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As IP video services have emerged to be the predominant Internet application, how to optimize the
Internet resource allocation, while satisfying the quality of experience (QoE) for users of video services
and other Internet applications becomes a challenge. This is because the QoE perceived by a user of
video services can be characterized by a staircase function of the data rate, which is nonconcave and
hence it is “hard" to find the optimal operating point. The work in this paper aims at tackling this
challenge. It considers the packet routing problem among multiple end points in packet switching
networks based on a connectionless, hop-by-hop forwarding paradigm. We model this traffic allocation
problem using a fluid flow model and let the link bandwidth be the only resource to be shared. To
maximize the utilization of resources and avoid congestion, we formulate the problem as a network
utility maximization problem. More precisely, the objective of this paper is to design a Fully Distributed
Traffic Allocation Algorithm (FDTAA) that is applicable to a large class of nonconcave utility functions.
Moreover, FDTAA runs in a fully distributed way: it enables each router to independently address
and route each data unit using immediate local information in parallel, without referring to any
global information of the communication network. FDTAA requires minimum computation workload,
since the routing decision made at each router is solely based on the destination information carried
in each unit. In addition, the network utility values corresponding to the FDTAA iterate sequence
converge to the optimal network utility value at the rate of ©(1/K), where K is the iteration counter.
These theoretical results are exemplified by the simulation performed on an example communication
network.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

in 2015. Moreover, the report also forecasts that the IP video
traffic will grow threefold from 2015 to 2020. Consequently, the

The growing popularity of IP video services in recent years
puts an ever increasing strain on the network resources at global
scale. For example, according to Cisco Inc. annual Visual Net-
working Index (VNI) forecast report, dated June, 1st, 2016 (Cisco
VNI Forecast and Methodology, 2015-2020), IP video traffic will
be 82% of all consumer Internet traffic by 2020, up from 70%
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success of the future Internet largely hinges upon its ability to
cope with the ever growing resource demands for video services,
while being able to provide desired Quality-of-Experience (QoE)
to users of video and other Internet services. However, the ex-
isting Internet transport-layer flow control solutions (e.g., the
window-based transport control protocol (TCP) congestion con-
trol mechanism (Allman, Paxson, & Blanton, 2009)) and the in-
ternetworking layer in-network traffic engineering (TE) solutions
(e.g., the flow-based equal-cost-multipath (ECMP) load balancing
mechanism (Hopps, 2000)) cannot provide adequate support of
such capabilities for the following reasons.

First, for video services, the user QOE, or equivalently, the user
utility, as a function of the flow rate, generally exhibits staircase
behaviors. For example, the most popular video streaming is the
HTTP-based adaptive video streaming, widely known as, dynamic
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adaptive streaming over HTTP (DASH) (Sodagar, 2011). The video
content for DASH may be encoded at different encoding rates or
with different numbers of encoded layers (Sanchez et al., 2012),
resulting in a finite set of possible video representations (Juluri,
Tamarapalli, & Medhi, 2016). The higher the encoding rate or
the more encoded layers, the better the user perceived QoE or
the higher the user utility will be; hence, exhibiting staircase be-
haviors. Such utilities are nonconcave and hence are notoriously
difficult to optimize. Unfortunately, the transport-layer protocol
that underlies HTTP is TCP whose flow control mechanism can
only provide optimal and fair resource sharing among flows with
a special concave user utility (Ye, Wang, Che, & Lagoa, 2011).
In fact, all the existing distributed optimization-and-utility-based
solutions (see Section 2 for details) can only deal with concave
user utilities. In other words, the existing Internet infrastruc-
ture does not provide the much needed flow adaptation services
for video streaming applications in particular, and any other
nonconcave-utility-based services in general.

Second, the existing in-network, IP layer load balancing mech-
anisms, such as ECMP and its variations, are designed, indepen-
dent of the transport-layer TCP congestion control mechanism.
As a result, such load balancing mechanisms running at the IP
layer may adversely interact with its upper-layer TCP. In fact, it
has been widely recognized (Acemoglu, Johari, & Ozdaglar, 2007;
Alizadeh et al., 2014b; Chen, Chen, Bai, & Alizadeh, 2016; Kelly
& Voice, 2005; Liu, Zhang, Gong, & Towsley, 2005; Qiu, Yang,
Zhang, & Shenker, 2003) that flow control at different layers
may adversely interact with one another, leading to sub-optimal,
unexpected performance, or even network instability.

Therefore, for the future Internet, it is imperative to de-
velop fully distributed, user-utility-aware, optimization-based,
integrated end-to-end and in-network traffic control mechanisms
for applications with both concave and nonconcave user utilities.
This paper develops the much needed theoretical underpinning
upon which such traffic control mechanisms can be developed.

The results presented in this paper enable each router to
distribute the incoming traffic among the next set of given hops
with the class of service (CoS) requirements satisfied and in
an optimal way. This is in line with the connectionless, hop-
by-hop forwarding paradigm of the Internet, where the packet
forward decision is made on a hop-by-hop basis. Hereafter, a
network that uses this packet forwarding paradigm is called a
connectionless network. There are two main contributions. First,
we overcome the challenges opposed by the nonconvexity of the
optimization problem by proposing a convex relaxation whose
optimal solution approximates that of the original nonconvex
problem. The convex relaxation provided relies on the results
from the moment approach to polynomial optimization and mea-
sure theory. Second, we handle the difficulties rendered by the
lack of global information by developing an iterative decentral-
ized algorithm that distributes the required computation over the
nodes (routers) in the network, where each node solely uses its
immediate local information to route the incoming traffic. The
algorithm is proven to converge to the optimal network utility
at a rate O(1/K), where K is the iteration counter. Moreover,
the algorithm is robust against link failures, which means that
it quickly responds to link failures and reroutes the traffic to its
new optimal point.

