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Abstract. We show that the knowledge of the Dirichlet–to–Neumann map
on an arbitrary open portion of the boundary of a domain in Rn, n ≥ 2, for a
class of semilinear elliptic equations, determines the nonlinearity uniquely.

1. Introduction and statement of results

The work [11] discovered that nonlinearity can be helpful in solving inverse prob-
lems for hyperbolic PDE, see also [2], [14], and the references given there. Similar
phenomena for inverse problems for semilinear elliptic PDE have been revealed
in the recent works [4], [12]. A common feature of all of the aforementioned
works is that the presence of a nonlinearity allows one to solve inverse problems
for non-linear equations in cases where the corresponding inverse problem in the
linear setting is open.

The purpose of this note is to point out that the same phenomenon remains valid
for partial data inverse boundary problems for a class of semilinear elliptic PDE.
To state our result, let Ω ⊂ Rn, n ≥ 2, be a connected bounded open set with
C∞ boundary. Following [4], we consider a function V : Ω × C → C satisfying
the conditions:

(i) the map C 3 z 7→ V (·, z) is holomorphic with values in the Hölder space
Cα(Ω), for some 0 < α < 1,

(ii) V (x, 0) = ∂zV (x, 0) = 0, for all x ∈ Ω.

It follows from (i) and (ii) that V can be expanded into a power series

V (x, z) =
∞∑
k=2

Vk(x)
zk

k!
, Vk(x) := ∂kzV (x, 0) ∈ Cα(Ω), (1.1)

converging in the Cα(Ω) topology.

Let us consider the Dirichlet problem for the following semilinear elliptic equation,{
−∆u+ V (x, u) = 0 in Ω,

u = f on ∂Ω.
(1.2)
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It was shown in [4], [12], see also [5], that there exist r0, r1 > 0 sufficiently small
such that when f ∈ Bα

r0
(∂Ω) := {f ∈ C2,α(∂Ω) : ‖f‖C2,α(∂Ω) ≤ r0}, the problem

(1.2) has a unique solution u = uf ∈ Bα
r1

(Ω) := {u ∈ C2,α(Ω) : ‖u‖C2,α(Ω) ≤ r1}.
Moreover, there is a constant C > 0 depending on r0, r1 only such that

‖u‖C2,α(Ω) ≤ C‖f‖C2,α(∂Ω),

for all f ∈ Bα
r0

(∂Ω).

Let Γ ⊂ ∂Ω be an arbitrary non-empty open subset of the boundary ∂Ω. As-
sociated to the problem (1.2), we define the partial Dirichlet–to–Neumann map
ΛΓ
V f = ∂νu|Γ, where f ∈ Bα

r0
(∂Ω), supp (f) ⊂ Γ. Here u ∈ Bα

r1
(Ω) is the unique

solution of (1.2) and ν is the unit outer normal to the boundary.

The main result of this note is as follows.

Theorem 1.1. Let Ω ⊂ Rn, n ≥ 2, be a connected bounded open set with C∞

boundary, and let Γ ⊂ ∂Ω be an arbitrary open non-empty subset of the boundary
∂Ω. Let V (1), V (2) : Ω×C→ C satisfy the assumptions (i) and (ii). Assume that
ΛΓ
V (1)f = ΛΓ

V (2)f for all f ∈ Bα
r0

(∂Ω) with supp (f) ⊂ Γ. Then V (1) = V (2) in

Ω× C.

Remark 1.2. In particular Theorem 1.1 shows that the potential q ∈ Cα(Ω) in
the semilinear Schrödinger equation with a power nonlinearity,

−∆u+ q(x)um = 0 in Ω,

is uniquely determined by the partial Dirichlet–to–Neumann map for m ≥ 2,
when both the data and the measurements are confined to an arbitrary open por-
tion Γ ⊂ ∂Ω. It may be interesting to note that the corresponding partial data
inverse problem for the linear Schrödinger equation, i.e. m = 1, is still open in
dimensions n ≥ 3. We refer to [6] and [7] for the study of the partial data inverse
problem in the linear and non-linear settings, respectively, in dimension n = 2.

