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Recent experiments began to explore the topological properties of quench dynamics, i.e., the time
evolution following a sudden change in the Hamiltonian, via tomography of quantum gases in optical
lattices. In contrast to the well-established theory for static band insulators or periodically driven systems, at
present it is not clear whether, and how, topological invariants can be defined for a general quench of band
insulators. Previous work solved a special case of this problem beautifully using Hopf mapping of two-
band Hamiltonians in two dimensions. However, it only works for a topologically trivial initial state and is
hard to generalize to multiband systems or other dimensions. Here we introduce the concept of loop unitary
constructed from the unitary time-evolution operator and show its homotopy invariant fully characterizes
the dynamical topology. For two-band systems in two dimensions, we prove that the invariant is precisely
equal to the change in the Chern number across the quench, regardless of the initial state. We further show
that the nontrivial dynamical topology manifests as hedgehog defects in the loop unitary and also as
winding and linking of its eigenvectors along a curve where dynamical quantum phase transition occurs.

This opens up a systematic route to classity and characterize quantum quench dynamics.

DOI: 10.1103/PhysRevLett.124.160402

Introduction.—Topological structures are ubiquitous in
nature. They appear either in real space, e.g., a smoke ring
or linked coronal loops near the Sun, or in momentum
space, e.g., skyrmions in a Chern insulator or hedgehogs in
a Weyl semimetal. Recently, the investigation of topologi-
cal phenomena [1,2] extended to time-dependent quantum
systems, e.g., Floquet systems under periodic driving [3—
13] or quench dynamics following a sudden change in the
Hamiltonian, Hy — H [14-30]. For these dynamical sys-
tems, the topological structures are hidden in the momen-
tum-time continuum. Intriguingly, there seems a deep
connection between the static band topology and quench
dynamics. For example, topological insulators in integer
classes can be systematically classified by quantum
quenches starting from a trivial state based on the dynami-
cal bulk-surface correspondence [21,26]. Quench dynamics
has been measured in detail, for example, in experiments on
ultracold atoms [31-33] and photonic quantum walks
[34,35]. This raises the question of how to systematically
construct the topological invariants for the quench dynam-
ics of band insulators.

The answer to this question remains open. Previous work
on the quench dynamics of two-band Bloch Hamiltonians
casts the problem mathematically as a Hopf map to arrive at
a powerful result: the time evolution is characterized by the
so-called Hopf invariant, which counts the linking number
of the preimages of two time-evolved states, and equals the
Chern number of the postquench Hamiltonian H [18].
Experimentally, such Hopf links in the momentum-time
space have been observed using Bloch-state tomography
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for ultracold “°K and ®’Rb atoms in optical lattices [31-33].
This framework based on Hopf mapping, however, works
only for two-band Hamiltonians in two dimensions (2D).
Moreover, it requires the prequench Hamiltonian H, to be
topologically trivial. For quenches from a nontrivial state,
the Hopf invariant is no longer well defined [36-38]. Thus,
a unified theory valid for general quenches is still lacking.
A proper topological invariant that remains well defined
regardless of the triviality of the initial state is highly
desired.

The quench dynamics of Chern insulators has also been
studied from the perspective of dynamical quantum phase
transition (DQPT) [39-50]. A DQPT is identified when
physical observables show nonanalytic behavior at some
time instant, e.g., when the postquench state becomes
orthogonal to the initial state [41]. It remains unclear
how DQPT is related to the topological invariants for
quench dynamics. Relatedly, periodically driven systems
have been systematically classified into the periodic table
of Floquet topological insulators [11,12]. A possible
connection between Floquet dynamics and quench dynam-
ics, however, has not been noticed or emphasized.

To address these questions, we propose a new framework
to characterize the topological properties of quench dynam-
ics. We introduce the loop unitary U; and show its
homotopy invariant W3 relates the pre- and postquench
Chern numbers by W3 = C, — C;, which works for any H,
and H. For a trivial initial state, W5 reduces to the Hopf
invariant [18]. We reveal the origin of dynamical topology
in the hedgehogs (z defects) of the phase band of U,.
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Moreover, we introduce the notion of a DQPT curve to
show the dynamical topology also manifests as the wind-
ings, links, or knots of the eigenvector of U, along this
curve. We illustrate our theory by applying it to a highly
tunable model of two-band Hamiltonian in 2D. The
framework paves the way to study the topological proper-
ties of more general quantum quenches.