2. Related work

First, we note that the end-to-end window-based TCP con-
gestion control mechanism (Allman et al., 2009) is designed em-
pirically. Nevertheless, it is interesting to note that one of our
earlier results (Ye et al, 2011) showed that the TCP conges-
tion control effectively achieves the network utility maximization

(NUM) design objective with a special concave flow utility for
each TCP flow. We also note that the flow-based ECMP is a
fully distributed, non-optimization-based solution. It simply dis-
tributes flows equally among multiple next-hop nodes, leading
to the same destination. Although some recent solutions en-
able optimization-based dynamic load balancing (Alizadeh et al.,
2014a; Wang & Xu, 2014), they are no longer fully distributed by
design and require the knowledge of global information. In what
follows, we limit ourselves to the literature on fully distributed,
optimization-based solutions only, which are most relevant to the
current work.

The general approach taken to address the optimization-based,
fully distributed traffic control problem is to adopt a fluid-flow
model based formulation taking into account link bandwidth
constraints, which leads to a nonlinear programming problem.
The aim is to find fully distributed traffic control laws with the
property that, by working independently of one another, the
nodes, e.g., routers, will drive the network to an operation point
where a given utility function of flow rates is maximized for the
whole network. One approach (e.g., Elwalid, Jin, Low, and Widjaja
(2001), Golestani and Bhattacharyya (1998)) is to incorporate link
congestion costs into the overall utility function to convert the
constrained problem into an unconstrained problem. The result-
ing optimization problem can then be solved using a gradient-
based first-order algorithm. It is generally used for a network
where each path is pinned, such as a label switched path (Elwalid
et al, 2001). A second approach (e.g., Han, Shakkottai, Hollot,
Srikant, and Towsley (2004), Kelly, Maulloo, and Tan (1998), Kelly
and Voice (2005)) first converts the original constrained problem
into an unconstrained problem, i.e., the Lagrange dual problem,
by introducing dual variables. Then the second approach solves
a relaxation of the unconstrained problem after closely approxi-
mating it through incorporating a price function into the overall
utility function, which makes the second approach different from
the first one. Fully distributed control laws were found, which
were proven to be locally stable in the presence of variable
feedback delays. Working independently at a source, a control law
adjusts/balances its flow sending rates to multiple paths based on
periodic, cumulative price feedbacks from the destination node.
Each component price is collected from the intermediate links
along the forwarding path.

A third approach is to solve the original problem directly
(e.g., Lagoa and Che (2000), Lagoa, Che, and Movsichoff (2004),
Movsichoff, Lagoa, and Che (2005, 2007), Su, Liu, Lagoa, Che, Xu,
and Cui (2015), Wang, Palaniswami, and Low (2003)). Using a
dual model, an algorithm was provided in Wang et al. (2003).
In Lagoa and Che (2000), Lagoa et al. (2004), Movsichoff et al.
(2005, 2007), this problem was tackled by using a technique
based on the Theory of Sliding Modes. Both end-to-end (Lagoa
& Che, 2000; Lagoa et al., 2004; Movsichoff et al., 2007) and
hop-by-hop (Movsichoff et al., 2005) optimal control laws were
proposed. Moreover, fully distributed multi-domain optimal con-
trol laws were also developed in Su et al. (2015). These algorithms
allow multipath forwarding and enable multiple CoS, and require
minimum information feedback for control.

However, all of the above solutions assume that the user
utility functions are concave. There are limited results in the
literature on developing algorithms that maximize nonconcave
utility functions. Fazel and Chiang (2005) proposed a centralized
algorithm for solving a NUM problem with polynomial utilities.
Hande, Zhang, and Chiang (2007) considered a special class of
nonconcave utility functions, for which the duality gap between
primal and dual problems is zero, and solved the optimization
problem with a fully distributed sub-gradient algorithm.

In a related work in Ashour, Wang, Lagoa, Aybat, and Che
(2017), the authors of this paper developed a fully distributed
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Fig. 1. Notation example.

traffic allocation algorithm that allows end-to-end data adaption
and load balancing with minimum information feedback from the
network. While the work in Ashour et al. (2017) is useful for
providing sophisticated service quality features at the transport
or higher layers, the solution in this paper is particularly powerful
as it allows similar sophisticated service quality features to be
adopted at the inter-networking layer in a connectionless net-
work where routers use hop-by-hop forwarding. A preliminary
version of this work has appeared in the 2017 American Control
Conference (Wang, Ashour, Lagoa, Aybat, Che, & Duan, 2017);
when compared to Wang et al. (2017), the algorithm proposed in
this manuscript requires less computation workload as it enables
each node to update data rates by per destination. This modi-
fication performs better in terms of the computation workload.
Moreover, complete proofs of all the results, which were omitted
due to space restrictions in Wang et al. (2017), are now provided
in this paper.

Finally, we note that there are some interesting application-
layer flow control solutions being developed for specific appli-
cations, e.g., DASH video streaming (Cofano, De Cicco, Zinner,
Nguyen-Ngoc, Tran-Gia, & Mascolo, 2016; Yin, Bartulovié¢, Sekar,
& Sinopoli, 2017; Yin, Jindal, Sekar, & Sinopoli, 2015), which
may also have a target deployment scenario in mind, e.g., a
software-defined-networking environment (Cofano et al., 2016).
The current work differs from such solutions in that it is not
meant to be used for a specific application, but rather serve as
the needed theoretical underpinning for the development of in-
tegrated transport-and-IP-layer protocols for the future Internet.
To this end, the solution must be distributed by design and in line
with the hop-by-hop forwarding paradigm of the Internet to be
deployable at global scale.

