
C orr es p o n d e n c e

St o c h asti c  O bs e r v a bilit y a n d  U n c e rt ai nt y  C h a r a ct e r-
i z ati o n i n Si m ult a n e o us  R e c ei v e r a n d  Tr a ns mitt e r
L o c ali z ati o n

T h e st o c h asti c o bs e r v a bilit y of si m ult a n e o us r e c ei v e r a n d t r a ns-
mitt e r l o c ali z ati o n is st u di e d.  A  m o bil e v e hi cl e- m o u nt e d r e c ei v e r is
ass u m e d t o d r a w ps e u d o r a n g e  m e as u r e m e nts f r o m  m ulti pl e u n k n o w n
r a di o f r e q u e n c y t r a ns mitt e rs a n d t o f us e t h es e  m e as u r e m e nts t h r o u g h
a n e xt e n d e d  K al m a n filt e r ( E K F) t o si m ult a n e o usl y l o c ali z e t h e r e-
c ei v e r a n d t r a ns mitt e rs t o g et h e r  wit h esti m ati n g t h e r e c ei v e r’s a n d
t r a ns mitt e rs’ cl o c k e r r o rs.  T h e r e c ei v e r is ass u m e d t o h a v e p e rf e ct
a pri ori k n o wl e d g e of its i niti al st at es,  w hil e t h e t r a ns mitt e rs’ st at es
a r e u n k n o w n. It is s h o w n t h at t h e r e c ei v e r’s a n d t r a ns mitt e rs’ cl o c k
bi as es a r e st o c h asti c all y u n o bs e r v a bl e a n d t h at t h ei r esti m ati o n e r r o r
v a ri a n c es  will di v e r g e.  A l o w e r b o u n d o n t h e di v e r g e n c e r at e of t h e
esti m ati o n e r r o r v a ri a n c es of t h e r e c ei v e r’s a n d t r a ns mitt e rs’ cl o c k
bi as es is d e ri v e d a n d d e m o nst r at e d n u m e ri c all y. Si m ul ati o n a n d e x-
p e ri m e nt al r es ults a r e p r es e nt e d f o r a n u n m a n n e d a e ri al v e hi cl e n a v-
i g ati n g  wit h o ut  G P S si g n als, usi n g ps e u d o r a n g es  m a d e o n u n k n o w n
t e r r est ri al t r a ns mitt e rs. It is d e m o nst r at e d t h at d es pit e t h e r e c ei v e r’s
a n d t r a ns mitt e rs’ cl o c k bi as es b ei n g st o c h asti c all y u n o bs e r v a bl e, t h e
E K F p r o d u c es b o u n d e d l o c aliz ati o n e r r o rs.

I. I N T R O D U C TI O N

L o c ali zi n g u n k n o w n r a di o fr e q u e n c y ( R F) tr a ns mitt ers
is i m p ort a nt i n a p pli c ati o ns r a n gi n g fr o m i d e ntif yi n g r o g u e
tr a ns mitt ers, s u c h as j a m m ers a n d s p o of ers [ 1], [ 2], t o r a-
di o n a vi g ati o n vi a si g n als of o p p ort u nit y [ 3], [ 4]. Si g n als of
o p p ort u nit y ar e a m bi e nt  R F si g n als t h at ar e n ot i nt e n d e d as
l o c ali z ati o n or n a vi g ati o n s o ur c es, s u c h as  A M/ F M [ 5],
c ell ul ar [ 6], [ 7], di git al t el e visi o n [ 8], [ 9], a n d iri di u m
[ 1 0], [ 1 1].  T h es e si g n als ar e a b u n d a nt, di v ers e i n fr e q u e n c y
a n d dir e cti o n, a n d r e c ei v e d  wit h hi g h c arri er-t o- n ois e r ati o,
m a ki n g t h e m a n attr a cti v e alt er n ati v e t o gl o b al n a vi g ati o n
s at ellit e s yst e m ( G N S S) si g n als.  H o w e v er, u nli k e  G N S S
s p a c e v e hi cl e ( S V) st at es, t h e st at es of si g n als of o p p or-
t u nit y tr a ns mitt ers, n a m el y t h eir p ositi o n a n d cl o c k err or
st at es,  m a y n ot b e k n o w n a pri ori , i n  w hi c h c as e t h e y  m ust
b e esti m at e d.  T h es e st at es  m a y b e si m ult a n e o usl y esti m at e d
al o n gsi d e t h e v e hi cl e- m o u nt e d r e c ei v ers’s p ositi o n, v el o c-
it y, a n d cl o c k err or st at es,  w hi c h pr o vi d es a s elf- c o nt ai n e d
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s ol uti o n t h at d o es n ot r e q uir e t h e i nst all ati o n of a d diti o n al
i nfr astr u ct ur e [ 1 2], [ 1 3].

T his esti m ati o n pr o bl e m is r ef err e d t o as r a di o si m ult a-
n e o us l o c ali z ati o n a n d  m a p pi n g ( S L A M) a n d is a n al o g o us
t o t h e S L A M pr o bl e m i n r o b oti cs [ 1 4].  H o w e v er, i n c o n-
tr ast t o t h e st ati c f e at ur e  m a p of t h e t y pi c al S L A M pr o bl e m,
w hi c h c o nsists of st ati c st at es ( e. g., p ositi o ns of b uil di n gs,
w alls, p ol es, tr e es, et c.), t h e r a di o S L A M si g n al l a n ds c a p e
m a p c o nsists of st ati c st at es ( e. g., p ositi o ns of t err estri al
tr a ns mitt ers) a n d d y n a mi c st o c h asti c st at es ( e. g., cl o c k bi as
a n d drift).

O bs er v a bilit y of t h e S L A M pr o bl e m i n r o b oti cs h as
b e e n e xt e nsi v el y st u di e d [ 1 5] –[ 1 8]. I n [ 1 9], o bs er v a bilit y of
t h e r a di o S L A M pr o bl e m  w as t h or o u g hl y a n al y z e d t hr o u g h
a li n e ari z e d d et er mi nisti c o bs er v a bilit y fr a m e w or k, d eri v-
i n g c o n diti o ns o n t h e  mi ni m al a pri ori k n o wl e d g e a b o ut
t h e r e c ei v ers’ a n d/ or tr a ns mitt ers’ st at es f or o bs er v a bilit y.
I n [ 2 0], a n o nli n e ar d et er mi nisti c o bs er v a bilit y fr a m e w or k
w as utili z e d t o s h o w t h at r e c ei v er- c o ntr oll e d  m a n e u v ers
r e d u c e t h e a pri ori k n o wl e d g e n e e d e d t o est a blis h o bs er v-
a bilit y.  T his p a p er st u di es t h e o bs er v a bilit y of t h e r a di o
S L A M pr o bl e m i n a st o c h asti c fr a m e w or k t o c h ar a ct eri z e
t h e e v ol uti o n of t h e esti m ati o n err or c o v ari a n c e pr o d u c e d b y
a n e xt e n d e d  K al m a n filt er ( E K F) esti m ati n g t h e st o c h asti c
d y n a mi c st at es.

Cl assi c d et er mi nisti c o bs er v a bilit y t ests d o n ot i n cl u d e
t h e st atisti cs of t h e:

1) pr o c ess n ois e;
2)  m e as ur e m e nt n ois e;
3) i niti al st at e esti m at e.

T h e  E K F  Ri c c ati e q u ati o n, h o w e v er,  w hi c h g o v er ns
t h e ti m e e v ol uti o n of t h e esti m ati o n err or c o v ari a n c e, is
a f u n cti o n of s u c h st atisti cs.  T h er ef or e, a s yst e m  m a y p ass
d et er mi nisti c o bs er v a bilit y t ests,  w hil e t h er e  m a y e xist a
c o m bi n ati o n of s yst e m st atisti cs f or  w hi c h a n  E K F  w o ul d
yi el d esti m at es  wit h u n b o u n d e d esti m ati o n err or v ari a n c es
[ 2 1]. F or t his r e as o n, st u d yi n g o bs er v a bilit y vi a a st o c h asti c
fr a m e w or k is of c o nsi d er a bl e i m p ort a n c e t o c h ar a ct eri z e t h e
ti m e e v ol uti o n of t h e  E K F’s esti m ati o n err or c o v ari a n c e.

