Advances in Computational Mathematics manuscript No.
(will be inserted by the editor)

Smooth projections and the construction of smooth
Parseval frames of shearlets

Bernhard G. Bodmann - Demetrio
Labate - Basanta R. Pahari

Received: date / Accepted: date

Abstract Smooth orthogonal projections with good localization properties
were originally studied in the wavelet literature as a way to both understand
and generalize the construction of smooth wavelet bases on L?(R). Smoothness
plays a critical role in the construction of wavelet bases and their generaliza-
tions as it is instrumental to achieve excellent approximation properties. In
this paper, we extend the construction of smooth orthogonal projections to
higher dimensions, a challenging problem in general for which relatively few
results are found in the literature. Our investigation is motivated by the study
of multidimensional nonseparable multiscale systems such as shearlets. Using
our new class of smooth orthogonal projections, we construct new smooth
Parseval frames of shearlets in L?(R?) and L?(R?).
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1 Introduction

Smooth orthogonal projections on the real line have played an important role
in the wavelet literature due to their connection with the construction of well
localized wavelet bases. Wavelets became very popular in the 90’s because of
their remarkable ability to approximate piecewise regular functions on the real
line [7,8]. To achieve such ability, the localization properties of the basis are
critical, that is, the basis elements are required to have compact support and
rapid decay in the Fourier domain, or rapid decay and compact support in the
Fourier domain, or rapid decay in both domains [7]. When one of the three
situations happen, the basis is called 'well-localized’.

A very important example of such bases are the local Fourier bases of Coif-
man and Meyer [6]. The main idea of their construction is to start from a com-
plex exponential basis on a finite interval and to generate a well localized basis
of L2(R) by piecing together dilated copies of the same basis. The challenge
here is about piecing together the different sub-systems without losing the
regularity of the overall system. Clearly, one cannot simply put together bases
after multiplication by the characteristic function of an appropriate interval
since this would introduce discontinuities. Instead one has to define smooth
localization windows. One solution to this problem is to construct orthogo-
nal projections Py, k € Z with the property that (i) L?(R) = @, PrL*(R)
and (ii) the orthogonal projections Py are smooth in the sense that each Py f
preserves the regularity of f.

A detailed study of the construction of smooth orthogonal projections on
the real line was carried out by Auscher, Weiss and Wickerhauser [1] (see
also [15]) by generalizing results by Coifman and Meyer in [6]. The extension
of this approach to higher dimensions though is highly nontrivial and only a
few results are available in the literature. We recall the extension of smooth
projections to manifolds in [3,4] including an interesting result about localized
Parseval frames on the sphere.

The main goal of this paper is to extend the construction of smooth orthog-
onal projections to higher dimensions. For this, we introduce a novel approach
based on cyclic permutation operators on RY to define smooth orthogonal pro-
jections associate with certain partitions of R™V. The construction presented
here shows that the complex periodization with quarter-rotations used in the
case of R? [2] can be replaced by an explicitly real symmetrization procedure.
In addition, this paper provides insights into the treatment of RY with N > 3.

Our study is motivated in part by applications in the theory of shearlets
[19,22], a multidimensional extension of wavelets that has received a signifi-
cant interest in harmonic analysis during the last decade. Similar to curvelets
[5] and other systems of parabolic molecules [17], shearlets owe their success to
their ability to provide nearly optimally sparse approximations for a large class
of multivariate functions, outperforming conventional multiscale methods [10,
16,21,27]. They form a collection of well-localized waveforms defined not only
over a range of scales and locations, like wavelets, but also over multiple orien-
tations so that they are more apt at representing edges and other anisotropic
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features. While curvelets use rotations, the directionality of shearlets is con-
trolled by the action of a shear matrix. One advantage of using shearing is
that — unlike rotations — this operation is integer lattice invariant and this
invariance property can be very beneficial in discrete application. However,
while the group of rotations is compact, this property is not true for the shear
group. As a result, a shearlet system on L?(R") is typically constructed by
combining N cone-based shearlet systems, each one defined by truncating the
shear parameter on a compact interval. To ensure that the system obtained
by the union of the cone-based shearlet systems is a Parseval frame of well-
localized waveforms, special handling is required. For instance, the widely used
approach originally proposed in [13] requires to construct a set of ‘boundary
shearlets’ that are specially defined to ensure that the combination of cone-
based shearlets is still smooth.

Using the new class of smooth orthogonal projections introduced in this
paper, we define a novel approach to construct smooth Parseval frames of cone-
bases shearlets on L?(R?) and L?(R?). This approach, that consists in taking
the union of different shearlet systems that have been smoothly projected into
appropriate subspaces, is not only simpler and more straightforward than the
classical construction involving boundary shearlets but also more flexible.

The rest of the paper is organized as follows. Below we set the notation
and state basic definitions that will be used in the paper. In Section 2 we
present an approach to define smooth orthogonal projections on L?(R?) and
a general approach to construct smooth orthogonal projections on L?(RY).
In Section 3 we apply our method for a new construction of smooth Parseval
frames of shearlets of L2(R?) and L?(R?).

