North Atlantic, Ruddick
et al. (1997) found a distribution of I with mean value
0.18. The logarithmic standard deviation was a factor
of 2.6.

Independent confirmation of these estimates has
come from a sequence of dye release experiments
(Ledwell et al. 1998, 2000, 2004, 2011). Moreover, the
moored microstructure instrument y-pod measures y
and N? from temperature microstructure, then uses (6),
together with an estimate for I', to infer e. Perlin and
Moum (2012) chose I' = 0.2 and compared the results
with measurements of e from shear probes on an inde-
pendent turbulence profiler. The comparison was good
to within approximately a factor of 2, implying that
I' = 0.2 to within a similar tolerance.

The modern debate over mixing efficiency began with
DNS studies of uniformly stratified shear flow (Shih
et al. 2000, 2005; Ivey et al. 2008). Mixing efficiency was
found to collapse when plotted as a function of the
buoyancy Reynolds number, defined as Re;, = &/(vN?),
where v is the molecular viscosity. Specifically, mixing
efficiency decreases like Re, 2 at high Reynolds num-
bers, suggesting that I' = 0.2 could be a serious over-
estimate in high-Re; geophysical flows.

Since then, many investigators have made observa-
tions in energetic turbulence to try to understand the
behavior of mixing efficiency at high Reynolds number.
Results were reviewed by Monismith et al. (2018), who
concluded that Ry (and hence I') cannot be determined
by Re,, alone. However, it was also apparent that R (and

hence T') often decreases in proportion to Re,? at
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TABLE 1. Estimates of Pr,, Ryand I for Ri = 1/4.

Formula [also Egs. (4) and (5)], reference Pr, Ry r
Ry =0.725(Ri +0.186 — v/Ri® — 0.316Ri + 0.0346 ) (Mellor and Yamada 1974) 1.19 021 027
Pr, = 0.8 + 3.0Ri (Esau and Grachev 2007) 1.55 0.16 0.19
Pr, = 0.7¢ 3®/07 4 4Rj (Venayagamoorthy and Stretch 2010) 1.19 0.21 0.26
2.02 0.13 0.15

Ry = % +2Ri— 4 /% + Ri + 4Ri? (Katul et al. 2014)

sufficiently high Re,, consistent with the Shih et al.
(2000, 2005) numerical results.

To summarize, despite strong suggestions that mixing
efficiency decreases in energetic ocean flows, there re-
mains considerable evidence in support of the approxi-
mation I" = 0.2 (R = 0.17). In section 2, I will propose an
explanation for this: geophysical turbulence is often in a
state of marginal instability (hereafter MI), and MI im-
plies I' =~ 0.2. I will also discuss general conditions under
which we might expect I" to be far from 0.2 (section 3a)
together with specific examples in which I' > 0.2
(section 3b) and I' <« 0.2 (section 3c). The latter cat-
egory includes cases in which I'~Re; 2. Section 4
summarizes the discussion and suggests directions for
future work.

2. '~ 0.2 in marginally unstable turbulence

An important mechanism of turbulence production in
parallel shear flows is the inflectional instability, which
operates at local maxima of the mean shear profile
(Smyth and Carpenter 2019). Stable stratification tends
to damp inflectional instability, but the instability may
yet grow provided that the minimum of Ri is below a
critical value. In this case the process is termed Kelvin—
Helmholtz (KH) instability. In the inviscid limit, the
critical Ri is 1/4 (Miles 1961; Howard 1961). The critical
value may be altered by various factors including vis-
cosity and diffusion (which may be either molecular or
turbulent in origin; Smyth et al. 2013; Thorpe et al. 2013;
Li et al. 2015). Nevertheless, in the context of observa-
tional oceanography with its inevitable complications
and measurement uncertainties (e.g., measurements of Ri
tend to be biased large due to averaging), the association
of instability with Ri < 1/4 remains a useful rule of thumb.