Remark 1.3. Theorem 1.1 is an immediate consequence of the main result of [3]
combined with the higher order linearization procedure introduced in [4], [12].

Let us remark that inverse problems for nonlinear elliptic PDE have been studied
extensively, both in the semilinear setting, see [7], [8], [9], [19], as well as the
quasilinear one, see [1], [10], [16], [17], [18]. In particular, the second order
linearization of the nonlinear Dirichlet–to–Neumann map has already been used
in the works [1], [10], [17], and [18].

Finally, we mention that after this note appeared on arXiv, we were informed
by Mikko Salo that in his joint work with Matti Lassas, Tony Liimatainen, and
Yi–Hsuan Lin [13], the same result was obtained. Their paper was posted on
arXiv shortly afterwards.



A REMARK ON PARTIAL DATA INVERSE PROBLEMS FOR ELLIPTIC EQUATIONS 3

2. Proof of Theorem 1.1

Let ε = (ε1, . . . , εm) ∈ Cm, m ≥ 2, and consider the Dirichlet problem (1.2) with

f =
m∑
k=1

εkfk, fk ∈ C∞(∂Ω), supp (fk) ⊂ Γ, k = 1, . . . ,m.

Then for all |ε| sufficiently small, the problem (1.2) has a unique solution u(·, ε) ∈
Bα
r1

(Ω) which is holomorphic in a neighborhood of ε = 0 in the C2,α(Ω) topology,
see [4].

Following [4], we use an induction argument on m ≥ 2 to prove that all the
coefficients Vm(x) of V in (1.1) can be determined from the partial Dirichlet–to–
Neumann map. The computations below related to the higher order linearization
procedure reproduce those of [4], [12], the only minor difference being that we
consider the case of partial measurements.

First let m = 2, and following [4], [12], we shall proceed to carry out a second
order linearization of the partial Dirichlet–to–Neumann map. Let uj = uj(x; ε) ∈
Bα
r1

(Ω) be the unique small solution of the Dirichlet problem{
−∆uj +

∑∞
k=2 V

(j)
k (x)

ukj
k!

= 0 in Ω,

uj = ε1f1 + ε2f2 on ∂Ω,
(2.1)

for j = 1, 2. Differentiating (2.1) with respect to εl, l = 1, 2, and using that
uj(x, 0) = 0, we get {

∆v
(l)
j = 0 in Ω,

v
(l)
j = fl on ∂Ω,

(2.2)

where v
(l)
j = ∂εluj|ε=0. By the uniqueness and the elliptic regularity for the

Dirichlet problem (2.2), we see that v(l) := v
(l)
1 = v

(l)
2 ∈ C∞(Ω), l = 1, 2.

Applying ∂ε1∂ε2 |ε=0 to (2.1), we get{
−∆(∂ε1∂ε2uj|ε=0) + V

(j)
2 (x)∂ε1uj|ε=0∂ε2uj|ε=0 = 0 in Ω,

∂ε1∂ε2uj|ε=0 = 0 on ∂Ω,
(2.3)

since ∂ε1∂ε2(
∑∞

k=3 V
(j)
k (x)

ukj
k!

) is a sum of terms each of them containing positive

powers of uj, which vanish when ε = 0, and the only term in ∂ε1∂ε2(V
(j)

2 (x)
u2j
2!

)

which does not contain a positive power of uj is V
(j)

2 (x)∂ε1uj∂ε2uj. Setting wj =
∂ε1∂ε2uj|ε=0, we get from (2.3) that{

−∆wj + V
(j)

2 (x)v(1)v(2) = 0 in Ω,

wj = 0 on ∂Ω.
(2.4)
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The fact that ΛΓ
V (1)(ε1f1 + ε2f2) = ΛΓ

V (2)(ε1f1 + ε2f2) for all small ε1, ε2 and all
f1, f2 ∈ C∞(∂Ω) with supp (f1), supp (f2) ⊂ Γ implies that ∂νu1|Γ = ∂νu2|Γ.
Therefore, an application of ∂ε1∂ε2|ε=0 gives ∂νw1|Γ = ∂νw2|Γ. Multiplying (2.4)
by v(3) ∈ C∞(Ω) harmonic in Ω and applying Green’s formula, we get∫