1.1 Notation and background

We recall some definitions and set some notation that will be used in the rest
of the paper.
T
We adopt the convention that z € RY is a column vector, i.e., z =

TN
and that & € RY is a row vector, i.e., £ = (&1,...,&n). A vector z multiplying
a matrix M € GLy(R) on the right is understood to be a column vector, while
a vector § multiplying M on the left is a row vector. Thus, Mz € RY and
EM € RN,

Let f € L2*(RY). For y € RY, the translation operator T, is defined by
T, f(x) = f(z —y); for M € GLn(R), theg’ilation operator Dy is defined by
Dy f(z) = |det M|~YV2f(M~'z); for v € RY.
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1.1.1 Fourier transform

The Fourier transform is a map f — f that, for f € LY(RY) and any ¢ € I?KN,
is defines as

f(&) = () 7278 da,

RN
It is well-known that this operator has a unique extension to L?(R™) that is a
unitary operator. The inverse Fourier transform is the map f + f defined as

fla) = [ f@ e e

By the Plancherel theorem, the Fourier transform is an isometry on L?(RY),

that is,
/ (@) dz = / o).
RN RN

We recall the following useful properties:

(T, £)"(€) = (M, f)(€)
(Darf)NE) = (Darf)(€) = | det M[V/2 f(€M).

We will consider subspaces of L?(RY) associated with functions whose
essential Fourier support is contained in a region S € RY and use the notation:

L2(S)Y = {f € L*(R") : esssupp f € S c RV}
1.1.2 Frames

Let H be a Hilbert with inner product (, ). A frame is a generalization of a
basis where the frame elements are not necessarily linearly independent yet an
approximate reproducing property still holds. A set {7y }xer in H, where I is a
countable indexing set, is a frame for H if there exist constants 0 < A < B < oo
such that

AIFIP < Y1) < BIFIP.

kel
A is called the lower frame bound and B the upper frame bound of the frame.
If A = B then the frame is called a tight frame; if, in addition, A = B =1
then it is called 1-tight frame or Parseval frame. If 4 is a Parseval frame then,
for any f € H, we have

LFIP =D 1 P

kel

One property of frames that will be critical in this paper is that the frame
condition is preserved under the action of an orthogonal projection. Recall
that an operator P on a Hilbert space # is a projection if P = P? and it is an
orthogonal projection if, in addition, it is self-adjoint, i.e., P = P*. We have
the following known result whose proof is reported for completion.
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ro:proj_parseval) pronhosition 1 Let {7 : k € I} be a frame of H with frame bounds 0 <
A< B < o and P be an orthogonal projection mapping H onto the subspace
V CH, then V is closed and { P~y :€ I} is a frame for V. C H with the same
frame bounds A, B.

Proof. Any g € V can be written as ¢ = Pf where f € H. Hence, using the
frame property of {yx : k € I}, we have that for any g € V

Allgl® = AIPFI? < Y (P, w) < BIIPS|® = Blg|?
kel

Since P is an orthogonal projections, for any g € V, we have that (g, Py;) =
<Pfa P7k> = <Pf7 7k> Hence, for any g € Vv

Allgl> <> g, Py)* < Bllgll.
kel

The closedness of V follows since it is the image of an orthogonal projec-
tion. O

2 Smooth projections on L2Z(RY)

{sec:1-2) Ag indicated above, a method for constructing smooth projections on L?(RR)
was originally discussed in [15] with the goal to build localized wavelet bases.
We start by recalling the basic ideas in the uni-variate setting and, specifically,
the following result from [15, Section 1.3].

(pro.HW) Proposition 2 Let s € C°(R) be a function satisfying
[s(2)* + [s(~2)* = 1
Then the operator PF : L*(R) — L%(R) given by
PF f(z) = s(x) (s(x) f () £ s(—2) f(~x))

is an orthogonal projection, that is, PF is idempotent and self-adjoint.

An example of a real valued function satisfying Proposition 2 is s(z) =
sin(f(z)) where 6(z) = [ ¢(t)dt and ¢ € C=(R) is an even function with
supp (@) C [—€,¢] and [ ¢(t)dt = F. Another example is c(z) = cos(6(x)).
These functions are illustrated in Fig. 1 where the plot shows that s is sup-
ported on [—e¢, 00] and ¢ is supported on [—oo, €].

For s(x) = sin(f(x)) the operator P; is an orthogonal projection onto

the subspace Ht = P L?(R) and for c(x) = cos(f(x)) the operator P is
an orthogonal projection onto the subspace H~ = P, L?*(R). Note that if
f € H' then f = 5g where g € L?(R). Similarly, if f € H~ then f = ¢g where
g € L3(R). In particular, if f € HT then supp (f) C [—€,00) and if f € H™

then supp (f) C (—o0, €]. Since € can be chosen to be arbitrarily small, we say



6 B. G. Bodmann, D. Labate, and B. R. Pahari

Fig. 1 Graphs of smooth window functions s and c.
(2ds1)

that the operator P is an orthogonal projection associated with the positive

reals and P is an orthogonal projection associated with the negative reals.

Since 0(x) + 6(—x) = 7/2, then it is easy to verify that s(x) = ¢(—x). It
follows from this property that, for any f € L?(R), we have

Pif+P f=T.

Note that, due to the definition of s and ¢, the projections P;* and P preserve
the regularity of f. That is, if f € C™(R) for some m € N, then Psf, P.f
are also in C™(R). Therefore, Ps; and P, are smooth orthogonal projections
associated with the positive and negative reals, respectively.

This idea is further elaborated in [15] to build smooth projections onto

more general intervals of R.