In Canada’s Fraser River estuary, Geyer and Smith
(1987) found that Ri was generally near or slightly greater
than 1/4, but rarely less, even though instabilities and
turbulence were clearly present. They interpreted this to
mean that instability begins on the rare occasions when
Ri drops below 1/4. The effect of the resulting turbu-
lence is to smooth the velocity and density profiles such
that Ri is increased, eventually exceeding the critical
value at which point turbulence subsides. This idea was

developed further by Thorpe and Liu (2009), who
coined the term ‘“‘marginal instability,” and in a se-
quence of observations of the Pacific equatorial under-
current (EUC; Smyth and Moum 2013; Smyth et al.
2013, 2017; Pham et al. 2017). Note that ‘“‘marginal,” in
this context, does not mean that Ri remains close to 1/4,
but only that it fluctuates about a central value near 1/4.
Fluctuations typically have amplitude near a factor of 2
(e.g., Fig. 2 below).

MI appears to be related to two atmospheric phe-
nomena: global intermittency (Mahrt 2014) and z-less
turbulence (section 3¢ below). Smyth et al. (2019) showed
that MI is an example of self-organized criticality, a
recent paradigm in physics that describes many episodic
geophysical phenomena such as landslides, earthquakes
and solar flares (e.g., Aschwanden 2014).

a. Mixing efficiency in M1

I now argue that if, as in the MI state, Ri fluctuates
around a constant value, then so does Ry. Recall that R
is, by definition, the ratio Ri/Pr,. It is often suggested that
Pr, is itself a function of Ri, in which case so is Ry
(Table 1, and references therein). The Reynolds hy-
pothesis suggests that, when Ri is small, Pr, is near unity,
implying that Ryis similar in value to Ri. Increasing Ri
tends to increase Pr,. [One way to understand this is to
note that adding stratification adds the potential for
gravity waves, which transport momentum but not scalars
(Sutherland 2010).] We should therefore expect Ry (and
I') to be somewhat smaller than Ri.

To make this prediction quantitative, we need a specific
estimate for Pr,. A compilation of data from numerous
observational and LES studies (Esau and Grachev 2007)
provides an empirical parameterization: Pr, = 0.8 +
3.0Ri. For Ri = 1/4, this gives Pr, = 1.55 and Ry = 0.16, or
I' = 0.19. Alternative parameterizations summarized in
Table 1 all give I" values within 40% of 0.2 and well within
the scatter of the observational estimates (section 1b).

b. Ubiquity of M1

The MI state is commonly observed in the equatorial
cold tongues of the eastern Pacific and Atlantic oceans,
where diurnally varying “deep cycle” turbulence ex-
changes heat between the sun-warmed surface layer and
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TABLE 2. Observations of sheared, stratified turbulence with Ri near 1/4. Labels refer to Fig. 1.

Label Locale Shear forcing Reference

P Eastern Pacific EUC Wind Smyth and Moum (2013)

A Eastern Atlantic EUC Wind Wenegrat and McPhaden (2015)

G German Bight Wind Schultze et al. (2020)

K Kuroshio Wind/topography Chang et al. (2016)

M Mediterranean outflow Gravity Nash et al. (2012)

H Exchange flow, Hamilton Harbor Gravity Lawrence et al. (2004)

F Salt-wedge estuary, Fraser River Gravity Geyer and Smith (1987)

Col Columbia River plume Gravity Kilcher et al. (2012)

Con Connecticut River estuary Gravity Geyer et al. (2010)

R Romanche Fracture Zone Tidal Van Haren et al. (2014)

B Benguela Current Baroclinicity Peng et al. (2020)

HK Hong Kong International Airport Large-scale waves Chan (2008)

the cold ocean interior (Gregg et al. 1985; Moum and
Caldwell 1985; Smyth and Moum 2013; Moum et al.
2013; Smyth et al. 2013; Wenegrat and McPhaden 2015;
Pham et al. 2017). The mean shear is forced by the trade
winds while the stratification is maintained against dif-
fusion by the combination of solar heating from above
and Coriolis-driven upwelling of cold water from below.
Although the corresponding region of strong heat up-
take in the eastern equatorial Atlantic is smaller, it
shares with the Pacific the properties of deep-cycle tur-
bulence (Hummels et al. 2013) and MI (Wenegrat and
McPhaden 2015).

