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Abstract

Consider the scattering of a time-harmonic elastic plane wave by a periodic rigid surface. The elastic wave propagation
is governed by the two-dimensional Navier equation. Based on a Dirichlet-to-Neumann (DtN) map, a transparent boundary
condition (TBC) is introduced to reduce the scattering problem into a boundary value problem in a bounded domain. By using
the finite element method, the discrete problem is considered, where the TBC is replaced by the truncated DtN map. A new
duality argument is developed to derive the a posteriori error estimate, which contains both the finite element approximation
error and the DtN truncation error. An a posteriori error estimate based adaptive finite element algorithm is developed to solve
the elastic surface scattering problem. Numerical experiments are presented to demonstrate the effectiveness of the proposed
method.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction

The scattering theory in periodic structures, which are known as gratings in optics, has many significant
applications in micro-optics including the design and fabrication of optical elements such as corrective lenses,
anti-reflective interfaces, beam splitters, and sensors [1,2]. Driven by the optical industry applications, the time-
harmonic scattering problems have been extensively studied for acoustic and electromagnetic waves in periodic
structures. We refer to [3,4] and the references cited therein for the mathematical results on well-posedness of the
solutions for the diffraction grating problems. Computationally, various numerical methods have been developed,
such as boundary integral equation method [5,6], finite element method [7,8], boundary perturbation method [9].
Recently, the scattering problems for elastic waves have received much attention due to the important applications
in seismology and geophysics [10-12]. This paper concerns the scattering of a time-harmonic elastic plane wave by
a periodic surface. Compared with acoustic and electromagnetic wave equations, the elastic wave equation is less
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studied due to the complexity of the coexistence of compressional and shear waves with different wavenumbers. In
addition, there are two challenges for the scattering problem: the solution may have singularity due to a possible
nonsmooth surface; the problem is imposed in an open domain. In this paper, we intend to address both issues.

The first issue can be overcome by using the a posteriori error estimate based adaptive finite element method.
A posteriori error estimates are computable quantities from numerical solutions and measure the solution errors of
discrete problems without requiring any a priori information of real solutions [13,14]. They are crucial in designing
numerical algorithms for mesh modification such as refinement and coarsening [15,16]. The aim is to equidistribute
the computational effort and optimize the computation. The a posteriori error estimate based adaptive finite element
method has the ability of error control and asymptotically optimal approximation property [17,18]. It has become an
important numerical tool for solving differential equations, especially for those where the solutions have singularity
or multiscale phenomena.

The second issue concerns the domain truncation. The surface scattering problem is imposed in an open domain,
which needs to be truncated into a bounded computational domain. An appropriate boundary condition is required
on the boundary of the truncated domain so that no artificial wave reflection occurs. Such a boundary condition
is called a non-reflecting boundary condition or a transparent boundary condition (TBC) [19-23]. Despite a huge
amount of work done so far in this aspect, it still remains to be one of the important and active research topics in
the computational wave propagation. Since Bérenger proposed a perfectly matched layer (PML) technique to solve
Maxwell’s equations [24], the research on PML has undergone a tremendous development due to its effectiveness
and simplicity [25-34]. Various constructions of PML have been proposed for solving a wide range of wave
propagation problems. The idea of PML technique is to surround the domain of interest by a layer of finite thickness
of fictitious medium that may attenuate the waves coming from inside of the computational domain. When the waves
reach the outer boundary of the PML region, their amplitudes are so small that the homogeneous Dirichlet boundary
condition can be imposed.

Combined with the PML technique, an adaptive finite element method was proposed in [35] to solve the two-
dimensional diffraction grating problem. It was shown that the a posteriori error estimate consists of the finite
element discretization error and the PML truncation error which decays exponentially with respect to the PML
parameters. Due to the competitive numerical performance, the methods was quickly extended to solve the two- and
three-dimensional obstacle scattering problems [36,37] and the three-dimensional diffraction grating problem [38].
Based on the a posteriori error analysis, the adaptive finite element PML method provides an effective numerical
strategy to solve a variety of acoustic, electromagnetic, and elastic wave propagation problems which are imposed
in unbounded domains [39,40].

The Dirichlet-to-Neumann (DtN) method is another approach to handle the domain truncation. The idea is to
construct an explicit solution, which is usually given as an infinite Fourier series, in the exterior of the domain
of interest. By taking the normal derivative of the solution, the Neumann data can be expressed in terms of the
Dirichlet data. This relationship gives the DN map and can be used as a boundary condition, which is known as
the TBC. Since the TBC is exact, the artificial boundary can be put as close as possible to the scattering structures,
which can reduce the size of the computational domain.

Recently, as a viable alternative to the PML, the adaptive finite element DtIN method has been proposed to solve
the scattering problems imposed in open domains, such as the obstacle scattering problems [41,42], the diffraction
grating problems [43]. In this approach, the TBC is applied on the artificial boundary which is chosen to enclose the
domain of interest. These TBCs are based on nonlocal DtN maps and are given as infinite Fourier series. Practically,
the infinite series needs to be truncated into the sum of finite number of terms by choosing an appropriate truncation
parameter N. It is known that the convergence of the truncated DtN map could be arbitrarily slow to the original
DtN map in the operator norm [44]. To overcome this issue, the duality argument has to be developed to obtain the a
posteriori error estimate between the solution of the scattering problem and the finite element solution. Comparably,
the a posteriori error estimates consists of the finite element discretization error and the DtN truncation error, which
decays exponentially with respect to the truncation parameter N.

In this paper, we present an adaptive finite element DtN method for the elastic wave scattering problem in
periodic structures. The goal is threefold: (1) prove the exponential convergence of the truncated DtN operator;
(2) give a complete a posteriori error estimate; (3) develop an effective adaptive finite element algorithm. This
paper significantly extends the work on the acoustic scattering problem [43], where the Helmholtz equation was
considered. Apparently, the techniques differ greatly from the existing work because of the complicated transparent
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Fig. 1. Schematic of the elastic wave scattering by a periodic structure.

boundary condition associated with the elastic wave equation. A related work can be found in [45] for an adaptive
finite element DtN method for solving the obstacle scattering problem of elastic waves.