S e v er al st o c h asti c o bs er v a bilit y n oti o ns h a v e b e e n d e-
fi n e d i n t h e lit er at ur e. I n [ 2 1] a n d [ 2 2], a s yst e m  w as
s ai d t o b e st o c h asti c all y o bs er v a bl e if t h er e e xists a ti m e
s u c h t h at a n esti m at or c o ul d pr o d u c e a fi nit e esti m ati o n
err or c o v ari a n c e,  w h e n n o pri or i nf or m ati o n a b o ut t h e s ys-
t e m’s st at e v e ct or is a v ail a bl e. I n [ 2 3], a s yst e m  w as s ai d
t o b e esti m a bl e if i n esti m ati n g its st at es fr o m  m e as ur e-
m e nts, t h e p ost eri or esti m ati o n err or c o v ari a n c e  m atri x is
stri ctl y s m all er t h a n t h e pri or st at e c o v ari a n c e  m atri x. I n
[ 2 4] a n d [ 2 5], t h e st o c h asti c st a bilit y of t h e dis cr et e-ti m e
( D T) a n d c o nti n u o us-ti m e  E K F  w er e st u di e d a n d c o n di-
ti o ns o n t h e i niti al esti m ati o n err or a n d dist ur bi n g n ois e
t er ms  w er e s p e ci fi e d t h at  will g u ar a nt e e b o u n d e d esti m a-
ti o n err or. I n [ 2 6], st o c h asti c o bs er v a bilit y ( or esti m a bilit y)
w as d e fi n e d as a n ass ess m e nt of t h e “ d e gr e e of o bs er v a bil-
it y.”  T h us, i n c o ntr ast t o  B o ol e a n d et er mi nisti c o bs er v a bilit y
t ests, st o c h asti c o bs er v a bilit y  w as d e fi n e d as a  m e as ur e t o
w h et h er a n o bs er v a bl e s yst e m is p o orl y esti m a bl e d u e t o

t h e gr a di e nt v e ct ors c o m prisi n g t h e Fis h er i nf or m ati o n  m a-
tri x b ei n g n e arl y c olli n e ar. I n [ 2 7], st o c h asti c o bs er v a bilit y
w as us e d t o d es cri b e t h e a bilit y of t h e esti m at or t o r e d u c e
t h e e ntr o p y of a n y n o n-tri vi al f u n cti o n of its i niti al st at e b y
usi n g t h e  m e as ur e m e nts.

I n t his p a p er, t h e st o c h asti c o bs er v a bilit y of t h e r a di o
S L A M pr o bl e m is st u di e d b y dir e ctl y a n al y zi n g t h e ti m e
e v ol uti o n of t h e esti m ati o n err or c o v ari a n c e t hr o u g h t h e
Ri c c ati e q u ati o n.  T h e r a di o S L A M pr o bl e m is f o u n d t o
b e st o c h asti c all y u n o bs er v a bl e  w h e n b ot h t h e r e c ei v er’s
a n d tr a ns mitt ers’ cl o c k bi as es ar e si m ult a n e o usl y esti m at e d
b y s h o wi n g di v er g e n c e of t h eir i n di vi d u al v ari a n c es.  T h e
st o c h asti c o bs er v a bilit y a n al ysis i n t his p a p er all o ws f or
t h e i niti al esti m ati o n err or c o v ari a n c e t o b e fi nit e, u n-
li k e ot h er e xisti n g a p pr o a c h es t h at ass u m e i n fi nit e i niti al
u n c ert ai nt y [ 2 1], [ 2 2].  T his p a p er  m a k es t hr e e c o ntri b u-
ti o ns. First, a cl os e d-f or m e x pr essi o n f or a l o w er b o u n d o n
t h e ti m e e v ol uti o n of t h e esti m ati o n err or v ari a n c es of t h e
st o c h asti c all y u n o bs er v a bl e st at es is d eri v e d. S e c o n d, t h e
l o w er b o u n d’s di v er g e n c e r at e is c h ar a ct eri z e d.  T hir d, n u-
m eri c al a n d e x p eri m e nt al r es ults ar e pr es e nt e d d e m o nstr at-
i n g a n u n m a n n e d a eri al v e hi cl e ( U A V)- m o u nt e d r e c ei v er,
n a vi g ati n g i n a r a di o S L A M f as hi o n b y f usi n g ps e u d or-
a n g es  m a d e o n u n k n o w n t err estri al si g n als of o p p ort u nit y
tr a ns mitt ers. It is  w ort h n oti n g t h at t his p a p er f o c us es o n a
pl a n er e n vir o n m e nt t o si m plif y t h e a n al ysis.  E xt e nsi o ns t o
t hr e e- di m e nsi o n al ( 3- D) e n vir o n m e nts is e x p e ct e d t o f oll o w
str ai g htf or w ar dl y.

T h e r e m ai n d er of t h e p a p er is or g a ni z e d as f oll o ws.
S e cti o n II d es cri b es t h e s yst e m d y n a mi cs a n d  m e as ur e m e nt
m o d els. S e cti o n III st u di es t h e st o c h asti c o bs er v a bilit y of
t h e si m ult a n e o us r e c ei v er a n d tr a ns mitt er l o c ali z ati o n pr o b-
l e m. S e cti o n I V pr es e nts si m ul ati o n r es ults t o v ali d at e t h e
fi n di n gs of S e cti o n III. S e cti o n  V pr o vi d es e x p eri m e nt al
r es ults.  C o n cl u di n g r e m ar ks ar e gi v e n i n S e cti o n  VI.

II.  M O D E L  D E S C RI P TI O N

A.  R F Tr a ns mitt er  D y n a mi cs  M o d el

E a c h  R F si g n al  will b e ass u m e d t o e m a n at e fr o m a
s p ati all y-st ati o n ar y t err estri al tr a ns mitt er, a n d its st at e v e c-

t or  will c o nsist of its pl a n ar p ositi o n st at es r s m
x s m

, ys m

T

a n d cl o c k err or st at es x cl k ,sm c δt s m
, δ̇t s m

T
,  w h er e c is

t h e s p e e d of li g ht, δt s m
a n d δ̇t s m

ar e t h e cl o c k bi as a n d drift
of t h e m t h R F tr a ns mitt er, r es p e cti v el y, a n d m = 1 , . . . , M ,
w h er e M is t h e t ot al n u m b er of  R F tr a ns mitt ers.

T h e dis cr eti z e d  R F tr a ns mitt ers’ d y n a mi cs ar e gi v e n b y

x s m
(k + 1 ) = F s x s m

(k ) + w s m
(k ), k = 1 , 2 , . . . ,

w h er e

x s m
= r T

s m
, x T

cl k ,sm

T
,

F s = di a g [I 2 × 2 , F cl k ] , F cl k =
1 T

0 1
,

w h er e T is t h e c o nst a nt s a m pli n g i nt er v al a n d w s m
i s t h e pr o-

c ess n ois e,  w hi c h is  m o d el e d as a  D T  w hit e n ois e s e q u e n c e
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wit h c o v ari a n c e Q s m
= di a g 0 2 × 2 , c2 Q cl k ,sm ,  w h er e

Q cl k ,sm =

⎡

⎣
S ˜w δt s, m

T + S w δ̇t s, m

T 3

3
S ˜w δ̇t s, m

T 2

2

S ˜w δ̇t s, m

T 2

2
S ˜w δ̇t s, m

T

⎤

⎦ .

T h e t er ms S ˜w δt s, m
a n d S ˜w δ̇t s, m

ar e t h e cl o c k bi as a n d drift pr o-
c ess n ois e p o w er s p e ctr a, r es p e cti v el y,  w hi c h c a n b e r el at e d

t o t h e p o w er-l a w c o ef fi ci e nts, h α,s m

2

α = − 2
,  w hi c h h a v e b e e n

s h o w n t hr o u g h l a b or at or y e x p eri m e nts t o c h ar a ct eri z e t h e
p o w er s p e ctr al d e nsit y of t h e fr a cti o n al fr e q u e n c y d e vi a-
ti o n of a n os cill at or fr o m n o mi n al fr e q u e n c y a c c or di n g t o

S ˜w δt s, m
≈

h 0 ,sm

2
a n d S ˜w δ̇t s, m

≈ 2 π 2 h − 2 ,sm [ 2 8].

B.  R e c ei v er  D y n a mi cs  M o d el

T h e r e c ei v er’s pl a n ar p ositi o n r r [x r , yr ]
T a n d v e-

l o cit y ṙ r will b e ass u m e d t o e v ol v e a c c or di n g t o a n ar-
bitr ar y, b ut k n o w n, c o nti n u o us-ti m e d y n a mi cs  m o d el f̃ p v

( e. g., v el o cit y r a n d o m  w al k or c o nst a nt t ur n r at e [ 2 9]).
T h e r e c ei v er’s st at e v e ct or x r i s d e fi n e d b y a u g m e nti n g

t h e r e c ei v er’s p ositi o n a n d v el o cit y st at es x p v r T
r , ṙ T

r
T

wit h its cl o c k err or st at es, x cl k ,r c δt r , ˙δt r
T
, i. e., x r

x T
p v , x T

cl k ,r

T

.  Dis cr eti zi n g t h e r e c ei v er’s d y n a mi cs at a

c o nst a nt s a m pli n g p eri o d T yi el ds

x r (k + 1 ) = f r [ x r (k ) ] + w r (k ),

f r [ x r (k ) ] f T
p v x p v (k ) , [F cl k x cl k ,r (k )]T

T

,

w h er e f p v i s a v e ct or- v al u e d f u n cti o n,  w hi c h is o bt ai n e d

b y dis cr eti zi n g f̃ p v at a c o nst a nt s a m pli n g i nt er v al T ,
w r i s t h e pr o c ess n ois e v e ct or,  w hi c h is  m o d el e d as
a  D T z er o- m e a n  w hit e n ois e s e q u e n c e  wit h c o v ari a n c e
Q r = di a g Q p v , c2 Q cl k ,r ,  w h er e Q p v i s t h e p ositi o n a n d
v el o cit y pr o c ess n ois e c o v ari a n c e a n d Q cl k ,r i s i d e nti c al
t o Q cl k ,sm , e x c e pt t h at S ˜w δt s, m

a n d S ˜w δ̇t s, m
ar e n o w r e pl a c e d

wit h r e c ei v er-s p e ci fi c s p e ctr a, S ˜w δt r
a n d S ˜w δ̇t r

, r es p e cti v el y.
A s u m m ar y of t h e r e c ei v er a n d  R F tr a ns mitt er st at es ar e
t a b ul at e d i n  Ta bl e I.

