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5iadps Angdm0��� VniefWmf CWgldm1� PnmWic CdTnpd2 Wmc IWldr Jhbgnir0

:arsoYbsfi Pdctbdc aWrdr gWud addm hmsqnctbdc enq sgd WooqnwhlWshnm ne oWqWldsqhydc OCDr hm
WookhbWshnmr vgdqd lWmx nmkhmd ptdqhdr Wqd qdpthqdc- Sgdhq mtldqhbWk dfibhdmbx enq rtbg oqnakdlr
gWr addm sgdnqdshbWkkx bnm�qldc hm Ahmdu ds Sk� fflMC.J I� JSsg� .mSk� 3� ffl1.00( 0346z0361( Wmc
CdUnqd ds Sk� fflAnmrsptashud .oopnwhlSshnm �4 ffl1.02( 344z355() vgdqd hs hr rgnvm sgWs sgd qdctbdc
aWrhr roWbd O/ ne chldmrhnm V) bnmrsqtbsdc ax W bdqsWhm fqddcx rsqWsdfx) gWr WooqnwhlWshnm dqqnq
rhlhkWq sn sgWs ne sgd noshlWk roWbd WrrnbhWsdc sn sgd Jnklnfnqnu V,vhcsg ne sgd rnktshnm lWmhenkc-
Sgd fqddcx bnmrsqtbshnm ne sgd qdctbdc aWrhr roWbd hr odqenqldc hm Wm nffihmd rsWfd vghbg qdpthqdr Ws
dWbg rsdo W lWwhlhyWshnm ne sgd btqqdms dqqnq nudq sgd oWqWldsdq roWbd- Enq sgd otqonrd ne mtldqhbWk
bnlotsWshnm) sghr lWwhlhyWshnm hr odqenqldc nudq W �mhsd spShmhme rds nasWhmdc sgqntfg W chrbqdshyWshnm
ne sgd oWqWldsdq cnlWhm- Sn ftWqWmsdd W �mWk WooqnwhlWshnm dqqnq � enq sgd roWbd fdmdqWsdc ax sgd
fqddcx Wkfnqhsgl qdpthqdr hm oqhmbhokd sgWs sgd rmWorgnsr WrrnbhWsdc sn sghr sqWhmhmf rds bnmrshstsd Wm
WooqnwhlWshnm mds enq sgd rnktshnm lWmhenkc vhsg WbbtqWbx ne nqcdq �- Gdmbd) sgd rhyd ne sgd sqWhmhmf rds
hr sgd � bnudqhmf mtladq enq� Wmc sghr bnudqhmf mtladq sxohbWkkx adgWudr khid dwoffl>��.�n( enq rnld
> ε . vgdm sgd rnktshnm lWmhenkc gWr V,vhcsg cdbWx CfflV�n(- Sgtr) sgd rgdWq rhyd ne sgd sqWhmhmf rds
oqnghahsr hlokdldmsWshnm ne sgd Wkfnqhsgl vgdm � hr rlWkk- Sgd lWhm qdrtks ne sghr oWodq rgnvr sgWs) he
nmd hr vhkkhmf sn Wbbdos qdrtksr vghbg gnkc vhsg ghfg oqnaWahkhsx) qWsgdq sgWm vhsg bdqsWhmsx) sgdm enq W
kWqfd bkWrr ne qdkduWms oqnakdlr nmd lWx qdokWbd sgd �md chrbqdshyWshnm ax W qWmcnl sqWhmhmf rds ne rhyd
onkxmnlhWk hm ��.- Ntq oqnne ne sghr eWbs hr drsWakhrgdc ax trhmf hmudqrd hmdptWkhshdr enq onkxmnlhWkr hm
ghfg chldmrhnmr-

LYsgdlYshbr Rtaidbs BkYrrh�bYshnmfi 51L34+ 54C/4+ 57P21+ 54W1/+ 57P2/+ 24A2/+ 30=0/+
30=14+ 47C04+ 54B88-

Pdbdhudc Nbsnadq 11) 1.07- ;bbdosdc IWmtWqx 02) 1.1.-

., Fmspnctbshnm

Bnlokdw rxrsdlr ˆqd eqdptdmskx cdrbqhadc ax oˆqˆldsqhydc OCDr sgˆs sˆjd sgd fdmdqˆk enql

O’t. v( : /ε ’0-0(

Gdqd v : ’vi(i80.εεε.c hr ˆ udbsnq ne oˆqˆldsdqr qˆmfhmf nudq rnld cnlˆhm X ∼ Pc ˆmc t : t’v( hr sgd
bnqqdronmchmf rnktshnm vghbg hr ˆrrtldc sn ad tmhptdkx cdffmdc hm rnld Ghkadqs roˆbd T enq dudqx v ∞ X -

Jdxunpcr Tmc ogpTrdr- Pdctbdc a]rdr) odqenql]mbd antmcr) q]mcnl r]lokhmf) dmsqnox mtladqr) Jnklnfnqnu ,,vhcsgr) ro]qrd
ghfg,chldmrhnm]k onkxmnlh]k ]ooqnwhl]shnm-

. K]anq]snhqd I]bptdr,Knthr Khnmr) Rnqanmmd Tmhudqrhsffid) N]qhr) Eq]mbd-
1 Cdo]qsldms ne L]sgdl]shbr) Tmhudqrhsx ne Rntsg B]qnkhm]) Bnktlah]) RB 181/7) TR:-
2 Cdo]qsldms ne L]sgdl]shbr) Sdw]r :´L Tmhudqrhsx) Bnkkdfd Rs]shnm) SW 6673/) TR:-
−Bnqqdronmchmf ]tsgnq9 bngcm:@mm�itrrhct�ep

b∗ Sgd ]tsgnqr- Ntakhrgdc ax DCN Rbhdmbdr) RL:H 1/1/

Oghr hr Tm Lodm 3bbdrr Tpshbkd chrsphatsdc tmcdp sgd sdplr ne sgd ApdTshud Anllnmr 3ssphatshnm Chbdmrd �gssor4..bpc@shucbnllnmr�npf.jhbcmrcr.av.0�/()
vghbg odplhsr tmpdrsphbsdc trd) chrsphatshnm) Tmc pdopnctbshnm hm Tmw ldchtl) opnuhcdc sgd nphfhmTk vnpi hr opnodpkw bhsdc,
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Sgqntfgnts sghr oˆodq+ vd cdmnsd ax | − | ˆmc }−. −⟨ sgd mnql ˆmc hmmdq oqnctbs ne T - Hm vgˆs enkknvr+ vd
ˆrrtld sgˆs sgd oˆqˆldsdqr gˆud addm qdrbˆkdc rn sgˆs X : Y�0. 0[c- Gdqd c hr sxohbˆkkx kˆqfd ˆmc hm rnld bˆrdr
c :⇒- Vd rddj qdrtksr sgˆs ˆqd hlltmd sn sgd rhyd ne c+ h-d-+ ˆqd chldmrhnm hmcdodmcdms-
Uˆqhntr qdctbdc lncdkhmf ˆooqnˆbgdr gˆud addm cdudknodc enq sgd otqonrd ne dflbhdmskx ˆooqnwhlˆshmf sgd

rnktshnm t’v( hm sgd bnmsdws ne ˆookhbˆshnmr vgdqd sgd rnktshnm lˆo

v ∈≫ t’v(. ’0-1(

mddcr sn ad ptdqhdc enq ˆ kˆqfd mtladq ne oˆqˆldsdq uˆktdr v ∞ X - Sghr mddc nbbtqr enq dwˆlokd hm noshlˆk cdrhfm
nq hmudqrd oqnakdlr vgdqd rtbg oˆqˆldsdqr mddc sn ad noshlhydc- Sgd rsqˆsdfx bnmrhrsr hm ffqrs bnmrsqtbshmf hm
rnld nfihmd rsTfd ˆ khmdˆq roˆbd Tm ne gnodetkkx knv chldmrhnm m+ sgˆs oqnuhcdr ˆ qdctbdc lˆo

v ∈≫ tm’v( ∞ Tm. ’0-2(

sgˆs ˆooqnwhlˆsdr sgd rnktshnm lˆo sn sgd qdpthqdc sˆqfds ˆbbtqˆbx ψ enq ˆkk ptdqhdr ne t’v(- Sgd qdctbdc lˆo
hr sgdm hlokdldmsdc hm sgd nmkhmd rsTfd vhsg fqdˆskx qdctbdc bnlotsˆshnmˆk bnrs+ sxohbˆkkx onkxmnlhˆk hm m-
=r noonrdc sn rsˆmcˆqc ˆooqnwhlˆshnm roˆbdr rtbg ˆr ffmhsd dkdldmsr+ sgd roˆbdr Tm ˆqd rodbhffbˆkkx cdrhfmdc

sn ˆooqnwhlˆsd sgd hlˆfd ne t+ h-d-+ sgd dkdldmsr hm sgd oˆqˆldsqhydc eˆlhkx

K 9: ⌋t’v( 9 v ∞ X {. ’0-3(

vghbg hr bˆkkdc sgd rnktshnm lTmhenkc- Sgd noshlˆk m,chldmrhnmˆk khmdˆq ˆooqnwhlˆshnm roˆbd enq sghr lˆmhenkc
hr sgd nmd sgˆs ˆbghdudr sgd lhmhltl hm sgd cdffmhshnm ne sgd Inklnfnqnu m,vhcsg

cm : cm’K(S 9: hme
Ydl#D(8m

rto
t∞F

|t� ODt|ε ’0-4(

Sghr noshlˆk roˆbd hr bnlotsˆshnmˆkkx nts ne qdˆbg ˆmc sgd ˆanud ptˆmshsx rgntkc ad uhdvdc ˆr ˆ admbglˆqj
enq lnqd oqˆbshbˆk ldsgncr- Gdqd OD cdmnsdr ˆfˆhm sgd T ,nqsgnfnmˆk oqnidbshnm nmsn D enq ˆmx rtaroˆbd D ne
T -
Nmd ˆooqnˆbg enq bnmrsqtbshmf ˆ qdctbdc roˆbd Tm+ vghbg bnldr vhsg rtarsˆmshˆk sgdnqdshbˆk ennshmf ˆmc vhkk

ad hmrsqtldmsˆk hm ntq chrbtrrhnm+ bnmrhrsr hm oqnuhmf sgˆs sgd rnktshnm lˆo hr ˆmˆkxshb hm sgd oˆqˆldsdqr v ˆmc
gˆr ˆ Sˆxknq dwoˆmrhnm

t’v( :
∏

η∞A
sηv

η . ’0-5(

vgdqd vη 9:
∑c
i80 v

ηc
i ˆmc A 9: ⌋µ ∞ �c{- Hm sgd bˆrd ne bntmsˆakx lˆmx oˆqˆldsdqr+ A hr sgd rds ne ffmhsdkx

rtoonqsdc rdptdmbdr µ : ’µi(i∗0 vhsg µi ∞ �- Nmd sgdm oqnudr sgˆs sgd rdptdmbd ’sη(η∞A ne Sˆxknq bndflbhdmsr
gˆr rnld cdbˆx oqnodqsx- Svn oqnsnsxohbˆk dwˆlokdr ne qdrtksr nm cdbˆx ˆqd fhudm hm Y0+6[ enq sgd dkkhoshb dptˆshnm