Specifically, we consider the scattering of an elastic plane wave by a one-dimensional rigid periodic surface,
where the wave motion is governed by the two-dimensional Navier equation. The open space above the surface is
assumed to be filled with a homogeneous and isotropic elastic medium. The Helmholtz decomposition is utilized
to reduce the elastic wave equation equivalently into a coupled boundary value problem of the Helmholtz equation.
By combining the quasi-periodic boundary condition and a DtN operator, an exact TBC is introduced to reduce
the original scattering problem into a boundary value problem of the elastic wave equation in a bounded domain.
The discrete problem is studied by using the finite element method with the truncated DtN operator. Based on the
Helmholtz decomposition, a new duality argument is developed to obtain an a posteriori error estimate between the
solution of the original scattering problem and the discrete problem. The a posteriori error estimate contains the
finite element approximation error and the DtN operator truncation error, which is shown to decay exponentially
with respect to the truncation parameter. The estimate is used to design the adaptive finite element algorithm to
choose elements for refinements and to determine the truncation parameter N. Due to the exponential convergence
of the truncated DtN operator, the choice of the truncation parameter N is not sensitive to the given tolerance.
Numerical experiments are presented to demonstrate the effectiveness of the proposed method.

The outline of the paper is as follows. In Section 2, the model equation is introduced for the scattering problem.
In Section 3, the boundary value problem is formulated by using the TBC and the corresponding weak formulation is
studied. In Section 4, the discrete problem is considered by using the finite element method with the truncated DtN
operator. Section 5 is devoted to the a posterior error estimate. In Section 6, we discuss the numerical implementation
of the adaptive algorithm and present two examples to illustrate the performance of the proposed method. The paper
is concluded with some general remarks and directions for future work in Section 7.

2. Problem formulation

Consider the scattering of a time-harmonic plane wave by an elastically rigid surface, which is assumed to
be invariant in the z-axis and periodic in the x-axis with period A. Due to the periodic structure, the problem
can be restricted into a single periodic cell where x € (0, A). Let x = (x,y) € R2. Denote the surface by
S={xeR?:y= f(x), x €(0, A)}, where f is a Lipschitz continuous function. Let v and T be the unit normal
and tangent vectors on S, respectively. Above S, the open space is assumed to be filled with a homogeneous
and isotropic elastic medium with unit mass density. Denote Q;r =fx eR :y> fx),x € (0, A). Let
I'=fxeR:y=bxe@OMyad [" = fx € R2:y =1¥,x € (0, )}, where b and b’ are constants
satisfying b > b’ > max,c( 4y f(x). Denote 2 = {x € R* : f(x) <y < b, x € (0, A)}. The problem geometry is
shown in Fig. 1.

The incident wave u'™ satisfies the two-dimensional elastic wave equation

nAU™ + A+ VY - u™ + 0’u™ =0 in Qf*.,
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where @ > 0 is the angular frequency and u, A are the Lamé parameters satisfying u > 0, A + u > 0. Specifically,
the incident wave can be the compressional plane wave ™™ (x) = de™1*? or the shear plane wave u'"(x) = d+e"2*,
where d = (sinf), —cosf)",d* = (cos@,sinf)",0 = (—m/2, /2) is the incident angle, x; = w/(A + 2u)"/? and
Ky = w/p'/? are known as the compressional and shear wavenumbers, respectively. For clarity, we shall take the
compressional plane wave as the incident field. The results will be similar if the incident field is the shear plane
wave.

Due to the interaction between the incident wave and the surface, the scattered wave is generated and satisfies

A+ O+ wVV-u+o’u=0 in 2. 2.1)
Since the surface S is elastically rigid, the displacement of the total field vanishes and the scattered field satisfies

u=—u" onsS. (2.2)

For any solution u of (2.1), it has the Helmholtz decomposition

u = V¢ + curlg,, (2.3)
where ¢, j = 1,2 are scalar potential functions and curlg, = (9,¢>, —3:¢)". Substituting (2.3) into (2.1), we
may verify that ¢; satisfies the Helmholtz equation

Apj+Kip; =0 in 2F. (2.4)
Taking the dot product of (2.2) with v and t, respectively, yields that

A1 — depry = u™ v, Ay + 0, = —u™ -7 on S.

Let o = &, sin6. It is clear to note that #™ is a quasi-periodic function with respect to x, i.e., #™(x, y)e
is a periodic function with respect to x. Motivated by uniqueness of the solution, we require that the solution u of
(2.1)=(2.2) is also a quasi-periodic function of x with period A.

We introduce some notations and functional spaces. Let H'!({2) be the standard Sobolev space. Denote a
quasi-periodic functional space

qup(!Z) ={u e H'(2) : u(A, y) = u(0, y)e}.

Let Hsqup(.Q) = {u € Hy(2) : u = 0on S}. Clearly, qup((Z) and HSI’qP(Q) are subspaces of H'({2) with the

standard H'-norm. For any function u € qup(Q), it admits the Fourier expansion on [':

. 1A , 2
u(x,b) = Zu(n)(b)ewtnx7 u(n)(b) — Z/O u(x, b)e_“"”"dx, o, =oa+n (%) .

nez
The trace functional space H*(I"), s € R is defined by
HY (D) = {u € LX) : |lull gs(ry < 00},

where the norm is given by

1/2
”u”HS([‘) = (A Z (1 —+ a%)s |u(ﬂ)(b)|2> )

nez

Let H c'lp((l), H _'g’qp(()), H*(I") be the Cartesian product spaces equipped with the corresponding 2-norms of
Hq'p(Q), Hsl,qp(h(?), H*(I"), respectively. Throughout the paper, the notation a < b stands for a < Cb, where C

is a positive constant whose value is not required but should be clear from the context.

3. The boundary value problem

The scattering problem (2.1)—(2.2) is formulated in the open domain Q/f, which needs to be truncated into the
bounded domain (2. An appropriate boundary condition is required on I" to avoid artificial wave reflection.