C.  M e as ur e m e nt  M o d el

T h e ps e u d or a n g e  m e as ur e m e nt  m a d e b y t h e r e c ei v er
o n t h e m t h R F tr a ns mitt er, aft er dis cr eti z ati o n a n d  mil d
a p pr o xi m ati o ns dis c uss e d i n [ 1 9], is r el at e d t o t h e r e c ei v er’s
a n d  R F tr a ns mitt er’s st at es b y

z s m
(k ) = r r (k ) − r s m

+ c · δt r (k ) − δt s m
(k ) + v s m

(k ),
( 1)

w h er e · is t h e  E u cli d e a n n or m a n d v s m
i s t h e  m e as ur e-

m e nt n ois e,  w hi c h is  m o d el e d as a  D T z er o- m e a n  w hit e
G a ussi a n s e q u e n c e  wit h v ari a n c e σ 2

s m
.

D.  A u g m e nt e d S yst e m

T h e a u g m e nt e d s yst e m of a n e n vir o n m e nt c o m prisi n g
o n e r e c ei v er a n d M R F tr a ns mitt ers  will b e d e n ot e d a n d
is gi v e n b y

T A B L E I
R e c ei v er a n d  R F  Tr a ns mitt er St at es

:
x (k + 1 ) = f [ x (k ) ] + w (k )

z (k ) = h [ x (k ) ] + v (k )
( 2)

w h er e f [ x (k ) ] [ f T
r [x r (k )], [ s x s (k )]T ]T ; x [x T

r ,
x T

s ]
T ; s di a g[ F s , . . . , F s ]; x s = [x T

s 1
, . . . , x T

s M
]T ; w

[w T
r , w T

s 1
, . . . , w T

s M
]T ; z z s 1

, . . . , zs M

T
; a n d v

v s 1
, . . . , vs M

T
,  wit h c o v ari a n c e c o v (v ) R = di a g

[σ s 1
, . . . , σs M

].

III. S T O C H A S TI C  O B S E R V A BI LI T Y  A N A L Y SI S

I n t his s e cti o n, a n o v er vi e w of t h e  E K F- b as e d r a di o
S L A M pr o bl e m is pr es e nt e d, a n d t h e s yst e m’s st o c h asti c
o bs er v a bilit y is st u di e d a c c or di n g t o t h e d e fi niti o n [ 2 1]:

D E FI NI TI O N III. 1  A d y n a mi c s yst e m is st o c h asti c all y o b-
s er v a bl e if a n d o nl y if t h er e e xists a ti m e tb s u c h t h at t h e
esti m ati o n err or c o v ari a n c e P ξ (k |k ) of t h e st at e v e ct or ξ
pr o d u c e d b y a d y n a mi c esti m at or r e m ai ns u p p er b o u n d e d
b y σ b i n t h e s e ns e t h at

σ m a x {P ξ (k |k )} ≤ σ b < ∞ , ∀ k T ≥ tb ,

w h er e σ m a x {A } d e n ot es t h e  m a xi m u m si n g ul ar v al u e of A .

A. E K F- B as e d  R a di o S L A M  O v er vi e w

T h e g o al of r a di o S L A M is f or a r e c ei v er t o c o nstr u ct
a n d c o nti n u o usl y r e fi n e a s p ati ot e m p or al si g n al l a n ds c a p e
m a p of t h e e n vir o n m e nt,  wit hi n  w hi c h t h e r e c ei v er l o c ali z es
its elf i n s p a c e a n d ti m e. I n t h e e v e nt t h at  G N S S si g n als b e-
c o m e u n a v ail a bl e or u ntr ust w ort h y, t h e r e c ei v er c o nti n u es
n a vi g ati n g  wit h t h e ai d of t his  m a p. I n  E K F- b as e d r a di o
S L A M, a n  E K F pr o d u c es a n esti m at e x̂ (k |k ) E [x (k )|Z k ]
of x (k ),  w h er e E [ · | · ] is t h e c o n diti o n al e x p e ct ati o n a n d Z k

d e n ot es all t h e  m e as ur e m e nts u p t o a n d i n cl u di n g ti m e-st e p
k , i. e., Z k { z (j )}k

j = 1 . I n t his p a p er, it is ass u m e d t h at t h e
r e c ei v er’s i niti al st at e v e ct or x r ( 0) is k n o w n,  w hi c h c o ul d b e
o bt ai n e d fr o m t h e l ast i nst a nt a r eli a bl e  G N S S s ol uti o n  w as
a v ail a bl e.  T h e  E K F- b as e d r a di o S L A M pr e di cti o n (ti m e
u p d at e) a n d c orr e cti o n ( m e as ur e m e nt u p d at e) ar e gi v e n
b y

1) Pr e di cti o n:

x̂ (k + 1 |k ) = F (k ) x̂ (k |k ),

P x (k + 1 |k ) = F (k )P x (k |k )F T (k ) + Q .

2) C orr e cti o n:

x̂ (k + 1 |k + 1) = x̂ (k + 1 |k ) + L (k + 1) S − 1 ν (k + 1) ,

P x (k + 1 |k + 1) = P x (k + 1 |k ) − L (k + 1) S − 1 (k + 1)

× L T (k + 1) ,

w h er e x̂ (k + 1 |k ) a n d x̂ (k + 1 |k + 1) ar e t h e pr e di ct e d
a n d c orr e ct e d st at e esti m at es, r es p e cti v el y; P x (k + 1 |k )
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a n d P x (k + 1 |k + 1) ar e t h e pr e di cti o n err or c o v ari a n c e
a n d c orr e ct e d esti m ati o n err or c o v ari a n c e, r es p e cti v el y; F
is t h e J a c o bi a n of f e v al u at e d at t h e c urr e nt st at e esti-
m at e x̂ (k |k ); ν (k + 1) z (k + 1) − ẑ (k + 1 |k ) is t h e i n-
n o v ati o n; ẑ (k + 1 |k ) h [ x̂ (k + 1 |k )] is t h e  m e as ur e m e nt
pr e di cti o n; L (k + 1) P x (k + 1 |k )H T (k + 1); S (k + 1)
H (k + 1) L (k + 1) + R is t h e i n n o v ati o n c o v ari a n c e; a n d
H (k + 1) is t h e J a c o bi a n of h e v al u at e d at x̂ (k + 1 |k ),  w hi c h
h as t h e f or m

H =

⎡

⎢
⎢
⎣

h T
r,s 1

h T
s 1

· · · 0 1 × 4

...
...

...
...

h T
r,s M

0 1 × 4 · · · h T
s M

⎤

⎥
⎥
⎦ ,

h T
r,s m

(k ) = 1̂
T

m (k ), 0 1 × 2 , h T
cl k ,

h T
s m

(k ) = − 1̂
T

m (k ), − h T
cl k , h cl k =

1
0

,

1̂ m (k )
r̂ r (k |k − 1) − r̂ s m

(k |k − 1)

r̂ r (k |k − 1) − r̂ s m
(k |k − 1)

,

m = 1 , . . . , M.

B. St o c h asti c all y  U n o bs er v a bl e  Cl o c k Err ors

T his s e cti o n s h o ws t h at t h e  E K F esti m ati n g t h e st at e
v e ct or of t h e s yst e m i n ( 2) pr o d u c es a n esti m ati o n err or
c o v ari a n c e  m atri x P x (k |k )  w h os e ti m e e v ol uti o n gr o ws u n-
b o u n d e dl y.

Tr a diti o n al d et er mi nisti c o bs er v a bilit y t ests pr o vi d e a
n e c ess ar y, b ut n ot s uf fi ci e nt c o n diti o n f or st o c h asti c o b-
s er v a bilit y [ 2 1].  T h e y als o d o n ot i n c or p or at e a pri ori
k n o wl e d g e of t h e u n c ert ai nt y a b o ut t h e i niti al st at e esti m at e
P x ( 0|0), pr o c ess n ois e c o v ari a n c e Q , or  m e as ur e m e nt n ois e
c o v ari a n c e R .  M or e o v er, si n c e t h e y o nl y pr o vi d e a  B o ol e a n
ass ess m e nt of t h e o bs er v a bilit y of a s yst e m, if t h e s yst e m is
st o c h asti c all y u n o bs er v a bl e, t h e y d o n ot yi el d a n y c h ar a c-
t eri z ati o n or t h e r at e of di v er g e n c e of u n o bs er v a bl e st at es.
I n  w h at f oll o ws, t h e ti m e e v ol uti o n of t h e  Ri c c ati e q u ati o n
is st u di e d t o s h o w t h at t h e r a di o S L A M pr o bl e m is st o c h as-
ti c all y u n o bs er v a bl e a n d t o d eri v e a l o w er b o u n d f or t h e
r at e of di v er g e n c e of st o c h asti c all y u n o bs er v a bl e st at es.