�chu’ℓ√t( : e. ’0-6(

vgdqd sgd chΣtrhnm bndflbhdms etmbshnm gˆr sgd oˆqˆldsqhydc enql

ℓ : ℓ’v( : ℓ)
∏

i∗0
viχi . ’0-7(

enq rnld fhudm etmbshnmr ℓ ˆmc ’χi(i∗0- Sgdrd qdrtksr ’rdd d-f- Sglr- 0-0 ˆmc 0-1 hm Y0[( rgnv sgˆs+ tmcdq lhkc
cdbˆx nq rtllˆahkhsx bnmchshnmr nm sgd etmbshnmr χi + nmd gˆr sgˆs sgd rdptdmbd ’|sη|S (η∞A hr hm Yn enq bdqsˆhm
n , 0 vhsg ˆ antmc nm sgd Yn ptˆrh,mnql- Hs sgdm enkknvr sgˆs enq dˆbg m+ sgdqd hr ˆ rds �m ∼ A vhsg ¯’�m( : m
rtbg sgˆs

rto
v∞V

|t’v(�
∏

η∞�m

sηv
η| ⊗ Bm�p. p 9: 0<n� 0ε ’0-8(



ODCTBDC A=RHR EODDCU RDIDBSHNL 0400

Rhlhkˆq qdrtksr gˆud addm nasˆhmdc enq lnqd fdmdqˆk lncdkr ne khmdˆq ˆmc mnmkhmdˆq OCDr+ rdd hm oˆqshbtkˆq Y4+5[+
trhmf nqsgnfnmˆk dwoˆmrhnmr hmsn sdmrnqhydc Kdfdmcqd onkxmnlhˆkr hm okˆbd ne Sˆxknq rdqhdr-
Sgdqdenqd sgd roˆbd Tm 9: roˆm⌋sη 9 µ ∞ �m{ gˆr chldmrhnm m vhsg ˆm T oqhnqh antmc Bm�p nm hsr

ˆooqnwhlˆshnm dqqnq enq ˆkk ldladqr ne sgd rnktshnm lˆmhenkc K- Nmd bgnhbd ne �m fhuhmf ’0-8( hr sgd rds ne
hmchbdr bnqqdronmchmf sn sgd m kˆqfdrs |sη|S - Etqsgdq ˆmˆkxrhr Bngdm ˆmc Lhfkhnqˆs Y7[ rgnvr sgˆs sgd rˆld
bnmudqfdmbd drshlˆsd bˆm ad nasˆhmdc hlonrhmf hm ˆcchshnm sgˆs sgd rdsr �m ˆqd cnvmvTqc bknrdc ’nq knvdq rdsr(+
h-d- gˆuhmf sgd oqnodqsx

µ ∞ �m ˆmc η ⊗ µ :→ η ∞ �m. ’0-0/(

vgdqd η ⊗ η hr sn ad tmcdqrsnnc bnlonmdmsvhrd- Vd rsqdrr sgˆs sgd qˆsd ne cdbˆx m�p hm sgd antmc ’0-8( lˆx
ad rtanoshlˆk bnloˆqdc sn sgd ˆbstˆk qˆsd ne cdbˆx ne sgd m,vhcsg cm’K(-
Sgd oqdrdms oˆodq hr bnmbdqmdc vhsg ˆmnsgdq oqnlhmdms qdctbdc lncdkhmf rsqˆsdfx jmnvm ˆr sgd Pdctbdc

ATrhr Ldsgnc ’QAL(- Hm sghr ˆooqnˆbg Y0/+00+03+04[+ oˆqshbtkˆq rmˆorgnsr

tj : t’vj(. j : 0. 1. ε ε ε . ’0-00(

ˆqd rdkdbsdc hm sgd rnktshnm lˆmhenkc ˆmc sgd roˆbd Tm hr cdffmdc ax

Tm 9: roˆm⌋t0. ε ε ε . tm{ε ’0-01(

= bdqsˆhm fqddcw oqnbdctqd gˆr addm ffqrs oqnonrdc hm Y01[ ˆmc ˆmˆkxydc hm Y2[ enq rdkdbshmf sgdrd rmˆorgnsr- Hs
vˆr rgnvm hm Y1+ 8[ sgˆs sgd ˆooqnwhlˆshnm dqqnq

ρm : ρm’K(S 9: rto
t∞F

|t� OSmt|. ’0-02(

oqnuhcdc ax sgd qdrtkshmf roˆbdr gˆr sgd rˆld qˆsd ne cdbˆx ’onkxmnlhˆk nq dwonmdmshˆk( ˆr sgˆs ne cm- Hm
sghr rdmrd+ sgd ldsgnc kdˆcr sn qdctbdc lncdkr vhsg noshlˆk odqenqlˆmbd+ hm bnmsqˆrs sn roˆqrd onkxmnlhˆk
dwoˆmrhnmr-
Hm hsr rhlokdrs ’ˆmc hcdˆkhydc( enql+ sgd fqddcx oqnbdctqd bˆm ad cdrbqhadc ˆr enkknvr9 ˆs sgd hmhshˆk rsdo+ nmd

rdsr T. : ⌋/{+ ˆmc fhudm sgˆs Tm gˆr addm oqnctbdc ˆesdq m rsdor+ nmd rdkdbsr sgd mdv rmˆorgns ax

tm)0 9: ˆqflˆw
t∞F

|t� OSmt|ε ’0-03(

Dˆbg fqddcx rsdo sgtr ˆlntmsr sn lˆwhlhyhmf

dm’v( 9: |t’v(� OSmt’v(| ’0-04(

nudq sgd oˆqˆldsdq cnlˆhm X - Vghkd hm sghr oqdbhrd enql sgd rbgdld bˆmmns ad qdˆkhydc hm oqˆbshbd ˆm hlonqsˆms
lnchffbˆshnm ne sghr fqddcx rdkdbshnm+ jmnvm ˆr sgd vdTi fqddcw Tkfnqhsgl+ ˆkknvr sgd rdkdbshnm sn ad cnmd hm ˆ
ˆ oqˆbshbˆkkx edˆrhakd lˆmmdq vghkd qdsˆhmhmf sgd rˆld odqenqlˆmbd ftˆqˆmsddr+ rdd Rdbshnm 1 adknv-
Sgd noshlhyˆshnm hm sgd fqddcx ˆkfnqhsgl hr sxohbˆkkx odqenqldc ax qdokˆbhmf X ˆs dˆbg rsdo ax ˆ chrbqdsd

sqThmhmf rds zX - Hm nqcdq sn qdsˆhm sgd odqenqlˆmbd ftˆqˆmsddr ne sgd fqddcx ˆkfnqhsgl+ sghr chrbqdshyˆshnm rgntkc
hm oqhmbhokd ad bgnrdm ffmd dmntfg rn sgˆs sgd rnktshnm lˆo v ∈≫ t’v( hr qdrnkudc to sn sgd sˆqfds ˆbbtqˆbx
ψ / /+ sgˆs hr+ sgd chrbqdsd rds

K̃ : ⌋t’v( 9 v ∞ zX {. ’0-05(

hr ˆm ψ,ˆooqnwhlˆshnm mds enqK-
=ksgntfg odqenqldc hm sgd nffihmd rsˆfd+ sghr chrbqdshyˆshnm adbnldr bnlotsˆshnmˆkkx oqnakdlˆshb vgdm sgd

oˆqˆldsqhb chldmrhnm c hr dhsgdq kˆqfd nq hmffmhsd+ ctd sn sgd oqnghahshud rhyd ne sghr mds ˆr ψ ≫ /- Enq dwˆlokd+
hm sgd sxohbˆk bˆrd vgdm sgd Inklnfnqnu vhcsg ne K cdbˆxr khjd N’m�r( enq rnld r / /+ vd bˆm hmunjd
Bˆqk#r hmdptˆkhsx Y02[ sn nasˆhm ˆ rgˆqo antmc dbν

�0αr
enq sgd bˆqchmˆkhsx ne zK ˆmc zX - Sghr dwonmdmshˆk fqnvsg
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cqˆrshbˆkkx khlhsr sgd onrrhahkhsx ne trhmf ψ,ˆooqnwhlˆshnm mdsr hm oqˆbshbˆk ˆookhbˆshnmr vgdm sgd mtladq ne
hmunkudc oˆqˆldsdqr adbnld kˆqfd-
Sgdqd hr ˆ oqdedqdmbd snvˆqc sgd trd ne sgd fqddcx bnmrsqtbshnmr nudq sgd Sˆxknq dwoˆmrhnm bnmrsqtbshnmr

adbˆtrd sgdx ftˆqˆmsdd dqqnq cdbˆx bnloˆqˆakd sn sgd cdbˆx ne Inklnfnqnu vhcsgr vghkd sgd Sˆxknq onkxmnlhˆk
bnmrsqtbshnmr cn mns oqnuhcd ˆmx rtbg ftˆqˆmsdd- Sgdqdenqd+ hs hr ne hmsdqdrs sn tmcdqrsˆmc vgdsgdq sgd ˆooˆqdms
hlodchldms ne qdpthqhmf rtbg ˆ ffmd chrbqdshyˆshnm ne sgd rnktshnm lˆmhenkc bˆm rnldgnv ad ˆunhcdc nq rhfmhff,
bˆmskx lhshfˆsdc- Sgd lˆhm qdrtks ne sghr oˆodq hr sn oqnud sgˆs sghr hr hmcddc sgd bˆrd oqnuhcdc sgˆs nmd hr vhkkhmf
sn ˆbbdos dqqnq ftˆqˆmsddr sgˆs gnkc vhsg ghfg oqnaTahkhsw qˆsgdq sgˆm vhsg bdqsˆhmsx- Ntq lˆhm qdrtks rgnvr
sgˆs ˆ sˆqfds ˆbbtqˆbx ψ bˆm fdmdqˆkkx ad lds vhsg ghfg oqnaˆahkhsx ax rdˆqbghmf nudq ˆ qˆmcnlkx chrbqdshydc
rds zX vgnrd rhyd fqnvr nmkx onkxmnlhˆkkx hm ψ�0 qˆsgdq sgˆm dwonmdmshˆkkx+ hm bnmsqˆrs sn ψ,ˆooqnwhlˆshnm mdsr-
Sgd oˆodq hr nqfˆmhydc ˆr enkknvr- Hm Rdbshnm 1+ vd dkˆanqˆsd nm sgd vdˆj enql ne sgd fqddcx ˆkfnqhsgl+

vghbg hr trdc hm mtldqhbˆk bnlotsˆshnm+ ˆmc qdbˆkk rnld jmnvm eˆbsr nm hsr odqenqlˆmbd ˆmc bnlokdwhsx- Hm
Rdbshnm 2+ vd trd oqnodqshdr ne cnvmvˆqc bknrdc onkxmnlhˆk ˆooqnwhlˆshnm sn rgnv gnv ˆ qˆmcnl rˆlokhmf zX
oqnuhcdr ˆm ˆooqnwhlˆsd rnktshnm ne sgd noshlhyˆshnm oqnakdl dmfˆfdc ˆs dˆbg rsdo ne sgd fqddcx ˆkfnqhsgl-
Hm Rdbshnm 3+ vd enqltkˆsd ntq lnchffbˆshnm ne sgd fqddcx ˆkfnqhsgl aˆrdc nm rtbg qˆmcnl rdkdbshnm ˆmc sgdm
ˆmˆkxyd hsr odqenqlˆmbd- Ehmˆkkx+ vd hkktrsqˆsd hm Rdbshnm 4 sgd uˆkhchsx ne sgd qˆmcnlhydc ˆooqnˆbg ax rnld
mtldqhbˆk sdrsr odqenqldc hm oˆqˆldsqhb chldmrhnmr to sn c : 53 enq vghbg sgd rhyd ne ψ,ˆooqnwhlˆshnm mdsr
adbnld bnlotsˆshnmˆkkx oqnghahshud-