Ω

(V
(1)

2 − V (2)
2 )v(1)v(2)v(3)dx =

∫
∂Ω\Γ

(∂νw1 − ∂νw2)v(3)dS = 0,

provided that supp (v(3)|∂Ω) ⊂ Γ. Hence, we obtain that∫
Ω

(V
(1)

2 − V (2)
2 )v(1)v(2)v(3)dx = 0

for any v(l) ∈ C∞(Ω) harmonic in Ω, such that supp (v(l)|∂Ω) ⊂ Γ, l = 1, 2, 3.

Now taking v(3) 6≡ 0 and using the result of [3] which says that the set of products
of two harmonic functions in C∞(Ω) which vanish on the closed proper subset
∂Ω \ Γ of the boundary ∂Ω is dense in L1(Ω), we conclude that

(V
(1)

2 − V (2)
2 )v(3) = 0 in Ω.

Now v(3) is harmonic and therefore, the set (v(3))−1(0) is of measure zero, see [15].

Hence V
(1)

2 = V
(2)

2 in Ω.

Let m ≥ 3 and assume that Vk := V
(1)
k = V

(2)
k in Ω for all k = 2, . . . ,m − 1.

To show that V
(1)
m = V

(2)
m , following [4], [12], we shall perform the mth order

linearization of the partial Dirichlet–to–Neumann map. To that end, let uj =
uj(x; ε) ∈ Bα

r1
(Ω) be the unique small solution of the Dirichlet problem{

−∆uj +
∑∞

k=2 V
(j)
k (x)

ukj
k!

= 0 in Ω,

uj = ε1f1 + · · ·+ εmfm on ∂Ω,
(2.5)

for j = 1, 2. Next we would like to apply ∂ε1 . . . ∂εm|ε=0 to (2.5). We first ob-

serve that ∂ε1 . . . ∂εm(
∑∞

k=m+1 V
(j)
k (x)

ukj
k!

) is a sum of terms each of them con-
taining positive powers of uj, which vanish when ε = 0. Moreover, the only

term in ∂ε1 . . . ∂εm(V
(j)
m (x)

umj
m!

) which does not contain a positive power of uj is

V
(j)
m (x)∂ε1uj . . . ∂εmuj. Finally, the expression ∂ε1 . . . ∂εm(

∑m−1
k=2 Vk(x)

ukj
k!

)|ε=0 con-

tains only derivatives of uj of the form ∂kεl1 ,...,εlk
uj|ε=0 with k = 1, . . . ,m − 1,

εl1 , . . . , εlk ∈ {ε1, . . . , εm}. We claim that ∂kεl1 ,...,εlk
u1|ε=0 = ∂kεl1 ,...,εlk

u2|ε=0 for

k = 1, . . . ,m − 1, εl1 , . . . , εlk ∈ {ε1, . . . , εm}. This follows by applying the op-

erators ∂kεl1 ,...,εlk
|ε=0 to (2.5), using the fact that V

(1)
k = V

(2)
k , k = 2, . . . ,m − 1,

and the unique solvability of the Dirichlet problem for the Laplacian. Hence,

Hm(x) := ∂ε1 . . . ∂εm(
∑m−1

k=2 Vk(x)
ukj
k!

)|ε=0 is independent of j = 1, 2.
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Therefore, we get{
−∆(∂ε1 . . . ∂εmuj|ε=0) + V

(j)
m (x)∂ε1uj|ε=0 . . . ∂εmuj|ε=0 = −Hm in Ω,

∂ε1 . . . ∂εmuj|ε=0 = 0 on ∂Ω.

(2.6)
Proceeding as in the case m = 2, we see that∫

Ω

(V (1)
m − V (2)

m )v(1) · · · v(m+1)dx = 0

for any v(l) ∈ C∞(Ω) harmonic in Ω, such that supp (v(l)|∂Ω) ⊂ Γ, l = 1, . . . ,m+1.
Arguing as in the case m = 2, we complete the proof of Theorem 1.1.
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