Other examples are listed in Table 2 and shown on
Fig. 1. The vanishing of the Coriolis effect (either at the
equator or in estuaries where the scale is small) makes
MI easier to observe, but it is evidently not essential.
In summer 2014, Storm Bertha passed over the North
Sea, setting up sheared turbulence in which Ri in the
thermocline remained close to 1/4 over three dis-
tinct intervals, each lasting several hours (Schultze
et al. 2020).

In the cases listed so far, sheared currents were forced
primarily by wind, but gravity currents also produce MI
layers. These have been observed in the Mediterranean
Outflow (Nash et al. 2012), the exchange flow between
Hamilton Harbor and Lake Ontario (Lawrence et al.
2004), the Fraser river estuary as discussed above, and
other river regimes (e.g., Kilcher et al. 2012; Geyer et al.
2010). Tidal flow in the Romanche Fracture Zone pro-
duces spectacular trains of KH billows in which Ri varies
around ~1/4 (Van Haren et al. 2014), as does flow of the
Kuroshio current over a seamount (Chang et al. 2016).
In the Benguela Current, a submesoscale filament de-
veloped strong thermal wind shear with Ri ~ 1/4 and
corresponding strong turbulence (Peng et al. 2020)
similar to what we see at the equator. Finally, MI is not
observed in the ocean only. Measurements of Ri over
Hong Kong International Airport remained near 1/4 at

heights and times when pilots reported turbulence,
likely forced by large-scale gravity waves (Chan 2008).

Having established the geographical pervasiveness of
MI, I now assess its temporal persistence over seasonal
and ENSO cycles in the eastern equatorial Pacific. The
probability distributions of log;y Ri shown in Fig. 2 were
derived from 20 years of measurements made at the
Tropical Atmosphere Ocean (TAO) mooring at 0°,
140°W. The peak near Ri = 1/4 is evident despite the use
of daily averaged currents and temperature (Pham et al.
2017). Over the seasonal cycle, turbulence is weakest
during boreal spring (Fig. 2a, green). Episodes of low
(high) Ri are less (more) frequent during that season,
but the peak at Ri = 1/4 remains clear.

Over the ENSO cycle, changes are greater. In La Nifa
conditions (defined by Nifio-3.4 index FE3y < —1;
Trenberth and Stepaniak 2001), the peak is more pro-
nounced. During El Nifio (E34 > 1), the distribution is
spread toward much higher values of Ri, but the peak
near 1/4 is still detectable. Over both the seasonal and
ENSO cycles, M1 is correlated with enhanced turbulence
(Smyth and Moum 2013; Warner and Moum 2019).

The ubiquity of MI implies a similar ubiquity of Ry ~
0.17, or I = 0.2. Nevertheless, observations of Ry < 0.17

HK

FIG. 1. Locations of MI observations listed in Table 2.
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FIG. 2. Probability distribution of log;oRi in the upper equatorial Pacific, subsampled by season and ENSO index.
Daily averaged currents and temperature, measured at 0°, 140°W between 1 May 1990 and 26 Nov 2010, are gridded
onto 5 m vertical bins and combined to form Ri. Saline stratification is neglected. The deep-cycle layer extends from
the daily maximum depth of the mixed layer to 15 m above the EUC core. Data are subsampled by (a) season and
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(b) Nifio-3.4 index. See Pham et al. (2017) for further details.

(or I' « 0.2) are also common (Monismith et al. 2018). This
begs the question—when is ocean turbulence rnot in the MI
state? That question is the focus of the following section.