3. Notation

Let A/ denote the set of nodes, and £ C N x N denote the
set of links connecting particular pairs of nodes. Each link [ € £
has finite capacity ¢, > 0. Moreover, let S 2 {s{,s,..., Sy}
and D £ {dy,d,, ..., ds} be respectively the set of source and
destination nodes contained in N such that SND = @. The set of
links connected to source s € S is denoted by £;, whereas the set
of intended destinations for flows sent by s € S is denoted by D;.
Moreover, let £¢ C £, denote the set of links used to transport
flows sent by source s € S with an intended destination d € D;.
Also let Ds; C Ds be the set of destinations for flows sent by
source s € S through link [ € £;. The data rate of a flow sent
by source s € S with an intended destination d € D through
link | /:d is denoted by xd Furthermore, let x;; = [xs aey
and x; = [xS tliez,- Thus, the aggregate data rate of source s € S
isr; = lsz, where 1 denotes a column vector of all ones with
appropriate dimension.

let B 2 N\ (SUD) = {by,by,..., by} denote the set
of forwarding nodes. Given b € B, £, denotes the set of links
directly connected to it and Dy denotes the set of destinations
for flows visiting node b. Let £i-°" C £, be the set of links
for outgoing flows from node b e B with intended destination
d € Dy. Similarly, let ﬁb in < £, be the set of links for flows
incoming to node b € B with intended destination d € D,. The
set of destinations for flows departing node b € B through link
| € £y is denoted by DY C Dy, and Dy} C Dy denotes the set of
destinations for flows recelved at node b € B through link I € £,.
The data rate of a flow sent by node b € B with an 1ntended
destination d € D, through link | € £°" is denoted by x{ . Also
let xp; = [xb l]depout, and X, = [Xpliez,. Furthermore, let el(b)
denote the node connected to node b € B via link | € £;. Finally,
let X = [[X] o s [xb]beB] ,and r = [1lses.

For the convenience of the reader, we summarize the notation
in Table 1. Moreover, we present an example network in Fig. 1
with labels using the notation above.

Throughout the paper, I, is the n x n identity matrix, and
II.II denotes the Euclidean norm. The indicator function of A is
denoted by 1 4, i.e., 1 4(w) = 0 for w € A and is +oo otherwise.
Let IT4(w) = argmin{|lv—w|| : v € A} be the prO_]eCthl‘l of w onto
A. Let x© = max(x, 0). Given a sequence t = {j}‘:rk2 for some
nonnegative integer k and positive integer h, H(k, k + 2h,t) €
R % R"1 is a Hankel matrix of the form

te tkt1 - tkgn
H(k, k4 2h,t) = | e+t - bephtt | (1)
T

4. Problem statement

Consider a connectionless network consisting of multiple com-
binations of source/destination pairs. Each source sends data to
at least one destination, and the same destination receives data
from different sources simultaneously. Traffic flows are modeled
using a fluid flow model, and the links’ bandwidth is the only
shared resource. Next, we list our assumptions on the problem
along with their justification.

Assumption 1. The traffic flows for source/destination pairs
belong to the same class, i.e., they have the same content and
priority.

It is worth emphasizing that although this assumption seems
to be restrictive, in fact it is very general. Indeed, we can easily
extend the results to multiple-class case: Given flows belonging
to different classes with the same destination, we can split the
destination into “dummy” destination nodes so that each class
will have a unique destination node and then we can perform
the proposed control law. In the sequel, we restrict our attention
to the single-class case and allow the intermediate nodes to
aggregate flows that have the same destination.

Assumption 2. Source nodes are pairwise nonadjacent, i.e., £5; N
Ly = fori#].

In other words, there exists no pair of source nodes that are
neighbors. However, this is not assuming that the data of different
sources do not share links. Indeed, it is imperative for different
source/destination flows to share links. Evidently, our model cap-
tures this fact. For instance, in Fig. 1, link [, simultaneously carries
flows with source/destination pairs (s, d1), (S2, d1), and (s3, d).

Assumption 3. Each source s € S is aware of the capacities of
links £;. Moreover, each node b € B knows the capacities of the
links £5°" for all d € D.
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Table 1
List of notation.
Notation Description
N Set of nodes in the network.
D Set of destination nodes.
S Set of source nodes.
B Set of intermediate nodes.
L Set of links in the network.
el(b) Node connected to node b through link L
Ls Set of links connected to source s.
Ly Set of links connected to node b.
Dy Set of destinations for flows sent by source s.
Dy Set of destinations for flows visiting node b.
cd Set of links for flows sent by source s with destination d.

S

d,out d,i
Eb ou (L:b 1n)
Ds,1

Set of links for flows sent (received) by node b with destination d.
Set of destinations for flows departing source s using link L

DY (DRY)

Set of destinations for flows sent (received) by node b through link 1.

X Data rate of flow sent by source s through link [ with destination d.
xi, Data rate of flow sent by node b through link I with destination d.
Ts Aggregate data rate of source s.

Assumption 4. Each source s € S has a monotonically nonde-
creasing possibly nonconcave utility function of its aggregate data
rate, Us(rs).

The local utility function Us(rs) for source s € S considered
herein belongs to a class of nonconcave polynomial-like functions
of the form

Us(rs) = Y psril", (2)
j=0

where « and ¢ are some given positive integers, and we consider
the case that « < ¢£. The main motivating reason for using
this large class of utility functions is that the particular form
given in (2) is so flexible that it can be used to approximate
a wide variety of utility functions arising in real-world applica-
tions such as monotonic piecewise affine functions in the case of
video streaming (Juluri et al., 2016). Available efficient approx-
imation techniques range from the simple linear regression to
more versatile approximation schemes, e.g., Sum of Squares (SoS)
(Henrion, Lasserre, & Savorgnan, 2009) and Chebyshev Approx-
imation (Press, Teykolsky, Vetterling, & Flannery, 2007). Fig. 2
shows an example of approximating a monotonic piecewise affine
utility function with a polynomial-like function using SoS. As a
result of the approximation, the optimum of the approximation
function may not be the optimum of the original utility function,
especially non-smooth and nonconcave functions, which renders
conservativeness to the results in this paper. However, choosing
large enough parameters « and £ is an effective way to reduce the
conservativeness, since the larger both the parameters, the better
the approximation result (see also Proposition 1). Of course, avail-
able techniques to reduce the conservativeness include but not
limited to the way mentioned above. Hence, this type of utility
functions can fit various inelastic applications.