1, NdpenplWmbd Wmc bnloiduhsx ne pdctbdc aWrhr fpddcx Wifnphsglr

Sgd fqddcx rdkdbshnm oqnbdrr cdrbqhadc hm sgd hmsqnctbshnm hr mns oqˆbshbˆkkx edˆrhakd+ ctd sn ˆs kdˆrs sgqdd
narsqtbshnmr9

’0( Fhudm ˆ oˆqˆldsdq uˆktd v+ sgd rmˆorgns t’v(+ hm oˆqshbtkˆq+ sgd fdmdqˆsnqr ne sgd qdctbdc roˆbdr bˆmmns
ad dwˆbskx bnlotsdc-

’1( Enq ˆ fhudm v ∞ X + sgd ptˆmshsx dm’v( sn ad lˆwhlhydc bˆmmns ad dwˆbskx duˆktˆsdc-
’2( Sgd lˆo v ∈≫ dm’v( hr mnm,bnmudw.mnm,bnmbˆud ˆmc sgdqdenqd chflbtks sn lˆwhlhyd+ dudm he hs bntkc ad

dwˆbskx duˆktˆsdc-

Sgd ffqrs narsqtbshnm bˆm ad gˆmckdc vgdm ˆ mtldqhbˆk rnkudq hr ˆuˆhkˆakd enq bnlotshmf ˆm ˆooqnwhlˆshnm

v ∈≫ td’v(. ’1-0(

ne t’v( sn ˆmx oqdrbqhadc ˆbbtqˆbx ψd / /+ sgˆs hr+ rtbg sgˆs

rto
v∞V

|t’v(� td’v(| ⊗ ψdε ’1-1(

Gdqd f / / hr ˆ roˆbd chrbqdshyˆshnm oˆqˆldsdq9 sxohbˆkkx+ td adknmfr sn ˆ ffmhsd dkdldms roˆbd Td ne ldrgrhyd f
ˆmc ’onrrhakx udqx kˆqfd( chldmrhnm md- Sgd rdkdbsdc qdctbdc aˆrhr etmbshnmr ˆqd mnv fhudm ax th : td’vh( ∞ Td
ˆmc sgdqdenqd sgd qdctbdc aˆrhr roˆbd Tm hr ˆ rtaroˆbd ne Td- Vgdmdudq sgd m,vhcsgr cm cdbˆx ltbg eˆrsdq sgˆm
sgd ˆooqnwhlˆshnm nqcdq oqnuhcdc ax Td sgd qdctbdc roˆbd Tm gˆr sxohbˆkkx ltbg rlˆkkdq chldmrhnm sgˆm Td+
sgˆs hr

m⊂ mdε ’1-2(

Sghr xhdkcr rtarsˆmshˆk bnlotsˆshnmˆk rˆuhmfr vgdm trhmf sgd qdctbdc aˆrhr chrbqdshyˆshnm hm sgd nmkhmd rsˆfd-
Mnsd sgˆs sghr mtldqhbˆk rnkudq ˆkknvr tr hm oqhmbhokd sn ˆkrn gˆmckd sgd rdbnmc narsqtbshnm9 vd bntkc mnv

odqenql sgd fqddcx ˆkfnqhsgl ax lˆwhlhyhmf ˆs dˆbg rsdo sgd ptˆmshsx

dm.d’v( 9: |td’v(� OSmtd’v(|. ’1-3(
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vghbg+ hm bnmsqˆrs sn dm’v(+ bˆm ad dwˆbskx bnlotsdc ˆmc rˆshrffdr

⟩dm’v(� dm.d’v(⟩ ⊗ ψd. v ∞ Xε ’1-4(

Hm nsgdq vnqcr+ sgd fqddcx ˆkfnqhsgl hr ˆookhdc nm sgd ˆooqnwhlˆsd rnktshnm lˆmhenkc

Kd 9: ⌋td’v( 9 v ∞ X {ε ’1-5(

Vghkd sgd ptˆmshsx dm.d’v( bˆm hm oqhmbhokd ad bnlotsdc dwˆbskx+ sgd bnlokdwhsx ne sghr bnlotsˆshnm cdodmcr+
ˆs kdˆrs hm ˆ khmdˆq lˆmmdq+ nm sgd chldmrhnm md : chl’Td(+ vghbg hr sxohbˆkkx ltbg ghfgdq sgˆm m- Rtarsˆmshˆk
bnlotsˆshnmˆk rˆuhmf lˆx rshkk ad nasˆhmdc vgdm lˆwhlhyhmf hmrsdˆc ˆm T onrsdqhnqh drshlˆsnq dm.d’v( ne sghr
ptˆmshsx sgˆs rˆshrffdr

�dm.d’v( ⊗ dm.d’v( ⊗ αdm.d’v(. v ∞ Xε ’1-6(

Sgd bnlotsˆshnm ne dm.d’v( enq ˆ fhudm v ∞ X hr aˆrdc hm oˆqshbtkˆq nm qdokˆbhmf sgd nqsgnfnmˆk oqnidbshnm
OSmtd’v( ax ˆ Fˆkdqjhm oqnidbshnm- Hs+ hm stqm+ cndr mns qdpthqd sgd bnlotsˆshnm ne td’v( ˆmc dmsˆhkr ˆ bnlot,
sˆshnmˆk bnrs a’m( cdodmchmf nm sgd rlˆkk chldmrhnm m+ sxohbˆkkx hm ˆ onkxmnlhˆk vˆx+ qˆsgdq sgˆm nm sgd kˆqfd
chldmrhnm md- Vd qdedq sn Y5[ enq sgd cdqhuˆshnm ne ˆ qdrhctˆk,aˆrdc drshlˆsnq dm.d’v( gˆuhmf sgdrd oqnodqshdr hm
sgd bˆrd ne dkkhoshb OCDr vhsg ˆflmd oˆqˆldsdq cdodmcdmbd-
Lˆwhlhyhmf sgd T onrsdqhnqh drshlˆsnq dm.d’v( ˆlntmsr sn ˆookxhmf snKd ˆ rn bˆkkdc vdTi,fqddcw ˆkfnqhsgl+

vgdqd tm)0 mnv rˆshrffdr
|tm)0 � OSmt

m)0| ≤ β|t� OSmt|. t ∞Kd. ’1-7(

vhsg oˆqˆldsdq β 9: �<α ∞ [/. 0Y-
Enq rtbg ˆm ˆkfnqhsgl+ hs vˆr oqnudc hm Y1+ 8[ sgˆs ˆmx onkxmnlhˆk nq dwonmdmshˆk qˆsd ne cdbˆx ˆbghdudc ax

sgd Inklnfnqnu m,vhcsg cm hr qdsˆhmdc ax sgd dqqnq odqenqlˆmbd ρm enq sghr ˆkfnqhsgl- Lnqd oqdbhrdkx+ sgd
enkknvhmf gnkcr+ enq ˆmx bnloˆbs rds F hm ˆ Ghkadqs roˆbd T + rdd Y5[-

Sgdnodl 1fi.fi Ids cm : cm’F(S ad sgd m,vhcsgr ne sgd rnktshnm lTmhenkc- Bnmrhcdq sgd vdTi fqddcw Tkfnqhsgl
vhsg sgqdrgnkc oTqTldsdq β- Cnq Tmw B. / / Tmc r / /ffl vd gTud

cm ⊗ B.’lˆw⌋0. m{(�r. m ≤ / :→ ρm ⊗ Brβ
�1’lˆw⌋0. m{(�r. m ≤ /. ’1-8(

vgdqd Br 9: 13r)0B.- Cnq Tmw a.. B. / / Tmc r / /ffl vd gTud

cm ⊗ B.d
�b+mr . m ≤ / :→ ρm ⊗ Brβ

�0d�b0m
r

. m ≤ /. ’1-0/(

vgdqd a0 : b+
1 2
�r Tmc B0 9: B.lˆw⌋

∥
1. db0{-

OdlYoj 1fi1fi He sgd rˆld qˆsdr ne cm hm sgd ˆanud sgdnqdl ˆqd nmkx ˆrrtldc vhsghm ˆ khlhsdc qˆmfd / ⊗ m ⊗ m−+
sgdm sgd rˆld cdbˆx qˆsdr ne ρm ˆqd ˆbghdudc enq sgd rˆld qˆmfd / ⊗ m ⊗ m−+ to sn rnld lhmnq bgˆmfdr hm sgd
dwoqdrrhnmr ne sgd bnmrsˆmsr a0 ˆmc B0+ hmcdodmcdmskx ne m−-

OdlYoj 1fi2fi Sgd qdctbdc aˆrhr ˆkfnqhsgl ˆhlr sn bnmrsqtbs ˆm m,chldmrhnmˆk khmdˆq roˆbd sgˆs hr sˆhknqdc
enq sgd ˆooqnwhlˆshnm ne Tkk rnktshnmr sgˆs bnmrshstsd sgd rnktshnm lˆmhenkc K- Sgdqdenqd+ hsr odqenqlˆmbd
ρm hr ˆkvˆxr antmcdc eqnl adknv ax sgd m,vhcsg cm : cm’K(- =rrtlhmf rnld qˆsd ne cdbˆx nm cm+ ˆs kdˆrs
onkxmnlhˆk+ hr sgtr rsqhbskx mdbdrrˆqx he vd vˆms sgd qdctbdc aˆrhr ldsgnc sn bnmudqfd ˆs rtbg ˆ qˆsd- =r chrbtrrdc
hm sgd hmsqnctbshnm+ hm sgd ghfg chldmrhnmˆk oˆqˆldsqhb bnmsdws+ rtbg qˆsd bˆm ad qhfntqntrkx drsˆakhrgdc enq
bdqsˆhm hmrsˆmbdr ne khmdˆq dkkhoshb OCD#r vhsg ˆflmd oˆqˆldsqhyˆshnm ne sgd chΣtrhnm etmbshnm- = lnqd fdmdqˆk
ˆooqnˆbg ˆookhbˆakd sn mnmkhmdˆq OCD#r ˆmc mnm,ˆflmd oˆqˆldsqhyˆshnmr enq oqnuhmf rtbg qˆsdr hr fhudm hm Y5[-
Nm sgd nsgdq gˆmc+ hs hr jmnvm sgˆs cm’K( gˆr onnq cdbˆx enq bdqsˆhm bˆsdfnqhdr ne oˆqˆldsqhydc oqnakdlr- Sghr
hmbktcdr+ hm oˆqshbtkˆq+ sqˆmronqs cnlhmˆsdc oqnakdlr vhsg rgˆqo sqˆmrhshnm knbtr sgˆs uˆqhdr vhsg sgd uˆktd ne
sgd oˆqˆldsdq v- Rtbg oqnakdlr ˆqd sgtr hmsqhmrhbˆkkx mns vdkk sˆhknqdc sn qdctbdc aˆrhr ldsgncr-
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Sgd ˆcchshnmˆk odqstqaˆshnmr ctd sn sgd mtldqhbˆk rnkudq ˆmc sgd T onrsdqhnqh dqqnq hmchbˆsnq bˆm sgtr ad
hmbnqonqˆsdc hm sgd ˆmˆkxrhr ne sgd qdctbdc aˆrhr ˆkfnqhsgl- He ψ / / T onrsdqhnqh hr ntq ffmˆk sˆqfds ˆbbtqˆbx+ vd
rds sgd roˆbd chrbqdshyˆshnm oˆqˆldsdq f rn sgˆs ψd : ν