2.1 Smooth projection in L?(R?)
(sec:1) 1 this section, we show how to adapt the one-dimensional construction above
to build smooth orthogonal projections of L?(R?) associated with half-planes
and cone-shaped domains in R? (we use the wording ‘associated with’ in the
sense defined above).

Similar to Proposition 2, for f € L?(R?) we define

P f(wy) = s(@)(s(x) f(z,y) £ s(=2) f(=2,y)), (1)[det . psx2d]

where s € C*°(R) is given as in Proposition 2. We start with the following
observation.

(lem.1sx) Lemma 1 Let s be as in Proposition 2. Then PE

s given by (1), is an orthog-
onal projection on L?(R?).

Proof. The proof is similar to Proposition 2 which is given in [15]. O
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Similar to the observations made in the one-dimensional case, if s(z) =
sin(f(z)) the operator P, is an orthogonal projection onto the subspace
H* = P} L?(R?) and for ¢(x) = cos(f(x)) the operator P;, is an orthog-
onal projection onto the subspace H~ = P, L*(R?). We have that f € H+
implies f = 3g where g € L?(R?) and f € H~ implies f = ¢g where
g € L*(R?); also, if f € HT then supp (f) C [~e,00) x R and if f € H—
then supp (f) C (—o0, €] x R. Hence, similar to the one-dimensional case, we
say that the operator PJr is an orthogonal projection associated with the half-
plane v > 0 and P, is an orthogonal projection associated with the half-plane
z < 0. In addition, the operators P+ and P, preserve the regularity of the
function on which are they are actlng in the sense described above. That is,
they are smooth projection operators.

The next Lemma shows that P+ and P, are orthogonal and complemen-
tary.

(comp-proj) Lemma 2 Let s(z) = sin(f(x)) and c(x) = s(—x) where 0 is defined as in
Proposition 2. Then P+ and P, are mutually orthogonal and complementary
on L*(R?) in the sense that for any f € L*(R?), we have P}, f + P f = f.

Proof. Since PJ, is an orthogonal projection, so is I— P}

E) and P;,rx(lfp;,kx) =
0.

We claim that P, = I — P;,. In fact, since s*(z) + s*(—xz) = 1, we have:

The following result is a direct consequence of Lemmata 1 and 2.

{cor.comp.pro) Corollary 1 Let s(z) = sin(6(z)) and c(x) = s(—x) where 0 is defined as in

Proposition 2. Then P+ and P, defined as

P f(@y) = s(y)s() f(@,y) + s(=y) f (2, —y)]
and -

Poyf(@,y) = c)le) f(z,y) — c(=y) f (@, —y)],
are mutually orthogonal. In addition, for any f € L*(R?),

Pl f+Po,f=1f

Similar to the projection operators P;‘ » and P, also the operators P+ and

P_,, are smooth projections associated with the half- planes y > 0 and y < 0,

respectively.
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We next show how to define smooth projection operators associated cone-
spaced domains. We define the regions

Q1 ={(z,y) eR*: x>0 and || > [y[}
Q2 ={(z,y) €R*: 2 <0and |z > |y|}
Qs = {(z,y) eR?:y>0and |z < |yl}

Qs = {(z,v) eR?:y<0and lz] < |y|}
Qr=01UQ2 and Q, = Q3 U Q4.

The motivation for choosing such regions comes from the theory of shear-
lets where, as discussed in Sec. 3 below, it is useful to partition R? into the
‘horizontal’ and ‘vertical’ cones @), and @, respectively.

We start by composing out projections operators to generate smooth pro-
jections associated with the orthogonal quadrants.

Proposition 3 Let s, P, P, be as in Lemma 2 and Pf, and P, as in

corollary 1. Then P+ Pt = Pt P~ P.. Pf and P P, are projections and

s,z s,yr L os,xt ey Lot s,y c,xt s,y

PLPI + PLPLf+ PPl + PP, = f

c,x™ 8,y

Proof. Tt follows directly from the definition that P} ., Pf. ., P- and P_

s,z s,y e S,y
commute with each other. Since P;f, and P, y are projections,

+ pt+3\2 _ (pt pt\(pt+ pt ) — pt pt+t pt p+
(Ps,xps,y) - (Ps,rps,y)(Ps,zPs,y) - Rs,:vjjs,z})s,yps,y

2 2
= (PS,)(PS,)" = PP,
and

Hence, P;, P, is an orthogonal projection. An identical argument shows that
also the operators Py, o Py Pe. ij, , and P P are orthogonal projections.
Finally using Lemma 2 and Corollary 1 we conclude that

+ pt + p— - pt+ - p—
Pl PY f+ PSP f+ PP f+P.,P;,

s,z s,y S, S,y c,xt s,y

_ pt + - - + -

- Ps,w(Ps,yf + Ps,yf) + Pc7:v(Ps,yf + Ps7yf)
=f O

With appropriate rotations, we can now define smooth orthogonal projec-
tions associated with the cones Q;,i = 1,...,4. Let Rz be the rotation by

the angle of 7, where the rotation operator in two dimensions is given by

Rof(z1,22) = f(x1 co80 — x4sin 6, 21 sin 0 + x5 cos f). Then, we obtain:

1. R_=Pf P} Rx

= P Pl R=, associated with the cone Qq;
us

2. R.=P_ P Rx, associated with the cone Q2;
3. R_=P_ Pl Rx, associated with the cone Q3;
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4. R_,P P, Rz, associated with the cone Q4.

s,z ¢y

Using the above four projections, we obtain a smooth projection P; asso-
ciated with the horizontal cone Qy,, as

P1:R**(ijpjy+Pcchy)R§f7 (2)

and a smooth projection P, associated with the horizontal cone @, as

Py=R_3 (PP}, + Pf,P )Ry . (3) [eqip1]

By construction, we have Pof + P, f = f.