Loop unitary for quantum quench.—We will focus on the
quantum quench dynamics of a generic two-band system in
2D. The system starts from an arbitrary initial state |£,) at
time zero, then evolves according to a postquench
Hamiltonian H = H(k) - 6, where the quasimomentum
k = (k;.ky) and 6 = (0,.0,,0,) is the Pauli matrix. At
a later time 7, the state evolves into |£(7)) = e~'H7|&)) with
h = 1. Let £E;, be the spectrum of H, and assume H is
gapped, E; > 0. As far as the topological properties are
concerned, we can rescale H and replace it with
h=H/E, =h(k)-o, where h is a unit vector. This
amounts to the standard band flattening. Equivalently,
we can view H — h as a rescaling of time 7 — t = E7.
The rescaling yields a key observation: at ¢ = x, the state
returns to the initial state up to a minus sign,
|E()) = —|&y). Thus, the quench dynamics has period 7.

Previous works represent the two-component spinor
|E(1)) with a point & = (£|6|€) on the Bloch sphere S°.
This defines a mapping from the (k, t) space, a three-torus
T3, to $? with homotopy group 73(S?) = Z [51-53]. If the
initial state |&)) is topologically trivial with Chern number
C; = 0, the quench dynamics can be characterized by the
Hopf invariant as a Chern-Simons integral [18]
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Here A, = i(£|0,|¢) is the Berry connection, the indices
(uvp) take values in (k,, k. 1), and Einstein’s summation
convention is used. It is proved in Ref. [18] that £ = C,
where C; is the postquench Chern number. However, in
general, C; # 0, L is not well defined [36-38]. A modified
Chern-Simons integral can only give (C; —C;) mod 2C;
[37]. So new ideas are required to construct the invariant for
generic quantum quenches.

We solve this problem by introducing the concept of loop
unitary for quench dynamics. The unitary evolution does
not have period z, U(t =) # I. However, it can be
decomposed as the product of a loop unitary U, that has
time period z and the evolution of some constant
Hamiltonian [11], where we must include information
about the initial state or prequench Hamiltonian. This
motivates us to define the following loop unitary operator:

U 1) = eiht gihot (2)

where the first term on the right is the time evolution U, and
hy is the prequench Hamiltonian with |&)) as ground state:

holéo) = —|&o)- One can check that U, indeed has period 7,
U,(0) = Uy(x) = I. In contrast to the T3 — S mapping
above, U; defines a mapping T° — SU(2) valid for
arbitrary |&)), hg, and h. Then, the topological invariant
for quench dynamics is the three-winding number

1
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< TH(UF'9,U)(UF0,U)(U7'0,U))).  (3)
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with 7 € [0, z]. It is an integer following from homotopy
group 73[SU(2)] = Z. Note that U,()|&,) = e™"|£(t)) and
|£(7)) represent the same state with different phase factors.
It is easy to check that W5 reduces to Hopf invariant £
when |&,) is trivial, see [54,59] for details.

7 defect in phase band.—Now we are ready to relate W5
to the Chern numbers Cy ;. To this end, it is convenient to
diagonalize U, in its eigenbasis,

Ui(t) = e?® 01 )| + e PE0|p_ ) p-|.  (4)

Here +¢(k,t) (with 0 < ¢ < x) are called phase bands,
with |¢..) the corresponding eigenstates [11,60]. We define
spin vector +rit = (¢|6|¢p+) from the phase bands, and
note that U, is homotopic (see Supplemental Material [54])
to a two-step evolution U, given by U, = e " for
0<t<nm/2y U,=-—e2nli==21 for z/2<t<nm
Consequently U; and U, have the same topological
properties and W3 = W;[U . This relation reveals a deep
connection between quantum quench and Floquet driving
described by U,. Via the phase bands of U, which are
easier to work with, we can prove [54]

