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ABSTRACT: Symmetry is a fundamental concept that plays a critical role in many chemical
and physical phenomena and processes, which highlights the importance of theoretical
methods to correctly handle symmetry. The recently developed localized orbital scaling
correction (LOSC1) shows great improvement on the description of band gaps, photoemission
spectra, and dissociation limits of cationic species. However, issues remain with LOSC1 in
dealing with the symmetry and degeneracy of electronic states, which are also relevant to other
methods using localization. In this work, we utilize a new method that deals with the physical-
space and the energy-space localization on an equal footing. The resulting localized orbitals,
i.e., orbitalets, are able to maintain more symmetry and the desired state degeneracy, which is
important in calculating the electronic structure of both molecules and periodic bulk systems.
Furthermore, the curvature matrix is redefined to improve potential energy curves for systems
with stretched bonds, while retaining the correct dissociation limits. This new approach,
termed LOSC2, includes only two fitting parameters. It maintains accuracy similar to that of
LOSC1 over many properties, while overcoming LOSC1’s deficiencies in symmetry and degeneracy. Our tests have shown that
LOSC2 orbitalets possess the full- or subgroup of molecular symmetry if allowed, which preserves the state degeneracy. Tests on
differently sized planar annulenes, odd-numbered allenes, and triphenylene again verify that LOSC2 is able to maintain the state
degeneracy, while LOSC1 cannot. All the tests demonstrate the advantage of LOSC2 in the calculation of molecular systems and its
potential for application to periodic bulk systems.

Symmetry plays an important role in physics, chemistry, and
materials science.1−3 As a fundamental concept, symmetry

is intimately related to the electronic structure, which in turn
defines the optical, electronic and chemical properties of the
system under study. For example, molecular symmetry is very
helpful in understanding state degeneracy, chirality, spectros-
copy, reactivity, etc.1 Similarly, translational symmetry is
essential for the Bloch theorem, which makes periodic system
calculations feasible.4 Therefore, the symmetry of electronic
structures is important and deserves prominent consideration
in the development of new theoretical methods.
Kohn−Sham (KS) density functional theory (DFT)5−7 has

been widely used in the calculation of electronic structures of
both molecular and bulk systems. Its success is made possible
by the development of proper approximations to the unknown
exchange−correlation (XC) energy. The past decades have
seen remarkable progress in the development of density
functional approximations (DFAs), such as local density
approximations (LDAs),8−10 generalized gradient approxima-
tions (GGAs),11−13 meta-GGAs,14−18 and hybrid GGAs,19−22

which have become popular in practical applications because of
their excellent performance-to-cost ratio as compared to wave
function methods. Moreover, these types of approximations
have the merit of no symmetry issues, and it is feasible to
construct new functionals that satisfy many exact con-
straints.7,18 Even so, there are still intrinsic errors in commonly

used DFAs, which can lead to spectacular failures in DFT
calculations.23−33 The delocalization error,24,25,28 defined as
the convex deviation from the Perdew−Parr−Levy−Balduz
(PPLB) linearity condition for fractional charges,34−36 is one of
the dominant errors that lead to the problems in calculating
ionization potentials (IPs), electron affinities (EAs), and
reaction barriers. Another major systematic error is the static
(or strong) correlation error, exhibited as the deviation from
the exact conditions for fractional spins.26,35 This work mainly
focuses on the delocalization error.
In principle, the ever-increasing accuracy requirement in

practical applications can be satisfied by developing better
approximations. The development of doubly hybrid37−41 and
range-separated42−54 functionals showed some promise in
reducing delocalization error. Localized orbital scaling
correction (LOSC) was developed in an effort to systemati-
cally address the delocalization error associated with
commonly used DFAs in a size-consistent way.55 To impose
the PPLB condition on global and local regions in a dynamical
way, orbitalets55 are utilized. Orbitalets are a set of localized
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orbitals (LOs) that are localized in both physical and energy
spaces. For small systems at equilibrium with large orbital
energy difference, orbitalets remain essentially canonical
orbitals (COs); hence, the correction is imposed on entire
systems. For stretched or larger systems with small band gaps,
orbitalets become localized on each fragments, imposing the
correction in local regions. These remarkable features give
LOSC the ability to correct the total energy and orbital
energies in a size-consistent manner. It greatly improves the
descriptions of dissociation of cationic species, the band gaps
of small-sized molecules and polymers, and photoemission
spectra.55