We remark that the smooth orthogonal projections P; and P, are asso-
ciated with the cones Qp and @, in the sense defined above but they are
not projections onto subspaces of L? with support on Q) and @,. Namely,
by taking ¢ in Proposition 2 to have arbitrarily small € support, the smooth
function s approximates the characteristic function of Rt within e. Hence,
for any function f with support in Q5 = {(z,y) € R? : |Jy| < |z|] — €} we
have that P, f = f; similarly for any for any function f with support in
Q¢ = {(z,y) € R? : |z| < |y| — €} we have that Pof = f. Also P, f(z,y) = 0 if
lly| > |z| + € and Pof(z,y) = 0if ||z| > |y| + €.

2.2 Projections on L?(R™)
(sec:2) We present a new general procedure to generate orthogonal projections into
subspaces of L2(RY) associated with partitions of the domain RY. We will
use this procedure to build projections in L?(R") and an alternative method
to build smooth projections associated with cone-shaped domains on R2.

Let N € N and T be the cyclic coordinate permutation operator on R,
Let x € RY, 51 € C°(RY) and s; = s1(T771(")) for j = 1,2, ...N such that

N
> Isil? =
=1

For f € L3(RY), define V; as

where w = ¢ ¥ . We then have the following result.

{thnl) Pheorem 1 For Vi, T, and s; defined as above, the operator P; given by

N—-1

Pif(x) = V;Vi f(z) =55 ) wis;(T7 () f(T7 (x))

=0
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is an orthogonal projection on L*(RN). If for each 7 € {0,1,2,...,N — 1},

Zw 5(@)sjr (@) = 00, (4) [oa-sgei]

we also have that, for any f € L2(RY), f = Z;V:l P;f.

Remark 1 There are simple solutions to (4). Clearly, the constant functions
s = wﬁ, for every j, and s; = \}—ﬁ, for every j, satisfy equation (4). A
non-smooth solution can be obtained by using indicator functions. If U; are
disjoint subsets of R such that xu,,, = xv, (T'(-)) with U U, = RN, then
55 = Xu; is a solution of (4).

We also remark that there is a relationship between the solutions of (4)
and the solution of the filter equations associated with M-band wavelets [24].
The exploration of this connection is beyond the scope of this paper and will
be investigated in a separate work.

Before proving Theorem 1, we calculate V*. Applying the change of variable
T"x = y on the third line below and by the change of index k = N — 7 we get:

<‘/]*f’ g> = <f7 VJg>

Zw”g (T7(x)) dx

wisj(z) g(T"(x)) f(x) da

Ha

T
Z

-

| e | B
VN /R W det I s;(T7 () ST () 9(y) dy
7=0
N—
/ LZ 55 (T () (T W)) 9(y) dy.
k

Thus V7 f = ke SO0 w0 s5(T7() F(T7()).
To prove Theorem 1, we use the fact that P; = V;V;* is a projection if
(V;Vy) Vi =V In fact, if (VV;)V; =V, then

PR = ViV = ViV = Vi

and the self adjointness of P; = V;V;* is immediate from the definition.

Proof of Theorem 1.
Clearly Pf = Pj. To prove that P; is a projection, we will show that
ViV;Vi = Vi In the calculation below we make an explicit use of the fact
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that w and the operator T are cyclic of order N. Using the expression of V" f
from above and letting m = k + 7 on the third line below , we have

1 N—-1 )
VVir =V, (m S w5 (17() f(TT(-)))
N-—1

-5 2 (09 X @) @)

7=0

- % (s ()

It follows that

VIV
N-—-1 ) N-—1 )
= 3 (@@ (ST X s T O TH) )
=0 =
1 N—-1 ) =
- Ly (|3j(m.>>|2 3 w“””ﬂsj(Tk*f(-))f(Tk*f(-)))
=0 k=0
1 Ntr—1

- X (@O X wsamesame)
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\ﬁZ ('8a T( (Zw””s T FT )
N+71-—1 — . -
. mZN Wy (AT ) )
-3 (o (R oo
+ ;wmjsj<Tm<~>>f<Tm<->>))
_\}N<§'SJ‘<TT )(Zw 75 (T"%)))
- = jgwasj<TM<~>>f<T7”(->> vy

Hence P; is an orthogonal projection.
Finally, when for each 7 € {0,1,2,..., N — 1},

Zw 55 (x)8)47 () = 670
we have
N N N—-1
S Pf(r) = stx)( S sy (T7 () F(T7 >>)
j=1 7j=1 7=0
N—-1 N )
= >N W (@)si (@) f(T7 (2))
=0 j=1
= f(z). O

2.3 Smooth projections on L?(R?). Alternative construction.

(ss_smooth) [ ot 5, € C°°(R2) and T be the cyclic permutation operator on R2 such that
T2 =T and Sl(T()) = S2 with |51|2 + |52‘2 =1.