Hence, W5 gives the Chern number change and fully
characterizes the quench. Compared to the Hopf invariant
L, W5 is gauge independent and valid for any initial state.
Equations (3) and (5) are two key results of our Letter.
The phase-band analysis also provides an intuitive
picture for the dynamical topology: W5 counts the topo-
logical charge associated with the point degeneracies in the
phase band [11,60] at ¢ = z, which we refer to as z defects.
These z defects are located at special points in the (k, 7)
space with t=x/2 and k determined by h= ny =
(&olo|&o), i.e., when the postquench Hamiltonian vector

~

h is parallel to the initial spin vector 725. Expanding U, near
a  defect, we find it takes the form of a Weyl Hamiltonian,
e.g., U)(6k,.0k,,6t)=—I—i6k;K,;c;, with 6k; € (6k .0k, ,5t)
being deviations from the degeneracy point. Such a Weyl
point carries topological charge sgn[det(K)] [60]. We
can show that W5 counts the total charges of these =z
defects [54]
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FIG. 1. Topological = defects (solid red dots) as hedgehogs in
the momentum-time space for quantum quenches. They are
Weyl-like degeneracy points in the phase band of loop unitary
U, at ¢ = n. The arrow denotes the phase-band spin vector
near the defect. (a),(b) Quench from a trivial initial state |&,) =
0,1)T to H, ¢—1 and H,_, defined in model (7). (c),(d) Quench
from the ground state of H,_; to h = ¢, and H ,_,, respectively.
The topological charge of the hedgehog is +1, +2, —1, 4+1 from
(a) to (d), and equal to the Chern number change C; — C; in each
case. R =0, M = 1.6. (e) Schematics of the DQPT curve I
(magenta line). It is the intersection of the r = z/2 plane and the
equal-¢ surface of ¢p = z/2 (green), which encloses the z defect.

~

Along T, vectors 71y, h and m are perpendicular to each other.

1 -
W3 = 8—2/ dSP . €’/k(m,-ij X mG) (6)
T B JSp

Here Sp is a surface enclosing the 7 defect, and the
summation is over all z defects. The phase-band spin
vector m forms a hedgehog (Fig. 1) around the z defect.
Examples.—To illustrate our theory, we apply it to a
simple model with Hamiltonian H, = H - ¢ given by

H,+iH, = (sink, +isink,)? — R;
H, =M — cos k, — cosk,. (7)

At R = 0, the Chern number of the lower band C = ¢ when
0<M<2,C=—gwhen =2 <M < 0, and C = 0 other-
wise. When g = 1, the model reduces to the Qi-Wu-Zhang
model [61] of 2D Chern insulators, recently realized using
ultracold atoms in optical Raman lattices [62,63]. We keep
R and M as tuning parameters and assume 0 < M < 2
below.

Let us consider four distinct quench pathways. The first
two examples start from a trivial initial state |&)) = (0,1)7
and quench to H, above with ¢ =1 and g = 2, respec-
tively. The z defect for these cases is at (k,, ky, ) =
(0,0,7/2), and the hedgehog patterns of the m vector
around the defect are depicted in Figs. 1(a) and 1(b). For
q = 1, expanding the loop unitary near the defect yields
U,=~I+i(dékyo,—dbk,c,—26tc,) with d = 1/(2 - M).
The charge therefore is +1. For g = 2, the expansion yields

a quadratic Weyl point (see Supplemental Material [54])
carrying charge +2. Next we consider quenches from the
ground state of H, with ¢ = 1, i.e., from a topologically
nontrivial initial state with C; = 1. In the third example, the
postquench Hamiltonian is trivial 2 = o, C; = 0. We find
ar defect at (0,0, z/2) with charge —1, see Fig. 1(c). In the
fourth example, the postquench Hamiltonian is H, with
q = 2,Cy = 2. The 7 defect s at (— arccos(M — 1),0, z/2)
with charge +1 as depicted in Fig. 1(d). One can check
Eq. (5) indeed holds in all these four cases.