While orbitalets capture fractional charge information that
enables the effective correction to DFAs, we consider here the
symmetry of orbitalets and its influence on the electronic
structure of the LOSC approach, because orbitalets are
localized for larger systems and localization has an impact on
symmetry and degeneracy of the resulting generalized Kohn−
Sham orbitals. As will be shown below, the symmetry of
orbitalets determines the symmetry of the LOSC one-electron
Hamiltonian, which thus influences the calculations of
symmetry-related properties. For example, the symmetry of
the Hamiltonian decides the state degeneracy (see section I of
the Supporting Information) and is closely related to the Bloch
theorem applied in the calculation of periodic systems (see
section IV of the Supporting Information). To avoid
confusion, the original LOSC is called LOSC1 in the following
discussion. Here, orbitalets of LOSC1-BLYP for H2

+ at
different H−H distances are plotted in Figure 1a. Being COs
at equilibrium bond length, orbitalets transform through a

series of unsymmetric LOs during dissociation before they turn
into two symmetric LOs at the dissociation limit. Thus, the
orbital localization in LOSC1 can have an issueit breaks the
molecular symmetry and associated state degeneracy.
To address this challenge, we develop in the present work a

modified objective function that treats the localizations of the
physical and energy spaces on an equal footing. This leads to
orbitalets that gain more symmetry, and the resulting method
preserves state degeneracy.
The LOSC correction to total energy55 is formulated as

∑ λ δ λ κ ρ ρΔ = * − [ ]E
1
2

( ) ,
pq

pq pq pq p q
(1)

where δpq is the Kronecker delta function and λ and κ are
occupation and curvature matrices, respectively. Because the
off-diagonal elements of the λ matrix may be complex values in
periodic system calculations using plane-wave basis sets, the
LOSC correction to total energy has been slightly modified in
eq 1 to guarantee that the correction is a real number. This is
done by simply changing the first λpq to λpq* . The occupation
matrix is calculated via λpq = ⟨ϕp|ρ̂|ϕq⟩; thus, λpq* = λqp. The
curvature, κ[ρp, ρq], takes the form of
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Figure 1. LO densities plotted along the bonding axis of H2
+ at the internuclear distances of RHH = 1.0, 2.1, and 5.0 Å for (a) LOSC1-BLYP and

(b) LOSC2-BLYP. The two H atoms locate at x = 0.0 and x = RHH. (c) Potential energy curves for H2
+ dissociation. The energy of a doublet H

atom is set to zero. Basis set cc-pVTZ56 is used. All densities and energies are in atomic units.
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where τ = 1.2378 and =
π( )CX

3
4

6 1/3
; dX

HF is the amount of HF

exchange energy in the parent functional. Here, a set of LOs
and their densities, ρp(r) = |ϕp(r)|

2, are needed to define the λ
and κ matrices.
The desired LOs in LOSC are obtained by unitary

transformation of both occupied and virtual COs, i.e.
ϕ φ= ∑ Ur r( ) ( )p q pq q . This is in contrast to other localization

methods, such as the Foster−Boys localization,57 which mixes
only occupied or virtual COs. The transformation matrix U in
LOSC1 is obtained by minimizing the following objective
function:55

∑

∑

ϕ ϕ ϕ ϕ

ω ϕ φ

= ⟨ | − | ⟩

+ |⟨ | ⟩|

F r r(1) (2) ( ) (1) (2)