For f € L?(R?), following the result in Theorem 1, the operators P; and P,

given P1 f =51(s1f+s2f(T("))) and Pof =353(s1f —s2f(T(+))) are orthogonal

projections. Notice that
Pif+Pof =51(s1f — s2f(T())) +52(s2f + 51/ (T(-)))
= (|s1]” + [s2) f + (5251 — 5782) F(T())
= [+ (5251 —5182) f(T("))- (5)[eq.s1s2]
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Fig. 2 Graph of the smooth window function s;.
(tig.2d)

Assuming s is a real valued function, then we have that P, f + P, f = f.

By constructing appropriate smooth real functions s; and s, satisfying s+
53 = 1, we can generate smooth projections associated with the cone shaped
domains @Q;, i = 1,...4. For that purpose, we will adapt the construction of
a smooth function from Section 2.1 to the 2-dimensional setting. Similar to
Section 2.1, let ¢ € C*°(R) be an even function with supp(¢) C [—¢, €] and

[5. o(t)dt = \/F. Define
r—y z+y —r—y —xz+y
0z, y) = / S(t)dt / ()t + / o(t)dt / S(t)dt.

— 00 —00 —00 —0Q0

Since ¢ € C*°(R) is supported on [—e, €], it follows that 6 is supported in the
region {(z,y) € R? : |y| < |z| + ¢}. In addition, the properties of ¢ imply that

™ .
0(z,y) = 5 if |yl <z] —e.
Moreover we claim that 6(z,y) + 0(y, ) = 7. Indeed,

0(z,y) +0(y, x)
Ty z+y —x—y —z+y
- / 6(t)dt / B(t)dt + / o(t)dt / o(t)dt

+ /i@ o(t)dt /mzy o(t)dt + /Ey o(t)dt /iy o(t)dt.

_ /_ :y¢(t)dt< /_ : S(t)dt + /_ y: ¢(t)dt>
4 [ :_y qb(t)dt( [ :w¢(t)dt+ [ : qS(t)dt)
= [ eta( [ swars [ s
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+/_:_y qb(t)dt(/_y: ¢(t)dt+/y: ¢(t)dt>
- g(/_g:y ¢(t)dt+/_:_y q/)(t)dt)
_ \/z ( /_ Zy 6(t)dt + / : ¢(t)dt>

Now we set s1(z,y) = sin(f(x,y)) and so(x,y) = sin(6(y, z)). Then,

sa(z,y) = sin(6(y,x)) = sin(% —6(z,y)) = cos(0(z,y)).
Therefore,
[s1(z,y)* + [s2(y, ©)* = sin®(0(y, ) + cos®(0(x, y)) = 1.

The projections P; and P, we have so constructed are smooth orthogonal
projections associated with the horizontal cone @);, and the vertical cone Q,,
respectively, in the sense discussed at the end of Section 2.1. The smooth
function s; is illustrated in Figure 2 and it shows that - as expected - it
approximates the characteristic function of the cone Q.

Note that the projections we constructed in this section are very similar
but not identical to the projections P; and P, defined in Section 2.1.

3 Smooth Parseval frames of shearlets
{sec:3) We now apply our newly constructed smooth projection operators to construct
Parseval frames of shearlets that are localized on appropriate cone-shaped
domains of R? and R®. The general case R™Y, N > 3, is technically challenging
since — as shown in Sec. 2.2 — the cyclic coordinate permutation operators T
do not commute.

3.1 Construction of shearlets

We recall some basic facts about 2-dimensional shearlets from [10,13]. Given
a function ¢ € L?(R?), a system of 2-dimensional shearlets is a collection

{0 = | det A(l)r%w(B{l)A(;g —k):j el kel (6) [phi.one|

32 01} The matrix Ay is an anisotropic

dilation matriz, so-called since it produces a different dilation factor along the

where Ay = ( 0) and By = 11
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horizontal and vertical directions. The non-expanding matrix B(;) is called a
shear matriz and its integer powers control the directional properties of the
shearlet system. The generator function 1 can be chosen to be a well-localized
function such that the corresponding system (6) is a Parseval frame of L?(R?)
[20]. Due to the action of the integer powers of the anisotropic dilation and
shear matrices, the system (6) forms a Parseval frame of waveforms defined at
various scales, orientations and locations, controlled by j, ¢, and k, respectively.
The frequency tiling associated with this system is shown in Figure 3 (left).
We refer the interested reader to [9,14,18,25] for additional constructions of
discrete shearlets and other related systems.

N2, N

Nz

=

]

AN 7N

Fig. 3 Frequency tiling corresponding to horizontal shearlets (left) and to the system of
cone-based shearlets (right).