3. Whenis I far from 0.2?

We have seen that I should be expected to be near 0.2
(or Ry ~ 0.16) in the common case of marginally un-
stable turbulence. I now turn to circumstances in which
MI does not hold and I may therefore be far from 0.2.
I first describe a “rule of thumb”’ that predicts when I'
should be especially large or small, then give examples
of each extreme.

a. Scaling T’

Consider an eddying motion with length scale ¢ and
turnover time ', and assume that all other properties
of the eddy are governed by these scales. The specific
kinetic energy k is then given by k ~ 2w?. Here the tilde
indicates proportionality, with the proportionality con-
stant expected to be O(1). (For example, if the eddy is a
circular cylinder of radius ¢ in rigid rotation, the constant
is 1/4.) The eddy dissipates kinetic energy at a rate

g ~ko~Fo’. (7)

Now assume that the fluid is stratified with buoyancy
frequency N, but the governing length and time scales
are still £ and o™~ '. Using (7), we can write

13 23
o &7 570 ()
N ZZBN é 4

where £ = €'2/N*? is the Ozmidov scale (Dillon 1982).
The condition ¢ > ¢, is therefore equivalent to w < N,

i.e., the large-scale eddying motion can shed energy by
radiating gravity waves. In contrast, eddies with ¢ < ¢
spin too rapidly to couple with the gravity wave field and
are thus approximately independent of stratification.
Now suppose that a field of similar eddies diffuses the
stratification with diffusivity K, ~ *w. Combining (1)

and (8) gives
_ 43
r~ (ﬁ) ' <é) . 9)

This approximation rests on strong assumptions, par-
ticularly that stratification does not introduce a new time
scale. It should therefore be regarded only as a quali-
tative indication of the factors governing I'. There is,
however, observational support for this scaling. Ijichi
and Hibiya (2018) have measured turbulent overturns at
various locations around the Pacific ocean. Using the
Thorpe scale ¢r as a proxy for ¢, they find that the re-
lation T ~ (¢7/£0)** holds over more than an order of
magnitude. Moreover, the constant of proportionality is
such that the average value ¢7/¢p = 0.84 established by
Dillon (1982) corresponds closely to I' = 0.2.

These relations suggest that eddies that are large
(¢ > o) and slow (v < N), and are therefore strongly
affected by stratification, should have I" > 0.2. Conversely,
the small, fast eddies that interact only weakly with the
stratification have I" <« 0.2. Finally, I' =~ 0.2 represents an
intermediate case with length and time scales near ¢ and
N1, respectively.

b. Efficient mixing (¢ > {y and v < N)

Although mixing is usually enhanced by turbulence,
the most efficient mixing appears to take place in
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1 llIl]I

time [nondimensional]

FIG. 3. Transition from efficient, laminar KH billows to less efficient turbulence. The initial condition is a two-
layer flow with dense fluid (blue) flowing to the left and buoyant fluid (red) flowing to the right. The molecular
Prandtl number Pr = 7. There is no forcing. (a) Buoyancy field in a streamwise—vertical plane early in a simulation
showing mature KH billows. Arrows indicate the directions of compressive and extensive principal strains. (b) The
same simulation after the transition to turbulence. (c) I' vs time (scaled by the maximum initial shear) showing the
decrease as the flow becomes turbulent. Marker size indicates the magnitude of e. After Smyth et al. (2001).

slowly evolving coherent structures. For example,
Winters et al. (1995) showed that, prior to breaking,
KH billows have surprisingly high I'. Figure 3 shows a
direct simulation of a train of KH billows breaking
down to form turbulence. Early in the simulation,
when the flow consists of large, coherent billows
(Fig. 3a), I exceeds 0.2 by nearly an order of magni-
tude (Fig. 3c, left).