DQPT curve and winding number.—The rz defects
dictating the topology of quench dynamics reside in the
3D (k, 1) space. Next we show that the dynamical
singularity also manifests along a lower dimensional curve,
if the prequench (or postquench) Hamiltonian is trivial.
This provides another intuitive picture for the dynamical
topology to reveal a deep connection to DQPT. A central
concept in DQPT is Loschmidt echo (LE), which measures
the overlap between the initial state and time-evolved state:
S(t) = [(&|&(1))|> [64]. The LE is equal to the squared
average of the loop unitary operator over the initial state,
S(1) = |(&|U(1)|&) |>. Geometrically, after the quench,
the spin vector & of the time-evolved state precesses around
h. By definition, DQPT occurs when the LE is zero, i.e.,
when & becomes antiparallel to 71,. This requires 1 = z/2
and h L, as depicted in Fig. 1(e). All the points satisfying
these two conditions constitute a closed curve I" on the
t = /2 plane, dubbed the DQPT curve. One can check
that, for points along I', the eigenphase of U, takes
¢ = r/2. Hence, T is also the intersection of the equal-
¢ surface with ¢ = z/2 and the t = z/2 plane, as illus-
trated in Fig. 1(e).

Suppose I is parametrized by some angle 8 € [0, 27].
Along I', the phase-band spin vector is given by m =
h x iy, which, in general, tilts as @ is varied. By a uni-
tary transformation V'hyV = o,, U; becomes VU,V =
i(/m.o, + inyo,). Hence, the vector st is fully described by
polar angle y = arctan(7, /. ), and its round-trip along I
is characterized by the winding number

1
v=— ¢ dOdyy. (8)
Zﬂ' T

One can further prove [54] that v coincides with Cy, and by
the chain of identities established above it is also equal to
W3 and £, when the initial state is trivial.

The winding of 2 is illustrated in Fig. 2 for our model (7)
with initial state |&;) = (0, 1)”. The DQPT curve in this case
is given by M — cos k, — cos k, = 0. We plot (i1, 7,) as a
vector on the local x — y plane normal to I'". Figures 2(a)-2(c)
illustrate the winding of m for ¢ = 1, 2, 3, respectively. By
traveling counterclockwise along I', one observes that
winds 1,2,3 times within the x-y plane, in agreement with the
calculation v = ¢g. For comparison, we have chosen two
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FIG. 2. (a)-(c) Winding of the phase-band spin vector i
(arrows) along the DQPT curve I' for quench from initial state
&) = (0,1)T to H, with ¢ =1, 2, 3 (left to right). The
corresponding winding number as defined in Eq. (8) is v =1,
2, 3. (d)—(f) Hopf links in momentum-time space for the same
quench to H, with ¢ = 1, 2, 3 (left to right). Shown are preimages
of two time-evolved states +& = (1,0,0). R =0.2, M = 1.6.

arbitrary states and plotted their preimages in the (k, 7) space
in Figs. 2(d)-2(f). The two preimages form a Hopf link with
linking number £ = 1, 2, 3, respectively, consistent with
v above.

Torus links and knots.—Next we discuss quench from a
trivial state to a Hamiltonian A with Dirac points, i.e., band
degeneracies at certain isolated k points. To this end, it is
useful to imagine a torus (pipe) of unit cross-sectional
radius extending along I'. Then the end points of i trace
out a curve ', on the torus surface. Similarly, —# traces
out another curve I'_. For fully gapped H, the Gauss
linking number of these two closed curves ', is nothing
but v. If band degeneracies exist, one can verify that all
Dirac points lie on I' projected onto the Brillouin zone. At
each Dirac point, the two phase bands |¢.) become
degenerate. The net effect of the band touching is the role
switch m < —m. At the Dirac points, the curves 'y
continue smoothly, only to switch their characters there,
I'y < I'_. It follows that I', together form either torus
links or torus knots [65].