(fig.shear1)

3.2 Cone-based shearlet on L?(R?)

2

P(sec.coneb)? Ag guggested by Figure 3 (left), the system of shearlets (6) has a directional
bias. Namely, due to the action of the shear matrix B(;), the elements of this
system are not very efficient at representing functions whose support is con-
centrated along the & axis in the Fourier domain and to accurately represent
such functions one needs ¢ — 4oo. This behavior is a limitation in applica-
tions from sparse approximations [10,11,16] where it is desirable to uniformly
represent information associated to any direction. For this reason, a modified
system of shearlets, called cone-based shearlets was introduced [13,20]. We
recall this construction below.
Let ¢ be a C* bivariate function such that

0<6<1, ¢g=1on[-%, %% and ¢ =0on R*\ [, 1]? (7)[eq.phi2]

and let

w(e) = /(22 - (0. (8)[sas2]
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It follows that

(©) + > w*(27&) =1 for & € R (9) [eq.phiz+w]

j>0
Each function w?(27%/+) has support into the Cartesian corona
K = [—2%971 9212\ [-9%—4 92-4)2 ¢ R2,
Also, let v € C*°(R) be chosen so that
suppv C [—1,1] and Z lv(u —m)|> =1 for u € R. (10)[eq.v123]
meZ
Using this notation we state the following definition.
Definition 1 For £ = (£1,&) € R? and V{;)(£1,&2) = v(g—f), a horizontal
shearlet system for L?(R?) is a collection of functions
vy = (), 5> 0,0eZkeZ?), (11)[def ns]

where
0 4(6) = [det Ay [79/2 w(272€) Vi) (€A B 7AW Pk (12) [dot.msb)

and Ay, By are given after (6). Similarly, a vertical shearlet system for
L?(R?) is a collection

Uy = (%), 20,0 ke, (13)[def -ns2]

02 (€)= [det Ay /2 w(2756) Vig) (A B ™A@ @k (14) ast nozb)

Ay =(39), By = (19) and V5 (&) = v(£).

Tt is shown in [13,20] that a horizontal shearlet system ¥y, with the range
of ¢ restricted to [—27,27], forms a Parseval frame of the subspace L?(Qnt)Y
corresponding to the truncated horizontal cone Qpn; = Qp, \ [—1 5 8] That is,
given any f € L%(Qnt)Y, we have that

1= Z > 1wl

>0 0=—27 kez?

Similarly, a vertical shearlet system Wy, with f-range restricted to [—27,27],
forms a Parseval frame of the subspace L?(Q,;)" where Qu¢ = Q. \ [—%, é]Q.
One can obtain a Parseval frame of L?(R) by appropriately projecting and
combining these systems with a system of coarse scale functions {¢(2-—k), k €
72}, where ¢ satisfies (7). Namely, the cone-based shearlet system

SH = Po,®(9) U Po,, 1 U Py, s, (15) [shasrlet 24|
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where Poof = (xqof)"s Pouf = (xquf)¥ and Po,.f = (xq..f)Y is a
Parseval frame of L?(R?) [20]. The corresponding tiling in the Fourier domain

is shown in Fig. 3.

The cone-based Parseval frame of shearlets avoids the directional bias of
the systems ¥; and W,. However, this construction has the drawback of intro-
ducing discontinuities in the Fourier domain for those elements whose Fourier
supports overlap the boundaries of the regions @ and @Q,. In several ap-
plications — most notably sparse approximations [10,11,16] — it is important
that the shearlet system avoids directional bias and that all its elements are
smooth or have several continuous derivatives. Hence, the shearlet system (15)
is not acceptable for such applications. To correct this limitation, a modified
cone-based construction was introduced in [13] whose main idea consists in
re-defining those shearlet elements whose Fourier support overlaps the bound-
aries of the cones @ and Q.

3.3 New cone-based shearlet on L?(R?)

(sec.conec) Wo derive a novel construction of smooth cone-based shearlets that relies on
the new smooth projections we constructed in Section 2.

(thm2) Theorem 2 Let Py and P, be the smooth orthogonal projections on L?(R?)

defined in Section 2.1 by (2) and (3) (or their variants defined in Section 2.3),
and let Wy and Wy be the systems (11) and (13), respectively, where the func-
tions w and v in (12) and (14) are C° functions satisfying (8) and (10).
Also, let
D(p) = {¢pr = (- — k): k € Z?}, (16) 7eqs.phi?

where ¢ satisfies (7). Then the shearlet system

®(¢) U Iy U [0y, (17)[def -sp£2]

is a smooth Parseval frame of L?(R?), where, IIyf = (Pdf)v ford = 1,2.
That is, for any f € L*(R?)

F=Y oo+ > S (fmyd) )y,

kez? J=>0 |£|<27 keZ?

+ 3% S (',

320 [€]<2i kez2

with convergence in the L?-norm. Here the functions ﬁ’g(‘,le),k and wﬁ)k are the
elements of ¥, and Wy, respectively.

Before proving the theorem, we make the following observation.

(len-3) Lemma 3 Under the assumptions and notation of Theorem 2, the system
&(¢) U, is a Parseval frame of L*(R?). Similarly, the system ®(¢) UW; is a
Parseval frame of L*(R?).
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Proof. The proof is adapted from [13].
Since (£1,&2) A JB(_l) = (27%¢1,277& — £272¢)), we can write ¢(ek in
(11) as

% ¢, ) o(€1,62) = 278 w(27% gy, 27V gy) U(Qj% - f) 2miEAG Bk, (18)[eq:psihat]

Using the change of variable n = §A(1) ) and the notation K = [—
for f € L*(R) we have:

PIYBPBIFACHH

j>0 LEZ keZ?
3

2.2 2L
/ 229 f(nBfy)Ay)) w(n, 277 (2 + ) v (1) ewnkdnr

3305

w\w

2
iz .2 ) u(¥ 2 - £) FAH i g

j>0 LEZ keZ?