Let ¢; be the solution of the Helmholtz equation (2.4) along with the bounded outgoing wave condition. It is
shown in [12] that ¢; is a quasi-periodic function and admits the Fourier series expansion

(Pj(x, y) = Z¢;n)(b)ei(anx+/3;n>(y—b))’ y > b, (3.1)

nez
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where

2 2 1/2
K-—oc,,) s el < kg,

ﬂ;n) — ( J

( L\ 172
1<an—/<j) ol > k.

(3.2)

We assume that x; # |a,| for n € Z to exclude possible resonance. Taking the normal derivative of (3.1) on I
yields

dypjx, b) =Y iBI"p" (b)e™*.
nez
As a quasi-periodic function, the solution u(x, y) = (u;(x, y), us(x, y))" admits the Fourier expansion
u(x,y) =y @), ud" () e,y >b,

nez

where u(j"

PBu = pdyu+ A+ p)0,1)'V-u onl.
It is shown in [40] that the solution of (2.1) satisfies the transparent boundary condition

Bu=Tu:=y MO b),us’ (b)) e on I, (3.3)

nez

) is the Fourier coefficient of u ;- Define a boundary operator

where .7 is called the Dirichlet-to-Neumann (DtN) operator and M is a 2 x 2 matrix given by
n i wZIB(n) My Xn — wzan
M®»=— [ , @ . (3.4)
Xn Lo, — oy, X, o~ B,

Here x, = o2 + ﬁi")ﬂg’).
By the transparent boundary condition (3.3), the variational problem of (2.1)—(2.2) is to find u € H CIIP(Q) with
u = —u™ on S such that

a(u,v)=0, VYve H!

L (D). (3.5)

where the sesquilinear form a : HCIIP(Q) X HCIIP(Q) — (C is defined as

a(u,v):u/ Vu:Vidx+(k+,u)/ (V-u)(V-v)dx
Q Q

—wzf uoidx—/ Tu -vds.
2 r

Here A : B =tr(ABT) is the Frobenius inner product of two square matrices A and B.

The well-posedness of the variational problem (3.5) was discussed in [46]. It was shown that the variational
problem (3.5) has a unique solution for all frequencies if the surface S is Lipschitz continuous. Hence we may
assume that the variational problem (3.5) admits a unique solution and the solution satisfies the estimate

g ”umC”Hlﬂ(s) 5 ||uinc||H1((z)' (3.6)
By the general theory of Babuska and Aziz [47], there exists y > 0 such that the following inf-sup condition holds

la(u, v)|

”u”Hl(_Q)

sup

1
= vlullgig), Vu € Hg ().
0#£veHL,(2) vl g1

4. The discrete problem

We consider the discrete problem of (3.5) by using the finite element approximation. Let M, be a regular
triangulation of (2, where /& denotes the maximum diameter of all the elements in M. Since our focus is on the
a posteriori error estimate, for simplicity, we assume that S is polygonal and ignore the approximation error of the
boundary S. Thus any edge e € M, is a subset of 942 if it has two boundary vertices. Moreover, we require that if
(0, y) is a node on the left boundary, then (A, y) is also a node on the right boundary and vice versa, which allows
to define a finite element space whose functions are quasi-periodic respect to x.
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LetV, CH (llp(.Q) be a conforming finite element space, i.e.,
Vi = v € C(27 : vk € Pu(K)? for any K € My, v(0,y) = e “v(4, y)},

where m is a positive integer and P, (K) denotes the set of all polynomials of degree no more than m. The finite
element approximation to the variational problem (3.5) is to find " € V;, with u" = —u™™ on S such that

a@" vy =0, W' eV, 4.1)

where V, s ={v €V, :v=0o0n S}.
In the variational problem (4.1), the boundary operator .7 is defined as an infinite series, in practice, it must be
truncated to a sum of finitely many terms as follows

Tvu ="y M@ b). uy’ (b)) e, (4.2)

[n|<N

where N > 0 is a sufficiently large constant. Using the truncated boundary operator, we arrive at the truncated
finite element approximation: Find u’}v € V;, such that it satisfies u’,’v = —u'™ on § and the variational problem

ay@h, vy =0, V' eV, (4.3)

where the sesquilinear form ay : Vj, x V;, — C is defined as

aN(u,v)z,u/ Vu:Vﬁdx+(k+u)/(V-u)(V-i)dx
Q Q

—a)2[ u-idx—/ FIyu - vds.
Q r

It follows from [48] that the discrete inf—sup condition of the sesquilinear form ay can be established for sufficient
large N and small enough h. Based on the general theory in [47], it can be shown that the discrete variational
problem (4.3) has a unique solution ”?v € V. The details are omitted for brevity.

5. The a posteriori error analysis

For any triangular element K € M), denoted by &g its diameter. Let 3, denote the set of all the edges of K.
For any e € B, denoted by /4, its length. For any interior edge ¢ which is the common side of K; and K, € M,,
we define the jump residual across e as

Jo = uVuli g, - vi+ O+ OV - uy| g )i + wVly |k, - v2 + O+ )V -l k,)va,

where v; is the unit outward normal vector on the boundary of K;, j = 1, 2. For any boundary edge e C I', we
define the jump residual

Jo = 2 Iyuly — Bul).

For any boundary edge on the left line segment of 342, i.e., ¢ € {x = 0} N dK; for some K; € M,, and its
corresponding edge on the right line segment of 32, i.e., ¢ € {x = A} N dK, for some K, € My, the jump
residual is

Jo = [y, + 0+ w1, 07V -ty g, ] — e [nduly |k, + O+ (1L, 0TV - ulylx, ],
Jo = e [ndulylx, + 04+ WA, 0TV - uly|x, | — [ndculylk, + O+ 1,0V - ulyx, ]

For any triangular element K € My, denote by ng the local error estimator which is given by

12
1
_ h 2
ng = hK”%uN”LZ(K) + (E § he”Je”Lz(e)) s

ecdkK

where &% is the residual operator defined by

Ru = pulAu+ O+ WV (V-u) +o’u.
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For convenience, we introduce a weighted norm of H () as

|||u|||i,.(9) = M/ |Vul*dx + (A +M)/ IV - ul*dx +602/ |u|*dx.
n 0 0
It is easy to check that
min (i, @) [l o) < Nl o) < max (24 + 3, &) lully . Vo€ H'(Q). 5.1)

which implies that the weighted norm is equivalent to standard H'(2) norm.
Now we state the main result of this paper.