2

p
p p p p

pq
pq p q

1 2
2

2

(3)

where the first term is for the physical-space localization, while
the second term is the energy-space localization with an energy
window. It should be noted that the penalty function, ωpq in
the energy-space part, depends on the CO energy difference,
|εp − εq|. Its purpose is to restrict the mixing of COs with large
energy difference. This method of combining physical and
energy spaces in the localization makes the orbitalets
dynamical, which allows different and an appropriate amount
of corrections to the delocalization error in common DFAs at
different geometries. A fixed set of atomic orbitals such as
those used in LDA+U cannot achieve this result.58−60 The
generalized transition state (GTS) method61 and the work by
Ma and Wang62 make use of LOs from mixing of only
occupied or virtual COs; thus, they cannot change the total
energies for physical systems with integer number of electrons.
Hence, these energy functionals are not size consistent and can
correct only orbital energies (e.g., they cannot correctly
describe the H2

+ dissociation); as pointed out previously, the
necessity of changing the total energy of DFAs is critical to
size-consistent nature of the correction.55 The detailed
comparison between LOSC with LDA+U and GTS has been
provided in our previous publication.63

The LOSC correction for the one-electron Hamiltonian can
be obtained by δΔE/δρ. For simplicity, the contribution from
the orbital relaxation is not taken into account, which actually
works well.55 Here, the correction to the Hamiltonian is
formulated in a form similar to ref 64, that is

∑ ϕ ϕΔ ̂ = | ⟩Λ ⟨ |v
pq

q pq p
(4)

where δ λ κ ρ ρΛ = − [ ]( ) ,pq pq pq p q
1
2

, which depends not only

on the density matrix but also on orbitalets. Ideally, the LOSC
corrected Hamiltonian should have the system symmetry and
thus

[Δ ̂ ̂ ] =v R, 0n (5)

for the symmetry operators R̂n from the symmetry group of the
system under study. Hence, the symmetry of the LOSC
Hamiltonian is decided by orbitalets, and the satisfaction of eq
5 requires that the input orbitalets obey

ϕ ϕ̂ { } ≡ { }Rn p p (6)

which means that for each LO with a symmetry operator acting
on it, the resulting LO should be able to be reproduced by
some LO from the original set of LOs (allowing for a prefactor
difference); see the analysis in section V of the Supporting
Information. Equation 6 poses a strict requirement on
orbitalets. However, as show in section I of the Supporting
Information, the Hamiltonian with lower symmetry (subgroup
of the complete symmetry) can also maintain the state
degeneracy, which thus lowers the requirement for orbitalets.
Note that normally COs cannot satisfy this requirement; thus,
the global scaling correction (GSC)65 cannot maintain the
symmetry of the Hamiltonian.
The corrections to orbital energies are calculated via Δεp =

⟨φp|Δv̂|φp⟩.
55 The orbitalets obtained by minimizing eq 3

normally do not obey eq 6 for any subgroup of the molecular
symmetry, resulting in the destruction of Hamiltonian
symmetry and the associated state degeneracy. In perturbation
theory, energy level splitting occurs when a perturbation of
broken symmetry acts on the system under study. Thus, the
destruction of degeneracy is easy to understand if the LOSC
correction, eq 4, is treated as a perturbation to the Hamiltonian
of the parent DFA.
To address the symmetry issue, here a different localization

is utilized, with the objective function taking the form of

∑ ∑γ γ= − Δ + ΔF C hr(1 )
p

p
p

p
2 2

(7)