Most of this highly efficient mixing occurs in the
braids between the KH billows. The flow is still two-
dimensional at this stage, and the buoyancy gradient is
oriented ideally for compression by the strain field (ar-
rows on Fig. 3a). The resulting sharp buoyancy gradient
diffuses rapidly (Corcos and Sherman 1976; Staquet
1995; Smyth 2003), i.e., x is large. Shear, in contrast, is
not enhanced and therefore € remains small, resulting in
large I' [cf. (6)] as shown on Fig. 3c.

As turbulence develops, I decreases. Although the
strain is generally stronger in turbulent flow, it lacks
persistence, i.e., it changes so rapidly that the buoyancy
gradient field is not able to align itself for optimal
compression (Fig. 3b; for details see Smyth 1999). In this
turbulent state, I' ~ 0.2 (Fig. 3c). For an entire KH
mixing event, the cumulative, or net, mixing efficiency
is sensitive to the Reynolds number but is generally

between 0.2 and the higher value characteristic of the
preturbulent phase (e.g., Smyth et al. 2001; Mashayek
and Peltier 2013).

c¢. Inefficient mixing (¢ < £y and o > N)

According to (9), inefficient mixing should be ex-
pected when eddies are much smaller than the Ozmidov
scale and therefore have frequencies too high to couple
to gravity waves. For example, turbulent eddies due to
swimming fish can be much smaller than ¢, resulting in
I' « 0.2 (Pujiana et al. 2015).

In the Shih et al. simulations of uniformly stratified
shear flow described above (Shih et al. 2000, 2005; Ivey
et al. 2008), the maximum eddy size was likely con-
strained by the periodic boundary conditions rather
than by ¢o. This effect was explored further by Chung
and Matheou (2012). Likewise, the highest-Re, ob-
servations surveyed by Monismith et al. (2018) were
generally made close to boundaries. This is not sur-
prising, since the main energy sources for ocean tur-
bulence, namely, wind and tidal flow over topography,
act at the boundaries. Because boundary stress can force
turbulent eddies of almost arbitrarily small size, regard-
less of stratification, low mixing efficiency is consis-
tent with (9).
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Near a smooth boundary, turbulence can be described by
the Monin—Obukhov similarity scaling (Grachev et al. 2015;
Scotti and White 2016). Turbulence is assumed to be
governed by three parameters only: z, the vertical dis-
tance to the boundary; 7, the stress due to the mean wind
or current; and J,, the buoyancy flux at the boundary.
Using 7 and J,, one may construct the Monin—Obukhov
length scale fyo = (T/pO)S/Z/(KJ},), where « ~ 0.4 is the
von Kdrmdn constant and p, is the characteristic density
of the fluid. Dimensional consistency then requires that
all turbulence statistics be governed by the dimension-
less ratio ¢ = z/fyo. Observations of statically stable
boundary layers have yielded empirical expressions for
R¢(0),1'(£), and Ri(¢), e.g., (Kaimal and Finnegan 1994):

¢ o, if <1
R ~Ri~ ~
/ 1+50 o2, if ¢>1
¢ o, if i<
I~ ~ .
L+48 1025, if ¢>1 (10)

Approaching the boundary, { becomes <1 and Ri, Ry,
andI" all drop linearly to zero. Far from the boundaries,
all three parameters approach uniform values. This
is the so-called “‘z-less” turbulence regime, where
boundary proximity no longer affects the turbulence.
The values of Ri, R and T in the z-less regime are
uniform and are similar to those found in the MI tur-
bulence as discussed in section 2.

In the oceanic bottom boundary layer, the buoyancy
flux is mostly geothermal and is usually negligible. In
that case /o can itself be used as a scaling variable
(Grachev et al. 2015). In observations of the Merrimac
River estuary, the turbulent length scale was found to be
proportional to ¢p when ¢y < z and to z when /p > z,
consistent with the Monin—-Obukhov scaling results de-
scribed above (Scully et al. 2011). Moreover, in the
Connecticut River estuary, Holleman et al. (2016)
showed that Ri and Ry had approximately uniform
values, consistent with M1, except close to the bottom
boundary where both parameters approached zero.
Both studies confirm a transition from an MI regime
to an inefficient, boundary-dominated regime as the
boundary is approached.