L E M M A III. 1 If t h e esti m ati o n err or c o v ari a n c e  m atri x
P ξ (k |k ) is s u c h t h at

li m
k → ∞

e T
i P ξ (k |k )e i = ∞ , ( 3)

w h er e e i d e n ot es t h e it h st a n d ar d b asis v e ct or c o nsisti n g of
a 1 i n t h e it h el e m e nt a n d z er os els e w h er e, t h e n t h e it h st at e
of ξ ∈ R n i s st o c h asti c all y u n o bs er v a bl e, a n d s u bs e q u e ntl y
t h e s yst e m is st o c h asti c all y u n o bs er v a bl e.

P R O O F If li m
k → ∞

e T
i P ξ (k |k )e i = ∞ , t h e n

li m
k → ∞

tr P ξ (k |k ) = li m
k → ∞

n

i= 1

e T
i P ξ (k |k )e i = ∞ ,

w h er e tr [A ] d e n ot es t h e tr a c e of A . Fr o m t h e tr a c e pr o p-
erti es, tr P ξ (k |k ) = n

i= 1 λ i P ξ (k |k ) ,  w h er e λ i [A ] d e-

n ot es t h e it h ei g e n v al u e of A . Si n c e P ξ (k |k ) is s y m m et-
ri c p ositi v e s e mi d e fi nit e, its si n g ul ar v al u es σ i P ξ (k |k ) =

λ i P ξ (k |k ) .  T h er ef or e

li m
k → ∞

tr P ξ (k |k ) = li m
k → ∞

n

i= 1

λ i P ξ (k |k )

= li m
k → ∞

n

i= 1

σ i P ξ (k |k ) = ∞ .

Si n c e n is fi nit e, t h e n at l e ast t h e l ar g est si n g ul ar v al u e  will
gr o w u n b o u n d e dl y, i. e., li m

k → ∞
σ m a x P ξ (k |k ) = ∞ ,  w h er e

σ m a x [A ] = m a x
i

{σ i [A ]},  m a ki n g t h e s yst e m st o c h asti c all y

u n o bs er v a bl e.

T H E O R E M III. 1  T h e r a di o S L A M pr o bl e m c o nsisti n g of o n e
r e c ei v er  wit h k n o wl e d g e of its i niti al st at es a n d M u n k n o w n
R F tr a ns mitt ers is st o c h asti c all y u n o bs er v a bl e r e g ar dl ess

of t h e r e c ei v er’s  m oti o n.  M or e o v er, δt r a n d δt s m

M

m = 1
ar e

st o c h asti c all y u n o bs er v a bl e st at es.

P R O O F T h e pr o of  will pr o c e e d i n t w o  m ai n st e ps. First,
t hr e e si m pli fi e d s yst e ms  will b e d e fi n e d, d e n ot e d I, II,
a n d III,  w h er e I i s a si m pli fi e d f or m of a n d e a c h s u b-
s e q u e nt s yst e m is a si m pli fi e d v ersi o n of t h e pr e c e di n g o n e.
It is s h o w n t h at if t h e s u bs e q u e nt s yst e m is st o c h asti c all y
u n o bs er v a bl e, t h e n t h e pr e c e di n g s yst e m  m ust b e st o c h as-
ti c all y u n o bs er v a bl e as  w ell. S e c o n d, III i s s h o w n t o b e
st o c h asti c all y u n o bs er v a bl e a c c or di n g t o  D e fi niti o n III. 1 b y
i n v o ki n g l e m m a III. 1.

St e p 1: First, d e fi n e I a s a s yst e m  wit h 1) k n o w n

R F tr a ns mitt er p ositi o n st at es r s m

M

m = 1
a n d 2) n o pr o c ess

n ois e dri vi n g t h e r e c ei v er’s p ositi o n a n d v el o cit y st at es (i. e.,
Q p v = 0 ), e. g., a r e c ei v er  m o vi n g  wit h a c o nst a nt v el o c-
it y. Fr o m 1) a n d 2), a n d si n c e r r ( 0) is k n o w n, it is o b-

vi o us t h at r s m

M

m = 1
a n d r r (k ) ar e k n o w n ∀ k a n d n e e d

n ot b e esti m at e d b y t h e  E K F, si m plif yi n g t h e s yst e m t o
b e esti m at e d t o a li n e ar ti m e-i n v ari a nt ( L TI) s yst e m, gi v e n
b y

I :
x cl k (k + 1 ) = cl k x cl k (k ) + w cl k (k )

z cl k (k ) = H cl k x cl k (k ) + v (k ),

w h er e

x cl k x T
cl k ,r , x T

cl k ,s1
, . . . , x T

cl k ,sM

T
∈ R ( 2+ 2 M ),

cl k di a g [F cl k , . . . , F cl k ] ∈ R [( 2+ 2 M )× ( 2+ 2 M )],

z cl k z cl k ,s1 , . . . ,  zcl k ,sM
T
,

H cl k =

⎡

⎢
⎢
⎣

h T
cl k − h T

cl k · · · 0 1 × 2

...
...

...
...

h T
cl k 0 1 × 2 · · ·  −h T

cl k

⎤

⎥
⎥
⎦ ,

w h er e w cl k i s a  D T z er o- m e a n  w hit e pr o c ess
n ois e v e ct or  wit h c o v ari a n c e Q cl k = c 2 · di a g[ Q cl k ,r ,
Q cl k , s1 , . . . , Q cl k ,sM ].  T h e  m e as ur e m e nts h a v e t h e f or m
z cl k ,sm (k ) z m (k ) − r r (k ) − r s m

f or m = 1 , . . . , M .
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Si n c e s yst e m I i s  L TI, a  K al m a n filt er ( K F)  m a y b e
e m pl o y e d t o esti m at e t h e st at e v e ct or x cl k .  T o i n c or p or at e
p erf e ct a pri ori k n o wl e d g e of x cl k ,r ( 0) i n t h e  K F, t h e c orr e-
s p o n di n g bl o c k of t h e i niti al esti m ati o n err or c o v ari a n c e
m atri x is s et t o z er o.  Ass u mi n g t h e i niti al esti m at es of

x cl k ,sm
M

m = 1
t o b e u n c orr el at e d, t h e i niti al esti m ati o n er-

r or c o v ari a n c e  m atri x is gi v e n as f oll o ws:

IP x cl k
( 0|0) = di a g 0 2 × 2 ,

IP x cl k ,s
( 0|0) , ( 4)

w h er e IP x cl k
( 0|0) is t h e i niti al esti m ati o n err or c o v ari a n c e

of t h e  K F ass o ci at e d  wit h I

IP x cl k ,s
( 0|0)

di a g Iσ 2
δt s1

( 0|0) , Iσ 2
δ̇t s1

( 0|0) , . . . , Iσ 2
δt sM

( 0|0) , Iσ 2
δ̇t sM

( 0|0) ,

is t h e i niti al esti m ati o n err or c o v ari a n c e of t h e st at e v e ct ors
x cl k ,sm

M

m = 1
, a n d Iσ 2

δt sm
a n d Iσ 2

δ̇t sm
ar e t h e v ari a n c es of t h e

tr a ns mitt ers’ cl o c k bi as a n d drift, r es p e cti v el y.
D e fi n e II t o b e t h e s a m e as I wit h t h e a d diti o n al

si m pli fi c ati o ns t h at S ˜w ˙δt r
= 0 a n d {S ˜w δ̇t s, m

} M
m = 1 = 0. Si n c e

II h a s l ess pr o c ess n ois e t h a n I, it is o b vi o us t h at
IIP x cl k

(k + 1 |k ) ≺ IP x cl k
(k + 1 |k ), ∀ k ,  w h er e A ≺ B d e-

n ot es t h e diff er e n c e B − A b ei n g p ositi v e d e fi nit e.  T h er e-
f or e, if II i s st o c h asti c all y u n o bs er v a bl e, t h e n I m ust b e
st o c h asti c all y u n o bs er v a bl e as  w ell.

D e fi n e III t o b e t h e s a m e as II wit h t h e a d diti o n al
si m pli fi c ati o n t h at R = 0 M × M . Si n c e III h a s n o  m e a-
s ur e m e nt n ois e, it is o b vi o us t h at IIIP x cl k

(k + 1 |k + 1) ≺
IIP x cl k

(k + 1 |k + 1) , ∀ k .  T h er ef or e, if III i s st o c h asti c all y
u n o bs er v a bl e, t h e n II m u st b e st o c h asti c all y u n o bs er v a bl e
as  w ell.  Als o, si n c e f or e a c h k t h er e ar e M p erf e ct  m e as ur e-
m e nts t h at ar e li n e arl y r el at e d t o 2 + 2 M st at es, t h e st at e
v e ct or or d er of III m a y b e r e d u c e d fr o m 2 + 2 M t o 2 + M
a n d a r e d u c e d- or d er  K F  m a y b e us e d.  R e d u c e d- or d er  K Fs
ar e us e d i n pr a cti c e t o a v oi d p ot e nti al n u m eri c al iss u es a n d
r e d u c e c o m p ut ati o n al c o m pl e xit y [ 3 0]. It t ur ns o ut t h at t h e
r e d u c e d- or d er  K F l e n ds its elf t o a tr a ct a bl e cl os e d-f or m e x-
pr essi o n of t h e ti m e e v ol uti o n of t h e ass o ci at e d esti m ati o n
err or c o v ari a n c e; t h er ef or e, is us e d t o e v al u at e t h e st o c h asti c
o bs er v a bilit y of III f or t h e s e c o n d p art of t his pr o of.