where the usual definitions apply for Δrp2 = ⟨r2⟩p − ⟨r⟩p
2 and

Δhp2 = ⟨h2⟩p − ⟨h⟩p
2 (h being the one-electron Hamiltonian of

the parent DFA), which are physical and energy spread
functions for each LO. This objective function treats the
physical space and the energy space in a similar manner, where
the parameter γ allows for a continuous change between
physical space localization and energy space localization. When
γ = 0, the resulting orbitalets are maximally localized in
physical space but delocalized in energy space; when γ = 1,
then the orbitalets remain COs which are localized in energy
space while being delocalized in physical space. A similar idea
was suggested by Gygi et al.66−68 to include the Hamiltonian in
the objective function to obtain orbitals that are localized in
physical space, while still being well confined in each local
region of the eigenvalue spectrum. The key difference in our
LOSC approach, eq 7, is that we always include both occupied
and virtual COs in the localization, and let the CO energies
and spatial delocalizations determine their mutual mixing. With
this, the resulting fractional occupied LOs are able to capture
fractional charge information on each local region for the
LOSC correction.
The desired orbitalets in LOSC can be obtained by adjusting

γ in eq 7. The constant C is for both conversion of units and
matching magnitudes between the physical and energy spaces.
As the energy space part is much smaller in value and is
therefore multiplied by C = 103 (in atomic units). The value of
C does not affect any result, but it avoids the difficulty of
parameter optimization when the desired γ is too close to the
extreme value of 1. We obtain a value of γ = 0.707, which is
optimized to obtain a balanced behavior on IPs and EAs of
small-sized molecules and polymers. The algorithm of
minimizing eq 7 through a series of 2 × 2 rotations is
provided in section II of the Supporting Information, which
can be efficiently computed through an easily coded parallel
implementation.
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The orbitalets from the new localization for H2
+ dissociation

can be found in Figure 1b. At both equilibrium bond length
and the dissociation limit, the orbitalets are the same as those
from the localization of eq 3. The main difference is that
orbitalets are now symmetric in the middle range of bond
lengths, which indicates that the new objective function of eq 7
is able to maintain the symmetry for orbitalets. Although the
symmetry of new orbitalets cannot be strictly derived in
general, in the following tests, it will be shown that the new
orbitalets can maintain more symmetry.
Moreover, as shown in Figure 1c, the energy dissociation

curve of LOSC1-BLYP shows a sharp shift at the point where
the COs begin to mix with each other into LOs. For the energy
correction of eq 1, the diagonal terms are positive, which
restores the PPLB condition on each local region; while the
off-diagonal terms are negative, which are needed for retrieving
the correct asymptotic behavior when two fragments are far
apart.55 However, the off-diagonal elements of the κ matrix
that are associated with two LOs on different fragments decay
too fast as the fragments move away from each other, and
thereby the negative terms in eq 1 decay rapidly, resulting in a
sharp upward shift in the dissociation curve (see Figure 1c).
To fix this, the curvature matrix is now revised as

κ ρ ρ ζ κ ρ ρ κ ρ ρ

ζ κ ρ ρ

∼[ ] = | [ ] [ ]|

+ [ ]

S

S

, erf( ) , ,

erfc( ) ,

p q pq p p q q

pq p q (8)

where κ[ρp, ρq] is from eq 2 and Spq is calculated via

∫ ρ ρ dr r r( ) ( )p q . This new definition changes the off-diagonal

elements while keeping the diagonal elements unchanged, i.e.
κ [ρp, ρp] = κ[ρp, ρp], which is essential to guarantee the
adherence to the PPLB condition on local regions. For an off-
diagonal element associated with two LOs on different
fragments, κ ρ ρ κ ρ ρ| [ ] [ ]|, ,p p q q reduces the decay rate of κ [ρp,
ρq]; moreover, because of the error functions in eq 8, κ [ρp, ρq]
would reduce to κ[ρp, ρq] at the dissociation limit, ensuring the
correct asymptotic behavior. The parameter ζ, which is set at
8.0, allows for adjusting the rate at which the error functions
change; it is optimized for generating a smooth dissociation
curve for H2

+ (see Figure 1c).
This concludes the construction of the new version of

LOSC, denoted as LOSC2. It mainly has three improvements:
(i) The correction to total energy has been modified to
guarantee that the correction of eq 1 is a real number and the
corresponding correction to the Hamiltonian eq 4 is Hermitian