1 vgdqd ψd hr sgd roˆbd chrbqdshyˆshnm dqqnq antmc hm ’1-1(-
Vd sgdm ˆookx sgd fqddcx rdkdbshnm nmKd aˆrdc nm lˆwhlhyhmf dm.d’v( tmshk vd ˆqd dmrtqdc sgˆs dm.d’v( ⊗ ν

1
enq ˆkk v ∞ X - Sgd sˆqfds ˆbbtqˆbx dm’v( ⊗ ψ hr sgtr lds enq ˆkk v ∞ X hm uhdv ne ’1-4(-
Mnsd sgˆs ˆ cdbˆx qˆsd cm’K( ⊗ β’m( enq rnld cdbqdˆrhmf rdptdmbd β’m( hlokhdr ˆ bnloˆqˆakd qˆsd cm’Kd( ⊗

1β’m(+ enq sgd qˆmfd m ⊗ m− vgdqd m− hr sgd kˆqfdrs uˆktd ne m rtbg sgˆs β’m( ≤ ψd- Sgdqdenqd+ trhmf Qdlˆqj 1-1
hm bnmitmbshnm vhsg Sgdnqdl 1-0 ˆookhdc sn Kd+ vd nasˆhm ˆm drshlˆsd nm sgd mtladq ne fqddcx rsdor m’ψ(
sgˆs ˆqd mdbdrrˆqx sn qdˆbg sgd sˆqfds ˆbbtqˆbx ψ-

BnonkkYou 1fi3fi Ids cm : cm’K(S ad sgd m,vhcsg ne sgd rnktshnm lTmhenkc- Cnq Tmw r / / Tmc B. / /ffl

cm ⊗ B.’lˆw⌋0. m{(�r. m ≤ / :→ m’ψ( ⊗ B0ψ
� 0
r . ψ / /. ’1-00(

vgdqd B0 cdodmcr nm B.ffl r Tmc β- Cnq Tmw r / / Tmc a.. B. / /ffl

cm ⊗ B.d
�b+mr . m ≤ / :→ m’ψ( ⊗ B0lˆw⌋knf’a0ψ(0,r. /{. ψ / /. ’1-01(

vgdqd B0 Tmc a0 cdodmc nm B.ffl a.ffl r Tmc β-

Sgd chflbtksx hm hsdl 2 hr sgd lnrs oqnakdlˆshb nmd+ hm oˆqshbtkˆq vgdm sgd oˆqˆldsqhb uˆqhˆakd v hr ghfg,
chldmrhnmˆk+ ˆmc hr sgd lˆhm lnshuˆshnm enq sgd oqdrdms vnqj- Rhmbd sgd ptˆmshshdr dm’v(+ dm’v(+ dm.d’v( ˆmc
dm.d’v( lˆx gˆud lˆmx knbˆk lˆwhlˆ+ bnmshmtntr noshlhyˆshnm sdbgmhptdr ˆqd mns ˆooqnoqhˆsd- = sxohbˆkkx
dloknxdc rsqˆsdfx hr sgdqdenqd sn qdokˆbd sgd bnmshmtntr noshlhyˆshnm nudq X ax hsr chrbqdsd noshlhyˆshnm nudq
ˆ sqˆhmhmf rds ⋃X ∼ X ne ffmhsd rhyd- Sghr ˆlntmsr sn ˆookxhmf sgd fqddcx nq vdˆj,fqddcx ˆkfnqhsgl sn sgd
chrbqdshydc lˆmhenkc K̃ cdffmdc ax ’0-05( nq+ lnqd oqˆbshbˆkkx+ sn hsr ˆooqnwhlˆsdc udqrhnm

K̃d 9: ⌋td’v( 9 v ∞ ⋃X {ε ’1-02(

Nm ˆ ffqrs hmsthshnm+ sgd chrbqdshyˆshnm rgntkc ad rtflbhdmskx ffmd rn sgˆs sgd lˆmhenkc Kd hr qdrnkudc vhsg
ˆbbtqˆbx ne sgd rˆld nqcdq ˆr sgd sˆqfds ˆbbtqˆbx ψ- Qdbˆkk sgˆs he H hr ˆ bnloˆbs rds hm rnld mnqldc roˆbd+ ˆ
ffmhsd rds Q hr bˆkkdc ˆ γ,mds ne H he

H ∼
∫

u∞P
>’u. γ(. ’1-03(

sgˆs hr+ ˆmx t ∞ H hr ˆs chrsˆmbd ˆs lnrs γ eqnl rnld u ∞ Q-
Sgd odqstqaˆshnm ne sgd fqddcx ˆkfnqhsgl ctd sn sghr chrbqdshyˆshnm bˆm ad ˆbbntmsdc enq inhmskx vhsg sgd oqd,

uhntrkx chrbtrrdc odqstqaˆshnm+ mˆldkx ffmhsd dkdldms ˆooqnwhlˆshnm ˆmc T onrsdqhnqh dqqnq drshlˆshnm- =rrtlhmf
enq dwˆlokd sgˆs K̃d hr ˆ ψ<2,mds neKd+ vd rds sgd roˆbd chrbqdshyˆshnm oˆqˆldsdq f rn sgˆs ψd : ν

2 - Vd sgdm
ˆookx sgd fqddcx rdkdbshnm nm K̃d aˆrdc nm lˆwhlhyhmf ffldm.d’v( nudq ⋃X tmshk vd ˆqd dmrtqdc sgˆs dm.d’v( ⊗ ν

2

enq ˆkk v ∞ ⋃X - Ax sgd bnudqhmf oqnodqsx+ vd gˆud dm.d’v( ⊗ 1ψ<2 enq ˆkk v ∞ X + ˆmc sgdqdenqd sgd sˆqfds ˆbbtqˆbx
dm’v( ⊗ ψ hr lds enq ˆkk v ∞ X - Hm ˆcchshnm+ rhmbd cm’K̃d(S ⊗ cm’Kd(S + sgd rsˆsdldms ne Bnqnkkˆqx 1-3 qdlˆhmr
tmbgˆmfdc enq sghr chrbqdshydc ˆkfnqhsgl-
Sgd lˆhm oqnakdl vhsg sghr ˆooqnˆbg hr sgˆs sgd btqqdms drshlˆsdr nm sgd rhyd ne ˆm ψ,mds ne K nq Kd

adbnld dwsqdldkx kˆqfd ˆr ψ ≫ /+ drodbhˆkkx hm ghfg oˆqˆldsqhb chldmrhnm-
= ffqrs mˆstqˆk rsqˆsdfx sn fdmdqˆsd rtbg ˆm ψ,mds vntkc ad sn ˆookx sgd rnktshnm lˆo v ∈≫ t’v( sn ˆm ψ,mds

enq X hm ˆ rthsˆakd mnql+ qdkxhmf nm ˆ rsˆahkhsx drshlˆsd enq sghr lˆo- Enq dwˆlokd+ hm sgd rhlokd bˆrd ne sgd
dkkhoshb OCD ’0-6( vhsg oˆqˆldsqhydc bndflbhdmsr ’0-7(+ nmd bˆm dˆrhkx drsˆakhrg ˆ rsˆahkhsx drshlˆsd ne sgd enql

|t’v(� t’zv(| ⊗ B|v � zv|Y∗ . v. zv ∞ X. ’1-04(
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tmcdq sgd lhmhlˆk tmhenql dkkhoshbhsx ˆrrtloshnm
⊗

i∗0 ⟩χi ⟩ ⊗ lhm ℓ� γ enq rnld γ / /+ vhsg B cdodmchmf nm
lhm ℓ ˆmc γ- Sgtr+ nmd onrrhakd ψ,mds neK nqKd hm sgd T mnql hr hmctbdc ax ˆ B�0ψ,mds ⋃X ne X hm sgd Y≥

mnql- Gnvdudq+ sgd rhyd ne rtbg ˆ mds rbˆkdr khjd

¯’⋃X ( ≥ ψ�bcε ’1-05(

vhsg sgd oˆqˆldsqhb chldmrhnm c+ sgdqdenqd rtΣdqhmf eqnl sgd btqrd ne chldmrhnmˆkhsx- Hm sgd bˆrd c : ⇒+ nmd
vntkc gˆud sn sqtmbˆsd sgd oˆqˆldsqhb dwoˆmrhnm ’0-7( enq ˆ fhudm sˆqfds ˆbbtqˆbx ψ+ qdrtkshmf hmsn ˆm ˆbshud
oˆqˆldsqhb chldmrhnm c’ψ( ,⇒- =rrtlhmf ˆ onkxmnlhˆkkx cdbˆxhmf dqqnq |

⊗
i/j ⟩χi ⟩|E∗ ,≥j

�ℓ+ sgd fqnvsg ne
c’ψ( ˆr ψ ≫ / hr hm M’ψ�0,ℓ( qdrtkshmf hm ˆ sqˆhmhmf rds ne rhyd rbˆkhmf khjd

¯’⋃X ( ≥ ψ�bν
�0α/

. ’1-06(

vghbg hr dwsqdldkx oqnghahshud-
Nmd rgˆqodq vˆx sn nasˆhm ˆm drshlˆsd hmcdodmcdms ne sgd oˆqˆldsqhb chldmrhnm hr sn trd ˆ etmcˆldmsˆk

qdrtks sgˆs qdkˆsdr bnudqhmf ˆmc vhcsgr- Vd cdffmd sgd dmsqnox mtladq ψm 9: ψm’K(S ˆr sgd rlˆkkdrs uˆktd ne
ψ / / rtbg sgˆs sgdqd dwhrsr ˆ bnudqhmf neK ax 1m aˆkkr ne qˆchtr ψ- Sgdm+ Bˆqk#r hmdptˆkhsx Y02[ rsˆsdr sgˆs enq
ˆmx r / /+

’m) 0(rψm ⊗ Br rto
j8..εεε.m

’j ) 0(rcj. ’1-07(

vgdqd cj : cj’K(S ˆmc Br hr ˆ ffwdc bnmrsˆms- Sghr hmdptˆkhsx rgnvr sgˆs+ hm sgd bˆrd ne onkxmnlhˆk cdbˆx
m�r ne sgd m,vhcsgr+ sgdqd dwhrsr ˆm ψ,mds K̃ ˆrrnbhˆsdc vhsg ˆ sqˆhmhmf rds ne rhyd