St e p 2:  A n esti m at e of x cl k (k ) c a n b e c o m p ut e d t h o u g h

x̂ cl k (k |k ) = L 1 z cl k (k ) + L 2 x̂ r o(k |k ), ( 5)

w h er e x̂ r o(k |k ) is a n esti m at e pr o d u c e d b y a r e d u c e d- or d er
K F of t h e r e d u c e d- or d er st at e v e ct or x r o(k ) G x cl k (k );

(L 1 |L 2 )
H cl k

G

− 1
; (L 1 |L 2 ) is t h e  m atri x f or m e d b y a u g-

m e nti n g t h e c ol u m ns of L 1 a n d L 2 ;
H cl k

G
i s t h e  m atri x

f or m e d b y a u g m e nti n g t h e r o ws of H cl k a n d G ; a n d G is t h e
d esi g n  m atri x  w hi c h is c h os e n t o b e

G ≡

⎡

⎢
⎢
⎢
⎢
⎢
⎣

I 2 0 2 × 2 . . . 0 2 × 2

g T − g T . . . 0 1 × 2

...
...

...
...

g T 0 1 × 2 . . . − g T

⎤

⎥
⎥
⎥
⎥
⎥
⎦

, g
0

1
, ( 6)

s o t h at δt r i s t h e first st at e of x r o a n d H cl k

G
i s i n v erti bl e. It is

i m p ort a nt t o n ot e t h at alt h o u g h t h e c h oi c e of G a n d t h e c or-
r es p o n di n g r e d u c e d- or d er st at e v e ct or x r o ar e n o n u ni q u e,
t h e r e m ai n d er of t h e pr o of is i n v ari a nt t o a n y f e asi bl e c h oi c e
of G t h at  m a k es H cl k

G
i n v erti bl e.

A r e d u c e d- or d er  K F pr o d u c es x̂ r o(k + 1 |k + 1) a n d a n
ass o ci at e d p ost eri or esti m ati o n err or c o v ari a n c e gi v e n b y

P x r o
(k + 1 |k + 1)

= [ − (k ) ] P x r o
(k |k ) [ − (k ) ]T

+ G Q cl k G
T − G Q cl k H

T
cl k

T (k )

− (k )H cl k Q
T
cl k G

T + (k )R r o
T (k ), ( 7)

w h er e G cl k L 2 , H cl k cl k L 2 , R r o H cl k Q cl k

H T
cl k , a n d

(k ) = P x r o
(k |k ) T + G Q cl k H

T
cl k

· P x r o
(k |k ) T + R r o

− 1
. ( 8)

N ot e t h at t h e  m atri x P x r o
(k |k ) T i s s y m m etri c p ositi v e

s e mi d e fi nit e ∀ k a n d R r o i s s y m m etri c p ositi v e d e fi nit e a n d
ti m e-i n v ari a nt; t h er ef or e, P x r o

(k |k ) T + R r o i s s y m-
m etri c p ositi v e d e fi nit e a n d i n v erti bl e ∀ k .

T h e esti m at e of x̂ cl k (k + 1 |k + 1) is t h e n pr o d u c e d
t hr o u g h ( 5) a n d its c orr es p o n di n g p ost eri or esti m ati o n err or
c o v ari a n c e is

IIIP x cl k
(k + 1 |k + 1) = L 2 P x r o

(k + 1 |k + 1) L T
2 , ( 9)

w h er e L 2 = [e 1 , e 2 , e 1 , e 2 − e 3 , . . . , e 1 , e 2 − e M + 2 ]
T .

Fr o m ( 9) a n d t h e str u ct ur e of L 2 , t h e cl o c k bi as esti m ati o n
err or v ari a n c es of t h e r e c ei v er a n d t h e  R F tr a ns mitt ers ar e
e q u al, i. e.,

IIIσ 2
δt r

(k |k ) = { IIIσ 2
δt sm

(k |k )}M
m = 1 . ( 1 0)

T his e q u alit y h ol ds f or a n y f e asi bl e G , si n c e t h er e ar e M
p erf e ct  m e as ur e m e nts; t h er ef or e, t h e bi as es of t h e r e c ei v er
a n d  R F tr a ns mitt ers ar e li n e arl y r el at e d t o e a c h ot h er b y
a d et er mi nisti c q u a ntit y, gi v e n b y δt r = δt s m

+ z cl k ,sm , f or
m = 1 , . . . , M .  A cl os e d-f or m e x pr essi o n of t h e ti m e e v o-
l uti o n of IIIσ 2

δt r
(k |k ) is f o u n d t hr o u g h t h e f oll o wi n g t w o

st e ps. First, ( 7) is r e c ursi v el y s ol v e d usi n g a n i niti al esti m a-
ti o n err or c o v ari a n c e gi v e n b y

P x r o
( 0|0) = G IIIP x cl k

( 0|0) G T ,

w h er e IIIP x cl k
( 0|0) h as t h e s a m e str u ct ur e as ( 4), e x c e pt I

is r e pl a c e d  wit h III. S e c o n d, t h e el e m e nt c orr es p o n di n g
t o t h e r e c ei v er’s cl o c k bi as e T

1
IIIP x cl k

(k |k )e 1 i s f o u n d b y
s u bstit uti n g t h e ri g ht- h a n d si d e of ( 7) i nt o ( 9), yi el di n g

IIIσ 2
δt r

(k |k ) =
k q r

M
m = 1 m (k )

d et k P x r o
( 0|0) T + R r o

, k = 1 , 2 , . . . ,

( 1 1)
w h er e m (k ) q s m

+ k T 2 β m , β m = IIIσ 2
δ̇t sm

( 0|0), q r

c 2 S ˜w δt r
T , a n d q s m

c 2 S ˜w δt sm
T . Fi n all y, t o e v al u at e t h e li mit

( 3) f or t h e first st at e of IIIP x cl k
, t h e cl os e d-f or m ( 1 1) is us e d,
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yi el di n g

li m
k → ∞

e T
1

IIIP x cl k
(k |k )e 1

= li m
k → ∞

IIIσ 2
δt r

(k |k )

= li m
k → ∞

k q r
M
m = 1 m (k )

d et k P x r o
( 0|0) T + R r o

= li m
k → ∞

k (M + 1) q r
M
m = 1 (

1
k
q s m

+ T 2 β m )

k M d et P x r o
( 0|0) T + 1

k
R r o

= ∞ . ( 1 2)

T h er ef or e, st o c h asti c u n o bs er v a bilit y f oll o ws fr o m
L e m m a III. 1.

T H E O R E M III. 2  T h e  E K F esti m ati n g t h e r e c ei v er’s st at e si-
m ult a n e o usl y  wit h t h e st at es of M t err estri al tr a ns mitt ers,
wit h a pri ori k n o wl e d g e a b o ut t h e r e c ei v er’s i niti al st at e,
f or t h e st o c h asti c all y u n o bs er v a bl e s yst e m , pr o d u c es c or-
r es p o n di n g esti m ati o n err or v ari a n c es σ 2

δt r
a n d {σ 2

δt sm
} M
m = 1 ,

r es p e cti v el y,  w h os e ti m e e v ol uti o n is l o w er- b o u n d e d b y
a di v er gi n g s e q u e n c e  wit h a di v er g e n c e r at e γ (k ),  w h er e

γ (k )
k → ∞
−− −→ c 2 S ˜w δt r

T .

P R O O F Fr o m  T h e or e m III. 1, s yst e m is st o c h asti c all y u n-
o bs er v a bl e a n d t h e v ari a n c es σ 2

δt r
a n d {σ 2

δt sm
} M
m = 1 pr o d u c e d

b y a n  E K F  will di v er g e a n d t h eir ti m e e v ol uti o ns ar e l o w er
b o u n d e d b y ( 1 1).