222

7 kezZ?

EQvaw%wuwwmmﬂm+mmw@9Fw
>0 Le

I
pqw

Jjz Z

£ —2j —2j )

— Zw?(27%¢,27% 21>= — ()2 d.

;;;KEZ./ng(ﬁ)l WA, 2 Ve o2 - )P ds
e o2 &

()P WA (27%,27%) o (2022 — ) d

= [ MEF T e a2 e (2 )
/V 2w (276, 2706) de. (19) [Len3.1]
7>0

where, in the last equality, we have used (10). A similar (simpler) computation
shows that

> o) / f(©)17 ¢ (20) [Tens.2]

kez?

Using (9), (19) and (20), we now conclude that

SIS D1

keZ?2 j>0 LEZ keZ2

=@M@2&©+Zﬁwwar%gds

320
= |I£1*.

The proof for the system &(¢) U W is very similar. O
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We can now prove Theorem 2.

Proof of Theorem 2. The proof follows from Proposition 1, Lemma 3 and
the observation that, for any g € L?*(R?), g = Pig + P2g. In fact, for any
f € L?(R?), we can write

f=1Lf+1f
= Z Hlfv ¢k Hld)k + Z Hlf’¢j€k>nlw§}€),k

7,0,k

+Z II f, é) H2¢>k+z H2f»1/’]ek>ﬂ2wjék

7,0,k

= Z o) o+ D I el + S 98 1),

7.0,k 7.0k

with convergence in L? norm. In addition, since projections P; and P, are
smooth, then the Parseval frame (17) consists of smooth functions. O

Remark 2 The Fourier-domain tiling associated to the Parseval frame of shear-
lets (17) has the same geometry as the one illustrated in Fig. 3 for the cone-
shaped shearlets. In particular, we claim that, by choosing the smooth orthogo-
nal projections P; and P, with a value of e sufficiently small (see Proposition 2
and the comment after (3)), for each scale parameter j only the elements e Ok
with ¢ = £27, ¢ = +(29 — 1) and £ = +(27 + 1) are affected by the action of
the projections P; and P,. Below, we prove our claim for the projection P;
the argument for P; is very similar.

Recall that, for any function g with support in Q5 = {(&1,&) € R? : |y| <
|z| — €}, we have that P;g = g. Hence to prove our claim it will be sufficient
to show that: (i) the lines & = & — € and & = —&; + ¢, for & > 274 are
contained inside the supports of the shearlet elements @/;(12 x With £ = 27 and

¢ = —2J respectively; (ii) for any fixed j, the shearlet elements 1/)( £y only
overlap those corresponding to £+ 1 and ¢ — 1.

For (ii), we observe that in the Fourier domain an element of the set ¥y,
given by (1 ) is expressed as (18) Hence, by (10), at any fixed scale J, the

functions z/) . only overlap the adjacent functions 1/} -1 and w] i1k For

(i), a direct calculation shows that the Fourier support of 1/)§ 1 1s given by the
trapezoidal region

Zig=A{lg — 277 <279, & € [2V71 227\ [22 4 2%

in particular the supports of the shearlet elements corresponding to £ = 27 are
contained in the trapezoids of vertices (22/=%,2%2=44£2/-1) and (221,221 &
27=4). A direct calculation shows that if ¢ < %2’4, then, for & > 274 the
line & = & —e is fully contained inside the supports of the trapezoidal regions
Z; 95 Similarly, the line {3 = —§; + € is fully contained inside the supports of
the trapezoidal regions Z; _o;
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Finally, we observe that, under the choice of € described above, P; 121](12 =
if |¢] > 29 4+ 1 (and similarly for Pgi/Jj(?e) .)- Hence, in the definition of the cone-

based system of shearlets (17), we could restrict the range of ¢ to |[¢| <27 +1
without affecting the Parseval frame property.

3.4 Smooth cylindrical shearlets in L?(R3?)

In this section, we construct a new smooth Parseval frame of shearlets in
L?(R3) that we call cylindrical shearlets. This system is motivated by applica-
tions from hyperspectral imaging where the first two variables are associated
with the space domain and the third one with the spectrum [23]. Because of the
geometry of such data, it is convenient to use a representation that is direction-
ally sensitive with respect to the space variables only [26]. For this reason, we
consider a modified 3-dimensional shearlet system where the shear variable is
one-dimensional unlike the conventional case where it is two-dimensional. We
expect that cylindrical shearlets could provide improved sparse approximations
for image models consistent with hyperspectral data found in applications.

We define our new construction by modifying the approach in [12,13].
Unlike the classical 3-dimensional shearlets that require to partition the space
into 3 pyramids, we associate cylindrical shearlets to two cylindrical pyramids
P; and Ps in R3 defined below:

Pr={(61,62,&) €RP: [£] <1}, Py={(&1,6,8) eR?: || <1}

20
~ &
) D
-20. 8 gl
307 o »
20 -
o 1 x
e N -
2 ' o - :
10 —— s B 10
20 Sy ;O =
30 30

Fig. 4 Representative elements of the cylindrical shearlet system {wg(le)k} for (4,¢) = (0,2)

and (4,¢) = (3,2), in the Fourier domain.
(fig.3d)

Similar to the 2-dimensional case, we let ¢ € L?(R3) be such that b€ c,

- 1

. 1 A 11
0<¢p<1, ¢=1o0n [_E’TG]B and ¢ =0 on Rg\[—g,g]g (21)[eq.phi3]
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and define w according to (8), so that

O+ w(277¢) =1 for € R (22)[eq.phi3+w]

7>0
The functions w?(27%+) have support in the Cartesian coronae
KJ — [722]'71, 22]’71]3 \ [722.]'747 22]’74]3 cC RB
and, for j > 0, produce a smooth tiling of the frequency space.