¯’⋃X ( ≥ 1bν
�0αr

ε ’1-08(

Vghkd sghr drshlˆsd hr lnqd eˆunqˆakd sgˆm ’1-06(+ hs hr rshkk oqnghahshud- Lnqdnudq+ sgd bnmrsqtbshnm ne rtbg
ˆm ψ,mds+ ˆr hm sgd oqnne ne Bˆqk#r hmdptˆkhsx+ mdbdrrhsˆsdr sgd jmnvkdcfd ne sgd ˆooqnwhlˆshnm roˆbdr Tm sgˆs
odqenql vhsg sgd m,vhcsg ˆbbtqˆbx m�r vghbg hr oqdbhrdkx sgd naidbshud ne sgd fqddcx ˆkfnqhsgl-
Sgd bnlotsˆshnmˆk bnrs ˆs dˆbg rsdo m ne sgd nffihmd rsˆfd hr cdsdqlhmdc ax sgd oqnctbs adsvddm ¯’⋃X ( ˆmc

sgd bnrs a’m( ne duˆktˆshmf sgd dqqnq antmc dm.d’v( enq ˆm hmchuhctˆk v ∞ ⋃X - Sgdqdenqd+ sgd oqnghahshud mtladq
ne dqqnq antmc duˆktˆshnmr hr sgd khlhshmf eˆbsnq hm oqˆbshbd ˆmc onrdr sgd lˆhm narsqtbshnm sn sgd edˆrhahkhsx
ne bdqshffdc qdctbdc aˆrhr ldsgncr hm sgd qdfhld ne onkxmnlhˆkkx cdbˆxhmf m,vhcsgr+ ˆmc gdmbd hm oˆqshbtkˆq+ hm
sgd bnmsdws ne ghfg oˆqˆldsqhb chldmrhnm-
Hm vgˆs enkknvr+ vd rgnv sgˆs sghr narsqtbshnm bˆm ad bhqbtludmsdc ax mns rdˆqbghmf enq ˆm ψ,mds neK ats

qˆsgdq cdffmhmf ⋃X ax qˆmcnl rˆlokhmf ne X - Sghr ˆooqnˆbg ˆkknvr tr sn rhfmhffbˆmskx qdctbd sgd rhyd ne sqˆhmhmf
rdsr trdc hm fqddcx ˆkfnqhsglr vghkd rshkk nasˆhmhmf qdctbdc aˆrdr vhsg sgd rˆld ftˆqˆmsdd ne odqenqlˆmbd ˆs
kdˆrs vhsg ghfg oqnaˆahkhsx- Hm nqcdq sn jddo ntq ˆqftldmsr ˆmc mnsˆshnm ˆr rhlokd ˆmc bkdˆq ˆr onrrhakd+ vd
cn mns bnmrhcdq sgd hrrtd ne roˆbd chrbqdshyˆshnm ˆmc dqqnq drshlˆshnm+ ˆrrtlhmf sgˆs vd gˆud ˆbbdrr sn dm’v(
enq dˆbg hmchuhctˆk v ∞ X - =r itrs cdrbqhadc+ ˆ bnqqdronmchmf ffmdq ˆmˆkxrhr bˆm hmbnqonqˆsd sgd odqstqaˆshnm ne
trhmf hmrsdˆc dm’v(+ dm.d’v( nq dm.d’v(+ vhsg sgd rˆld qdrtkshmf nudqˆkk odqenqlˆmbd-

2, NnixmnlhWi WoopnuhlWshnm

Kds Tm 9: roˆm⌋t0. ε ε ε . tm{ ad sgd qdctbdc aˆrhr roˆbd ˆs sgd m,sg rsdo ne sgd vdˆj fqddcx ˆkfnqhsgl- Sgd
mdws rsdo ne sgd fqddcx ˆkfnqhsgl hr sn rdˆqbg nudq X sn ffmc ˆ onhms v ∞ X vgdqd

dm’v( 9: |t’v(� OSmt’v(|S ’2-0(

’hm oqˆbshbd ffldm.d’v(( hr kˆqfd+ gnodetkkx bknrd sn hsr lˆwhltl nudq X - Hm sghr rdbshnm vd rgnv sgˆs qˆmcnl
rˆlokhmf fhudr ˆ chrbqdsd rds ⋃X + ne lncdqˆsd rhyd+ nm vghbg sgd lˆwhltl ne dm’v( bˆm ad bnloˆqdc vhsg sgd
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lˆwhltl ne dm’v( nudq ˆkk ne X vhsg ghfg oqnaˆahkhsx- Sn nasˆhm ˆ qdrtks ne sghr sxod vd trd ˆooqnwhlˆshnm ax
onkxmnlhˆkr-
Qdbˆkk sgˆs � ∼ A hr rˆhc sn ad ˆ cnvmvTqc bknrdc rds he vgdmdudq µ ∞ � ˆmc η ⊗ µ+ sgdm η ∞ �+ vgdqd η ⊗ η

hr sn ad tmcdqrsnnc bnlonmdmsvhrd- Sn rtbg ˆ rds �+ vd ˆrrnbhˆsd sgd ltkshuˆqhˆsd onkxmnlhˆk roˆbd

N� 9: roˆm

⎞
⎭

⎫v ∈≫ vη 9:
∑

i∗0
v
ηc
i 9 µ ∞ �

⎧
⎨

⎩ ε ’2-1(

Vd cdffmd
O� 9: T × N�. ’2-2(

sgd roˆbd ne T ,uˆktdc onkxmnlhˆkr roˆmmdc ax sgd rˆld lnmnlhˆkr- Sgtr+ ˆmx onkxmnlhˆk O hm O� sˆjdr sgd
enql O ’v( :

⊗
η∞� ℓηv

η vgdqd sgd ℓη ˆqd hm T - Enq ˆmx k ≤ /+ vd kds

Λk 9:
∫

Σ#�(8k

O�. ’2-3(

vgdqd sgd tmhnm hr nudq ˆkk cnvmvˆqc bknrdc rdsr ne rhyd k- Mnsd sgˆs sgd tmhnm ne ˆkk cnvmvˆqc bknrdc rdsr ne
bˆqchmˆkhsx k hr sgd rn,bˆkkdc gxodqankhb bqnrr Ek.c sgˆs bnmrhrsr ne ˆkk µ rtbg sgˆs

∑c
i80’0 ) µi( ⊗ k-

Fhudm ˆ etmbshnm u hm K≥’X. T (+ vd bnmrhcdq hsr ˆooqnwhlˆshnm hm K≥’X. T ( ax sgd dkdldmsr ne Λk ˆmc sgd
dqqnq

γk’u( 9: hme
N∞Λk

rto
v∞V

|u’v(� O ’v(|S ε ’2-4(

Enq p / /+ ˆ etmbshnm u hm K≥’X. T ( hr rˆhc sn ad hm sgd ˆooqnwhlˆshnm bkˆrr 2p : 2p’’Λk(k∗0( he

γk’u( ⊗ Bk�p. k ≤ 0. ’2-5(

ˆmc sgd rlˆkkdrs rtbg B cdffmdr ˆ ptˆrh,rdlhmnql ⟩u⟩̸p enq sghr bkˆrr vghbg hr ˆ khmdˆq rtaroˆbd ne K≥’X. T (- =
ptˆrh,mnql enq sghr roˆbd hr cdffmdc ax

|u|̸p 9: lˆw⌋|u|E∗#V.S (. ⟩u⟩̸p{ε ’2-6(

Rdudqˆk entmcˆshnmˆk qdrtksr hm oˆqˆldsqhb OCDr oqnud sgˆs sgd rnktshnm lˆo v ∈≫ t’v( adknmfr sn bkˆrrdr 2p+
ˆr ˆkqdˆcx ldmshnmdc hm ntq hmsqnctbshnm- =m hlonqsˆms nardquˆshnm sn tr hr sgˆs vgdmdudq t ∞ 2p ˆmc Tm hr ˆ
ffmhsd chldmrhnmˆk rtaroˆbd ne T sgdm ansg OSmt ˆmc t� OSmt ˆqd ˆkrn hm 2p- Enq dwˆlokd+ enq ˆmx cnvmvˆqc
bknrdc rds � ∼ A ˆmc ˆm ˆooqnwhlˆshnm O ’v( :

⊗
η∞� ℓηv

η sn t’v(+ sgd onkxmnlhˆk P’v( 9:
⊗

η∞� OSmℓηv
η hr

hm O� ˆmc
|OSmt’v(�P’v(|S : |OSm’t’v(� O ’v((|S ⊗ |t’v(� O ’v(|S ε ’2-7(

Hs enkknvr sgˆs γk’OSmt( ⊗ γk’t( enq ˆkk k ≤ 0- Sgd rˆld gnkcr enq t� OSmt : OS ∞
m
t- Eqnl sghr+ nmd cdqhudr

sgˆs
|OSmt|̸p ⊗ |t|̸p ˆmc |t� OSmt|̸p ⊗ |t|̸p ε ’2-8(

Sgd mdws qdrtks rgnvr sgˆs vgdm ˆ etmbshnm adknmfr sn sgd bkˆrr 2p+ hsr lˆwhltl nudq ˆ qˆmcnl rds ne onhms
⋃X hr ˆanud ˆ ffwdc eqˆbshnm ne hsr lˆwhltl nudq X vhsg rnld bnmsqnkkdc oqnaˆahkhsx-

IdllY 2fi.fi Ids p / 0 Tmc rtoonrd sgTs u ∞ 2p vhsg |u|̸p ⊗ L. Tmc |u|E∗#V.S ( : L - Ids k ad Tm hmsdfdq
rtbg sgTs

3L.k
�p)0 , Lε ’2-0/(

Fe ⋃X hr Tmw �mhsd rds ne M onhmsr cqTvm Ts qTmcnl eqnl X vhsg qdrodbs sn sgd tmhenql oqnaTahkhsw ldTrtqd nm
X ffl sgdm

rto
v∞�V

|u’v(|S ≤ L

7k
’2-00(
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vhsg oqnaTahkhsw kTqfdq sgTm 0�
�
0� 2

3k1

(M
-

Mqnne- Eqnl sgd cdffmhshnm nek+ sgdqd dwhrsr ˆ cnvmvˆqc bknrdc rds � vhsg ¯’�( : k ˆmc ˆ T ,uˆktdc onkxmnlhˆk
O ∞ O� rtbg sgˆs

|u � O|E∗#V.S ( ⊗
L

3k
− ’2-01(

Vd trd sgd Kdfdmcqd onkxmnlhˆkr sn qdoqdrdms O - Vd cdmnsd ax ’Ki(i∗. sgd rdptdmbd ne tmhuˆqhˆsd Kdfdmcqd
onkxmnlhˆkr mnqlˆkhydc hm K1’Y�0. 0[. Ys1 (- Sgdhq ltkshuˆqhˆsd bntmsdqoˆqsr

Kη’v( 9:
∑

ηc ∈8.
Kηc ’vi(. µ ∞ A . ’2-02(

ˆqd ˆm nqsgnmnqlˆk aˆrhr nm K1’X. π(+ vgdqd π hr sgd tmhenql oqnaˆahkhsx ldˆrtqd nm X - Vd vqhsd O hm hsr
Kdfdmcqd dwoˆmrhnm

O ’v( :
∏

η∞�
aηKη’v(. aη 9:

∏

V

O ’v(Kη’v( cπ. ’2-03(

vgdqd sgd bndflbhdmsr aη ˆqd dkdldmsr ne T - Vd mdws hmunjd ˆ qdrtks eqnl Y3[ vghbg rˆxr sgˆs enq ˆmx cnvmvˆqc
bknrdc rds �+ nmd gˆr

lˆw
v∞V

∏

η∞�
⟩Kη’v(⟩1 ⊗ ¯’�(1ε ’2-04(

Sgtr+ hs enkknvr eqnl sgd Bˆtbgx,Rbgvˆqsy hmdptˆkhsx sgˆs enq ˆmx v ∞ X +

|O ’v(|1S ⊗
∏

η∞�
|aη|1S

∏

η∞�
⟩Kη’v(⟩1 ⊗ k1

∏

V

|O ’v(|1S cπ. ’2-05(

nq dpthuˆkdmskx
|O|E∗#V.S ( ⊗ k|O|E1#V.S (ε ’2-06(

Mnv+ kds Q 9: ⌋v ∞ X 9 |O ’v(|S ≤ γ{ vgdqd γ 9: L0
1k vhsg L0 9: |O|E∗#V.S (- Sgdm+

|O|1E1#V.S ( ⊗
∏

P

|O ’v(|1S cπ)
∏

Pb
|O ’v(|1S cπ ⊗L1

0 π’Q( ) γ1ε ’2-07(

Hmrdqshmf sghr hmsn ’2-06( fhudr

L1
0k

�1 ⊗L1
0 π’Q( ) γ1 ⊗L1

0 π’Q( )k�1
L1
0

3
− ’2-08(

Hm nsgdq vnqcr+

π’Q( ≤ 2
3k1

− ’2-1/(

Rtoonrd mnv sgˆs ⋃X hr ˆ rds enqldc ax M hmcdodmcdms cqˆvr vhsg qdrodbs sn sgd tmhenql ldˆrtqd π nm X -
Sgd oqnaˆahkhsx sgˆs mnmd ne sgdrd cqˆvr hr hm Q hr ˆs lnrs ’0 � 2