This can be illustrated by using our model Eq. (7). When
R =[1— (M —1)%%? for g = 3, one of the Weyl charges
touches I" at the Dirac point, while the other two charges
remain inside, as depicted in Fig. 3(a). The corresponding
I' curves are projected onto a 2D plane for clarity. In this
case, the I'y <> I"_ switch happens only once. Together
they form a single closed curve, a torus knot with crossing
number cx = 5. A different scenario is shown in Fig. 3(b)
for ¢ = 2, where H has one pair of Dirac points. The switch
occurs twice to give rise to two curves. They form a torus
link with linking number ¢; = 1.

The invariants for these links and knots can be obtained
as follows. Without loss of generality, we can treat H with
Dirac points as the critical boundary between two gapped
Hamiltonians with Chern number C_ and C., respectively,
as some tuning parameter (e.g., R) is varied. In the first

FIG. 3. Top view of (a) a knot and (b) a link formed by two
curves Iy traced by vector + along I" for quenches to critical
H , with Dirac points. (Insets) Topological charges on the t = 7/2
plane. They cross I' exactly at the Dirac points where the two
curves switch, I', <> I'_. (a) A single curve ties into a knot with
crossing number cx =5, ¢ =3, R =0.512. (b) Two closed
curves form a torus link with linking number ¢; =1, g = 2,
R=0.64. M =1.6.

scenario, C. — C_ = odd; i.e., there are an odd number of
Dirac points on I, leading to odd times of +# switch and
the formation of a torus knot [Fig. 3(a)]. Its crossing
number [65] is then cx =2C. +C. —C.=C_.+C.. In
the second scenario, C. — C_ = even with an even number
of Dirac points on I'. Accordingly, £ form a torus link
[Fig. 3(b)], and its linking number is half the crossing
number [65], ¢; = (C. 4+ C.)/2. These general results
agree with the examples above. For ¢ =3, C_. =3 and
C.=2togive cxy = 5;whileforg =2,C_. =2andC. =0
so ¢; = 1. Thus, the concepts of loop unitary and DQPT
curve also provide insights for quench to Dirac semimetals.

Outlook.—In summary, we establish a new framework to
characterize the topological properties of quench dynamics
by introducing loop unitary U; and its homotopy invariant
W3, which goes beyond the Hopf mapping and is inde-
pendent of initial state. The dynamical topology is revealed
pictorially in two ways: the z defects in the phase bands and
the winding of /m along the DQPT curve. The theory is
generalized further to discuss the link and knot structures
for quench into critical Dirac semimetal. A series of
identities are proved to relate the Chern, crossing, linking,
and winding number.

For concreteness, we have focused on the dynamics of
two-band Hamiltonians in 2D. Our scheme based on the
loop unitary, however, is general. For example, we have
applied it to obtain the Z, dynamical invariant for the
quench dynamics of Hopf insulators [66] in 3D and
characterize the quench dynamics of the four-band
Bernevig-Hughes-Zhang model (see  Supplemental
Material [54]). For these more complicated cases, the loop
unitary must be chosen to be time periodic to ensure a
closed base manifold, and the additional symmetry con-
straints must be properly taken into account [54] in
constructing the desired dynamical topological invariants.
Through the concept of loop unitary and homotopy relation
U,~ U, our Letter also reveals an intrinsic connection
between quench and Floquet dynamics [11,12]. It suggests
that a wealth of link and knot structures will also emerge in
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(k, t) space in Floquet systems. For example, a Hopf link
was recently shown to appear in periodically driven 2D
systems [59].

Recent experiments have begun to quantitatively access
quench dynamics via time- and momentum-resolved
tomography [67-70]. In particular, spatiotemporal Hopf
links [31-33] after quantum quench have been observed.
The 7 defect in the phase band can be observed via the
same Bloch-state tomography technique. For example, its
topological charge, which is quantized and protected
against small perturbations, can be extracted locally from
the nearby tomography points [71]. The location of the
DQPT curve and the winding along it can be verified by
tracing the emergent dynamical vortices in momentum
space as done in Ref. [50]. For more details, see the
Supplemental Material [54].
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