Figure 2. Comparison of LO symmetry and state degeneracy between LOSC1-BLYP and LOSC2-BLYP. (a) Stretched benzene (C6H6 with RCC =
2.0 Å, D6h) and (b) planar [10]annulene (C10H10 with RCC = 1.5 Å, D10h) tested with minimal basis set. These two systems are annulenes that
satisfy Hückel’s 4n + 2 rule for aromaticity. π-bond (1) delocalized COs of BLYP and LOs of (2) Foster−Boys, (3) LOSC1-BLYP and (4) LOSC2-
BLYP are plotted. Here only occupied π-bonding COs and LOs with larger occupations are plotted; more results can be found in section VI of the
Supporting Information. Each number in the parentheses is the occupation of each CO or LO, i.e., the expectation ⟨ρ̂⟩ of each orbital, which is
proved in section V of the Supporting Information to be the same for symmetric LOs. (5) The degeneracy of a pair of states (e1g) for C6H6 and two
pairs of states (e1g and e2u) for C10H10 are checked. The y axis represents orbital energy in electronvolts. The dashed lines are just guides for the eye.
LOSC1-BLYP breaks the degeneracy of e1g (C6H6), e1g and e2u (C10H10) by around 0.2 eV, while LOSC2-BLYP guarantees the degeneracy of all
the states. When cc-pVTZ is used, the energy of C10H10 HOMOs (e2u) by BLYP is −5.4 eV, which deviates greatly from −8.1 eV by
CCSD(T).71−73 LOSC2-BLYP improves the energy to −8.5 eV.
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for complex-valued wave functions. (ii) The objective function
eq 7 that treats both physical and energy space localizations on
an equal footing has been utilized so that the orbitalets keep
more symmetry, which is very important for the calculation of
the electronic structure of both molecular and bulk systems.
(iii) The curvature matrix is redefined in eq 8 to generate
smooth dissociation curves. LOSC2 has been tested on a
variety of properties. The tests include reaction barrier heights
(on HTBH38/08 and NHTBH38/0869), thermochemistry
(on G2-9770), and IPs and EAs of small-sized molecules (on
G2-9770) and polymers (polyacenes and polyacetylenes) (see
section VI of the Supporting Information). All the tests show
that LOSC2 with only two fitting parameters can achieve
accuracy similar to that of LOSC1. LOSC2 greatly improves
the performance of commonly used DFAs on IPs and EAs,
while the test results of reaction barriers and thermochemistry
remain unchanged. The problem of commonly used DFAs in
predicting reaction barriers is mainly due to the delocalization
error in approximate functionals.24 However, LOSC2 cannot
generate fractionally occupied LOs for small systems with big
highest occupied molecular orbital−lowest unoccupied molec-
ular orbital (HOMO−LUMO) gaps; thus, it provides no
correction for reaction barriers of the systems tested here.
Besides, LOSC2 is specially developed for reducing the
delocalization error in approximate functionals; the combina-
tion with the fractional-spin correction is necessary to have
better performance for strongly correlated systems.63 It should
be noted that the development here emphasizes the form of
LOSC2 functional and its physical basis, rather than the fitting
of the two parameters in the functional. The meaning of these
two parameters has been clarified above.