3k1 (M - Rn+ vhsg oqnaˆahkhsx fqdˆsdq sgˆm
0� ’0� 2

3k1 (M + vd gˆud

lˆw
v∞�V

|O ’v(|S ≤ γ :
L0

1k
− ’2-10(

=bbnqchmfkx+ vhsg ˆs kdˆrs sgd rˆld oqnaˆahkhsx+ vd gˆud eqnl ’2-01(

lˆw
v∞�V

|u’v(|S ≤ γ � L

3k
≤ L0

1k
� L

3k
≤
L � L

3k

1k
� L

3k
≤ L

7k
. ’2-11(

vghbg oqnudr sgd kdllˆ- �
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OdlYoj 2fi1fi Hmsthshudkx+ sgd ˆanud oqnne qdkhdr nm sgd eˆbs sgˆs u hr bknrd sn ˆ onkxmnlhˆk O + ˆmc sgˆs sgd
K≥ mnql ne O nm ˆ rtflbhdmskx ffmd chrbqdsd rds zX hr bnloˆqˆakd sn hsr K≥ mnql nm sgd bnmshmtntr cnlˆhm
X - = fdmdqˆk khmd ne qdrdˆqbg hr sn knnj enq dpthuˆkdmbdr adsvddm chrbqdsd ˆmc bnmshmtntr Kn mnqlr enq ˆ fhudm
k,chldmrhnmˆk roˆbd Vk ne etmbshnmr+ sgtr ne sgd enql

a0|u|En#V ( ⊗

)

⎬ 0
¯’zX (

∏

v∞ nV

⟩u’v(⟩n
⎛

⎝
0,n

⊗ a1|u|En#V (. u ∞ Vkε ’2-12(

Rtbg qdrtksr ˆqd qdedqdc sn ˆr Lˆqbhmjhdvhby,sxod chrbqdshyˆshnm sgdnqdlr+ rdd Y05[ enq ˆ qdbdms rtqudx- Hm rdudqˆk
rdsshmfr vgdqd Vk bnmrhrsr ne ˆkfdaqˆhb nq sqhfnmnldsqhb onkxmnlhˆkr+ hs hr jmnvm sgˆs qˆmcnl rˆlokhmf enq
zX xhdkcr rtbg hmdptˆkhshdr vhsg ghfg oqnaˆahkhsx ˆs ˆ rˆlokhmf atcfds ¯’zX ( sgˆs fqnvr onkxmnlhˆkkx+ ˆmc
rnldshldr khmdˆqkx+ vhsg k- Mnsd sgˆs sgd hmdptˆkhsx ’2-04( hr trdc hm Y3[ sn rgnv sgˆs enq K1 mnqlr ˆmc
cnvmvˆqc bknrdc onkxmnlhˆkr roˆbdr hm ˆmx chldmrhnm+ sgd mnql dpthuˆkdmbd ’2-12( gnkcr vhsg ghfg oqnaˆahkhsx
enq qˆmcnl rˆlokdr ne bˆqchmˆkhsx M’¯’�(1( to sn knfˆqhsglhb eˆbsnqr-

OdlYoj 2fi2fi Sgd qdrtks hm sgd ˆanud kdllˆ bˆm ad hloqnudc ax rˆlokhmf ˆbbnqchmf sn sgd sdmrnq oqnctbs
Bgdaxbgdu ldˆrtqd+ sgˆs hr+ vhsg π mnv cdffmdc ˆr

cπ’v( 9:
⎠

i∗0

cvi

ν
˜
0� v1i

− ’2-13(

Hmcddc+ vd bˆm ˆookx ˆ rhlhkˆq qdˆrnmhmf vhsg sgd Kη qdokˆbdc ax sgd sdmrnqhydc Bgdaxbgdu onkxmnlhˆkr Sη + enq
vghbg hs hr oqnudc hm Y3[ sgˆs

lˆw
v∞V

∏

η∞�
⟩Kη’v(⟩1 ⊗ ¯’�(1�. � 9:

km 2
1 km 1

− ’2-14(

enq ˆmx cnvmvˆqc bknrdc rds �- Sgdqdenqd+ sgd rsˆsdldms ne sgd kdllˆ hr lnchffdc ˆr enkknvr9 he k hr rtbg sgˆs
3L.k

�p)� , L ˆmc ⋃X hr ˆmx ffmhsd rds ne M onhmsr cqˆvm ˆs qˆmcnl eqnl X vhsg qdrodbs π+ sgdm

rto
v∞�V

|u’v(|S ≤ L

7k�
’2-15(

vhsg oqnaˆahkhsx kˆqfdq sgˆm 0�
�
0� 2

3k1�

(M
-

3, Rgd lWhm pdrtis

Vd ˆqd mnv hm onrhshnm sn enqltkˆsd ntq lˆhm qdrtks- Vd rtoonrd sgˆs vd ˆqd fhudm ˆm dqqnq snkdqˆmbd ψ
ˆmc vd vhrg sn trd ˆ fqddcx ˆkfnqhsgl sn bnmrsqtbs ˆ roˆbd Tm rtbg sgˆs vhsg ghfg oqnaˆahkhsx+ rˆx oqnaˆahkhsx
fqdˆsdq sgˆm 0� δ+ vd gˆud

chrs’K. Tm( ⊗ ψ. ’3-0(

vhsg m gnodetkkx rlˆkk ˆmc sgd nΣ,khmd bnlokdwhsx ˆkrn ˆbbdosˆakd- Vd ˆrrtld sgˆs sgd rnktshnm lˆo v ∈≫ t’v(
adknmfr sn 2p enq rnld p / 1 ˆmc sgˆs vd gˆud ˆm toodq antmc L. enq |t|̸p - Sghr ˆrrtloshnm hr jmnvm sn
gnkc hm ˆ fqdˆs uˆqhdsx ne rdsshmfr ne oˆqˆldsqhb OCDr+ rdd Y5[-
Fhudm p ˆmc sgd trdq oqdrbqhadc δ+ vd ffqrs cdffmd k ˆr sgd rlˆkkdrs hmsdfdq rtbg sgˆs

21L.k
�p)1 ⊗ ψ ˆmc 13p)1k�p ⊗ 0ε ’3-1(
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Vd sgdm cdffmd M ˆr sgd rlˆkkdrs hmsdfdq rtbg sgˆs

)
0� 2

3k1

(M
⊗ δ

k1
− ’3-2(

Vd bnmrhcdq sgd enkknvhmf fqddcx ˆkfnqhsgl enq ffmchmf ˆ qdctbdc aˆrhr- Hm sgd ffqrs rsdo+ vd lˆjd M hmcdodmcdms
cqˆvr ne sgd oˆqˆldsdq v ˆbbnqchmf sn sgd tmhenql ldˆrtqd π- Sghr oqnctbdr ˆ rds ⋃X. ne bˆqchmˆkhsx M - Vd sgdm
trd

t. 9: t’v.(. v. 9: ˆqflˆw
v∞�V+

|t’v(|S ε ’3-3(

=s sgd fdmdqˆk rsdo+ nmbd t.. ε ε ε . tm�0 ˆmc Tm 9: roˆm⌋t.. ε ε ε . tm�0{ gˆud addm bgnrdm+ vd lˆjd M hmcdodmcdms
cqˆvr ne sgd oˆqˆldsdq v+ oqnctbhmf sgd rds ⋃Xm+ ˆmc sgdm cdffmd

tm 9: t’vm(. vm 9: ˆqflˆw
v∞�Vm

dm’v(. ’3-4(

vgdqd dm’v( 9: |t’v( � OSmt’v(|S - Hm oqˆbshbd+ dˆbg dm’v( sn ad bnlotsdc hr nmkx ˆooqnwhlˆsdkx bnlotsdc
sgqntfg ˆ rtqqnfˆsd dm.d’v( ˆmc tm hr nmkx ˆooqnwhlˆsdc ˆr cdrbqhadc hm Rdbshnm 1- Gnvdudq+ vd cn mns hmbnq,
onqˆsd sgdrd eˆbsr hm sgd ˆmˆkxrhr sgˆs enkknvr hm nqcdq sn rhlokhex sgd oqdrdmsˆshnm-
Kds

]ρm 9: lˆw
v∞�Vm

dm’v(. ρm 9: lˆw
v∞V

dm’v(. m ≤ /. ’3-5(

ad sgd bnlotsdc dqqnq ˆmc sgd sqtd dqqnq enq ˆooqnwhlˆshnm ne K ax Tm- Vd sdqlhmˆsd sgd ˆkfnqhsgl ˆs sgd
rlˆkkdrs hmsdfdq m ⊗ k1 enq vghbg ]ρm ⊗ ν

4k - He sghr cndr mns nbbtq adenqd k
1 rsdor vd sgdm sdqlhmˆsd ˆesdq rsdo

m : k1 gˆr addm bnlokdsdc- Sgd Tm hr sgd ntsots ne sgd ˆkfnqhsgl-

Sgdnodl 3fi.fi :rrtld sgTs sgd rnktshnm lTo v ∈≫ t’v( adknmfr sn 2p enq rnld p / 1 vhsg toodq antmc L. enq
|t|̸p - Rgdmffl vhsg oqnaTahkhsw fqdTsdq sgTm 0� δ sgd enkknvhmf gnkc enq sgd Tanud mtldqhbTk Tkfnqhsgl.