4. Discussion

This work is part of a community-wide effort to
quantify the efficiency of ocean mixing in terms of en-
vironmental parameters that are readily measured or
computed in numerical models (e.g., Mashayek et al.
2017b). The traditional parameterization I' = 0.2, while
clearly an oversimplification, has proven remarkably
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robust. The dual goals of the present paper have been
(1) to explain the prevalence of I' ~ 0.2 and, (2) to de-
scribe some situations in which I’ is significantly differ-
ent from 0.2.

We have seen that M1 is a common property of forced,
stratified shear flows in geophysical fluid systems.
It represents a quasi-equilibrium between turbulent
diffusion and external forcing in which Ri fluctuates
around a value close to 1/4 while Ry and I' fluctuate
around 0.17 and 0.2, respectively. M1 is found in various
geographical settings and driven by various forcings.
In the equatorial Pacific cold tongue, where MI has
been studied most thoroughly, the phenomenon persists
throughout the seasonal cycle and in all phases of the
ENSO cycle. This paper has listed many other examples
of Ml in the ocean, and there is little reason to doubt that
more remain to be identified.

A particularly interesting example of MI has been
discovered by Salehipour et al. (2018): within the over-
turning motions of Holmboe waves, small-scale fluctu-
ations are organized so that Ri remains near 1/4. This
suggests that the MI dynamic may lurk within other flow
structures more complex than the quasi-parallel shear
flows I have focused on here. Though MI has been
studied primarily in the ocean, it appears to be related to
the phenomena called global intermittency and z-less
turbulence in the atmospheric literature (Mahrt 2014).
Future exploration of those relationships is likely to be
enlightening.

MI depends on a balance between the forcing of the
mean shear and whatever buoyancy fluxes act to main-
tain the mean stratification against turbulent diffusion.
Inefficient mixing occurs when turbulence is forced
strongly enough to wipe out the stratification, leaving
nothing for the turbulence to diffuse, while continuing to
dissipate kinetic energy. This happens near boundaries,
where forcing is often strong and the mean buoyancy
flux is negligible (or of the wrong sign to maintain sta-
bility). The largest eddies are then constrained not by
stratification but by boundary proximity. An illustrative
model of this scenario is provided by the Monin—
Obukhov similarity theory (Scotti and White 2016).
Whether this inefficient mixing occurs in other geo-
physical regimes (e.g., over rough topography) remains
to be seen.

For the opposite case of high mixing efficiency, the
key ingredient is persistent strain, as in our example of
preturbulent KH billows. Persistent compressive strain
generates sharp scalar gradients, and thus strong scalar
diffusion, without dissipating much kinetic energy. We
should expect to find this characteristic wherever there
are large, slow eddies with vertical scales bigger than the
Ozmidov scale. Although this flow state mixes efficiently,
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the actual rate of mixing need not be large. Mixing may,
however, be long lasting (Smyth et al. 2007; Salehipour
et al. 2016). Mashayek et al. (2017a) have argued that the
optimal state for mixing, a compromise between tur-
bulence strength and mixing efficiency, occurs in the
intermediate state where {7 ~ {o.

To summarize, in the ocean, we should expect to find
low-efficiency layers adjacent to both the upper and
lower boundaries. Outside those layers we should ex-
pect marginally unstable turbulence with I' fluctuating
around 0.2, punctuated by highly efficient, long-lasting
coherent structures. This behavior could extend through
much of the ocean, since interior mixing seems to be
driven by shear instability of breaking gravity waves
(Smyth and Moum 2012), but that remains to be deter-
mined. Transitional regimes between MI and stronger
but less efficient boundary layer turbulence are an im-
portant focus for future investigation as they likely de-
termine the total rate of mixing.
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