Theorem 5.1. Let u and u}lﬁ, be the solutions of the variational problem (3.5) and (4.3), respectively. Then for
sufficient large N, the following a posteriori error estimate holds
172

(n) / .
h 2 - b—b
KeMy

It is easy to note that the a posteriori error consists of two parts: the finite element discretization error and the
truncation error of the DtN operator. We point out that the latter is almost exponentially decaying since b > b’
and Iﬂé")| > (. In practice, the DtN truncated error can be controlled to be small enough such that it does not
contaminate the finite element discretization error.

In the rest of the paper, we shall prove the a posteriori error estimate in Theorem 5.1. First, let us state the trace
regularity for functions in qup(.Q). The proof can be found in [35].
Lemma 5.2. For any u € qup(Q), the following estimates hold

lull gy S Nullgioy Nullgiea,,) S lullgio)-

Denote by § = u — u?\, the error between the solutions of (3.5) and (4.3). It can be verified that
0, = 0 [ VE: VB4 G [ (75 (v E)ar+ o [ g Fax
10 Q Q
= Eﬁa(E,E)—}—Za)z/ g.deJrsn/ TE - Eds
2 r

=ma(§,§')+mf (9—9N)E-§ds+2w2/ §-§dx+§}i/ IyE - Eds. (5.2)
r 2 r

In the following, we shall discuss the four terms in the right hand side of (5.2). Lemma 5.3 gives the error
estimate of the truncated DtN operator. Lemma 5.4 presents the a posteriori error estimate for the finite element
approximation and the truncated DtN operator.

Lemma 5.3. Letu € H(lw(()) be the solution of the variational problem (3.5). For any v € HCIIP(Q), the following
estimate holds:

/ (7 —Iy)u-vds
r

where C > 0 is a constant independent of N.

<Cmax(neiﬂ5’(b’b/)) || Vi gion
= € max 7] la™ N g1 IVl g

Proof. Using (2.3) and (3.1) yields
n n N D p—_p!
¢ (b) = ¢ BT,

It follows from the straightforward calculations that we obtain

WP®] 1 e, i [ e e) 0 —ia,  —ip ul @)
u’®)] T o LB —ia 0 G000 | [ =i e, | w0

) pr
— pw [1 )] 53
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P — ! (a B 61 + B"MBMe B0 (b— b/)
11 — )

n

anBY g "y
p = 2% (61,31 b=b) _ 4By (b0 )
Xn

)

(n)
pn _ by (eiﬁ?”(b W) _ B - b/>
21 J
Xn
1 O] o)
Py = (oc ey (=) + BB e (b’b/)).
n
It is clear to note from (3.2) that ,3(.”) is purely imaginary for sufficiently large |n|. By the mean value theorem,
for sufficiently large |n|, there exists T € (1,3(") i) such that
(n) ’ (n) ’ - p(n) /
X P = (Oln +/3(")/3(”)> 18" (b-b") +,3(”),3(")< iy (b—=b') _ i\ (b—b )>’

) . v
_ (“2 + ﬁf"%g”) A=) | ﬂ{n)ﬁén)(b _ b/)l(,Bén) _ ﬁiﬂ))er(b b
A simple calculation yields

2y 'Bfn)ﬂén) = 2 — (@ — kD) (a? — k)12

n

o (ki + K3) = Kire;

2 2
= < K| + K5
a2 + (a2 — k) 2(a2 — k3)'/2
and
iﬂéﬂ) lﬂ(ﬂ) — (O[ 2)1/2 ( er _ K22)1/2
2 2 2 2
_ Ky — Kk 97K
(o2 — 1612)‘/2 + (o2 — K22)1/2 2a? — K22)1/2
which give

1P S SO | In|e"®") < |n|eiﬂ§’l)(b’b/). (5.4)

Similarly, we may show that
- p(n) /

1P S e O =1,2,

Combining the above estimates lead to
2 2 0D 2 2
WG + WG S n2e SO (WG + 16O
By (3.3) and (4.2), we have from Lemma 5.2 that

A (MPu (b)) v (b)

|n|>N

< 2 |(n1r @) - (n1v0w)|

|n|>N

’/ (7 — Iy)u -vds

172 1/2

S| X (e or s or) || X i (wer + o)

[n|>N |n|>N
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|n|>N

172
n n 2
(Z nPe8 0 (@O + 1) | Il
~ ma

(n) /
b—b
| 1a (|n|el’32 ¢ )) ”u||H1/2(Fb/)”v”H1/2(F)

o)y
< max (1nle"" ) Jull 010l

Using (3.6), we get

(9 In)u - vds

n) ’ .
b—b
< max x (100 14 g1 101l 1,

which completes the proof. [J
In the following lemmas, the first two terms in (5.2) are estimated.

Lemma 5.4. Let v be any function in H.. __ (1), the following estimate holds

S,qp
1/2

. (1) , .