’h( Rgd Tkfnqhsgl oqnctbdr T qdctbdc aTrhr roTbd Tm rtbg sgTs chrs’K. Tm( ⊗ ψ-
’hh( Fe enq rnld r / / Tmc B. / /ffl vd gTud cm’K( ⊗ B.lˆw⌋0. m{�r enq Tkk m ≤ /ffl sgdm sgd Tkfnqhsgl

sdqlhmTsdr hm m’ψ( rsdorffl vgdqd
m’ψ( ⊗ Bψ�#

0
r)

2
r�p�1( (. ’3-6(

Tmc qdpthqdr M’ψ( dqqnq antmc duTktTshnmrffl vgdqd

M’ψ( : Bψ�
1r)p)0
r�p�1( ’⟩ km δ⟩) ⟩ km ψ⟩(ε ’3-7(

Rgd bnmrsTmsr B hm sgd Tanud antmcr cdodmc nmkw nm ’p. r. B..L.(-

OdlYoj 3fi1fi Mnsd sgˆs sgd ˆrrtloshnm t ∞ 2p hlokhdr hm oˆqshbtkˆq sgˆs sgd Inklnfnqnu m,vhcsg ne K
cdbˆxr ˆs kdˆrs khjd m�p ˆmc sgdqdenqd vd lˆx ˆrrtld sgˆs r ≤ p hm sgd ˆanud sgdnqdl+ ˆksgntfg sghr hr mns
trdc hm sgd oqnne-

Mqnne- Vd ffqrs rgnv sgˆs vhsg oqnaˆahkhsx fqdˆsdq sgˆm 0 � δ+ sgd ˆkfnqhsgl oqnctbdr ˆs dˆbg rsdo j ⊗ m ˆ
rmˆorgns tj : t’vj( vghbg qdˆkhydr ˆ vdˆj fqddcx ˆkfnqhsgl+ ˆookhdc nudq Tkk ne X + vhsg oˆqˆldsdq β 9: 0

4k -
Hmcddc+ enq ˆmx j+ kds u’v( : t’v(� OSjt’v( ad sgd dqqnq etmbshnm ˆs sgd rsdo ˆesdq Tj hr cdffmdc- =r rgnvm hm
sgd oqduhntr rdbshnm+ u ∞ 2p ˆmc |u|̸p ⊗L.- Rhmbd sgd ˆkfnqhsgl gˆr mns sdqlhmˆsdc+ vd gˆud

|u|E∗#V.S ( : ρj ≤ ]ρj ≤ ψ

7k
≤ 3L.k

�p)0. ’3-8(
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vgdqd sgd kˆrs hmdptˆkhsx hr sgd ffqrs bnmchshnm hm ’3-1(- Sgdqdenqd+ vd bˆm ˆookx Kdllˆ 2-0 sn u ˆmc ffmc sgˆs

vhsg oqnaˆahkhsx fqdˆsdq sgˆm 0 �
�
0 � 2

3k1

(M
+ ˆmc sgtr eqnl ’3-2( vhsg oqnaˆahkhsx fqdˆsdq sgˆm 0 � β

k1 + vd
gˆud

]ρj : lˆw
v∞�Vj

|u’v(|S ≤ β rto
v∞V

|u’v(|S : βρjε ’3-0/(

Sghr ldˆmr sgˆs vhsg sghr oqnaˆahkhsx sgd etmbshnm tj)0 hr ˆ rdkdbshnm ne sgd vdˆj fqddcx ˆkfnqhsgl vhsg
oˆqˆldsdq β- Rhmbd+ sgd cqˆvr ˆqd hmcdodmcdms ˆmc sgdqd ˆqd ˆs lnrs k1 rdsr ⋃Xj+ sgd tmhnm antmc hlokhdr
sgˆs vhsg oqnaˆahkhsx ˆs kdˆrs 0 � δ+ sgd rdptdmbd t0. ε ε ε . tm hr ˆ rdptdmbd sgˆs hr sgd qdˆkhyˆshnm ne sgd vdˆj
fqddcx ˆkfnqhsgl vhsg sghr oˆqˆldsdq- Enq sgd qdlˆhmcdq ne sgd oqnne+ vd ots ntqrdkudr hm sgd bˆrd ne eˆunqˆakd
oqnaˆahkhsx-
Mnv bnmrhcdq sgd sdqlhmˆshnm ne sgd ˆkfnqhsgl- He m , k1+ sgdm

ρm ⊗ 7k]ρm ⊗ ψ. ’3-00(

ˆmc rn chrs’K. Tm( ⊗ ψ- Vd mnv bgdbj sgd bˆrd m : k1- Rhmbd ax ˆrrtloshnm+ sgd rnktshnm lˆo adknmfr sn 2p+
vd jmnv sgˆs

cj’K( ⊗ |t|̸p lˆw⌋0. j{�p ⊗L.lˆw⌋0. j{�p. j ≤ /ε ’3-01(

Eqnl sgd drshlˆsdr nm sgd odqenqlˆmbd ne sgd vdˆj fqddcx ˆkfnqhsgl fhudm hm Sgdnqdl 1-0+ vd sgtr jmnv sgˆs

ρm ⊗ 13p)053k1L.m
�p : 13p)121k1�1pL. ⊗ ψ. ’3-02(

vgdqd vd gˆud trdc sgd oqnctbs ne sgd svn bnmchshnmr hm ’3-1(- Gdmbd ˆs rsdo m : k1 vd gˆud chrs’K. Tm( ⊗ ψ-
Sgdqdenqd+ vd gˆud bnlokdsdc sgd oqnne ne ’h(-
Vd mdws oqnud ’hh(- Rn ˆrrtld sgˆs cm’K( ⊗ B.lˆw⌋0. m{�r+ enq rnld r / /- Sgdm+ ˆbbnqchmf sn Sgdnqdl 1-0+

chrs’K. Tm( : ρm ⊗ 13r)0β�1B.m�r ⊗ 13r)053k1B.m
�r. m ≤ 0ε ’3-03(

Hs enkknvr sgˆs sgd mtldqhbˆk ˆkfnqhsgl vhkk sdqlhmˆsd ˆs ˆ m’ψ( vhsg m’ψ( ⊗ m vgdqd m hr sgd rlˆkkdrs hmsdfdq
sgˆs rˆshrffdr

13r)053k1B.m
�r ⊗ ψ

7k
− ’3-04(

Sgdqdenqd+
m’ψ( ⊗ 13)

0+
r B

0,r
. k

2
r ψ�

0
r ε ’3-05(

Trhmf sgd ffqrs bnmchshnm hm ’3-1(+ sghr kdˆcr sn sgd drshlˆsd ’3-6( vhsg ltkshokhbˆshud bnmrsˆms B 9:
13)

0+
r B

0,r
. ’21L.(

2
r�p�1( -

Ehmˆkkx+ sn dwdbtsd sgd ˆkfnqhsgl+ vd vhkk mddc sn cqˆv m’ψ( rdsr ’⋃X.. ε ε ε . ⋃Xm�0(+ dˆbg ne sgdl ne rhyd M - Sgd
snsˆk mtladq ne dqqnq antmc duˆktˆshnm hr sgtr

M’ψ( : m’ψ(Mε ’3-06(

Eqnl sgd cdffmhshnm ne M hm ’3-2( vd cdqhud sgˆs

M ⊗ 0 )
�
km
�
0� 2

3k1

((�0
’km ⟩δ⟩) 1 km k( ⊗ Bk1’⟩ km δ⟩) km k(ε ’3-07(

Trhmf sgd ffqrs bnmchshnm hm sgd cdffmhshnm ’3-1( ne k+ sghr kdˆcr sn

M ⊗ Bψ�
1

�p�1( ’⟩ km δ⟩) ⟩ km ψ⟩(. ’3-08(

vgdqd B cdodmcr nm p ˆmc L.- Bnlahmhmf sghr vhsg ’3-6(+ vd nasˆhm ’3-7(+ vghbg bnmbktcdr sgd oqnne
ne ’hh(- �
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OdlYoj 3fi2fi Sgd ˆanud sgdnqdl bˆm ad hloqnudc ax rˆlokhmf ˆbbnqchmf sgd sdmrnq oqnctbs Bgdaxbgdu ldˆ,
rtqd ’2-13(+ hm uhdv ne Qdlˆqj 2-2- Gdqd+ vd qdpthqd sgˆs sgd rnktshnm lˆo v ∈≫ t’v( adknmfr sn 2p enq rnld
p / 1� 9: im 2

im 1 - Vd sgdm cdffmd k ˆr sgd rlˆkkdrs hmsdfdq rtbg sgˆs

21L.k
�p)1� ⊗ ψ ˆmc 13p)1k�#1��0(p ⊗ 0. ’3-1/(

ˆmc M ˆr sgd rlˆkkdrs hmsdfdq rtbg sgˆs
�
0� 2

3k1�

(M
⊗ δ

k1�
− ’3-10(

Vd sdqlhmˆsd sgd ˆkfnqhsgl ˆs sgd rlˆkkdrs hmsdfdq m ⊗ k1� enq vghbg ]ρm ⊗ ν
4k� - Vhsg sgd dwˆbs rˆld oqnne+

vd qdˆbg sgd rsˆsdldms ˆr Sgdnqdl 3-0+ gnvdudq vhsg ˆ mtladq ne rsdo

m’ψ( ⊗ Bψ�#
0
r)

2�
r�p�1�( (. ’3-11(

ˆmc ˆ mtladq ne dqqnq antmc duˆktˆshnmr

M’ψ( : Bψ�
1r�)p)�
r�p�1�( ’⟩ km δ⟩) ⟩ km ψ⟩(ε ’3-12(

Kds tr bnlldms nm sgd chΣdqdmbd hm odqenqlˆmbd adsvddm sgd ˆanud ˆkfnqhsgl trhmf qˆmcnl rˆlokhmf ˆmc
sgd fqddcx ˆkfnqhsgl aˆrdc nm trhmf ˆm ψ,mds enq sgd rnktshnm lˆmhenkc ˆr ˆ sqˆhmhmf rds- Vd ˆhl ˆs ˆ sˆqfds
ˆbbtqˆbx ψ+ ˆmc ˆrrtld sgˆs sgd m,vhcsgr ne sgd rnktshnm lˆmhenkc cdbˆx khjd cm’K( ⊗ Bm�r-
Sgdm+ sgd ˆooqnˆbg aˆrdc nm ˆm ψ,mds bnmrsqtbsr ˆ qdctbdc aˆrhr roˆbd Tm ne noshlˆk chldmrhnm

m : m’ψ( ≥ ψ�0,r. ’3-13(

ˆmc sgd snsˆk mtladq ne dqqnq antmc duˆktˆshnmr hr ˆs adrs ne sgd nqcdq

M’ψ( ≥ m’ψ(1bν
�0αr

. ’3-14(

dˆbg ne sgdl gˆuhmf ˆ bnrs Onkx’m( : Onkx’ψ�0(+ qdrtkshmf hm ˆ oqnghahshud nffihmd bnrs Onkx’ψ�0(1bν
�0αr

- Mnsd
sgˆs nmd rgntkc ˆkrn ˆcc sgd bnrs ne duˆktˆshmf sgd m’ψ( qdctbdc aˆrhr etmbshnmr nm sgd ffmhsd dkdldms roˆbd ne
kˆqfd chldmrhnm md ≪ 0-
Hm bnmsqˆrs+ sgd ˆooqnˆbg aˆrdc nm qˆmcnl rˆlokhmf bnmrsqtbsr ˆ qdctbdc aˆrhr roˆbd Tm ne rta,noshlˆk

chldmrhnm
m’ψ( ⊗ Bψ�#

0
r)

2
r�p�1( (. ’3-15(

ats sgd snsˆk mtladq ne dqqnq antmc duˆktˆshnm hr mnv ne sgd nqcdq

M’ψ( ≥ ψ�
1r)p)0
r�p�1( ’⟩ km δ⟩) ⟩ km ψ⟩(. ’3-16(

vgdqd δ hr sgd oqnaˆahkhsx ne eˆhktqd-
Hm rtllˆqx+ vghkd ntq ˆooqnˆbg ˆkknvr enq ˆ cqˆlˆshb qdctbshnm hm sgd nffihmd bnrs+ hs bnldr vhsg ˆ knrr ne

noshlˆkhsx hm sgd odqenqlˆmbd ne qdctbdc aˆrhr roˆbdr rhmbd m’ψ( rbˆkdr vhsg ψ�0 vhsg ˆm dwonmdms kˆqfdq sgˆm 0
r -

Hm oˆqshbtkˆq+ sghr ˆΣdbsr sgd qdrtkshmf nmkhmd bnrs- Hmrodbshnm ne sgd oqnne ne sgd lˆhm sgdnqdl qdudˆkr sgˆs sghr
knrr bnldr eqnl sgd eˆbs sgˆs sgd fqddcx rdkdbshnm eqnl sgd qˆmcnl rds bˆm nmkx ad hcdmshffdc vhsg ˆ vdˆj,fqddcx
ˆkfnqhsgl vhsg ˆ oˆqˆldsdq β : 0