D e fi n e t h e di v er g e n c e r at e of t h e esti m ati o n err or v ari-
a n c e ass o ci at e d  wit h t h e it h st at e of t h e v e ct or ξ ∈ R n a s
f oll o ws:

γ (k ) = e T
i U ξ ,i n c(k ) − U ξ ,r e d(k ) e i , ( 1 3)

w h er e

U ξ ,i n c(k ) P ξ (k + 1 |k ) − P ξ (k |k )

is t h e u n c ert ai nt y i n cr e as e fr o m t h e  E K F pr e di cti o n st e p
a n d

U ξ ,r e d(k ) P ξ (k + 1 |k ) − P ξ (k + 1 |k + 1)

is t h e u n c ert ai nt y r e d u cti o n fr o m t h e  E K F c orr e cti o n st e p.
S u bstit uti n g ( 1 1) i nt o ( 1 3) f or t h e first st at e of IIIP x cl k

gi v es

e T
1 U x cl k ,i n c(k ) − U x cl k ,r e d(k ) e 1

= IIIσ 2
δt r

(k + 1 |k + 1) − IIIσ 2
δt r

(k |k )

=
(k + 1) q r

M
m = 1 m (k + 1)

d et (k + 1) P x r o
( 0|0) T + R r o

−
k q r

M
m = 1 m (k )

d et k P x r o
( 0|0) T + R r o

. ( 1 4)

E v al u ati n g t h e li mit of ( 1 4) yi el ds

li m
k → ∞

e T
1 U x cl k ,i n c(k ) − U x cl k ,r e d(k ) e 1

= li m
k → ∞

[k + 1] (M + 1) q r
M
m = 1 (

1
k + 1

q s m
+ T 2 β m )

[k + 1] M d et P x r o
( 0|0) T + 1

k + 1
R r o

− li m
k → ∞

k (M + 1) q r
M
m = 1 (

1
k
q s m

+ T 2 β m )

k M d et P x r o
( 0|0) T + 1

k
R r o

=
q r li m

k → ∞
(k + 1) M

m = 1 (T
2 β m )

d et P x r o
( 0|0) T

−
q r li m

k → ∞
k M

m = 1 (T
2 β m )

d et P x r o
( 0|0) T

=
q r

M
m = 1 (T

2 β m )
M
m = 1 (T

2 β m )
= q r , ( 1 5)

w h er e q r c 2 S ˜w δt r
T .

T h e or e m III. 1 s h o ws t h at t h e r a di o S L A M pr o bl e m  wit h
a pri ori k n o wl e d g e a b o ut t h e r e c ei v er’s st at es is st o c h asti-
c all y u n o bs er v a bl e, si n c e t h e esti m ati o n u n c ert ai nt y ass o-
ci at e d  wit h t h e cl o c k bi as es of b ot h t h e r e c ei v ers a n d t er-
r estri al tr a ns mitt ers  will di v er g e.  T h e or e m III. 2 est a blis h es
a l o w er b o u n d of t his di v er g e n c e,  w hi c h i n t h e li mit, o nl y
d e p e n ds o n t h e q u alit y of t h e r e c ei v er’s cl o c k, c h ar a ct eri z e d
b y S ˜w δt r

.  T h e f oll o wi n g t w o s e cti o ns pr es e nt n u m eri c al a n d
e x p eri m e nt al r es ults d e m o nstr ati n g r a di o S L A M.

I V. SI M U L A TI O N  R E S U L T S

I n t his s e cti o n, a n e n vir o n m e nt c o nsisti n g of o n e  U A V-
m o u nt e d r e c ei v er a n d M = 5  R F tr a ns mitt ers is si m u-
l at e d t o d e m o nstr at e t h at b ot h t h e r e c ei v er’s cl o c k bi as δt r

a n d t h e tr a ns mitt ers’ cl o c k bi as es {δt s m
} M
m = 1 ar e st o c h asti-

c all y u n o bs er v a bl e, as  w as s h o w n i n  T h e or e m III. 1 a n d t o

d e m o nstr at e t h at t h e di v er g e n c e r at e γ (k )
k → ∞
−− −→ q r , as es-

t a blis h e d i n  T h e or e m III. 2.  T o t his e n d, t w o s yst e ms ar e
si m ul at e d: 1) s yst e m III t o d e m o nstr at e t h e di v er g e n c e

r at e γ (k )
k → ∞
−− −→ q r ( 1 5) a n d 2) t h e f ull s yst e m t o d e m o n-

str at e t h e di v er g e n c e of t h e esti m ati o n err or v ari a n c es of t h e
cl o c k bi as es  w h e n t h e r e c ei v er’s p ositi o n a n d v el o cit y a n d
t h e tr a ns mitt ers’ p ositi o ns ar e als o esti m at e d.

First, a n esti m at e x̂ cl k (k |k ) of III’s st at e v e ct or  w as
c o m p ut e d t hr o u g h ( 5), usi n g t h e d esi g n  m atri x ( 6) a n d
t h e esti m at e x̂ r o(k |k ),  w hi c h  w as pr o d u c e d b y a r e d u c e d-
or d er  K F.  T h e r e d u c e d- or d er  K F  w as i niti ali z e d a c c or di n g
t o x̂ r o( 0|0) ∼ N G x cl k ( 0), P x r o

( 0|0) ,  w h er e P x r o
( 0|0) =

G IIIP x cl k
( 0|0) G T .  T h e si m ul ati o n s etti n gs ar e t a b ul at e d

i n  Ta bl e II.  T h e n o n z er o esti m ati o n err or tr aj e ct ori es
x̃ r o x r o − x̂ r o a n d t h eir ass o ci at e d ± 2 σ b o u n ds ar e
pl ott e d i n Fi g. 1( a) –( b).  T h e ti m e e v ol uti o n of γ (k ) =
e T

1 U x r o ,i n c(k ) − U x r o ,r e d(k ) e 1 i s pl ott e d i n Fi g. 1( c).  T h e

esti m ati o n err or x̃ cl k x cl k − x̂ cl k w a s r e c o nstr u ct e d fr o m
( 5) a n d t h e ass o ci at e d p ost eri or esti m ati o n err or c o v ari-
a n c e IIIP x cl k

w a s c o m p ut e d b y s u bstit uti n g t h e r e d u c e d- or d er
K F’s p ost eri or esti m ati o n err or c o v ari a n c e ( 7) i nt o ( 9).
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T A B L E II
Si m ul ati o n S etti n gs: S yst e m III

T h e esti m ati o n err or tr aj e ct ori es a n d c orr es p o n di n g ± 2 σ
b o u n ds f or δt r , δt s 1

, a n d δ ṫs 1
ar e pl ott e d i n Fi g. 1( d) –(f).

T h e f oll o wi n g c a n b e c o n cl u d e d fr o m t h es e pl ots.
First, IIIσ 2

δt r
(k |k ) = IIIσ 2

δt s
(k |k ) ∀ k , as e x p e ct e d fr o m ( 1 0).

S e c o n d, IIIσ 2
δt r

a n d IIIσ 2
δt s1

ar e di v er gi n g, i m pl yi n g δt r a n d

δt s 1
ar e st o c h asti c all y u n o bs er v a bl e.  T h e s a m e b e h a vi or  w as

o bs er v e d f or t h e v ari a n c es ass o ci at e d  wit h {δt s m
} 5
m = 2 . T hir d,

Fi g. 1( c) ill ustr at es t h at t h eir di v er g e n c e r at e c o n v er g es t o

a c o nst a nt, γ (k )
k → ∞
−− −→ q r , as est a blis h e d i n  T h e or e m III. 2.

T h e di v er gi n g err ors  w er e n ot e d t o b e c o nsist e nt  wit h t h eir
± 2 σ b o u n ds  w h e n t h e si m ul at or  w as r a n usi n g diff er e nt
r e ali z ati o ns of pr o c ess n ois e a n d i niti al st at e esti m at es.

N e xt, t h e f ull s yst e m w as si m ul at e d a n d a n  E K F  w as
e m pl o y e d t o esti m at e x (k ).  T h e p ur p os e of t his si m ul a-
ti o n is t o ill ustr at e t h at δt r a n d {δt s m

} 5
m = 1 ar e st o c h asti c all y

u n o bs er v a bl e i n t h e f ull s yst e m a n d t o d e m o nstr at e t h e
b e h a vi or of t h e esti m ati o n err ors of t h e r e c ei v er’s p ositi o n
a n d v el o cit y a n d t h e  R F tr a ns mitt ers’ p ositi o ns, al o n g  wit h
t h eir c orr es p o n di n g v ari a n c es.  T h e r e c ei v er  m o v e d i n a f a-
v or a bl e tr aj e ct or y ar o u n d t h e  R F tr a ns mitt ers. S p e ci fi c all y,
t h e r e c ei v er’s p ositi o n a n d v el o cit y st at es  w er e s et t o e v ol v e
a c c or di n g t o a c o nst a nt t ur n r at e  m o d el as d es cri b e d i n [ 2 9],
i. e., f p v x p v (k ) a n d Q p v w er e s et t o t h e e q u ati o ns s h o w n

Fi g. 1.  Esti m ati o n err or tr aj e ct ori es (r e d) a n d c orr es p o n di n g
± 2 σ b o u n ds ( bl a c k d as h e d). ( a) a n d ( b) c orr es p o n d t o a r e d u c e d- or d er
K F esti m ati n g x r o u si n g s etti n gs fr o m  Ta bl e II,  w h er e x r oi e T

i x r o . ( c)
ill ustr at es t h e ti m e e v ol uti o n of γ (k ) = e T

1 U x cl k ,i n c(k ) − U x cl k ,r e d (k ) e 1

( bl a c k) a n d t h e v al u e of its li mit q r ( bl u e d ott e d),  w h er e C = 4 .2 2 4 1 4 9 3
× 1 0 − 5 . ( d) –(f) c orr es p o n d t o t h e cl o c k err ors of t h e r e c ei v er a n d

tr a ns mitt er 1,  w hi c h  w er e r e c o nstr u ct e d t hr o u g h ( 5), a n d t h eir
c orr es p o n di n g ± 2 σ b o u n ds,  w hi c h  w er e c o m p ut e d usi n g ( 7) a n d ( 9).