Definition 2 For d = 1, 2, a cylindrical shearlet system is a countable collec-
tion of functions of the form

vy = W;fle),k 1§ >0,0€ 7k €73}, (23)[sh.one|

where

P (€)= |d€tA(d)\7%w(2*2j§) 0(EATB e 2EA B <d>’c (24) [sh-one .£]
EA (d)=(d)

‘/(1) (§1a§2553) = ’U(%)a ‘/(2)(51752753) = ’U(%)a v E CSO(R) satisfies (10) and

400 110 200 100
An =020, Bay=[010], A =[040], By =[110
004 001 004 001

For d = 1, observing that |det A¢;)| = 2° and

(61752753) (1J)B(_1) - ( 72]'517 _272j€§1 + 27j£27 272]‘53)7

an element of the cylindrical shearlets system (24) can be written as

D04(€) =27 F w(27e) v<2j§2 — 0 PTG B, (25) [explicit psibat]

1

showing that the Fourier support of w( ( 1s contained inside the region
Uje = {€ € [25 125 1P\ [29 42U 4P c R?: |8 — 277 <277}

The Fourier support of a representative element of the cylindrical shearlet
system is shown in Fig. 4.

An argument similar to the 2-dimensional case shows that each system Wf ,
d = 1,2, is a Parseval frames of L?(P; \ [—3, ]*)". To construct a smooth
pyramid-based Parseval frame of L?(R3), we will proceed as in Sec. 3.3. We
start with the following observation similar to Lemma 3.

(Pro-4) proposition 4 Let #(¢) = {¢ = ¢(- — k) : k € Z3} where ¢ satisfies (21)
and W, d = 1,2 be the systems (23) where w, v satisfy (8) and (10). Then
the systems ®(¢) UWE and ®(¢) UWS are both Parseval frames of L*(R?).
That is, for any f € L*(R?),

HEEDIDI IS IR

keZ3 j>0 LEZ k€73
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Proof. We only prove case d = 1 since the arguments for d = 2 is similar.
Using the explicit form of the cylindrical shearlet (25), the change of vari-
able n = EA(?) B(_1§ and the notation K = [~1,1]3, we have

272
(1) 2
Z| JNC

kezZ3

= 1 [ 2 EAOuEH v E - 0 A aep
kezZ?

= 31 [ 2% Fly Bl i o)

kezZ3

-/ 25f\f<nA(1) o) Pl o222 g

= [ I OP g 0@ - O de.

In the computation above, we have used the fact that the function w(n,n3) v (Zf )
is supported inside K. Thus, using (10), we have

S 3 Y (G = [P (T w9 L& - 0P)de

>0 6=—27 keZ3 g>o L€
/If 2D _w(277e)d (26) [someeq)
7>0

As in Lemma 3, a direct computation shows that

S )P /|f O2& ) (27) [Ten33)

keZ3

Thus, using (22), (26) and (27), we conclude that, for each f € L*(R3),

STUAP IS ST P

kez3 j=>0 LEZ keZ3

= [UOF [#0+ T ute a2 Ve |

Jj=0

=f*. o

Similar to the 2-dimensional construction of smooth cone-based shearlets,
we can construct a smooth Parseval frame for L?(R3) by appropriately pro-
jecting a combination of the cylindrical shearlets (23) and a family of coarse
scale functions. To define our orthogonal projections, we slightly modify the
result from Section 2.3.
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(proj:prop) Proposition 5 Let ky € C°(R3) and T be the commutation operator on R3
such that ki (T (x,y,2)) = k1(y,x, z) = ko(x,y, z) with

|k2(x,y,z)\2 + ‘k1($,y,2)|2 =1
For f € L*(R3), the operators
Py =ki(kif + k2 f(T)) and Py = ka(kyf — k2 f(T))

are orthogonal projections. Here f(T) = f(T(x)) for x € R3. In addition,
Pif+Pf=f.

Proof. The statement that P, and P, are orthogonal projections follows di-
rectly from Theorem 1. The property that P f + Pof = f follows from (5)
after observing that ki(x,y, 2) = s1(z,y). O

As observed in Section 2.3, we can define a smooth function s; and hence
smooth functions k; and ko satisfying the assumptions of Proposition 5. The
corresponding projection operators P; and P, are then smooth projections
associated with the pyramidal regions P; and P, respectively. Hence, similar
to Theorem 2, using Propositions 1, 4 and 5, we have the following result.

Theorem 3 For d = 1,2, let ¥S be as in (23) where w, v satisfy (8), and
(10), respectively. Also, let I1; be defined by II;f = (Pdf)v, where Py is given
by Proposition 5 and ki (z,y,z) = s1(x,y) is the smooth function constructed
in Section 2.3. Then

{6(-—k): ke 22y U{lgw\Y, 5> 0,0 ZkeZ?d=1,2},

where where ¢ satisfies (21), is a Parseval frame of L?(R3).
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