2 b—Db
> 0k + max (|n|e‘ﬂz< >) 2™ Nl g1y | 1001 0)-
KeM,

a(§,v)+[ (7 — Iy) & -vds| <
r

Proof. For any function v € Hsqup(ﬁ), we have
a(€, v) + /F (T — In) & -vds = a(u, v) — a(uly, v) + /F (7 — Ty) & -vds
= a(u,v) —ay W, v) +aly@l, v) —a@ly, v) + fp (7 — Tv) & - vds
= a(u,v) —al,@h, v") — ali@ly, v — ") + /P (7 — Ty)uly - vds
+f (7 — In) & -vds
= —aN(uN,v—vh)+/ (7 — Iy)u - vds.
For any function v € H S,qp(‘Q) and v" € Vs, it follows from the integration by parts that

h (ph h
—ayuy,v—1v")

= — Z { /Vuﬁ'v:V(v—ﬁ)dx+(x+u)/(v.ul;v)v.(;_J)dx}
K

KeM,,

-y {—w2/Ku?V.(v—W)dx— 9u7v-(5—v_h)ds}

KeM, I'nakK

Z {—/ [Vl v+ (L + (V- uly] - (v—v)dx+
K

KeM,,

+ 2/ nAuly + O+ WV - uly + o*ul ] - (i—ﬂ)dx
KeM,,

|:/<%’uN v—v”dx—i—z / 17—vh :| (5.5)
KeM,, ¢

Tul, - (5 - v_h)ds}

I'nokK

ecdK
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We take v" = II,v € V), g, where II, is the Scott—Zhang interpolation operator and has the following interpolation
estimates
1/2
lv— Hhv”LZ([() S hK”Vv”[}([E)a lv— Hhv”LZ(e) S hg/ ”v”Hl(Kg)-

Here K and K, are the unions of all the triangular elements in M),,, which have nonempty intersection with the
element K and the side e, respectively. By the Holder equality, we get from (5.5) that
1/2

h h h 2
jay@lh, o= S| Y nk | Il
KeM,),

which completes the proof. [

Lemma 5.5. Let M™ = —%(M(”) + (M™Y*), where M™ is defined in (3.4). Then M®™ s positive definite for
sufficiently large |n]|.

Proof. It follows from (3.2) that ﬁ;") is purely imaginary for sufficiently large |n|. By (3.4), we have

oy _ L iw?p)"” i (1ot xn — %y
= (2 20 '
Xn Li (0Paty — poty xn) iw’f,
Since x, = a2 — (a2 — k)2 (@2 — k)2 > 0, we get

~ 2

. i w

Mf’ll) = ——w? }") = —(?— kD) > 0.
n n

A simple calculation yields that

A 2
x2detM™ = —w*B" By — (1ot xtn — ety

2
—1?ky (o — o) — ey (xn — 13)
= W xn (—K3 — @ Xn + 20003 -
Since x, > « and aﬁ has an order of n? for sufficiently large |n|, we obtain
2/{22 —Xn = 2K22 — ot,zl + (oz,% — KZZ)I/Z((XYZL — K,z)l/2
= /<22 + (aﬁ — Kzz)l/z((oz,% — /(12)]/2 — (aﬁ — K22)l/2) > 0,

which gives that det M® > 0 and completes the proof. [J

Lemma 5.6. Let 2 ={x eR>: b0 <y <b, 0 <x < A). Then for any § > 0, there exists a positive constant
C(6) independent of N such that

% = 2 2
% /F Tik - Fds = CONEIs,y, + 3111

Proof. Using (4.2), we get from a simple calculation that
m/ Ty -Eds =AYy R(MOED) 0 = -4 Y (MWE™) - €.
r
[n|<N [n|<N

By Lemma 5.5, M(”)_IS positive definite for sufficiently large |n|. Hence, for fixed w, A, u, there exists N* such
that — (M(")S (")) -£§™ < 0 for n > N*. Correspondingly, we split % | r Iné - £ds into two parts:

o / vk Eds=-4 Y (M@)gn) E-4 Y (M“”gn) &, (5.6)
r |[n|<min(N*,N) N>|n|>min(N*,N)

where Y-y s minven) (A;I(”)En) &, = 0if N > N*. Since the second part in the right hand side of (5.6)
is non-positive, we only need to estimate the first part in the right hand side of (5.6), which has finitely many



P. Li and X. Yuan / Computer Methods in Applied Mechanics and Engineering 360 (2020) 112722 11

terms. Hence there exists a constant C depending only on w, i, A such that | (M (”)‘g‘(”)> '@| < C|ij(”)|2 for all
[n] < min(N*, N).
For any § > 0, it follows from Yong’s inequality that

b b b
(b—b) g = /h () dy + fb / (1))’ dsdy

b b
< /b 19()Idy + (b — b)) /b 209()I19'()]dy

[6D]
NG

b b
/ [p()IPdy +8(b — b/)/ 16/ ()|’ dy.
4 v

b b
= fb ey + kb = b)) fb 289/ ()ldy

b—b
8

b
- / 6()IPdy +
b/

which gives

1 b b
P < [3 +(b - b’)l] fh Cle()l*dy +8 fb 19/l dy.

Let p(x,y) =), 7 d)n(y)ei“"". A simple calculation yields that

b
VOl 20y =4 fb (19,00 + a2len)) dy.
nez

b
161y =AY [ 18,00y,

nez

Using the above estimates, we have for any ¢ € H'({2') that
1B113 20y = 4D 1da (D)

nez

1 b ’
<4 [5 +(b— b/)"} Z/b/ [fn(IPdy + 48 ) /b 10/ (y)*dy

nez nez

1 b b
§A[5+(b—b’)_l}2 / 6 (0)Pdy + 483 / (1,0 + a2l dy
nez YY nez Y

1 _
< [5 +(b—b) 1} 19172000, + 81Vl )
2 2
Combining the above estimates, we obtain
Re [ vg-Eds < CIEIR 1, = CONEN g, +0 [ V8P
F Q/

CONENT ) + SIE N1 )0

IA

IA

which completes the proof. [
To estimate fQ |§|2dx in (5.2) , we introduce the dual problem

a(v, p) = / v-Edx, Vve Hy, (). (5.7)
Q
It can be verified that p is the weak solution of the boundary value problem

pAp+ A+ pw)VV-p+w’p=—& inf,
p=0 ons, (5.8
Bp=T*p onl’,

where .7 * is the adjoint operator to the DtN operator .7 .
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It requires to explicitly solve the boundary value problem (5.8). We consider the Helmholtz decomposition and
let

& = V¢ + curlg, (5.9)
where ¢;, j =1, 2 has the Fourier series expansion

i,y =Y (e, b <y<b.