We design a traffic allocation algorithm to maximize non-
concave utility functions of the connectionless network, i.e., the
sum of individual polynomial-like utility functions, while ensur-
ing that the network resource constraints are satisfied, which
include link capacity constraints, Minimum Rate Guaranteed and
Upper Bounded Rate Service (MRGUBRS) requirements, and flow
conservation through nodes.

Referring to the definitions of the above constraints given
in Movsichoff et al. (2007) and the list of notation presented in

4 r r
—— Polynomial-like function
- = = Objective function
3 L
=Ll -
=)
1 L ——EEEETE = = = = = - e 4
o0& . . . I
0 0.5 1 1.5 2

rS(Mbps)

Fig. 2. Utility function approximation for « = ¢ = 20.

Table 1, we can formulate the problem of optimal traffic alloca-
tion as follows:

o
max. Y Y pyrllt
X,r

seS j=0

s.t. 1'x,<c, lecLs, ses
1Txb,l + 1TXe,(b),z <cq, lecLy, benB (3)
Bx=0

X,>0, le i depy, beB
(X5, Ts) € X5, SES,

where BXx = 0 encodes the flow conservation constraints
Yo aowxd, = > amxd,  enforced for all d € Dy at each
lecy b1 lecy™ “e(b),!

node b € B. The matrix B is constructed in a similar fashion to
the edge-node incidence matrix of a graph. More precisely, each
row of B is determined by a destination-intermediate node pair
(b, d) for b € B and d € Dy, while each column is determined by
a node-link-destination triple (n,[,d) forn € SUB, | € £,, and
d e Dy i{n € Sorde Dy if n € B. The entry By, 4 | 3 equals
lifd =d, n # b, and Xz,l is received at node b, it equals —1 if
d=d,n=>b,and xgil is transmitted by node b, and is 0 otherwise.
The set A; is defined as:

Zleﬁs |Ds, 11

X & (%, 15) € RY XRy & <15 < &, 15 = 1sz}-

The resulting NUM problem (3) is nonconvex. Nonconvex
problems are hard to solve even with centralized algorithms.
Moreover, it is not reasonable to assume the availability of global
network information at any node when the scale of the network
is large. This stimulates the necessity of developing a distributed
algorithm that leverages local information at each node.
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5. Main results

This section presents the proposed method for overcoming
the two main challenges associated with solving (3), namely,
the nonconvexity of the problem and the lack of global network
information.

5.1. Convex relaxation
The following semidefinite program provides a computation-

ally tractable convex relaxation to (3) inspired by the moment
approach to polynomial optimization (Lasserre, 2001).

-
max . p. m
(m,x,r) ; s s
subjectto mgo=1, seS,

M, >0, M, >0, ses&,

Mg, j Srﬁﬂ, jef{l,...,a}, ses,

1'%, <q, les, ses, )
1%+ 1 Xy <, l€Ly, beB,

Bx=0

Xp; >0, leLy, behB,

(Xs, Is) € X5, se8.

The objective function is the sum of local linear functions of
moment variables mg = [msljco,....o), Where ps = [psjlic(o.....a)-
For each s € S, the matrices My and M; are constructed using H
in (1) as follows.

o If o is even, then

M; = H(0, o, my) (5)

M; = ¢?H(0, o — 2, my) — H(2, o, my). (6)
e However, if « is odd, then

M = H(0, @ — 1, my) — H(1, o, my) (7)

M, = H(1, o, my) + ZH(0, o — 1, my). (8)

Proposition 1. Given ¢, o € Z,, let (m*(«), X*(), r*(ce)) be an
optimal solution to (4). Then, (X*(«), r*(a)) converges to (X*, r*) as
o — oo, where (X*, r*) is an optimal solution to the nonconvex
NUM problem in (3) with user utility functions as in (2).

Proof. See Appendix A.

According to Proposition 1, given the model parameter ¢,
through letting @« < ¢, we obtain a convex relaxation of the
problem (3), which can be solved efficiently. Hereafter, we set «
equal to .

Problem (4) maximizes the sum of linear functions subject
to convex constraints, i.e., (4) is a convex problem. Hence, it
can be readily solved by centralized algorithms if global network
information is available. However, aggregating global information
at a centralized coordinator in a large-scale network renders
the network vulnerable to attacks, and is prohibitively expensive
from communications and computations perspectives.

5.2. FDTAA

The constraint set of problem (4) consists of not only local
constraints, e.g., the MRGUBRS, but also some global constraints,
e.g., the flow conservation constraints through nodes. Without
assuming global information available, the existence of global
constraints renders problem (4) difficult to solve in a fully dis-
tributed manner. However, the primal-dual method proposed

Algorithm 1. FDTAA{tgses., {Tg,[}devb_,,leﬂb.bess {Kb,l}lec,,,bes,y

1: Initialization: m®, x%, 1%, 19,20 < x?, se s,
z), <X}, €Ly, beB.
2: for k > 0 do

3: (mg, X;, rs)kJr] <~ IYAS(H"S< + TsPs, X? - VTsllf, r;‘)v SES
+

k
& X (xg, — k[, + yfg,(ugy,)k]mguf) lecyben
5: Each node s € S communicates X1 to .
6: Each node b € B communicates x’,jf,l to l € L.

k+1 K T royk+1 k

Myt e (g (12X —xp )
7 T (k+1 k +

+1 (ZXEI(b)J —Xq(b),z) —ca)),lecy,beB

8  ZMl —Zxk4oxkl ses

. k+1 k k k+1
9: zy) < zy — X +2x,7,le Ly beB

10: Each node s € S communicates z’s<+1 to Ls
11: Each node b € B communicates z’;fj] tole Ly

in Aybat and Yazdandoost Hamedani (2016) provides a way
for solving problem (4) using local information at each node,
communication among immediate neighbors only. Based on the
primal-dual algorithm in Aybat and Yazdandoost Hamedani
(2016), we develop a fully distributed method to solve (4), FDTAA
summarized in Algorithm 1. The derivation of FDTAA is presented
in Appendix B.