at t h e b ott o m of t h e p a g e,  w h er e s(·) a n d c (·) d e n ot e si n(·)
a n d c os( ·), r es p e cti v el y, ω is a k n o w n c o nst a nt t ur n r at e, a n d
S w i s t h e pr o c ess n ois e p o w er s p e ctr al d e nsit y.  T his t y p e
of o p e n-l o o p tr aj e ct or y h as b e e n d e m o nstr at e d t o pr o d u c e
b ett er esti m at es t h a n a n o p e n-l o o p v el o cit y r a n d o m  w al k

f p v x p v (k ) ≡

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0
s(ω T )

ω
−

1 − c (ω T )

ω

0 1
1 − c (ω T )

ω

s(ω T )

ω

0 0 c (ω T ) − s(ω T )

0 0 s(ω T ) c (ω T )

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

x p v (k )

Q p v ≡ S w

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2
ω T − s(ω T )

ω 3
0

1 − c (ω T )

ω 2

ω T − s(ω T )

ω 2

0 2
ω T − s(ω T )

ω 3
−

ω T − s(ω T )

ω 2

1 − c (ω T )

ω 2

1 − c (ω T )

ω 2
−

ω T − s(ω T )

ω 2
T 0

ω T − s(ω T )

ω 2

1 − c (ω T )

ω 2
0 T

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦
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T A B L E III
Si m ul ati o n S etti n gs: S yst e m

Fi g. 2. Si m ul at e d e n vir o n m e nt c o nsisti n g of M = 5  R F tr a ns mitt ers
( T x) ( or a n g e) a n d o n e  U A V- m o u nt e d r e c ei v er tr a v ersi n g a cir c ul ar or bit

( bl a c k).

tr aj e ct or y [ 1 3].  T h e  E K F i niti ali z ati o n s etti n gs a n d r e c ei v er
a n d  R F tr a ns mitt ers’ i niti al st at es ar e t a b ul at e d i n  Ta bl e III.
T h e e n vir o n m e nt l a y o ut a n d  U A V tr aj e ct or y is ill ustr at e d
i n Fi g. 2.  T h e esti m ati o n err or tr aj e ct ori es a n d ass o ci at e d
± 2 σ b o u n ds ar e pl ott e d i n Fi g. 3( a) –(f) a n d ( g) –(j) f or t h e
r e c ei v er a n d  R F tr a ns mitt er 1, r es p e cti v el y.

T h e f oll o wi n g c a n b e c o n cl u d e d fr o m t h e f ull s yst e m
si m ul ati o n pl ots i n Fi g. 3. First,  w hil e t h e v ari a n c e of c δ̃t s 1

d e cr e as es, at s o m e p oi nt i n ti m e, it b e gi ns t o di v er g e u n-
b o u n d e dl y.  O n t h e ot h er h a n d, t h e v ari a n c e of c δ̃t r st arts
fr o m z er o ( d u e t o t h e pri or k n o wl e d g e a b o ut t h e r e c ei v er’s
cl o c k bi as) a n d di v er g es u n b o u n d e dl y  wit h ti m e. S e c o n d,
alt h o u g h t h e err ors c δ̃t r a n d c δ̃t s ar e r el ati v el y s m all, t h eir
v ari a n c es  will c o nti n u e t o i n cr e as e a n d c a us e t h e esti m ati o n
err or c o v ari a n c e  m atri x t o b e c o m e ill- c o n diti o n e d.  N ot e
t h at a n e xt e n d e d i nf or m ati o n filt er ( EI F)  will n ot r es ol v e
t his iss u e, a n d a si mil ar pr o bl e m  will b e e n c o u nt er e d.  T his
is b e c a us e as t h e u n c ert ai nti es of t h e cl o c k st at es b e c o m e
l ar g er, t h e c orr es p o n di n g el e m e nts i n t h e i nf or m ati o n  m a-
tri x b e c o m e s m all er, c a usi n g t h e i nf or m ati o n  m atri x t o als o

Fi g. 3.  Esti m ati o n err or tr aj e ct ori es (r e d) a n d c orr es p o n di n g ± 2 σ
b o u n ds ( bl a c k) f or  E K F- b as e d r a di o S L A M  wit h s etti n gs fr o m  Ta bl e III.

b e c o m e ill- c o n diti o n e d.  T his is e vi d e nt fr o m t h e f a ct t h at
t h e c o n diti o n n u m b er of t h e esti m ati o n err or c o v ari a n c e  m a-
tri x P is e q u al t o t h e c o n diti o n n u m b er of t h e c orr es p o n di n g
i nf or m ati o n  m atri x Y = P − 1 . Si n c e t h e ps e u d or a n g e  m e a-
s ur e m e nts ar e a n o nli n e ar f u n cti o n of t h e r e c ei v ers’ a n d t h e
R F tr a ns mitt ers’ p ositi o ns, a c o n v ersi o n fr o m t h e i nf or m a-
ti o n s p a c e t o t h e st at e s p a c e is r e q uir e d i n or d er t o c o m p ut e
t h e  m e as ur e m e nt r esi d u al a n d t h e  m e as ur e m e nt J a c o bi a ns,
w hi c h ar e n e c ess ar y f or t h e  EI F u p d at e st e p.  T his c o n v er-
si o n r e q uir es t h e i n v ersi o n of t h e i nf or m ati o n  m atri x  w hi c h
b e c o m es ill- c o n diti o n e d at t h e s a m e r at e as t h e c o v ari a n c e
m atri x.  T hir d, d es pit e t h e st o c h asti c all y u n o bs er v a bl e cl o c k
bi as es, t h e esti m ati o n err or v ari a n c es a p p e ar t o h a v e a fi nit e

b o u n d f or x̃ r , ỹ r , ˜̇x r , ˜̇y r , c ˜̇δt r , x̃ s 1
, ỹ s 1

, a n d c ˜̇δt s 1
. Si mil ar

b e h a vi or  w as n ot e d f or t h e esti m at es ass o ci at e d  wit h t h e
ot h er f o ur  R F tr a ns mitt ers.

V. E X P E RI M E N T A L  D E M O N S T R A TI O N

A fi el d e x p eri m e nt  w as c o n d u ct e d i n  Ri v ersi d e,  C A,
U S A, usi n g a  U A V t o d e m o nstr at e t h e st o c h asti c all y u n-
o bs er v a bl e cl o c k bi as es of b ot h a  U A V- m o u nt e d r e c ei v er
a n d  m ulti pl e c ell ul ar tr a ns mitt ers  w h e n a n  E K F- b as e d r a-
di o S L A M fr a m e w or k is e m pl o y e d.

T o t his e n d, a  U A V  w as e q ui p p e d  wit h a t w o- c h a n n el
Ett us  E 3 1 2 u ni v ers al s oft w ar e r a di o p eri p h er al ( U S R P).
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Fi g. 4.  E x p eri m e nt h ar d w ar e s et u p.

T w o a nt e n n as  w er e  m o u nt e d t o t h e  U A V a n d c o n n e ct e d
t o t h e  U S R P: 1) a c o ns u m er- gr a d e p at c h  G P S a nt e n n a a n d
2) a c o ns u m er- gr a d e o m ni- dir e cti o n al c ell ul ar a nt e n n a.  T h e
U S R P  w as t u n e d t o 1) 1 5 7 5. 4 2  M H z t o s a m pl e  G P S  L 1  C/ A
si g n als a n d 2) 8 8 2. 7 5  M H z t o s a m pl e c ell ul ar si g n als,  w hi c h
w er e  m o d ul at e d t hr o u g h c o d e di visi o n  m ulti pl e a c c ess a n d
w er e tr a ns mitt e d fr o m n e ar b y c ell ul ar t o w ers.  T h e  E 3 1 2 f e d
t h e s a m pl e d d at a t o t h e  m ulti c h a n n el a d a pti v e tr a ns c ei v er
i nf or m ati o n e xtr a ct or s oft w ar e- d e fi n e d r e c ei v er [ 3 1], [ 3 2],
w hi c h pr o d u c e d ps e u d or a n g e o bs er v a bl es t o all a v ail a bl e
G P S S Vs a n d t o f o ur c ell ul ar t o w ers of t h e  U. S. c ell ul ar
pr o vi d er  Veri z o n.  T h e  G P S ps e u d or a n g es  w er e o nl y us e d
t o esti m at e t h e  U A V- m o u nt e d r e c ei v er’s i niti al p ositi o n a n d
cl o c k err or st at es. S u c h esti m at es  w er e us e d t o i niti ali z e
t h e  E K F,  w hi c h si m ult a n e o usl y esti m at e d t h e  U A V’s a n d
t h e f o ur u n k n o w n tr a ns mitt ers’ st at e b ef or e n a vi g ati o n vi a
r a di o S L A M b e g a n,  w hil e c ell ul ar ps e u d or a n g es  w er e us e d
e x cl usi v el y t h er e aft er as  m e as ur e m e nts i n t h e  E K F.  T h e
e x p eri m e nt al s et u p is ill ustr at e d i n Fi g. 4.