nez

Consider the following coupled first order ordinary different equations

£V =i, () + 8" (),
7)) ="(y) — i, 2" (),
t"b)y=0, &"b)=0

It follows from straightforward calculations that the solution is

b
1 i
(”)(y) _2 e b)/ —op(t— b)%'(l)(l‘)dt—l— 2 e~ ny— b) eon(t— h)S(l)(t)dt
y

1 b 1 ’
-3 o (—b) / e~ =D (1)dr — 3¢ e~ n(=b) / e =DED (1)dr,
y y

7 1 — 'b —a, 1 e % ’ Q,
;—2(’)(),) — _Eedn(}' b)/ e~ on(i— b)f(l)(t)dt 2 n(y b)/ n(t— b)f(l)(t)dt
y y

2

It is easy to verify the following estimate

. b b
1 <, _ _ _
+ Lt / =D g () gy — L gmantr—b) / (=)@ 1)y
y ’

e|°‘n|(b—y)7 j=12.

570 < (0l e + 188 o)) o
n

Let p be the solution of the dual problem (5.8). Then it satisfies the following boundary value problem

pAp+ A+ VYV -p+a’p=—€& inf2,
pix,b) = p(x,b) onl’ (5.10)
Bp=T*p onl.

Let function ¢;, j = 1, 2 have the Fourier expansion in {2':

q;(x, ) =Y q{" (e
ne’

The Fourier coefficients q(") are required to satisfy the two point boundary value problem
4" () + (3 = a2)g ") = —c;c ),
g/ ) = g, ®), .11
g} (b) = —iB}"q}" (b,

where ¢; = (A4+2u) ' and ¢, = u7 !, 4(”) are the Fourier coefficients of the potential functions ¢; for the Helmholtz
decomposition of & in (5.9).

Lemma 5.7. Let p = Vq; + curlg,. Then p satisfies (5.10).

Proof. If (5.11) holds, then it is easy to check that
A +20) (Aq +iiq1) = =4, 1 (Ag2 + 6592) = —0a.
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Noting p = Vg, + curlg,, we obtain

HAP+ (G4 VYV - p+o’p

= uV (Aqy) + peurlAgs + (A + p)VAg, + 0*Vq, + w’curlg,
= +2w)V (Agq + Klqu) + peurl (Ag, + K22q2)

= —V¢ —curlg, = —é&.

Next is to verlfy that the boundary condition on y = b. Assume that p admits the Fourier expansion p =
Y nen p(")(y) D )(y))T ianx Tt follows from the Helmholtz decomposition that

p{”@)} _ | iewg" o) + q(’” )
P "] g 0) — gl () |

which gives

| _ lanq{” )+ 61(”) »)
Py () gt () — gy ()
A straightforward calculation yields that

Bp = udyp+*r+mwO, D'V p
_y 0 (ianql”) )+ gy (y)>
20+ wia, (wtnq,") 0 +q" (y)) + (A +2p) (qf")”(y) ic, g (y))
_ [ 0 (ianql"’ ) +a5"” (y))
nez

— i l . , elOtnX X
(42007 () = A+ g} () — ipengy” (yJ
Evaluating the above equations at y = b, we get

iop x

oty x

() ("
n b b
@pbzbzz[ incng)” (b) + ngy" (6)

O+ 20q " (0) — (o + gy (b) — manqé")'(b)}

Noting ;J(.”)(b) =0, we have from (5.11) that q;")//(b) = —( 2)q(”)(b) Hence

() 2 2 (n)
Z e, B o+ pa, | g B | ianx
APl = { 12 MQE’”UJ) <

ver Luop — o —pa, By
On the other hand, we have

y*p — Z(M(n))*p(n)(b)eianx

nez

_ _ i ﬂ(n) a)zan - H’anYn (n) b iopx
- Z > e p(be
Moty X B,

Xn - a)2an

_ Z_L 0B Pay—pank, || e —ig" [ “i(b)] Jians
Xn | panx, — o’a, a)zﬂé") —iﬂin) —ia, " (b)

nez

_ [ pen Y —o? + /wf} [qgni(b)] pien
= E . ,
nez Marzz -’ _/Mxnﬁén) 0, ()

which shows Zp = 7*p and completes the proof. [J

nez

It follows from the classic theory of second order differential equations that the solution of the system
g™ () = 1B ¢" () = —e; e (),
a7 ®) = ¢;"®),
g ) = ~18" 14" (b)
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is

n 1 ) n s— n
4P0) = —— { c,/ A9 0 5)ds 4 / 690 5)ds
2871 b b

() opt
_ij |/3 [(26"—y—s) (")(s)ds+2|ﬂ(n)|e|ﬂ (b Y)q(”)(b)} (512)

Lemma 5.8. Let p = (pi1, p2)" be the solution of the dual problem (5.7). For sufficiently large |n|, the following
estimate hold

)17
p;n)(b)) 5 |n|e|ﬂ2 |(b'—b) <|pln)(b/)| + |p(n)(b/)|> | | <||$1n ||L°0(b/ » + ”E2 ”Loc(b/ b))

where pi-") is the Fourier coefficient of p;, j =1, 2.