For each s € S, let the set of local constraints .As be defined as

IDs 1l
As ={(ms, X, TS) € RZ7L1 X RE:IELS 5.1

M, >0, My =0, mg; <r/* je{1,...,¢},

1'% <c, L€ L, (X, T5) € X (9)

X Ry :imso =1,

Note that A is fully characterized by the local information avail-
able to node s, e.g., the lower and upper bounds imposed on its
own data rates.

In FDTAA, for any given stepsize parameter y > 0, the local
stepsize t; > 0 is determined at each source node s € S.
Each s € S keeps the variables mg, r; and the parameters
ps as private information, and need not share them with any
other network entity. In addition, source s introduces auxiliary
variables z;. Introducing these auxiliary variables is one of the key
steps to make the traffic allocation algorithm fully distributed.
Similarly, at each forwarding node b € B, the stepsize parameters
[«piliec, = 0 and [tﬁl]aebb_z.legb > 0 are determined using
local information. Moreover, given b € B and | € Lp, Ay, is
a scalar nonnegative variable that denotes the price associated
with link L. Each forwarding node b € B also introduces auxiliary
variables z,; for all | € £;. Hereafter, the superscript k indicates
the iteration index. The k-th iteration of FDTAA consists of the
following:

e In step 3, all source nodes update their desired sending data
rates in parallel and locally by solving a simple semi-definite
program, where the vectors us consist of the relative sending
data-rate information among neighboring nodes and are
computed as shown in (B.9) for each s € S. Simultane-
ously, all forwarding nodes locally and in parallel update
their desired sending data rates as shown in step 4, where
ug’l, de Dl‘)’}}‘, is the relative sending data-rate information
among neighboring nodes and is computed as shown in (B.9)
foreachl € £, and b € B.

e In step 7, for each b € B, each link | € £, updates its link
price Ap ;. This step can be evaluated at one or both of the
nodes the link connects. If the communication workload is
taken into consideration, the link price can be updated at
both nodes simultaneously. Otherwise, the update can be
performed at one of the nodes and then sent to the other.
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Fig. 3. Routing example.

Overall, FDTAA is a distributed traffic allocation algorithm, where
all computations are performed locally at each node, and com-
munication occurs between immediate neighbors only.

At the end of this subsection, it is worth discussing the gen-
erality of algorithm FDTAA. This algorithm is proposed to solve
the convex relaxation problem of the nonconvex optimization
problem (3). Here the convex relaxation problem is actually an
approximation of the problem (3) for the following two reasons:
(1) when « goes to oo, the solution of (4) converges to that
of (3), since the constraint set of (4) becomes more and more
tight; (2) when « < ¢, the relaxation problem (4) is convex.
It follows from the above reasons that the approximation is
grounded in well-defined concepts. And FDTAA is general enough
to approximately solve problem (3) with high accuracy since it
can produce decent data rate allocation results (shown in the
simulation section). Moreover, FDTAA is fully distributed, since
it just requires immediate local information available to it. To
the best of our knowledge that there are no other distributed
algorithms that can even approximate the complex problem in
this paper.

5.3. Feasibility of the FDTAA iterate sequence

Among the advantages of FDTAA is that if the proposed prob-
lem (4) has at least one primal-dual solution, then the iterate
sequence converges to some primal-dual solution; moreover, the
suboptimality and infeasibility of the ergodic average sequence
converges to 0 with O(1/K) rate, where K is the number of
iterations. This conclusion is based on results from Aybat and
Yazdandoost Hamedani (2016), which shows that the primal-
dual method proposed in Chambolle and Pock (2016) can be
used to solve multi-agent consensus optimization problems with
local conic constraints over static or time-varying communication
networks. Here, in Theorem 1, we discuss the convergence prop-
erties of the iterate sequence generated by FDTAA for solving the
convex relaxation problem (4).

Theorem 1. Given the communication network and the convex
optimization problem (4). Let {m¥, X, r*}icn be the iterate sequence
generated by FDTAA, initialized by an arbitrary (m°, x°, r°). Let the
primal-dual stepsizes {t}, {r,il}, {kp1} and y be positive constants
satisfying the following inequalities

l _V(4+Us) > 0,

Ts

Vses (10)

1 (1
—<T—y(4+ugl)> >m+1, ¥d e DY, 1€ Ly, b e B, (11)
Kb, 1\ Ty, ' ’

where m is the total number of destinations for flows going through
link I € Ly; {vs} and {v{i,} are positive constants satisfying in-
equalities (C.1) and (C.2). Then, the iterate sequence {m*, x*, r*};cx

converges to a maximizer of the utility function of problem (4)
subject to the resource constraints.

Proof. See Appendix C.
5.4. Routing as a function of destination and next hop

In FDTAA, each router makes routing decision just with the
destination information carried in each data unit. That is to say,
if several call types ( flows having different pairs of edge nodes
or equivalently source/destination nodes) arrive at a forwarding
node, the node distinguishes those flows solely according to their
destinations, without referring to the specific information of edge
node pairs. Consider a communication network with N source
nodes and M destination nodes. Suppose that each source node
sends data to all destination nodes and thus there exist N x M
types of calls. By using FDTAA, each forwarding node just needs
to update M distinct data rate variables, although there are as
many as N x M types of calls received. This obviously reduces
the computation burden compared with algorithms that update
data rates by call type.

Moreover, the computation burden can be further reduced
by routing as a function of destination node and next hop. We
illustrate this idea with Fig. 3, which is used to route two types of
flows to their respective destination nodes d; and d,. Forwarding
node b; is aware that the incoming flows have the same next
hop b, and share the same resource, i.e., the link bandwidth of
I3. Let the next set of hop 7, £ {b,} replace the destination set
D,‘j:‘f,g £ {d,, d,}. Similarly, let per hop data rate variable foJ3
replace xg;,3 and ng,b. Then, node by just needs to update the

per hop data rate variable ng.h, i.e,, per destination information
no longer needs to be maintained. Similarly, nodes b,, bs and b,
can also update their per hop data rate variables. Through this
way, we can almost save half of the computation efforts.