4k vghbg hmrsdˆc ne adhmf ffwdc adbnldr rlˆkk ˆr k fqnvr+ nq dpthuˆkdmskx ˆr
ψ cdbqdˆrdr- Kds tr rshkk nardqud sgˆs sgd ˆanud odqstqaˆshnm ne 0r ax

2
r#p�1( adbnldr mdfkhfhakd ˆr p fdsr kˆqfdq-

Vd gˆud ˆkrn rddm sgˆs sghr odqstqaˆshnm bˆm ad qdctbdc sn 2�
r#p�1�( ax rˆlokhmf qˆmcnlkx ˆbbnqchmf sn sgd

Bgdaxbgdu ldˆrtqd-
Sghr kdˆudr nodm sgd ptdrshnm ne ffmchmf ˆ rˆlokhmf rsqˆsdfx enq sgd sqˆhmhmf rds vghbg kdˆcr sn qdctbdc aˆrhr

ne noshlˆk bnlokdwhsx m’ψ( ≥ ψ�0,r ˆmc vgdqd sgd mtladq ne dqqnq antmc duˆktˆshnm hm sgd nffihmd rsˆfd qdlˆhmr
onkxmnlhˆk hm ψ�0-
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4, JtldphbWi hiitrspWshnm

Sgd qdrtksr sgˆs vd gˆud nasˆhmdc hm sgd oqduhntr rdbshnm bˆm ad qdogqˆrdc hm sgd enkknvhmf vˆx9 ˆ onkxmnlhˆk
qˆsd ne cdbˆx ne sgd dqqnq ˆbghdudc ax sgd fqddcx ˆkfnqhsgl hm sdqlr ne qdctbdc aˆrhr roˆbd chldmrhnm m bˆm ad
lˆhmsˆhmdc vgdm trhmf ˆ qˆmcnl sqˆhmhmf rds ne bˆqchmˆkhsx M sgˆs rbˆkdr onkxmnlhˆkkx hm m- Lnqd oqdbhrdkx+ hm
uhdv ne ’3-15( ˆmc ’3-16(+ ˆ rtflbhdms rbˆkhmf hr

M ≥ mα−
. α− :

1r) p ) 0
r’p � 1(

)
0
r
)

2
r’p � 1(

(�0
’4-0(

hmcdodmcdmskx ne sgd oˆqˆldsqhb chldmrhnm c- Mnsd sgˆs vd nauhntrkx gˆud

α− ≤ 1r) p ) 0
2

≤ 2 ) 1r
2

/ 0ε

Hm sghr rdbshnm+ vd hkktrsqˆsd sgdrd ffmchmfr sgqntfg sgd enkknvhmf mtldqhbˆk sdrs9 vd bnmrhcdq sgd dkkhoshb
chΣtrhnm dptˆshnm ’0-6( rds nm sgd rptˆqd cnlˆhm C :[/. 0Y1+ ˆmc vhsg ˆflmd oˆqˆldsqhyˆshnm ’0-7( vgdqd
fflℓ : 0 ) γ enq rnld γ / / ˆmc sgd χi ˆqd fhudm ax

χi : ℓiσ>c ’4-1(

vgdqd ⌋C0. ε ε ε .Cc{ hr ˆ tmhenql oˆqshshnm ne C hmsn c : j·j rptˆqdr ne dptˆk rhyd- Vd sˆjd j : 7 ˆmc sgdqdenqd
c : 53+ ˆmc sˆjd

ℓi : h�s. ’4-2(

enq rnld s / /- Sgd dΣdbs ne sˆjhmf s kˆqfdq hr sn qˆhrd sgd ˆmhrnsqnox ne sgd oˆqˆldsqhb cdodmcdmbd- Sgd qdrtksr
eqnl Y0[ rgnv sgˆs sghr hr chqdbskx qdfidbsdc ax ˆ qˆsd m�p ne roˆqrd onkxmnlhˆk ˆooqnwhlˆshnm ne sgd oˆqˆldsdq
sn rnktshnm lˆo+ enq ˆmx p , s � 0

1 + ˆmc sgdqdenqd nm sgd qˆsd ne cdbˆx ne sgd m,vhcsg cm’K(- Sgd dΣdbs ne
sˆjhmf γ bknrdq sn / hr sn lˆjd sgd oqnakdl lnqd cdfdmdqˆsd ˆr v0 fdsr bknrd sn �0-
Vd sdrs sgd odqenqlˆmbd ρm ne sgd qdctbdc aˆrhr roˆbdr fdmdqˆsdc ax sgd fqddcx ˆkfnqhsgl trhmf qˆmcnl

sqˆhmhmf rdsr K̃ ne bˆqchmˆkhsx
M : M’m( : Pmα⌊. ’4-3(

enq rnld α ≤ 0- Mnsd sgˆs sgd bˆrd α : 0 ˆlntmsr hm rdkdbshmf sgd m qdctbdc aˆrhr dkdldms bnlokdsdkx ˆs
qˆmcnl rhmbd ˆkk sgd dkdldmsr eqnl K̃ ˆqd mdbdrrˆqhkx bgnrdm- Vd dwodbs sgd odqenqlˆmbd sn hloqnud ˆr α
adbnldr kˆqfdq rhmbd vd sgdm odqenql ˆ oˆqshbtkˆq rdkdbshnm ne sgd m qdctbdc aˆrhr dkdldmsr vhsghmK sgqntfg
sgd fqddcx ˆkfnqhsgl- Nm sgd nsgdq gˆmc+ ntq sgdnqdshbˆk qdrtksr hmchbˆsd sgˆs ˆ ffwdc uˆktd α : α− rgntkc ad
rtflbhdms sn dmrtqd sgˆs sgd ˆkfnqhsgl odqenqlr ˆklnrs ˆr fnnc ˆr he sgd rdkdbshnm oqnbdrr snnj okˆbd nm sgd
vgnkd neK-
Hm ntq mtldqhbˆk sdrs+ vd snnj γ : 0/�1+ sgˆs hr fflℓ : 0ε/0- =r sn sgd oˆqˆldsqhb chldmrhnm+ vd bnmrhcdqdc

c : 05 ˆmc c : 53 sgˆs bnqqdronmc sn rtachuhrhnmr ne C hmsn 3 · 3 ˆmc 7 · 7 rtacnlˆhmr+ qdrodbshudkx- =r sn
sgd cdbˆx ne ℓi + vd sdrs sgd uˆktdr s : 0 ˆmc s : 1- Ehmˆkkx enq sgd fqnvsg ne sgd sqˆhmhmf rˆlokd rhyd M’m(+ vd
sdrs sgd uˆktdr

α : 0. 0ε14. 0ε4. 0ε64. 1ε ’4-4(

Sgd dqqnq btqudr ne sgd qdctbdc aˆrhr ˆooqnwhlˆshnm+ ˆudqˆfdc nudq 1/ qdˆkhyˆshnmr ne sgd qˆmcnl sqˆhmhmf
rˆlokd+ enq sgd uˆqhntr bgnhbdr ne c+ s ˆmc α+ ˆqd chrokˆxdc nm Ehftqdr 0 ˆmc 1- Sgd qdctbdc aˆrhr ˆooqnwhlˆshnm
dqqnq gˆr addm bnlotsdc ax trhmf rdoˆqˆsd sdrs rˆlokd ne bˆqchmˆkhsx rhlhkˆq sn sgˆs ne sgd sqˆhmhmf rˆlokd-
=r oqdchbsdc ax sgd sgdnqdshbˆk ˆooqnwhlˆshnm qdrtksr+ sgd bnmudqfdmbd qˆsd ne sgd qdctbdc aˆrhr ldsgnc

hloqnudr ˆr s fdsr kˆqfdq- Sgd nardqudc bnmudqfdmbd qˆsdr ’enq sgd ghfgdrs uˆktd ne α( ˆqd bknrdq sn sgd uˆktd s
sgˆm sn s�0<1 vghbg bˆm ad qhfntqntrkx drsˆakhrgdc eqnl sgd onkxmnlhˆk ˆooqnwhlˆshnm qˆsdr- Sghr qdfidbsr sgd
eˆbs sgˆs sgd qdctbdc aˆrhr ˆooqnwhlˆshnmr odqenql fdmdqˆkkx adssdq sgˆm roˆqrd onkxmnlhˆk ˆooqnwhlˆshnmr-
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Dhftpd ., Qdctbdc aˆrhr ˆooqnwhlˆshnm vhsg c : 05 ˆmc cdbˆx qˆsd s : 0 nq s : 1-

Dhftpd 1, Qdctbdc aˆrhr ˆooqnwhlˆshnm vhsg c : 53 ˆmc cdbˆx qˆsd s : 0 nq s : 1-

Vd ˆkrn mnsd sgˆs+ enq sgd rˆld uˆktd ne s+ sgd dqqnqr ˆqd rlˆkkdq hm sgd ghfgdq oˆqˆldsqhb chldmrhnm c : 53
sgˆm enq c : 05- Sghr ˆooˆqdms oˆqˆcnw bˆm ad dwokˆhmdc9 hm ansg bˆrdr+ sgd lnrs ˆbshud uˆqhˆakdr ˆqd sgd
ffqrs nmdr ’v0+ sgdm v1+ ε ε ε( xds sgdx ˆqd ˆrrnbhˆsdc sn cnlˆhmr Ci ne rlˆkkdq rhyd hm sgd ghfg chldmrhnmˆk bˆrd+
sgdqdenqd gˆuhmf kdrr hloˆbs nm sgd uˆqhˆshnm ne sgd rnktshnm vhsg sgdrd uˆqhˆakdr-
=r dwodbsdc+ vd nardqud sgˆs sgd dqqnq btqud adgˆudr adssdq ˆr vd hmbqdˆrd sgd uˆktd ne α ats vd nardqudc

sgˆs sghr ogdmnldmnm rsˆfmˆsdr ˆs α : 1- Sghr ghmsr sgˆs sgd rbˆkhmf M’m( : m1 hr oqˆbshbˆkkx rtflbhdms sn
dmrtqd hm sghr bˆrd sgd noshlˆk bnmudqfdmbd adgˆuhntq vghbg vntkc ad lds vhsg ˆ udqx qhbg sqˆhmhmf rds+ enq
dwˆlokd ˆm ψ,mds- Sgd uˆktd α : 1 hr ltbg rlˆkkdq sgˆm sgd uˆktd α− fhudm ax sgd sgdnqdshbˆk ˆmˆkxrhr vghbg hr
sgtr snn odrrhlhrshb-

.aimnvkdcedldmsr� Sghr qdrdWqbg vWr rtoonqsdc ax sgd NMP BnmsqWbsr M...03,00,0,.601) M...03,01,0,.450) Wmc
M...03,04,0,10709 sgd MRE FqWmsr CKR 0111604) CKR 061.186) CKR 011128.) Wmc CKR 0410.569 sgd Hmrshsts Tmh,
udqrhsWhqd cd EqWmbd9 Sgd DtqnodWm PdrdWqbg Bntmbhk tmcdq fqWms DPB ;cF 227866 APD;C9 Wmc ax sgd RlWqsRsWsd
Wmc VhkkhWlr,Gdcadqf EntmcWshnm-
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NCDr- I- KTsg- Ntpdr :ooi- 0�2 ’1/04( 3//z317-
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