Proof. Evaluating (5.12) at y = b yields
(n) b (n) ’ .
{C,/ 16— 0 ()5 — / 12 b= ) 0y
b/

+21)e <”’—">q;">(b/)}. (5.13)

(n)
q; (b) = -
g 218"

Taking the derivative of q(A") with respect to y in (5.12) and then evaluating at y = b/, we have

¢ ) =¢; / A0 s — 181G W), = 1.2,
b

which is equivalent to

0" ) :[—mf"ﬂ 0 ][ "km} +[$f’”}
qén) (b/) 0 _|13§”)| )(b ) (n)
where
£0n) "),
;j :cj/ e gj (s)ds.
b/

It follows from Lemma 5.7 and the Helmholtz decomposition p = Vg, + curlg, that
(PN _ ianql">(b/)+q<") ®") [ ic, —|ﬂ§’”|][ a," v/ )} +[c§">}
L") gt @) =gl ] L1871 e JLg"@0] T LG
which gives
[ “”(b 1 [—ian Iﬂé”)l} [pi’”af)‘ 1 [—ian Iﬁ(")l][ “”]
[a"@) ] 3 LIB”1 e JLP"@0] o LIB"T e 1"
Substituting the boundary condition

" () [—lﬁf")l 0 ][qf'”(b)'

“” (b) 0 —15"1] e ®)]
into the Helmbholtz decomposition p = Vg, + curlg, i.e.,
—pﬁ’”(b)} _ [eng"®) + g5 (b):|

@] | g™ b) — g b)

we obtain

'pﬁ'”(b)}: [ oy —|ﬁ§")|] [qf"kb)]
Lp" b)) =18 i ] g5 )
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By (5.13),

(n ) s n n
e et o e )
b 0o A L @n] T L]
where
m _ _Cj 17 16=b) _ 1B 1@ ~b=s) ) ()
nj 2|ﬁ(n)| /, < j g; (s)ds.
Combining the above equations leads to
n . n (n) /_ n
[pg )(b)] :[ ict, _|,3;>|} M 0 [q} kb/)]
pb)]  L=IB —ie, 0 8160 | [ g3 (b))
. (n) (n)
L, (5]
_|,B1 | IO[,, 772
[P0 ] e D]
Py ®" ¢ _|/31 | —loy, My

where P®™ is defined in (5.3).
Recall that

) n b7
&) OIS |(Ilsl" e + 118" ||Loo<bfb>)e'a ®=s),
n

15

Since s —b > 2b'—b—s and |a,| ~ |n|, |ﬂ;-”)| ~ |n| for sufficiently large |n|, we have from (5.4) and the mean-value

theorem that

1S (N e + 167 i)

(n) 1 )
/ 8165 1 lanlo-s) 4

e, |

18"

1 —1 letn |—181) (b—b')
(”51(")||L°°<b’,b)+||52(")||L0°<b',b>> o) W (1_6(a o
lowa |18, | eta] — 185"

1
S 5 (16" lwwn + 167 e ) -

Combining the above estimates yields

o — 185" g

T R e

N il <||$1( Nizoow.py + ||§2 lLoow, b))

Following the similar steps of the estimate for n(.”), we can show that

A (n) / ]
(b'=5) o |(b—
€01 S (16 ooy + 16 ) f D glant=) g

let, |

(.") b —b _
(I sy + 16 s ) [/ = el

A

1
(n)
lan|(Jeen| + 18,71

1 /
n|(b—b
=5 (1 Nz + 16 Neoear ) €@,

A

which gives

(n)
e 1851 (b—b') | (b—b'
‘P“” L < Infe” 00— (||sf)||Loo<b/ b+ IE ) o)
2
L (lanl—18"1) -2 ) )
S me( 2 ) <||~f Necow.ny + 18" ||L°°(b’,b))-
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Since for sufficiently large |n|, we have

2

) 2 o\2 ) 1
a,| — = oy — (o —K3) " = ~ .
lotn| — 18571 = lotn] — (ot — K3) 272 ]

lo, | + (Ol,% — K
2(n)
n
%)

which proves

Hence

1
< g (1871 + 18 i)

n M\ — n n 1 n n
PP @] < e (16000 + 150 + 1 (U e+ 18 )

The proof is completed. [
Taking v = £ in (5.7), we have

||$|Iiz(m=a(E,p)—/F(9—9N)£-ﬁds+/r(9—%)§-ﬁds- (5.14)

By Lemma 5.8, we obtain

Vp(ﬁ—%)é-?ds

<A |(M7g,0) - P,b)

|n|>N

S A Yl (187 ®) + 16" @)) (1" ®)1 + pY o)1)
|n|>N
1/2 1/2

2 2
SN a2 (1600 + 167 0)) > il (1@ + 1Y ®)])

|n|>N [n|>N
1/2

_ )2 w2
SN Elmeg | Y 1P (Ip@) +1p@))
|n|>N
1/2

SN NElme | D bl (1@ + 15°@)) | (5.15)

|n|>N

Following the similar proof in [41, eq. (30)], we may show that
n 2 n — n)’
&1 oy < (3 + |n|> 1E7 O 2 4 + 101 1E O 2 - (5.16)

It follows from the Cauchy—Schwarz inequality that
n 2 n 2
> il (1) + py o))

|n|>N
) 2 2 1
S Yl {nzez'ﬂZ D (1P + 1S ON) + —5 (167 ey + ||$§")||ix(,,,_b))}
|n|>N |n|
)17 2 2
S 22 P (1@ + 1pP G ) + 3 Il (167 By + 168 e )
[n|>N |n|>N
=L+ L.

Noting that the function #*¢~2" is bounded on (0, +-00), we have

4 21851/ b 2 2 2 2
1% max (w5 ) STl (1p{ OO+ 105 @O) S e S 1 0y
[n|>N
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Substituting (5.16) into I, we get

Z 2 )
. ['”' (E |n|) (Hgl(n)”Lz(b/ b ”sén)”Lz(b/ b)) (”51( ! ”LZ(b/ b) ||§2(n) ||L2(b/ b))j|
[n|>N
2 /
< E : |:<5 In| + nz) “En”iz(b/’h) ||£"”22(b’,b):| .
[n|>N

A simple calculation yields

& 1%y =AY / [ 2N + 1" <y>|]

nez

It is easy to note that
2 2 2
g|n| +n° S 1+4aj.
Then

2 2

Therefore,

2
> Inf (|p("><b>| + |p<">(b>|) S 1€ 0, (5.17)

In|>N

Plugging (5.17) to (5.15), we obtain

1
|/F (7 = T & Ps| S L1 (5.18)

Now, we prove Theorem 5.1.
Proof. By Lemmas 5.3, 5.4, and 5.6, we have

€131 ) = ma(s,s)m/F(ﬂ—%)s-Eds+2w2/Q£-de+f}t/F%«s-Eds

1/2
) 7r_ ;
sall X ] +max (|n|e'ﬁz ) ™l g1y | 11
TeM, >
where C;, C,, C(8) are positive constants. From (5.1), by choosing § such that W < %, we get
1/2
80, <260 | | 30 o |+ max (10 ) ™l | 1o
TeMy
+2(Co+ CON €12, (5.19)
It follows from (5.14) and (5.18) that
61220 = b€ 2+ [ (7= T8 Bas— [ (7 - Fng-Fs
r r
1/2
< Z 2 + 1816 =) | yinc £ 4 NUER 590
< 0} max (|nle 1™ g1y | 161 1) 1€12,10, (5.20)

TeM),
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Table 1
The adaptive finite element DIN method.