6. Simulation results

In this section, we perform simulations to exemplify the be-
havior of the proposed algorithm FDTAA.

6.1. Simulation setup

We consider the network model shown in Fig. 4, where on
each link the corresponding bandwidth is displayed. The network
model allows for multiple paths available for flows belonging to
each source node. We consider a total of 8 different combina-
tions of source/destination nodes, i.e., s1/ds, S2/d2, S3/ds, S4/da,
ss/ds, sg/ds, s7/d; and sg/ds. Moreover, we list the prescribed
next hops for all forwarding nodes b;, i = 1,...,8, in Table 2.
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Fig. 4. Topology of the communication network.

Table 2
Routing decisions by destination nodes.
b1 bz b3 b4 b5 bs b7 bg
dp by, bs b7, bs - - d; - bs bs, bs
ds by, by by, bg by dsz - - bg b3, by
d5 b7 bl, b7, bg b4, bg bs b7 ds b6 st b7
d; by, bs d; - - - - ba,bs by

For example, according to Table 2, node b; forwards the data with
destination d, to nodes b, and b;.

The objective throughout the simulation is to maximize the
sum utility of source nodes, where each source has the utility
function given by

0, if0<r; <1,

USi(rSj) = 13 1f1 f rsi 5 2, l_ 1a 587 (12)
2, if2<r; <3.

U (rs,), i=1,...,8, are monotonic piecewise affine nonconcave

utility functions. The reason we consider monotonic piecewise
affine functions is because this class of functions is appropriate
for describing the video quality perceived by a user in a video
streaming application (Nekouei, Nair, & Alpcan, 2015). Note that
it is easy to form the resource constraints with the information
provided in Fig. 4 and Table 2. Throughout the simulations, we
impose the lower and upper bounds on the aggregate data rate
of each user as &, = 0.1 and ¢;; = 3, i=1....,8, respectively.

6.2. Performance of FDTAA

One advantage of the proposed algorithm is that efficient
approximation techniques exist for approximating general utility
functions with polynomial-like functions, i.e., functions of the
form (2). Obviously, the utility functions (12) are not in the
polynomial-like form. We use polynomial-like functions as in (2)
to approximate the monotonic piecewise affine functions in (12).
This way we obtain the coefficient vectors p;; fori =1, ..., 8 that
make (2) a close approximation of (12) according to some defined
metric. We choose to show the approximation result for« = ¢ =
6 and do the following simulations for this approximation func-
tion. We refrain from providing the details of the approximation
techniques for that purpose since it is not the main focus of this
paper and due to space limitation. Interested readers can refer
to Henrion et al. (2009), which presents theoretical results and
tutorial examples on the approximation technique.

13

—GA
—— FDTAA

0 1000
Iteration index

Fig. 5. Utility function value for GA and FDTAA iterates.

Iteration index

Fig. 6. Data rates in response to MRGUBRS requirements on the flows.

We focus on approximating a global optimal solution to prob-
lem in (3) having an objective that is the sum of polynomial-like
utility functions as in (2); therefore, any global optimal solution
to (3) serves as a benchmark solution with which we can evaluate
the performance of the proposed algorithm FDTAA. Since (3)
is nonconvex, in this simulation, the global optimal solution is
estimated using a global optimization technique, in particular
the genetic algorithm (GA). However, we emphasize that GA is
a centralized solution that requires global network information,
and is prohibitively expensive to be implemented in practice.

Fig. 5 shows the performance of FDTAA for stepsize param-
eters chosen to satisfy the convergence condition set forth by
Theorem 1. It can be seen that the utility function values con-
verge to the optimal one, which is obtained by using the genetic
algorithm. Although all the computations of FDTAA are performed
locally at each node, it attains almost the same network utility
value obtained with a centralized optimization algorithm, which
requires the availability of global information.

Fig. 6 shows the representative data rate trajectories for MR-
GUBRS flows transporting through source/destination nodes
s1/ds, s4/dy and sg/ds. All data rate sequences are generated
by FDTAA. Fig. 6 shows that the MRGUBRS requirements are
satisfied.

6.3. Robustness of FDTAA

In this section, we show that FDTAA is robust to link failures.
When a link failure is detected, the algorithm reroutes the traffic
such that flows avoid going through that link. More precisely,
when a link failure happens, only the nodes connected to that link
are aware of the link failure and change the corresponding link
capacity. Other nodes are oblivious to the failure. We show that
FDTAA excels at this task. At iteration 130, we shutdown the link
connecting nodes b; — bg. We choose to test the response of FD-
TAA to the failure of this particular link since it is used by all the
source nodes to transport their flows to their destinations, which
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Fig. 7. Utility function value in response to a link failure.

0 1000
Iteration index

Fig. 8. Data rates in response to a link failure.

follows from Table 2. Moreover, we do not need to update all the
stepsize parameters, since they still satisfy Theorem 1 for the new
communication topology. Fig. 7 shows that FDTAA responds to
the link failure immediately and the utility function converges
to its new optimal value, which is obtained by using genetic
algorithm and it requires the availability of global information.
Fig. 8 shows the representative data rate trajectories for flows
transporting among source/destination nodes s;/ds;, s4/d; and
sg/ds. It also shows that FDTAA rapidly redistributes the traffic
and in this way steers the network towards its new optimal point
of operation.

7. Discussion

This paper formulates the traffic allocation problem in con-
nectionless networks as a NUM problem which maximizes a
nonconcave utility function subject to the resource constraints.
The resulting NUM problem is nonconvex and is hard to ana-
lyze and solve even with centralized algorithms. We proposed a
convex relaxation whose optimal value approximates that of the
given nonconvex NUM problem. Furthermore, we developed FD-
TAA which is a fully distributed algorithm and its iterate sequence
converges to an optimal solution of the convex relaxation. FDTAA
has low computational workload since it updates data rates as per
destination node.