T h e  U A V tr a v ers e d a c o m m a n d e d tr aj e ct or y f or 1 3 0 s.
T h e “ gr o u n d tr ut h ” tr a v ers e d tr aj e ct or y  w as o bt ai n e d fr o m
t h e  U A V’s o n b o ar d i nt e gr at e d n a vi g ati o n s yst e m,  w hi c h
us e d a  G P S, a n i n erti al n a vi g ati o n s yst e m (I N S), a n d ot h er
s e ns ors.  T h e  U A V’s tr aj e ct or y  w as als o esti m at e d vi a t h e
r a di o S L A M fr a m e w or k d es cri b e d i n t his p a p er.  T h e  U A V’s
a n d c ell ul ar t o w ers’ h ei g hts  w er e ass u m e d t o b e k n o w n f or
t h e e ntir e d ur ati o n of t h e e x p eri m e nt; t h er ef or e, t his is a
2- D r a di o S L A M pr o bl e m,  w hi c h is c o nsist e nt  wit h t h e
st o c h asti c o bs er v a bilit y a n al ysis c o n d u ct e d i n S e cti o n III.
T h e  E K F- b as e d r a di o S L A M filt er  w as i niti ali z e d  wit h a
st at e esti m at e gi v e n b y

x̂ ( 0|0) = x̂ T
r ( 0|0) , x̂ T

s 1
( 0|0) , . . . , x̂ T

s 4
( 0|0)

T

a n d a c orr es p o n di n g esti m ati o n err or c o v ari a n c e

P ( 0|0) = di a g P r ( 0|0) , P s 1
( 0|0) , . . . , P s 4

( 0|0) .

T h e  U A V- m o u nt e d r e c ei v er’s i niti al esti m at e x̂ r ( 0|0)  w as
s et t o t h e s ol uti o n pr o vi d e d b y t h e  U A V’s o n b o ar d  G P S-
I N S s ol uti o n at t h e b e gi n ni n g of t h e tr aj e ct or y, a n d  w as
ass u m e d t o b e p erf e ctl y k n o w n, i. e., P r ( 0|0) ≡ 0 6 × 6 . T h e
tr a ns mitt ers’ i niti al st at e esti m at es  w er e dr a w n a c c or di n g t o

x̂ s m
( 0|0) ∼ N r T

s m
, x T

cl k ,sm
( 0)

T
, P s m

( 0|0) .  T h e tr u e tr a ns-

mitt ers’ p ositi o ns { r s m
} 4
m = 1 w er e s ur v e y e d b ef or e h a n d a c-

c or di n g t o t h e fr a m e w or k d es cri b e d i n [ 3 3] a n d v eri fi e d

usi n g  G o o gl e  E art h.  T h e i niti al cl o c k bi as a n d drift

x cl k ,sm ( 0) = c δt s m
( 0), δ̇t s m

( 0)
T

m = 1 , . . . , 4

w er e s ol v e d f or b y usi n g t h e i niti al s et of c ell ul ar tr a ns mitt er
ps e u d or a n g es ( 1) a c c or di n g t o

c δt s m
( 0) = r r ( 0) − r s m

+ c δt r 1
( 0) − z s m

( 0),

c δ̇t s ( 0) = [c δt s ( 1) − c δt s ( 0)]/ T ,

w h er e c δt s m
( 1) = r r ( 1) − r s m

+ c δt r 1
( 1) − z s m

( 1).  T h e
i niti al u n c ert ai nt y ass o ci at e d  wit h t h e tr a ns mitt ers’ st at es
w as s et t o P s m

( 0|0) ≡ 1 0 3 · di a g [1 , 1 , 3 , 0 .3 ] f or m =
1 , . . . , 4.

T h e pr o c ess n ois e c o v ari a n c e of t h e r e c ei v er’s cl o c k
Q cl k ,r w a s s et t o c orr es p o n d t o a t y pi c al t e m p er at ur e-
c o m p e ns at e d cr yst al os cill at or  wit h h 0 ,r = 9 .4 × 1 0 − 2 0 a n d
h − 2 ,r = 3 .8 × 1 0 − 2 1 .  T h e pr o c ess n ois e c o v ari a n c es of t h e
c ell ul ar tr a ns mitt ers’ cl o c ks  w er e s et t o c orr es p o n d t o
a t y pi c al o v e n- c o ntr oll e d cr yst al os cill at or  wit h h 0 ,sm =
8 × 1 0 − 2 0 a n d h − 2 ,sm = 4 × 1 0 − 2 3 ,  w hi c h is us u all y t h e
c as e f or c ell ul ar tr a ns mitt ers [ 3 4], [ 3 5].  T h e  U A V’s p osi-
ti o n a n d v el o cit y st at es  w er e ass u m e d t o e v ol v e a c c or di n g
t o v el o cit y r a n d o m  w al k d y n a mi cs  wit h

f p v [x p v (k )] =
I 2 × 2 T I 2 × 2

0 2 × 2 I 2 × 2
x p v (k ),

Q p v =
T 3

3
S p v

T 2

2
S p v

T 2

2
S p v T S p v

,

w h er e T = 0 .0 2 6 7 s a n d S p v = di a g [0 .0 2 , 0 .2 ] is t h e pr o-
c ess n ois e p o w er s p e ctr al d e nsit y  m atri x,  w h os e v al u e
w as f o u n d e m piri c all y.  T h e  m e as ur e m e nt n ois e v ari a n c es
{σ 2

s m
} 4
m = 1 w er e c o m p ut e d b ef or e h a n d a c c or di n g t o t h e

m et h o d d es cri b e d i n [ 3 3], a n d  w er e f o u n d t o b e σ 2
s 1

= 0 .7,

σ 2
s 2

= 0 .2, σ 2
s 3

= 0 .7, a n d σ 2
s 4

= 0 .1.  T h e tr aj e ct or y pr o-
d u c e d b y t h e  U A V’s o n b o ar d i nt e gr at e d  G P S-I N S a n d t h e
o n e esti m at e d b y t h e r a di o S L A M fr a m e w or k ar e pl ott e d
i n Fi g. 5 al o n g  wit h t h e i niti al u n c ert ai nt y elli ps es of t h e
f o ur tr a ns mitt ers a n d t h e fi n al e ast- n ort h 9 9t h- p er c e ntil e es-
ti m ati o n u n c ert ai nt y elli ps es f or t o w er 1. Si mil ar r e d u cti o n
i n t h e fi n al u n c ert ai nt y elli ps es c orr es p o n di n g t o t h e t hr e e
ot h er t o w ers  w as n ot e d.

T h e r o ot  m e a n s q u ar e d err or of t h e  U A V’s esti m at e d
tr aj e ct or y  w as 9. 5  m a n d t h e fi n al err or  w as 7. 9  m.  T h es e
err ors  w er e c o m p ut e d  wit h r es p e ct t o t h e  G P S-I N S tr a-
j e ct or y.  T h e r es ulti n g esti m ati o n err ors a n d c orr es p o n di n g
± 2 σ b o u n ds of t h e v e hi cl e’s e ast a n d n ort h p ositi o n a n d
t h e ± 2 σ b o u n ds of t h e cl o c k bi as of b ot h t h e r e c ei v er a n d
t o w er 1 ar e pl ott e d i n Fi g. 6.  O nl y t h e ± 2 σ b o u n ds ar e
s h o w n f or t h e cl o c k bi as es of b ot h t h e r e c ei v er a n d t o w er
1, si n c e t h e tr u e bi as es ar e u n k n o w n; t h er ef or e, t h e esti m a-
ti o n err or tr aj e ct ori es c a n n ot b e pl ott e d.  N ot e t h at  w hil e t h e
esti m ati o n err or v ari a n c es of t h e  U A V’s e ast a n d n ort h p o-
siti o n r e m ai n e d b o u n d e d, t h e esti m ati o n err or v ari a n c es of
t h e r e c ei v er a n d t o w er 1 gr e w u n b o u n d e dl y, i n di c ati n g t h eir
st o c h asti c u n o bs er v a bilit y,  w hi c h is c o nsist e nt  wit h t h e si m-
ul ati o n r es ults pr es e nt e d i n S e cti o n I V a n d  T h e or e m III. 1.
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Fig. 5. Environment layout and experimental results showing the
estimated UAV trajectories from (a) its onboard GPS-INS integrated
navigation system (white) and (b) radio SLAM (green), the initial

position uncertainty of each unknown tower, and tower 1 final position
estimate and corresponding uncertainty ellipse. Image: Google Earth.

Fig. 6. Radio SLAM experimental results: north and east errors of the
UAV-mounted receiver and corresponding estimation error variances and
the estimation error variances of the clock bias for both the receiver and

transmitter 1.

VI. CONCLUSION

The stochastic observability of a simultaneous receiver
localization and transmitter mapping problem was studied.
It was demonstrated that the system is stochastically
unobservable when the clock biases of both a receiver
and unknown transmitters are simultaneously estimated
and that their associated estimation error variances will
diverge. The divergence rate of a sequence lower-bounding
the diverging variances was derived and shown to reach
a steady-state that only depends on the receiver’s clock

quality. Despite the stochastically unobservable clock
biases, simulation and experimental results demonstrated
bounded localization errors of a UAV navigating via radio
SLAM for 130 s without GPS.
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