(1)  Given the tolerance € > 0 and the parameter 7 € (0, 1).

(2)  Fix the computational domain {2 by choosing b.

(3) Choose b’ and N such that ey < 1078.

(4)  Construct an initial triangulation M}, over {2 and compute error estimators.
(5) While ¢, > € do

(6) refine mesh M, according to the strategy that

if ng >t max ng, refine the element K e My,
KeM,,

(7) denote refined mesh still by My, solve the discrete problem (4.3) on the new mesh My,
(8) compute the corresponding error estimators.
© End while.

2(G+CO) 1

Taking sufficiently large N such that ¥ mnoia < 1 and substituting (5.20) into (5.19), we obtain

1/2
h 2 "' —b i
|||u — uN”lHl(Q) § Z nr + ‘1;11"133(\, (li’l|e‘/32 K¢ )) ”umC”HI(_Q)'
TeM),
The proof is completed by noting the equivalence of the norms || - [l g1y and || - |51 (o) U

6. Numerical experiments

In this section, we introduce the algorithmic implementation of the adaptive finite element DN method and
present two numerical examples to demonstrate the effectiveness of the proposed method.

6.1. Adaptive algorithm

Our implementation is based on the FreeFem [49]. The first-order linear element is used to solve the problem.
It is shown in Theorem 5.1 that the a posteriori error consists of two parts: the finite element discretization error
€, and the DtN operator truncation error €y, where
172

(n) / .
_ 2 _ —18 |(b7b)) inc
€, = E , €y = max ||nle "2 u . 6.1
h Nk N N (| | I ||H1(Q) (6.1
KeM,y,

In the implementation, we choose the parameters b, b’ and N based on (6.1) to make sure that the DtN operator
truncation error is smaller than the finite element discretization error. In the following numerical experiments, b’ is
chosen such that 5’ = max,c( 1) f(x) and N is the smallest positive integer that makes ey < 10~8. The adaptive
finite element algorithm is shown in Table 1.

6.2. Numerical experiments

We report two examples to illustrate the numerical performance of the proposed method. The first example
concerns the scattering by a flat surface and has an exact solution; the second example is constructed such that the
solution has corner singularity.

Example 1. We consider the simplest periodic structure, a straight line, where the exact solution is available. Let
S = {y = 0} and take the artificial boundary I' = {y = 0.25}. The space above the flat surface is filled with a
homogeneous and isotropic elastic medium, which is characterized by the Lamé constants A = 2, u = 1. The rigid
surface is impinged by the compressional plane wave u™ = del“1*¢ where the incident angle is & = /3. The
compressional and shear wavenumbers are k; = w/2 and k, = w, respectively, where w is the angular frequency.
It can be verified that the exact solution is

2
u(x) = 1l ol@x—By) _ L ("= By e Pl By) _ 1 2ap V| giextyy)
K1 _ﬂ K1 Ol2+,3)/ :3 K1 C¥2+,3)/ -«
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Fig. 2. Quasi-optimality of the a priori error estimates for Example 1.
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Fig. 3. Quasi-optimality of the a posteriori error estimates for Example 2.

where o = Ky sinf, B = kjcos6,y = (k5 — )"/ The period A = 0.5. Fig. 2 shows the curves of loge; versus

log DoF;, with different angular frequencies, where ¢, = |u — u’}\,|| H'(0) 18 the a priori error and DoF, stands for

the degree of freedom or the number of nodal points. It indicates that the meshes and the associated numerical
. . . . —1/2 .

complexity are quasi-optimal, i.e., e, = O(DoF, ') holds asymptotically.

Example 2. This example concerns the scattering of the compressional plane wave by a piecewise linear surface,
which has multiple sharp angles. The incident wave #™ and the parameters are chosen the same as Example 1,
ie, b =0254=05,0 =mn/3, . =1, u = 2. Clearly, the solution has singularity around the corners of the
surface. Since there is no exact solution for this example, we plot in Fig. 3 the curves of loge, versus log DoF,
at different angular frequencies, where ¢, is the a posteriori error. Again, it indicates that the meshes and the
associated numerical complexity are quasi-optimal, i.e., €, = O(DOF]:I/ 2). Fig. 4 plots the contour of the magnitude
of the numerical solution and its corresponding mesh at the angular frequency @ = 2. It is clear to note that the
algorithm does capture the solution feature and adaptively refines the mesh around the corners where solution
displays singularity.
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Fig. 4. The numerical solution of Example 2. (left) The contour plot of the magnitude of the solution; (right) The corresponding adaptively
refined mesh.

7. Conclusion

In this paper, we have presented an adaptive finite element DtN method for the elastic scattering problem in
periodic structures. Based on the Helmholtz decomposition, a new duality argument is developed to obtain the a
posteriori error estimate. It contains both the finite element discretization error and the DtN operator truncation
error, which is shown to decay exponentially with respect to the truncation parameter. Numerical results show that
the proposed method is effective and accurate. This work provides a viable alternative to the adaptive finite element
PML method for solving the elastic surface scattering problem. It also enriches the range of choices available
for solving wave propagation problems imposed in unbounded domains. One possible future work is to extend
our analysis to the adaptive finite element DtN method for solving the three-dimensional elastic surface scattering
problem, where a more complicated TBC needs to be considered.
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