Simulation results show that the behavior of FDTAA mimics
the optimal traffic allocation. In particular, the simulation studies
demonstrate that FDTAA can effectively reroute the traffic to a
new optimal state when link failures occur.

Although the robustness of FDTAA against link failures has
been tested, there are many other issues that need further con-
sideration, like the delay of information transmission. Future
research directions include studying these detailed implementa-
tion issues and testing the implementation in large-scale network
settings.
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Appendix A. Proof of Proposition 1
In this Appendix, we first recall some results which are fun-

damental for the development of Proposition 1, and then present
the main steps of the proof.

Lemma 1. Let f be a real-valued polynomial, ¥ C R" be
a semialgebraic set, and M(F) be the set of finite positive Borel
measures supported on F. Then, the problems

min {f(x) : x € F},
min{[fdu:ueM(f), M(f):]},
].'

are equivalent in the following sense

(A.1a)

(A.1b)

(a) the optimal values of (A.1a) and (A.1b) are the same;

(b) if x* is an optimal solution to (A.1a), then the Dirac measure
centered at x* is optimal to (A.1b);

(c) if u* is an optimal solution to (A.1b), then any point in the
support of u* is optimal to (A.1a).

Proof. (a) follows from Lasserre (2010, Theorem 5.1). (b) and (c)
easily follow from (a).

Lemma 2. Let u be a Borel probability measure supported on
the closed and bounded interval [0, 1]. Then the moment sequence
t £ {tj}jen of measure p satisfies 0 < t; < 1 for all j € N.

Proof. Since p is a probability measure with support contained

on [0, 1], we have 0 < t; = B, [y¥/] = [, ydu(y) < [,y du(y) < 1
for eachj € N.

Lemma 3. Lett = {tj}jen be a real sequence. If there exists a
constant ¢ > 0 such that H(0,a,t) > O and t; < c forall « € N
and j € N, then there exists a representing measure . with support
on [0, 1].

Proof. Direct application of Jasour, Aybat, and Lagoa (2015,
Lemma 2.4).

We proceed with the following theorem that provides neces-
sary and sufficient conditions for the existence of Borel measures
whose support is included in bounded and symmetric intervals
of the real line.

Theorem 2. Given a sequence t = {tj}j’?:l, there exists a Borel
measure . with support contained in X = [—e, €] such that u(x) =
1and tj = E,[y'] = [, y'du(y) holds if and only if

e when nis odd, i.e, n = 2k + 1 for some k € Z., the following

holds
€H(0, 2k, t) > H(1,2k + 1, t) (A.2)
H(1, 2k + 1, t) = —eH(0, 2k, t), (A.3)
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e when n is even, ie, n = 2k for some k € Z., the following
holds

H(0, 2k, t) = 0
€?H(0, 2k — 2,t) = H(2, 2k, t),

(A4)
(A5)
where H(k, k + 2h, t) € RA+DX(+1) s the Hankel matrix given in
(Mandty = 1.

Proof. Direct application of Theorem II1.2.3. and Theorem II1.2.4.
in Krein and Nudelman (1977).

We proceed with the proof of Proposition 1 using the results
mentioned above. With the variable change y; = r:/ ‘ problem
(3) can be converted into a polynomial optimization form. The
equivalent problem is stated as:

o
max. > > poy

ses j=0
s.t. o<y, <r)/t, ses
1'%, <c, leLgyses (A6)
1%+ 1 Xepy <1, €Ly, bEB
Bx =0
Xp1 >0, leLly, benB
(X5, 15) € Xs, SES.

Now, we consider transforming problem (A.6) into an opti-
mization problem over the space of probability measures of y;
with support contained in the feasible set of (A.6). Define y; £
{yseR:0<y, < rsl/e}. Then, Lemma 1 implies that (A.6) is

equivalent to:

[ 23 paviduest)

max .
X1 {1slses ses j=0
s.t. supp(us) C Vs, us(¥s)=1, se€S
1'x,<q, lelg,ses (A7)
17Xy + 1 Xepy1 < ¢, € Lh, bEB
Bx=0
Xpy >0, leLly, beB
(X5, Ts) € X, SES,

where the support of 1 is denoted by supp(us).
We now note that:

e The objective functions of (A.7) equals that of (4) following
our definition of moment variabl‘es, i.e., my; is the jth order
moment of u; hence, ms; = [ yidus(y).

e Theorem 2 justifies the first three constraints in (4).

e Given s € S, we can establish the e(ﬂuivalence between
the sequence of constraints {m;; < rﬁ/ Jjen in (4) and the
constraint SUpP(/LS) C Y. Using dilation, we can reduce the
case ys € [0, 1271 to 75 2 ys/(r’") € [0, 1]. Then, it follows

from Lemma 2 that the moments of 7, satisfy the sequence

of constraints {msJ»/ré/lZ < 1}jen. Similarly, the other side

of the equivalence can be established by using Lemma 3

together with the second constraint in (4).

Note that ré/e is a concave function for all j € {1, ..., ¢}. Thus,
mg; < rJS/Z forallj € {1,...,a} and s € S is a set of convex
constraints if « < ¢. Hence, problem (4) is convex provided that
a </

Solving a sequence of problems of the form in (4) with in-
creasing size converges to the solution of (A.7). The convergence
can be shown using arguments similar to those in Jasour et al.

(2015, Theorem 3.3). To summarize briefly, given « € Z., let
an optimal solution to (4) be denoted by (m*(«), x*(«), r*(a)).
Next, for all s € S, let {mj(a)lecz, C RN be a sequence
of infinite real sequences such that mj (o) is obtained by zero-
padding m;(s). Then, for all s € S, {m}(a)}yez, weakly converges
to an accumulation point such that there exists a representing
measure p) of this point that is optimal to (A.7). Furthermore,
for each s € &, any y} in the support of u} is optimal to (A.6).
It then follows by equivalence of problems (3) and (A.6) that
(x*(a), r*(e)) > (X*, r*) as o — oo.