In addition to the case of H2
+ dissociation, here show more

examples about symmetry and degeneracy, where LOSC2
outperforms LOSC1. First, the LO symmetry and state
degeneracy of planar annulenes (C4n+2H4n+2) that satisfy
Hückel’s 4n + 2 rule for aromaticity are checked (see Figure
2 and section VI of the Supporting Information). For C6H6
(D6h) at around equilibrium geometry, both LOSC1-BLYP and
LOSC2-BLYP rarely mix the six π-bond COs (three occupied
and three virtual) with each other because of their small size in
physical space and large difference in energy space. As the C−
C bonds stretch, the π-bond COs become larger in physical
space and their energy difference shrinks, so that they will mix
with each other into fractionally occupied LOs. Figure 2a
shows the three LOs with larger occupations at RCC = 2.0 Å.
LOSC1-BLYP cannot generate symmetric LOs; thus, it breaks
the degeneracy of HOMOs, i.e. e1g states, by around 0.2 eV.
For LOSC2-BLYP, the LOs possess the symmetry of D3h; that
is, LOs obey eq 6 for any symmetry operator from D3h. Hence,
the LOSC2 Hamiltonian is of D3h symmetry too. As shown in
section I of the Supporting Information, this lower symmetry
of Hamiltonian does preserve the degeneracy of states in C6H6,
so that LOSC2-BLYP is able to maintain the state degeneracy.
In contrast to C6H6, the π-bond COs of C10H10 at around
equilibrium geometry already have a large spatial variance;
thus, the COs tend to mix with each other into LOs. Similarly,
LOSC2-BLYP can provide symmetric LOs and maintain state
degeneracy for C10H10, while LOSC1-BLYP cannot (see Figure
2b). The examples of differently sized annulenes shown here
are useful for a preliminary understanding of the calculation of
bulk systems. In bulk systems, COs become more delocalized
over physical space, implying they will inevitably mix with each

Figure 3. Comparison of the energy level and state degeneracy among BLYP, LOSC1-BLYP, LOSC2-BLYP, and LOSC2-B3LYP. (a) HOMOs of
odd-numbered allenes are tested. Odd-numbered allenes have doubly degenerate HOMOs, which are helical and of symmetry e; hence, they are
achiral. Misprediction of the degeneracy of the two HOMOs would lead to misjudgment of the molecular chirality. The y axis represents orbital
energy in electronvolts. The CCSD(T) results are used as reference. (b) Vertical ionization potentials of triphenylene (D3h) are tested, where 1e″
and 2e′′ are two pairs of doubly degenerate states. The x axis represents IPs in electronvolts. Experimental results are from ref 74. All geometries are
optimized by B3LYP.
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other into LOs. Hence, LOSC2 is particularly useful because it
is able to provide symmetric LOs. For comparison, LOs of
Foster−Boys are also plotted, the LOs also show lower
symmetries, which are of C3h symmetry for C6H6 and of C5h
symmetry for C10H10.
It has been found that odd-numbered allenes possess doubly

degenerate HOMOs which are composed of the right- and left-
handed helices orientated at 90° from each other; hence, they
are achiral.75 Misprediction of the degeneracy of the two
HOMOs would lead to misjudgment of the molecular chirality.
As shown in Figure 3a, BLYP has the correct state degeneracy,
but it overestimates HOMO energies. LOSC1-BLYP improves
the orbital energies; however, it splits the degenerate HOMOs
by around 0.5 eV. In contrast, LOSC2-BLYP improves the
orbital energies while preserving the state degeneracy. Another
example is vertical IPs of triphenylene (see Figure 3b). 1e″ and
2e′′ are two pairs of doubly degenerate states. Both LOSC1-
BLYP and LOSC2-BLYP improve the prediction of IP values.
However, LOSC1-BLYP breaks the degeneracy of both 1e′′
and 2e′′, while LOSC2-BLYP is able to maintain the
degeneracy. For comparison, Figure 3 provides also the results
of LOSC2-B3LYP, which further improves the orbital energies
of LOSC2-BLYP.
In summary, the excellent performance of the LOSC

approach reflects the capability of orbitalets for constructing
functionals, making it critical to further discuss the orbitalet
symmetry and its effect on state degeneracy. To address the
issue of broken symmetry and degeneracy in LOSC1, the new
localiztion utilized here allows orbitalets to preserve more
symmetry and maintain the desired degeneracy in LOSC2,
which is important for electronic structure calculations.
Furthermore, LOSC2 outperforms LOSC1 in generating
smooth dissociation curves, while maintaining the similar
accuracy as LOSC1 over many properties. All the tests here
demonstrate the advantage of LOSC2 in the calculation of
molecular systems and its potential in the application of
periodic bulk systems.
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