Appendix B. Derivation of FDTAA

The problem in (4) can be compactly stated as

max. ) p/m,

mxr seS

s.t. 'lTXb,l + lTXel(b)yl —q=<0,lecLy, benB B.1)
Bx =0 )
(mg, X5, T5) € As, SES
Xp1 = 0, le Ly, beB,

where A; is defined in (9) for each s € S. The convex-concave
saddle-point form of the primal problem (B.1) is given by

min max L(m, X, r, A, 6), (B.2)
mXx,;r A, 4

where L(x, m, r, A, 0) is the Lagrangian function, i.e.,

Lm, X, 1, ,0) = — ) (p/m; — 14,(m;, X, 7))
seS

222 g (%6.) = 12, () + (B, 6)

beB leLy +

+ Z Z (ITXb,l + lTxel(b),l —q, }"b,l) . (B.3)

beB leLy

and 6 € RX»es Dol denotes the dual variables associated with
the flow conservation constraint Bx = 0. Given [ € £, and b €
B, the dual variable Ap; is associated to the capacity inequality
constraint 'lTXb,l-i- lTxel(b),l < ¢, and we define A = [Ab,i)iecy beB-

Now, given the initial iterates m°, x°, 1°, A°, 0° and parameters
y >0,1,>0foralls € S, 7, > 0,k > Oforalld € DY\, 1 € £,
and b € B, applying the basic primal-dual algorithm in Chambolle
and Pock (2016) on (B.2), we compute the iterate sequences as
follows:

k+1 : T
(m5 X, l') + = argmln - Z(ps mg — :[l.AS(mSa X, rs))

>
m,x>0,r ses

1 K k k
+ Y 5, Ums = i1 4 s = X1 + (1 — 1Y)

seS
+ (BX, 9k> + Z Z((ITXb’[ + lTxel(b),, —q, )\.’EJ)
beB leLyp
1
+ Y F(x;,’_, - (xﬁq,)")2> (B.4)
depgy ~ b

kel _ Tiogktl _ 4k k1 gk oy
M1 —aigrzglx(l (2Xy 1 = Xy + 2%, ) 1 — Xeyp).1) Cl»)\b,l>
b, 1=

1
— — (= A2 ey, beB (B.5)
2Kb_1 ’

1
0"+ = argmax (B(2x**! — "), 0) — 2—||9 — %2
6 Y

6% + yB(2xK1 — x5). (B.6)
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These iterations are still not in a distributed form since one
needs to know global network information to be able to solve
the subproblem for updating the primal variables x. Indeed, this
is caused by the presence of the term (Bx, ), which is associated
with the flow conservation constraints at nodes. Nevertheless,
investigating the structure of the inner product of the two vectors
Bx and 6 reveals that it is a summation of local linear functions
of the local variables; therefore, it is possible to develop an
optimal decentralized traffic allocation algorithm. As in Aybat and
Yazdandoost Hamedani (2016), one can use recursion to write
O*+1 as a partial summation of primal variables x¥, i.e.,

k—1
0 =0"+y Y Bx" —x"). (B.7)
n=0
Let 0° = yBx?, 2 = x® and ¥ 2 x* + Y"¥_ x" for k > 1. Then,
one has

(Bx, 0) =y (x,B'BZ") =y Z bef,u',jyl + pxsuk, (B.8)
beB leLy
where the variables u,; = [ub l]depout foreachl € £y and b € B,

and ug £ [[uf’,]dqusyl]lE ¢z, for each s € S are introduced to denote
the relative sending data-rate information among neighbors, and
their entries are defined as

d o .d d d d
Upy =2y + Z Zb,i Z Ze,(b),l Z Ze,(b),l

TELZ’OM TELZ“" lect (m;t
ou
+ Z eel(B).] de Db le iy, beB (B.9a)
lecfl(‘g)
uf 228 — e(s)l’ deDy, leLs, ses. (B.9b)
Tecgl’("s‘)“
Next, (B.5) implies that Ak+1 is simply updated as:
k+1 T (yk+1 k k+1 k +
M =00+ 17K — x5+ 2Xe )1 — Xeyby) = €1) (B.10)

Substituting (B.8) and (B.9) into (B.4) and (B.6) yields a fully
distributed traffic allocation algorithm shown in Algorithm 1.

Appendix C. Proof of Theorem 1

Proof. Let {v} and {vl‘i,} be positive constants satisfying the
following inequalities

vs > max L+ e+ 1LhmN =3, Vses (C.1)
leCs
d,out d,in d,out d,in
v > 1L+ D (e + 1Lem)) — 4 (€2)
TE,Cd’OL‘t
b

for all d e Dg“t l € £p,b € B. Choose the primal-dual step
sizes {7}, {‘bel}, {«p1} and y to be positive constants such that
conditions (10) and (11) are satisfied. Let 1, (0,) be a column
vector of n ones (zeros), and 1,,x, (0;x,) be an m x n matrix
of all ones (zeros). Then, it can be shown that the following
matrix is positive definite by using Schur complement Lemma
and Gershgorin circle Theorem, i.e.,

Dy —AT —A]
Q(A, Ap) = [ « Dc 0 ]>0, (C3)

* * Dy

where A 2 dlag([o(u_])ls‘ 1.0/ and D, 2 diag

IXI i

T . A
([O(ZSES(/H'H'Zleﬁs IDs 1)’ [Kb ]bGB’ |5|]) for «; £ [m]’“b" b, =

diag([0(,, 1ysp- 7 15, ipyy O )i Ao £ diag(0(es1yspxes s

B, 0‘5|X|$|]) is a block-diagonal matrix; D, 2 diag([[?] s,

[Ub ]beB’ [Tls ;3]) where 7, £ [7_1512+]+Zlez:5 |‘DSY”]SES' Up
[Ub,I]leEb' and vy & [%]depgﬂﬂ

By using Theorem 2.2 in Aybat and Yazdandoost Hamedani
(2016), we have that the conclusions of Theorem 1 hold.
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